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Probability measures and transport maps
P (Rm ) is the space of all Borel probability measures µ in Rm .

! The ÒregularÓ case: µ = uL m has a (nonnegative) density u ! L 1(Rm )
with respect to the Lebesgue measure in Rm .

! The ÒdiscreteÓ case: µ =
P

j ! j " x j is combination of Dirac masses "x j

concentrated in the points x j . Here ! j " 0,
P

j ! j = 1.
Push-forward: given a Borel map X : Rm # Rn we set

# := X # µ ! P (Rn ), #(A) := µ(X ! 1(A )) for every Borel set A ! B (Rn ).

Probabilistic notation:
µ = P, X is a (Rn -valued) random variable, # = X # P is the law of X .

#(A) = P
ö
X ! A

÷

Change of variable formula:
Z

Rn
$ (y) d#(y) =

Z

Rm
$ (X (x)) d µ(x) = E

ö
$ (X )

÷

Density of the push-forward Let µ = uL m and X : Rm # Rm be a Borel map.
X is di!erentiable and injective in D , with µ(Rm \ D ) = 0 .

Then # = X # µ = vL m is absolutely continuous i! det D X (x) $= 0 µ-a.e. in D .

v =
u

| det D X |
%X ! 1

|X ( D )
i.e. v(X (x)) | det D X (x)| = u(x) for µ-a.e. x ! D.
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Weak convergence, lower semicontinuity, and compactness

DeÞnition (Weak convergence)

A sequence µn ! P (Rm ) converges weakly to µ ! P (Rm ) if

lim
n " + #

Z

Rm
$ (x) dµn (x) =

Z

Rm
$ (x) dµ(x) &$ ! C0

b (Rm )

! Test functions $ can be equivalently choosen in C0
c (Rm ) or in C#

c (Rm ), as
for distributional convergence.

! If X n # X pointwise, then ( X n )# P % X # P.
! If & : Rm # [0, + ' ] is just lower semicontinuous (no boundedness is

required) and µn % µ then

lim inf
n " + #

Z

Rm
&(x) dµn (x) "

Z

Rm
&(x) dµ(x).

! Prokhorov Theorem: A set " ( P (Rm ) is weakly relatively compact
i! it is tight , i.e.

for every ' > 0 there exists a compact set K ! Rm : µ(Rm \ K ) ) ' &µ ! " .
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Wasserstein distance (I): the point of view of optimal transport
Wasserstein space:

P 2(Rm ) :=
n

µ Borel probability measures on Rm s.t.
Z

Rm
|x|2 dµ(x) < + '

o
.

Couplings between µ 1 , µ 2 ! P (Rm ):
measures µ ! P 2(Rm * Rm ) whose
marginals are µ 1 , µ 2 , i.e.

µ (A * Rm ) = µ 1 ( A ) , µ (Rm * B ) = µ 2 ( B )

Equivalently, ! 1
# µ = µ 1 , ! 2

# µ = µ 2

where

! 1 (x 1 , x 2 ) = x 1 , ! 2 (x 1 , x 2 ) = x 2

"( µ 1 , µ 2 ) is the collection of all cou-
plings of µ 1 and µ 2 .

Rm

Rm

µ 1 µ 1

µ 2

µ 2

µ |x + y | = 0

Wasserstein distance:

W 2
2(µ 1 , µ 2 ) := min

n Z

Rm $ Rm
|x 1 + x 2 |2 dµ (x 1 , x 2 ) : µ ! "( µ 1 , µ 2 )

o

W 2
2(µ 1 , µ 2 ) = min

n
E

h
|X 1 + X 2 |2

i
: ( X 1 ) # P = µ 1 , ( X 2 )# P = µ 2

o

Simplest example: W 2(" x , " y ) = d(x , y )
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Optimal couplings and triangular inequality
Lower semicontinuity and tightness: the minimum problem☛

✡
✟
✠W 2

2(µ 1 , µ 2 ) := min
n Z

Rm $ Rm
|x 1 + x 2 |2 dµ (x 1 , x 2 ) : µ ! "( µ 1 , µ 2 )

o

is attained: " o(µ 1 , µ 2 ) denotes the collection (closed, convex set) of all the
optimal couplings in P 2(Rm * Rm ). In general more than one optimal coupling
could exist.
Connecting a sequence of measures, disintegration and Kolmogorov
theorem:
if µ 1,2 ! " o(µ1, µ2), µ 2,3 ! " o(µ2, µ3), á á á, µ j,j +1 ! " o(µj , µ j +1 ) then there
exists a probability measure P and random variables X 1, X 2, X 3, á á á, X j , X j +1 , á á á
such that µ 1,2 = ( X 1, X 2)# P, á á á, µ j,j +1 = ( X j , X j +1 )# P.
In particular

W 2
2(µj , µ j +1 ) = E

ö
|X j + X j +1 |2

÷

(X h , X k )# P ! "( µh , µk ) but it is not optimal in general

if h, k are not consecutive.
Application: W 2 is a distance, triangular inequality.

W 2(µ1, µ3) ) W 2(µ1, µ2) + W 2(µ2, µ3)

W 2(µ1, µ3) )
Ò

E
ö
|X 1 + X 3|2

÷Ó1/ 2
=

Ò
E

ö
|(X 1 + X 2) + ( X 2 + X 3)|2

÷Ó1/ 2

)
Ò

E
ö
|X 1 + X 2|2

÷Ó1/ 2
+

Ò
E

ö
|X 2 + X 3|2

÷Ó1/ 2
= W 2(µ1, µ2) + W 2(µ2, µ3)
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ÒSoftÓ properties

! Convergence with respect to W ,
Weak convergence +
convergence of the quadratic
moments.

! Completeness (if one considers all the probability measures in P 2(Rm )).
! Lower semicontinuity with respect to weak/distributional convergence
! Convexity (but linear segments are not geodesics!)
! Existence of (constant speed, minimizing) geodesics connecting arbitrary

measures µ0, µ1: they are curves µ : t ! [0, 1] -# µt s.t.

W 2(µ0, µ1) = L 1
0[µ], W 2(µs , µ t ) = |t + s| W 2(µ0, µ1).
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Wasserstein distance (II): Kantorovich duality

W 2 is a dual ÒnegativeÓ distance, similar to the Sobolev one in W ! 1,2 .

W 2
2(µ 1 , µ 2 ) = sup

n Z
# 1 ( x ) d µ 1 ( x ) +

Z
# 2 ( y ) d µ 2 ( y ) :

# 1 ( x ) + # 2 ( y ) ) | x + y |2
o

The analogy is simpler when one considers the L 1-Wasserstein distance W 1: in
this case it is possible to choose

# 1 = # 2 = (

and we get

W 1(µ 1 , µ 2 ) = sup
n Z

( (x) dµ 1 ( x ) +
Z

( (y) dµ 2 ( y ) : ( (x ) + ( (y ) ) | x + y |
o

= sup
n Z

( (x) d( µ 1 + µ 2 )( x) : ( is 1-Lipshitz
o

.

Thus the L 1-Wasserstein distance is induced by the dual of the Lipschitz norm .
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The link between (I) and (II): Brenier theorem
In Rm suppose that µ 1 = u 1 dx , µ 2 = u 2 dx are absolutely continuous.

The optimal coupling µ ! ! o(µ 1 , µ 2 )
is concentrated on the graph of a

cyclically monotone map T:

µ = ( i " T)# µ

W 2(µ 1 , µ 2 ) =
Z

Rm
|x # T(x )|2 dµ (x )

Rm

Rm

µ 1 µ 1

µ 2

µ 2

µ

T can be recovered by the optimal Kantorovich potentials ! 1 # ! 2 satisfying

! 1 (x ) # ! 2 (y ) $ |x # y |2 , W 2
2(µ 1 , µ 2 ) =

Z
! 1 (x ) dµ 1 (x ) #

Z
! 2 (y ) dµ 2 (y )

by

T(x ) = x ! " ! 1 (x ) = "
Ò1

2
|x |2 ! ! 1 (x )

Ó
,

1

2
|x |2 ! ! 1 (x ) is convex.
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Gradient ßows and Wasserstein distance

8
>>><

>>>:

) t u + div(u v ) = 0 ( Continuity equation )

v = + ∇
" "

"u
(Nonlinear variational condition )

u(0, á) = u0 u0 ! L 1(Rd ), u0 " 0.

Here # is an integral functional and
" "

"u
is its Euler-Lagrange Þrst variation

#( u) :=
Z

$ (x, u, Du) dx,
" "

"u
= $ u ( x, u, D u ) − div $ D u ( x, u, D u )

[Jordan-Kinderlehrer-Otto Õ98Otto Õ01] showed in many interesting cases
that such kind of equations can be interpreted as

the Ògradient ßowÓ of # with respect to the
ÒWasserstein distanceÓ

between probability density/measures.

Applications: existence and asymptotic behaviour of solutions, contracton
properties, Logarithmic Sobolev Inequalities, approximation algorithms, ...
[Ambrosio-Gigli-S., Agueh, Brenier, Carrillo, Carlen, McCann, Gangbo, Giacomelli,
Otto , Villani, Westdickenberg, ... ]
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Examples I: transport, heat, and Fokker-Planck equations
Transport equation: ) t u = div(u D V )

Is generated by the linear functional

" (u) :=
Z

Rd
V (x)u(x) dx,

" "

"u
:= V (x), v := + D V

E.g. V (x) :=
*

2
|x|2 gives raise to ) t u + * div(u x ) = 0 , ut (x) = e!dt u0(e!t x)

Heat equation: ) t u = div
`
Du

«
= div

`
u

` D u

u

««

Is generated by the logarithmic entropy:

#( u) =
Z

Rd
u log u dx,

" "

"u
:= log u + 1 , v = +

D u

u
, u v = + Du.

Fokker-Planck equation: ) t u = $ u + div(u DV ) = div(u (
D u

u
+ D V ))

Is generated by the Relative Entropy functional w.r.t. + := e ! V dx

" (u) =
Z

Rd
u(log u + V

«
dx =

Z

Rd
u(log( u/ e! V )) d x.

" "

"u
= log u + 1 + V, v = + D

Ò" "

"u

Ó
=

` D u

u
+ D V

«
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Examples II: nonlinear di!usion

Nonlinear (power-like) di!usion: ) t u = div
`
Du" «

= div
`
u

%

%− 1
∇u ! ! 1 «

Is generated by " (u) =
1

, + 1

Z

Rd
u" dx,

" "

"u
=

%

%− 1
u ! ! 1 , u D

" "

"u
= $ u" .

General nonlinear di!usion: ) t u = div
`
DL (u)

«
= div

`
u DF " ( u )

«

Is generated by " (u) =
Z

Rd
F (u) dx,

" "

"u
= F " ( u ) , u D

" "

"u
= $ L (u),

F %%(u) = u L %(u).
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Example III: granular ßows and chemotaxis

Granular ßows: ) t u = div
`
u D( W ∗ u )

«

The equation is generated by

" (u) :=
1

2

ZZ

Rd $ Rd
W (x + y)u(x)u(y) dx dy,

" "

"u
= W . u, v = −D W ∗ u

Patlak-Keller-Segel model:
) t u = $ u + div(uDc),

c(x) = +
1

2-

Z

R2
log |x + y|u(y) dy

The system is generated by

" (u) :=
Z

R2
u log u dx +

1

4-

ZZ

R2 $ R2
log |x + y|u(x)u(y) dx dy

" "

"u
= log u + 1 +

1

2-
log | á | . u = log u + 1 + c.
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Examples IV: nonlinear fourth order di!usion equations

Thin Þlm equation: ) t u = + div
`
uD$ u

«

Is generated by #( u) =
1

2

Z

Rd
|Du|2 dx

DLSS/quantum drift-di!usion equation: ) t u = + div
Ò

uD
$

/
u

/
u

Ó

Is generated by " (u) =
1

4

Z

Rd

|Du|2

u
dx =

Z

Rd
|D

/
u|2 dx

" "

"u
=

#
√

u
√

u
, div

Ò
u D

" "

"u

Ó
=

1

2
$ 2u +

1

2

X

i,j

) 2
ij

Ò) i u) j u

u

Ó

=
1

2

X

i,j

) 2
ij

Ò
u ) 2

ij log u
Ó
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A formal motivation for the gradient ßow structure

) t u + div(u v ) = 0 , v = + D
" "

"u

+
d

dt
#( ut ) = +

Z

Rd
) t u

" #

"u
dx =

Z

Rd
div(u v )

" #

"u
dx = +

Z

Rd
v áD

" #

"u
u dx

)
ÒZ

Rd

þ
þ
þD

" "

"u

þ
þ
þ
2

u dx
Ó1/ 2ÒZ

Rd

þ
þv

þ
þ2 u dx

Ó1/ 2

Ansatz: interpret
ÒZ

Rd

þ
þv

þ
þ2 u dx

Ó1/ 2

as the ÒvelocityÓ of the moving family u. If we want to decrease # as fast as
possible, we have to choose

v = −D
" "

"u
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Wasserstein distance: the Brenier dynamical approach
We interpret u as the density of a (probability) measure µ = u dx and we consider
a moving family µt = ut dx of probability measures, t ! [0, T ], satisfying the
continuity equation

) t µ + div
`
µ v ) = 0; v is the velocity vector associated to µ

The scalar velocity at time t is given by

| úµ t | := 0v t 0L 2 ( µ t ;Rd ) =
ÒZ

Rd
|v t ( x ) |2 dµ t ( x )

Ó1/ 2

The length of the curve µ between t0 and t1

L t 1
t 0

[µ] :=
Z t 1

t 0

| úµ t |dt =
Z t 1

t 0

ÒZ

Rd
|v t ( x ) |2 dµ t ( x )

Ó1/ 2
dt

Wasserstein distance W 2 between µ0 and µ1:

W 2(µ0, µ1) := min
n

L T
0 [µ] : µ|t =0

= µ0, µ|t = T
= µ1

o
.

Evolution of discrete measures µ t :=
P

j & j " x j ( t ) . If úx j ( t ) = v j ( t ) ,
µ v =

P
j ! j v j ( t ) " x j ( t ) and

) t µ + div
`
µ v

«
= 0 , | úµ t |2 =

X

j

& j |v j ( t ) |2
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Distributional solutions of the continuity equation

✞✝ ☎✆) t µt + div(µt v t ) = 0 in Rd * (0, T ) (*)

t -# µt is a Borel family of probability measures on Rd ; it is not restrictive to
assume that µ is continuous with respect to time , i.e.

t -# µt ($ ) =
Z

Rd
$ dµt is continuous for every $ ! Cb(Rd ).

v : (x, t ) -# v t (x) is a Borel vector Þeld in Rd * (0, T ) satisfying the integrability
condition Z T

0

Z

Rd
|v t (x)| dµt (x) d t < + ' .

(*) means

Z T

0

Z

Rd

Ò
) t $ + 1 $ áv t

Ó
dµt (x) d t = 0 for every $ ! C#

c (Rd * (0, T )) .

Equivalently

d

dt

Z

Rd
$ dµt =

Z

Rd
1 $ á 1v t dµt a.e. in (0,T) for every $ ! C#

c (Rd ).
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Characteristics
Suppose that v is bounded and Lipschitz , or, more generally,

Z T

0

Ò
sup

B
|v t | + Lip( v t , B )

Ó
dt < + ' for every compact set B ! Rd

We can then consider the ßow map x -# X t (x), x ! Rd and t ! [0, T ] associated to
the characteristic system of ODE

d

dt
X t (x) = v t (X t (x)) in (0 , T ), X 0(x) = x.

For every initial measure µ0 we can study the evolution of its push-forward
through the ßow X

µt := ( X t )# µ0 i.e. µt (A ) := µ0
`
X ! 1

t (A )
«

for every Borel set A ! B (Rd ).

Main example: µ0 :=
P N

j =1 mj " x j , mj " 0,
P N

j =1 mj = 1.
We have

µt =
NX

j =1

mj " x j ( t ) where x j (t ) := X t (x j ).

In general, integration with respect to µt can be evaluated through the Change
of variable formula:

Z

Rd
&(y) dµt (y) =

Z

Rd
&(X t (x)) d µ0(x)

for every nonnegative or bounded Borel function & : Rd # R.
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Representation results

Theorem (Push-forward representation of solutions)

The curve µt = ( X t )# µ0 is the unique solution of the continuity equation✞✝ ☎✆) t µt + div(µt v t ) = 0 in Rd * (0, T ). (*)

If
RT

0

R
Rd |v t (x)|2 dµt (x) d t < + ' then

lim
h " 0

X t + h + X t

h
= v t %X t in L 2(µ0; Rd ).

Proof: µt is a solution of (*). It is easy to see that t -# µt is (weakly) continuous
(in particular lim t &0 µt = µ0) since
Z

Rd
$ (y) dµs (y) =

Z

Rd
$ (X s (x)) d µ0(x)

s" t
#

Z

Rd
$ (X s (x)) d µ0(x) =

Z

Rd
$ (y) dµt (y)

If $ ! C#
c (Rd * (0, T )), since d

dt $ (X t (x), t ) =
`
) t $ + 1 $ áv t

«
%(X t (x), t )

Z T

0

Z

Rd

Ò
) t $ + 1 $ áv t

Ó
dµt dt =

Z T

0

Z

Rd

Ò
) t $ + 1 $ áv t

Ó
%(X t (x), t ) dµ0(x) d t

=
Z T

0

Z

Rd

d

dt
$ (X t (x), t ) dµ0(x) d t =

Z

Rd

Z T

0

d

dt
$ (X t (x), t ) d t dµ0(x)

=
Z

Rd
$ (X T (x), T ) + $ (x, 0) dµ0 = 0
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Transport estimate: the regular case

Corollary

If µ is a solution of the continuity equation

) t µt + div(µt v t ) = 0 with
Z T

0

Z

Rd
|v t (x)|2 dµt (x) d t < + '

then for every 0 ) s < t ) T

W 2
2 (µs , µ t ) ) (t + s)

Z t

s

Z

Rd
|v r (x)|2 dµr (x) dr,

| úµ|(t ) := lim
h " 0

W2(µt , µ t + h )

h
)

ÒZ

Rd
|v t (x)|2 dµt (x)

Ó1/ 2
.

Recall: W 2
2 (µs , µ t ) ) E

h
|Y + Z |2

i
, Y# P = µs , Z # P = µt .

Choosing P := µ0, Y := X s , Z = X t , we have

W 2
2 (µs , µ t ) )

Z

Rd
|X s + X t |2 dµ0 ) (t + s)

Z

Rd

Z t

s
| úX r (x)|2 dr dµ0

= ( t + s)
Z t

s

Z

Rd
|v r (X r (x)) |2 dµ0 dr = ( t + s)

Z t

s

Z

Rd
|v r (y)|2 dµr (y) dr.
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A probabilistic representation for solution to the continuity
equation with nonsmooth Þelds☛

✡
✟
✠d

dt
X t (x) = v t (X t (x)) in (0 , T ), X 0(x) = x.

When v is not regular, the ßow X cannot be uniquely deÞned.

In this case, one can consider

the collection S of all the absolutely continuous trajectories
x : [0, T ] # Rd which are solution of úx(t ) = v t (x(t )) a.e. in (0, T ), i.e.

x(t ) = x(0) +
Z t

0
v r (x(r )) d r

S is a subset of the separable Banach space " T := C0([0, T ]; Rd ) and it is possible
to represent any solution of the continuity equation through probability measures
P in " T concentrated on S.

Theorem (Ambrosio)

If µ is a solution of the continuity equation

) t µt + div(µt v t ) = 0 with
Z T

0

Z

Rd
|v t (x)|2 dµt (x) d t < + '

then there exists a probability measure P ! P (" T ) such that P is concentrated on
S and µt = ( et )# P, where et : " T # Rd is the evaluation map et (x) := x(t ).

24/32



Wasserstein distance Wasserstein gradient ßows Continuity equation

A crucial approximation result

If . #(x) := (2 -' ) ! d/ 2 exp(+| x|2 / 2' ) and

µ#
t := µt . . #, w #

t := ( µt v t ) . . #, v #
t :=

w #
t

µ#
t

then ( µ#, v #) is a smooth solution of the continuity equation satisfying the
uniform bound

Z

Rd
|v #

t |2 dµ#
t )

Z

Rd
|v t |2 dµt for every t ! (0, T )

and

lim
#&0

w #
t = µt v t , lim

#&0

Z

Rd
|v #

t |2 dµ#
t =

Z

Rd
|v t |2 dµt .

Main point: the map

(µ, v ) -#
Z

Rd
|v |2 dµ

can be rewrited in terms of µ, ' := µv as
Z

Rd

þ
þ
þ
d'

dµ

þ
þ
þ
2

dµ and it is convex .
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Transport estimates: the general case

Corollary (Ambrosio-Gigli-S. Õ05)

If µ is a solution of the continuity equation

) t µt + div(µt v t ) = 0 with
Z T

0

Z

Rd
|v t (x)|2 dµt (x) d t < + '

then

W 2
2 (µs , µ t ) ) (t + s)

Z t

s

Z

Rd
|v r (x)|2 dµr (x) dr,

| úµ|(t ) := lim
h " 0

W2(µt , µ t + h )

h
)

ÒZ

Rd
|v t (x)|2 dµt (x)

Ó1/ 2
.

Proof: choosing Y := es , Z = et , we have

W 2
2 (µs , µ t ) ) E

h
|es + et |2

i
) (t + s)E

hZ t

s
| úx(r )|2 dr

i
= ( t + s)E

hZ t

s
|v r (x(r )) |2 dr

i

= ( t + s)
Z t

s
E

h
|v r (x(r )) |2

i
dr = ( t + s)

Z t

s

Z

Rd
|v r (y)|2 dµr (y) dr.

W 2
2 (µs , µ t ) )

Z

! T

|es + et |2 dP(x) ) (t + s)
Z

Rd

Z t

s
| úx(r )|2 dr dP(x)

= ( t + s)
Z

Rd

Z t

s
|v r (x(r )) |2 dr dP(x) = ( t + s)

Z t

s

Z

Rd
|v r (y)|2 dµr (y) dr.
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From curves of measures to the continuity equation
Let t ! [0, T ] -# µt ! P 2(Rd ) be a Lipschitz curve, i.e.

W2(µs , µ t ) ) L |t + s|.

Theorem (Ambrosio-Gigli-S. Õ05)

There exists a unique Borel vector Þeld v : Rd * (0, T ) # Rd such that

v t ! L 2(µt ; Rd ), | úµt | = lim
h " 0

W2(µt , µ t + h )

|h|
= 0v t 0L 2 ( µ t ;Rd )

) t µt + div(µt v t ) = 0 in D %(Rd * (0, T )) .

Moreover, among all the admissible velocity vector Þeld, v t is also characterized
by the equivalent properties

v t !
n

1 $ : $ ! C#
c (Rd )

o L 2 ( µ t ;Rd )
,

Z

Rd
v t áz dµt = 0 if div(µz ) = 0

lim
h " 0

W2(µt + h , (i + hv h )# µt )

|h|
= 0 ,

lim
h " 0

t
µ t + h
µ t + i

h
= v t in L 2(µt ; Rd )

if t
µ t + h
µ t is the optimal map pushing µt on µt + h .
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Application: Brenier theorem and displacement interpolation

Theorem

For every µ0, µ1 ! P 2(Rd ) there exists a constant speed minimal geodesic
connecting them, i.e. a Lipschitz curve t ! [0, 1] " µt with velocity vector v t such
that

! t µt + div(µt v t ) = 0

#v t #L 2 ( µ t ;Rd ) = L [µ] = W2(µ0, µ1), W2(µs , µt ) = |t $ s|W2(µ0, µ1).

These curves are in a one-to-one correspondence with optimal plan
µ ! Γo(µ0, µ1) by the formula

µt =
`
(1 $ t)" 1 + t" 2«

# µ , " 1(x1, x2) = x1, " 2(x1, x2) = x2.

µ1

µ0

µt
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Displacement interpolation: geodesics in Wasserstein space

u 0

Optimal transport map T

u 1

u 1/ 4 u 1/ 2 u 3/ 4u 0u 1/ 4u 1/ 2u 3/ 4u 1

Initial conÞguration

Displacement interpolation: Òpoints are moving along optimal raysÓ

! t u + div(u T ) = 0

The usual linear interpolation: Òpoints remain ÞxedÓ

u t = (1 ! t )u 0 + tu 1
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Application: derivative of the Wasserstein distance along
curves

Let t ! [0, T ] -# µt ! P 2(Rd ) be a Lipschitz (or even absolutely continuous) curve
with velocity vector v t ! L 2(µt ; Rd ) satisfying the continuity equation

) t µt + div(µt v t ) = 0 .

Let / ! P 2(Rd ) and µ t and optimal plan in " o(µt , / ). The for a.e. t ! (0, T )

d

dt
W 2

2 (µt , / ) = 2
Z

Rd $ Rd
2v t (x), x + y3dµ t (x, y ) = 2

Z

Rd
2v t (x), x + t $

µ t
3dµt (x),

the last identity holds if µ t is induced by an optimal transport t $
µ t

.
Analogy:

d

dt
|ut + w|2 = 2 2úut , ut + w3
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