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TheWassersteinmanifold

LetΩbeopenandconvexsubsetofIR
n
.Considerthespace

M=Pac(Ω)={ρ:Ω→IR;ρ≥0and

∫

Ω

ρ(x)dx=1}

equippedwiththeWassersteindistanceW2definedas:

W
2
2(ρ0,ρ1):=inf

γ∈Γ(ρ0,ρ1)

∫

IRn×IRn

|x−y|
2
dγ(x,y),

whereΓ(ρ0,ρ1)isthesetofBorelprobabilitymeasureson

IR
n
×IR

n
withmarginalsρ0andρ1,respectively.

(M,W2)isan”almostRiemannian”infinitedimensional

manifold.Itis/willbeahugelyimportantobjectforPDEs.
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Basicmodelforinteractingparticles

(1)Theinternalenergy:H
F
(ρ):=

∫

ΩF(ρ)dx,

andtheassociatedPressure:PF(x)=xF′(x)−F(x),

whereF:[0,∞)→IR.

(2)Thepotentialenergy:HV(ρ):=
∫

ΩρVdx

(3)theinteractionenergy:H
W

(ρ):=
1
2

∫

Ωρ(W?ρ)dx.

whereV(confinementpotential)andW(interactionpotential)are

C
2
-realvaluedfunctionsonIR

n
.

TheTotalFreeEnergyFunctionalisthendefinedonPac(Ω)as:

H
F,W
V(ρ):=

∫

Ω

[

F(ρ)+ρV+
1

2
(W?ρ)ρ

]

dx,

Therelativeenergyofρ0withrespecttoρ1:

H
F,W
V(ρ0|ρ1):=H

F,W
V(ρ0)−H

F,W
V(ρ1).
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Twobasicgeneralprinciples

Inthemostcommonmodelsforenergies

(1).(McCannandothers)H
F,W
Visgeodesicallyconvexonthe

manifold(M,W2).i.e.,:

t→H
F,W
V(ρt)isconvexwhenevert→ρtisageodesicforthe

Wassersteinmetric.

(2).(Ottoandothers)Theevolutionequations(Heat,

Fokker-Planck,Porousmedia,McKean-Vlasov,etc...)

∂ρ

∂t
=div{ρ∇(F′(ρ)+V+W?ρ)}

arethegradientflowsoftheenergyH
F,W
Vonthemanifold

(M,W2),i.e.,

ρ̇(t)=−∂W2H(ρ(t))
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RelativeEntropyProductionofρwithrespecttoρV

Normallydefinedas

I2(ρ|ρV)=

∫

Ω

ρ
∣

∣

∣∇(F′(ρ)+V+W?ρ))
∣

∣

∣

2

dx

insuchawaythat

d

dt
H

F,W
V(ρ(t)|ρV)=−I2(ρ(t)|ρV).

IfρVis(thestationnerystate)aprobabilitydensitythatsatisfies

∇(F′(ρ
V)+V+W?ρV)=0a.e.

thenI2(ρ|ρV)is
∫

Ω

ρ|∇(F′(ρ)−F′(ρ
V)+W?(ρ−ρV)|

2
dx.

NotationρVreflectsouremphasisonitsdependenceonthe

confinementpotential,thoughitobviouslyalsodependsonF,W.
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Non-quadraticversionsoftheentropy.CallYoungfunction,

anystrictlyconvexC
1
-functionc:IR

n
→IRsuchthatc(0)=0and

lim|x|→∞
c(x)
|x|=∞.c∗itsLegendreconjugatedefinedby

c∗(y)=sup
z∈IRn

{y·z−c(z)}.

Generalizedrelativeentropyproduction-typefunctionofρ

withrespecttoρVmeasuredagainstc∗:

Ic∗(ρ|ρV):=

∫

Ω

ρc
?
(−∇(F′(ρ)+V+W?ρ))dx,

However,writing

d

dt
H

F,W
V(ρ(t)|ρV)=−Ic∗(ρ(t)|ρV),

where
∂ρ

∂t
=div{ρ∇c∗((F′(ρ)+V+W?ρ))}
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Thedefinitionshouldthenbedefinedas:

Ic∗(ρ|ρV:=

∫

Ω

ρ∇(F′(ρ)+V+W?ρ)·∇c
?
(∇(F′(ρ)+V+W?ρ))dx.

Butsincec∗(z)≤z·∇c∗(z)wehave:

Ic∗(ρ|ρV)≤Ic∗(ρ|ρV).

Whenc(x)=|x|
2

2,wehave

Ic∗(ρ|ρV)=I2(ρ|ρV)

=

∫

Ω

ρ
∣

∣

∣∇(F′(ρ)+V+W?ρ)
∣

∣

∣

2

dx

=2Ic∗(ρ|ρV)
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Basiccomparisonprinciple(Agueh-Ghoussoub-Kang)

•Ωopen,boundedconvexsubsetofIR
n
.

•F:[0,∞)→IRissuchthatF(0)=0andx7→x
n
F(x−n

)convex
andnon-increasing.PFistheassociatedpressurefunction.
•Theconfinement(resp.,interaction)potentialsareC

2
-functions

V:IR
n
→IRwithD

2
V≥λI,D

2
W≥νIwhereλ,ν∈IR.

Then:
Foranyρ0,ρ1∈Pac(Ω)withsuppρ0⊂ΩandPF(ρ0)∈W

1,∞(Ω),
ForanyYoungfunctionc:IR

n
→IR:

H
F,W

V+c(ρ0|ρ1)+
λ+ν

2
W

2
2(ρ0,ρ1)−

ν

2
|b(ρ0)−b(ρ1)|

2
≤H

−nPF,2x·∇W

c+∇V·x(ρ0)+Ic∗(ρ0|ρV).

Equalityholdswhenever

ρ0=ρ1=ρV+c

∇(F′(ρ
V+c)+V+c+W?ρV+c)=0a.e.
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MotherGeneralSobolevInequality

Foranyρ∈Pac(Ω)withsuppρ⊂ΩandPF(ρ)∈W
1,∞(Ω)

H
F+nPF,W−2x·∇W

V−x·∇V(ρ)+
λ+ν

2
W

2
2(ρ,ρV+c)−

ν

2
|b(ρ0)−b(ρV+c)|

2

≤Ic∗(ρ|ρV)−H
PF,W

(ρV+c)+KV+c,

whereKV+cisaconstantsuchthat:

F′(ρ
V+c)+V+c+W?ρV+c=KV+c

and
∫

ΩρV+c=1.

IfVandWconvex,thenthereisconstantK,suchthatforanyρ,

H
F+nPF,W−2x·∇W

V−x·∇V(ρ)≤Ic∗(ρ|ρV)+K
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GeneralEuclideanSobolevInequality

AssumeV=W=0,thenforanyYoungfunctioncandany

ρ∈Pac(Ω)withsuppρ⊂ΩandPF(ρ)∈W
1,∞(Ω)

H
F+nPF

(ρ)≤

∫

Ω

ρc
?
(−∇(F′◦ρ))dx+Kc,

whereKcistheconstantdeterminedby

F′(ρ
c)+c=Kcand

∫

Ω

ρc=1.

DirichletIntegralsareEntropyproductions!
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EuclideanLog-Sobolevinequality

Letc:IR
n
→IRbeYoungsuchthatc

?
isp-homogeneous(p>1).

Then,
∫

IRn

ρlnρdx≤
n

p
ln

(

p

nep−1σp/n
c

∫

IRn

ρc
?

(

−
∇ρ

ρ

)

dx

)

forallprobabilitydensitiesρ∈W
1,∞(IR

n
).Hereσc:=

∫

IRne−c
dx.

Equalityholdsifρ(x)=
(∫

IRne−λ
q
c(x)

dx
)

−1
e−λ

q
c(x)

forsomeλ.

Proof:UseF(x)=xln(x)andV=W=0.NotethatPF(x)=x

andH
PF

(ρ)=1.So,ρc(x)=
e
−c(x)

σcand

∫

Ω

ρlnρdx≤

∫

IRn

ρc
?

(

−
∇ρ

ρ

)

dx−n−ln

(
∫

IRn

e−c(x)
dx

)

,

withequalitywhenρ=ρc.

Whenc
?

isp-homogeneous,scalewithcλ(x):=c(λx)andminimize.
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OptimalEuclideanp-LogSobolevinequality

Beckner(p=1),Dolbeault-DelPino(p<n),Gentil(p>1)

∫

IRn

|f|
p
ln(|f|

p
)dx≤

n

p
ln

(

Cp

∫

IRn

|∇f|
p
dx

)

,

holdsforallp≥1,andforallf∈W
1,p

(IR
n
)suchthat‖f‖p=1,

where

Cp:=



















(

p
n

)(

p−1
e

)

p−1
π−

p

2

[

Γ(
n
2+1)

Γ(
n
q+1)

]p

n

ifp>1,

1
n√π

[

Γ(
n
2+1)

]1
n

ifp=1,

andqistheconjugateofp(
1
p+

1
q=1).

Forp>1,equalityholdsforf(x)=Ke−λ
q|x−x̄|q

qforsomeλ>0

andx̄∈IR
n
,whereK=

(∫

IRne−(p−1)|λx|
q

dx
)

−1/p
.
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Gagliardo-Nirenberginequalities

Let1<p<nandr∈
(

0,
np

n−p

)

suchthatr6=p.Setγ:=
1
r+

1
q,

where
1
p+

1
q=1.Then,foranyf∈W

1,p
(IR

n
)wehave

‖f‖r≤C(p,r)‖∇f‖
θ
p‖f‖

1−θ
rγ,(1)

whereθisgivenby
1

r
=

θ

p∗+
1−θ

rγ
,(2)

p∗=
np

n−p.BestconstantC(p,r)>0canbeobtainedbyscaling.

Proof:V=W=0andF(x)=
x

γ

γ−1,where16=γ>1−
1
nand

c(x)=
rγ
q|x|

q
sothatfor‖f‖r=1,

(

1

γ−1
+n

)
∫

IRn

|f|
rγ

≤
rγ

p

∫

IRn

|∇f|
p
−H

PF
(ρ∞)+C∞.

whereρ∞=h
r
∞satisfies

−∇h∞(x)=x|x|
q−2

h
r
p(x)a.e.,
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andwhereC∞insuresthat
∫

h
r
∞=1.Theconstantsontheright

handsidearenoteasytocalculate,soonecanobtainθandthe

bestconstantbyscaling.Rewriteas

rγ

p

‖∇f‖
p
p

‖f‖
p

r

−

(

1

γ−1
+n

)

‖f‖
rγ
rγ

‖f‖r

≥H
PF

(ρ∞)−C∞

Scalewithfλ(x)=f(λx)forλ>0.Aminimizationoverλgives

therequiredconstant.
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Sobolevinequalities

If1<p<n,thenforanyf∈W
1,p

(IR
n
),‖f‖p∗≤C(p,n)‖∇f‖p.

Proof:Useγ=1−
1
nandr=p∗.

1=‖f‖p∗≤

(

rγ

p[HPF(ρ∞)−C∞]

)

1/p

‖∇f‖p

whichshowsthat

C(p,n)=

(

p∗(n−1)

np[HPF(ρ∞)−C∞]

)

1/p

,

whereρ∞=h
p
∗

∞=
(

p
∗

nq|x|
q
−

C∞

n−1

)

−n

andC∞canbefoundusing

thatρ∞isaprobabilitydensity,

C∞=(1−n)

[

∫

IRn

(

p∗

nq
|x|

q
+1

)

−n

dx

]

p/n

.
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GeneralizedGrossLogSobolevinequalities

Recallthat

H
F,W

V+c(ρ0|ρ1)+
λ+ν

2
W

2
2(ρ0,ρ1)−

ν

2
|b(ρ0)−b(ρ1)|

2
≤H

−nPF,2x·∇W

c+∇V·x(ρ0)+Ic∗(ρ0|ρV).

Secondtermsimplifiesconsiderablyinthecasewherecis

aquadraticYoungfunction

c(x):=cσ(x)=
1

2σ
|x|

2
forσ>0.

Inthiscase,wehavethefollowingidentity:

Ic∗
σ(ρ0|ρV)+H−nPF,2x·∇W

cσ+x·∇V(ρ0)=Ic∗
σ(ρ0|ρV+cσ)=

σ

2
I2(ρ0|ρV+cσ).

sothat

H
F,W

V+cσ(ρ0|ρ1)+
λ+ν

2
W

2
2(ρ0,ρ1)−

ν

2
|b(ρ0)−b(ρ1)|

2
≤
σ

2
I2(ρ0|ρV+cσ)
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GeneralLogarithmicSobolevInequality

Forallprobabilitydensitiesρ0andρ1onΩ,satisfyingsuppρ0⊂Ω,

andPF(ρ0)∈W
1,∞(Ω),wehaveforanyσ>0,

H
F,W
V(ρ0|ρ1)+

1

2
(λ+ν−

1

σ
)W

2
2(ρ0,ρ1)−

ν

2
|b(ρ0)−b(ρ1)|

2
≤
σ

2
I2(ρ0|ρV).

GeneralBakry-EmeryInequality

IfW=0,λ>0,σ=
1
λthen

H
F
V(ρ0|ρ1)≤

1

2λ
I2(ρ0|ρV).

HWBIinequalityforinteractivegases

Minimizingoverσ>0:

H
F,W

V(ρ0|ρ1)≤W2(ρ0,ρ1)
p

I2(ρ0|ρV)−
λ+ν

2
W

2
2(ρ0,ρ1)+

ν

2
|b(ρ0)−b(ρ1)|

2
.

ThisextendstheHWIinequality(Otto-Villani).
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GeneralizedTalagrandInequalitywithinteractionpotentials

Assumeµ+ν>0.ThenforallprobabilitydensitiesρonΩ,we

have

ν+µ

2
W

2
2(ρ,ρU)−

ν

2
|b(ρ)−b(ρU)|

2
≤H

F,W
U(ρ|ρU).

Inparticular,ifb(ρ)=b(ρU),wehavethat

W2(ρ,ρU)≤

√

2H
F,W
U(ρ|ρU)

µ+ν
.

IfWisconvex,then

W2(ρ,ρU)≤

√

2H
F,W
U(ρ|ρU)

µ
.
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Trendtoequilibrium

Letρ(t)beasolutionof
∂ρ
∂t=div{ρ∇(F′(ρ)+V+W?ρ)}

startingatρ0whichhasfinitetotalenergy.Then

(1).IfV+Wisunif.convex(i.e.,λ+ν>0)andWisconvex,then:

H
F,W
V(ρ(t)|ρV)≤e−2λt

H
F,W
V(ρ0|ρV),

W2(ρ(t),ρV)≤e−λt

√

2H
F,W
V(ρ0|ρV)

λ
.

(2).IfV+Wisunif.convex(λ+ν>0)andifweassumethe

barycentreofthesolutionρ(t,x)isinvariantint,then,

H
F,W
V(ρ(t)|ρV)≤e−2(λ+ν)t

H
F,W
V(ρ0|ρV),

and

W2(ρ(t),ρV)≤e−2(λ+ν)t

√

2H
F,W
V(ρ0|ρV)

λ+ν
.
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Energy-EntropyproductionDuality

Foranyprobabilitydensityρ0∈W
1,∞(Ω),andanyρ1∈Pac(Ω),

−H
F
c(ρ1)≤−H

F+nPF
(ρ0)+

∫

Ω

ρ0c
?
(−∇(F′◦ρ

0))dx.

Equalityholdswheneverρ0=ρ1=ρcwhereρcisaprobability

densityonΩsuchthat∇(F′(ρc)+c)=0a.e.

sup{J(ρ);

∫

Ω

ρ(x)dx=1}≤inf{I(f);

∫

Ω

ψ(f(x))dx=1}

where

I(f)=

∫

Ω

[c∗(−∇f(x))−G(ψ◦f(x))]dx

and

J(ρ)=−

∫

Ω

[F(ρ(y))+c(y)ρ(y)]dy

withG(x)=(1−n)F(x)+nxF′(x)andwhereψiscomputable

fromFandc.

20



Equalityholdswheneverthereexistsf̄(andρ̄=ψ(f̄))that

satisfies:

−(F′◦ψ)′(f̄)∇f̄(x)=∇c(x)a.e.

Theextremaareachievedatf̄(resp.ρ̄=ψ(f̄)).Henceasolution

forthequasilinear(orsemi-linear)equation

div{∇c∗(−∇f)}−(G◦ψ)′(f)=ψ′(f)

sinceitistheL
2
-Euler-LagrangeequationofIon

{f∈C∞
0(Ω);

∫

Ω

ψ(f(x))dx=1}.

Interesting:Tothelatterquasi-linear(orsemi-linear)eqaution,

wecanassociateJ,aFreeEnergyfunctionalonPac(Ω),whose

gradientflowwithrespecttotheWassersteindistanceisthe

evolutionequation

∂u

∂t
=div{u∇(F′(u)+c)}
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Aremarkablecorrespondence

(1)General(nonlinear)Fokker-Planckevolutionequations

(2)Quasilinearorsemi-linearequations

ThelatterappearasEuler-Lagrangeequationsofentropy

productionfunctionalsassociatedtothefreeenergies.

(Cordero-Nazareth-Villani)Forp=2∗=
2n

n−2,

inf
{

(

n−1

n−2

)

2
∫

IRn

|∇f|
2
dx;

∫

IRn

|f|
p
dx=1

}

isequalto:

sup
{

n

∫

IRn

|u(x)|
p(n−1)

ndx−
1

2

∫

IRn

|x|
2
|u(x)|

p
dx;

∫

IRn

|u|
p
dx=1}.

Thelatterisreally:

sup{n

∫

IRn

ρ(x)
n−1

ndx−
1

2

∫

IRn

|x|
2
ρ(x)dx;

∫

IRn

ρdx=1}
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EqualityisachievedatUthatsatisfies:

2(n−1)

n−2
U−

p

2∇U(x)=x

Lookslikeacorrespondencebetweenthe“Yamabe”equation

−∆f=|f|
2
∗
−2
fonIR

n
,

where2∗=
2n

n−2isthecriticalSobolevexponent,andthenon-linear

Fokker-Planckequation

∂u

∂t
=∆u

1−
1
n+div(x.u),

which–afterappropriatescaling–reducestothefastdiffusion

equation:
∂u

∂t
=∆u

1−
1
n.
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EvolutionofenergiesalongWassersteingeodesics

LetΩ⊂IR
n

beopen,boundedandconvex,ρ0,ρ1twoprobability

densitiesonΩ,withsuppρ0⊂Ω,andPF(ρ0)∈W
1,∞(Ω).LetT

betheoptimalmapthatpushesρ0forwardtoρ1.Then

1)(Otto-Agueh)IfF(0)=0andx7→x
n
F(x−n

)isconvexand

non-increasing,then

H
F
(ρ1)−H

F
(ρ0)≥

∫

Ω

ρ0(T−I)·∇(F′(ρ
0))dx

2)LetV:IR
n
→IRwithD

2
V≥λI,then

HV(ρ1)−HV(ρ0)≥

∫

Ω

ρ0(T−I)·∇Vdx+
λ

2
W

2
2(ρ0,ρ1).

3)(Cordero-Gangbo-Houdre)W:IR
n
→IRiseven,and
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D
2
W≥νI,then

H
W

(ρ1)−H
W

(ρ0)≥

∫

Ω

ρ0(T−I)·∇(W?ρ0)dx

+
ν

2
W

2
2(ρ0,ρ1)

−
ν

2
|b(ρ0)−b(ρ1)|

2
.

UseYoung’sinequalitytoget

−∇(F′(ρ
0(x))+V(x)+(W?ρ0)(x))·T(x)

≤c(T(x))+c
?
(−∇(F′(ρ

0(x))+V(x)+(W?ρ0)(x))),

andagainbytransportthat
∫

Ω

c(Tx)ρ0dx=

∫

Ω

c(y)ρ1dy.
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