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Introduction

o Discuss the relation between boundary effect and “turbulence,
singularities, anomalies” in the 0 viscosity limit.

o Use the notion of dissipative solutions as introduced by A. Majda, P.L.
Lions and R. Di Perna.

o Show that the convergence/non convergence to the solution of the Euler
equation is an issue independent of the appearance of singularities.

o Therefore | will consider smooth initial data up(x) generating smooth
solutions u,(x, t) and u(x, t) of the Navier Stokes (with boundary
conditions) in a domain Q C R” with n =2 or n = 3 and of the Euler
equation with the impermeability condition for t € [0, T].

The problem

Uy(x, t) = weak lim u,(x,t) = (or) # u(x, t)
v—0
seems to be related to all the issues of turbulence (Lax, Tartar).

o To support this remark | want to show that the discussion is similar
when the Navier-Stokes limit is replaced by the Boltzmann limit (joint

work with F. Golse and L.Paillard).
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The Navier-Stokes Equations

Oruy + (uy - V)u, — p*Auy, +Vp, =0
V-u, = Z Ox.(uy)i =0, uy,-Vu, = Z (uy)iOxuy -

1<i<d 1<i<d

Called incompressible because of the relation V- u=10.
But are also equations for fluctuations of mass, density and velocity

around some reference state.
In particular € the Mach number is the ratio between the fluctuation of

velocity and the sound speed.
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The Navier-Stokes Equations

u=¢et O=1+el,p=1+¢p
Vil =0, Ol (U-Vi)b + Vip = Al
Density and temperature fluctuations p, 0 are passive scalars:

p+0=0, Boussinesq approximation
942(9,0 + 6i-Vief) = k* A0 Fourier Law.

Phenomenological derivation or consequence of the Boltzmann equation
Hilbert 6th problem.
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v in Navier-Stokes is not the real viscosity of the fluid, but is the inverse of
the Reynolds number, a rescaled viscosity adapted to the size of the
fluctuations of the velocity is given by the formula:
UL

ILL*

Re

In all practical applications Re, is very large, therefore v is very small.
Bicycle 102, Industrial fluids (pipes, ships...) 10*, Wings of airplanes 10°,
Space Shuttle 108, Weather Forcast, Oceanography 10'°, Astrophysic
10%2. It would be natural to study the limit v — 0 in the Navier-Stokes
equations or even to put v = 0 and then consider the Euler equations...
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With convenient ( below given) boundary conditions:

% ’(X2t+u/ Vu(x, £)2dx = O(v) = 0

Therefore (modulo subsequences) u, — @ in weakL>((0, T); L?(Q2))

o However in presence of boundary things are not so simple but very useful
to consider.

e Intuition is that in general, in the presence of boundary, convergence
does hold: Existence of wake and d'Alembert Paradox.

Figure: Euler, D'Alembert, Navier and Stokes
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Statistical theory or weak convergence for Turbulence

< .,.> statistical average ~~ 1T, weak limit,
((uy ® uy) — (u,) ® (u,))  Reynolds stresses tensor ,

0< lim(u, — o) ® (u, —0y) = lim (v, ® u, — Ty ® U,) Reynolds s.t. .
v—0 v—0

1 j y y \
w(k) = ) /Rn e™ (u,(x + 5)) ® uy(x — E)dy) Turbulence (spectra’
1 iky Vv Vvy
o /R e (u,(x+ Y7 @ (x - V2F)
—1u(x) ® u(x))dy . Wigner Transform
W, (x,t, k) = Iimo W, (x, k, t). Wigner Measure
v—

W, (x, k, t) =
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o My sources for statistical theory (Peter Constantin, Uriel Frisch)
e Law is in average with a forcing term.

e In the statistical theory hypothesis of isotropy and homogeneity appear.
o One of the consequence is the Kolmogorov law:

-
e = v(|Vu,|?) ~ ;_/0 /Q |V u,|?dxdt Kolmogorov hypothesis,,

(lu(x+r) — u(x)]2>% o~ (1/<|Vu|2>)%|r|% Kolmogorov law .
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More remarks

o As seen below a deterministic version of € > 0 rules out strong
convergence to the smooth solution

o A deterministic version of the 1/3 law implies convergence to the
smooth solution and consistent with the conservation of energy
Constantin, E, Titi and als..

In the present case a look for weak convergence (not strong) and
dissipation of energy!
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More remarks

e In the weak formulation all the objects are (x, t) local (integral can be
done after localisation)

o The Wigner transform is not positive but the Wigner measure is a local
positive object.

e The Kolmogorov law rules out weak convergence so it should not be
uniform in v. On the other hand it may appear in the spectra when there
is a non trivial Wigner measure which may behave like

E(k) = Trace(lim W, (x, k, t).|k]*2) ~ (lim 1// |Vu,,|2))%|k\*%)
v—0 v—0
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With Boundary conditions the following non trivial

equivalent criteria define what Turbulence is NOT

o Convergence to a “ up to the boundary” weak solution” = No non
trivial Reynolds stresses tensor.

o Convergence weakly to the regular solution

o Strong convergence to this solution.

o No anomalous dissipation of energy.

e No production of the vorticity at the physical boundary.

e No production of vorticity at a boundary layer of size v

The Prandlt equations of the boundary layer are not valid.

There is a non trivial Reynolds stress tensor related to a
Kolmogorov-Heisenberg spectra by a non trivial Wigner Measure.
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A-priori estimates

A “general family” of boundary conditions containing the ‘“classical”:

u,-1=0 andv(dzu, + (C(X)uy)r + AM(¥)u, =0 on 9Q (1)
with A(r,x) >0 and C(x) € C(R",R") (2)
u,-i=0= ((V*tu)- i), = (C(x)u)-
Hence with wu, - i = 0 are of the type (1):
Dirichlet with A\(v) = oo,
Dirichlet-Neumann with  A(v) = C(x) =0,
Fourier with C(x)(u,) = (V*u,) = v(S(u,)A), + A(v)u, =0,
With A(x) =0 No stresses  (S(u,)ii) =0,
With vorticity v((V(u,) — V(1)) + AMv)u, =0.
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Energy estimates

1 T T

/ lu, (x, T)[2dx —i—/ (l// |V u, |[2dx — 1// (Osuy) - uydo =0,

2 Jg o Ja 0o Joa

v Gsu) - uydo = —v [ (C()uy, m)do + )\(u)/ Ly (x, £)|2dor
o0 [2)9]

o0
v / (C(x)u, uy)do] < CoA / IV [2d) 3 / 2} |
o Q Q
! / (. T) Pl < / [y (x, 0) ) eV |
2 Ja 2 Jq
1 r r
/|uy(x./ T)2dx+/ (y/ |Vuy2dx+/ AW (x, £)2do)dt =
2 0 Q o0

;/|uy(x,0)|2dx+o(1/).
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Dissipative Solutions and Viscosity Solutions

Di Perna (1979), Dafermos (1979) Majda- Di Perna ( 1987) P.L. Lions
(1996), with boundary CB Titi (2007).
1
S(w) = S(Tw + (Tw)?), Dow + (w- Vw) = E(x,£) = E(w)
hu+V-(u®u)+Vp=0,Vu=0,uv-1=0 with usmooth,
ow+w-Vw+Vg=E(w), V-w=0.

/y (x, £) — w(x, £)|? < //\ %,5), u(x, s) — w(x, s))|dxds

+/0 /Q(u(x,s) — w(x,s))S(w)(u(x,s) — w(x,s))|dxds
1
+2/Q|u(x,0) — w(x,0)[%dx. (3)

A dissipative solution is as a divergence free tangent to the boundary
vector field which for any test function w as introduced above satisfies the
relation (3).
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Hence the stability of dissipative solutions with respect to smooth
solutions and, in particular, the fact that whenever exists a smooth
solution u(x, t) any dissipative solution which satisfies w(.,0) = u(.,0)
coincides with u for all time.

However, it is important to notice that to obtain this property one needs
to include in the class of test functions w vector fields that may have non
zero tangential component on the boundary.
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Viscosity limit

Oty + Uy, - Vu, —vAu, +Vp, =0, T=weak— lim u,
v—0

w4+ w-Vw+ Vg = E(w),

1d

54 —Ju(x, t) — w(x, f)|i2(9) +V|Vuu(t)ﬁ2(ﬂ)

< [(S(w) : (uy = w) @ (1, — w))[ + [(E(w), uy — w)|
+(Vuy, Vw)2q) + V(95U ty — W) 2(50)) ;

/| . t) — wix, t)|2</ /|(E(X,s),u(x,s)—W(x,s))|dxds

// u(x,s) — w(x,s)S(w)u,(x,s) — w(x,s))|dxds

+/| (x, 0)—W(X0dx—|—||m1// (Ozuy, u, — w)dodt
2 Q v—0 90
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With no boundary convergence (modulo subsequence) to a

dissipative solution is always true.

If there exists a smooth solution u(x, t) on [0, T] with the same initial
data then T(x, t) = u(x, t).

1 1 1 1
2/|u(x, 0)|2dx:2/|u(x7 t)[2dx < 2Ji_n>10/|u,,(x, t)[2dx < 2/|u(x, 0)|2

o In the absence of boundary and with the existence of a smooth solution
of the Euler equations there is no anomalous energy dissipation, no
w.Reynolds stresses tensor.

Proof Peter Constantin Periodic Boundary Conditions and Kato in the
whole space.
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About wilde solutions of Delellis and Székelyhidi

Even without boundary in the absence of regular solutions (loss of
regularity for Euler solution or wild initial data) @ is still a dissipative, but
may be not a weak solution (Reynolds stresses tensor # 0 and may not be
the unique solution.

In particular when wug is the initial data of a wilde solution in the sense of
DelLellis and Székelyhidi.

However this is not the situation considered below.
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Direct results with boundary

Theorem In the presence of a smooth Euler solution.

o Weak convergence to a dissipative solution.

o Convergence to a weak solution (up to the boundary) or with
CO a>1/3,.

e |t is the solution.

e The sum of the kinetic and friction energy go to 0.

1 T
lim / (1// |Vu,(x, t)|2dx+/ A(x)|uy (x, t)]2dx)dt — 0.
v—=0 T 0 Q a0
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Conversely

Theorem In the presence of a smooth Euler solution Convergence to a
dissipative solution:

Ouy

1 In any case, in particular Dirichlet (v—="), — 0 in D'(0Qx]0, T|),

on
2 For Fourier-Navier A(v)u, — 0: in D'(9Qx]0, T[) — 0,
3 A(v) — 0 or A(v) bounded and Av)|uy(x, t)|?dodt — 0,
o0 x]0,T|

T
4 In any case Kato lim y/ / |Vu,(x, t)2dxdt — 0.
0 Jan{d(x09)<v}

v—0
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No turbulence in the presence of physical boundary

In the presence of a smooth solution u for Euler equation on [0, T] with
the same initial data the following facts are equivalents

o Weak convergence to a “ up to the boundary” weak solution = No
w.Reynold stresses tensor.

e u, — u. Weak convergence to the solution of the Euler equations.
eVO<t<T 3 [q|wlimuy(x,t)2dx = 3 [, |uo(x)|?dx . Energy
conservation.

o u, —u. Strong convergence

o lim, o9& %% =0 in D'(Q). No anomalous vorticity production at the
boundary.

o lim, 0 fo (JovIVuu(x, t)[Pdx + A(v) [5q luy|[*do)dt = 0. No
anomalous energy dissipation.

e lim,_0 fOT fd(x,69)<y |Vu,(x, t)|?dx = 0. No anomalous “order v
boundary layer energy dissipation.
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o The existence of a Prandlt boundary layer (and in particular the analytic
configuration considered by Asano, Caflish and Sanmartino (1998)) implies
Kato hypothesis. Converse may not be true.

o In the case of slip boundary condition (of the type A(v) — 0 and with
more regularity constraints many results concerning strong (in higher
norms ) convergence have already been obtained (Yudovich (1963), JL
Lions (1969), Bardos (1972), Clopeau-Mikelic-Robert (1998), Beirao da
Veiga and Crispo (2010), Xiao and Xin (2007)).

o If one of the above equivalent fact is not satisfied one would expect
generation of turbulence.

The limit is not a solution of the Euler equations, there is no energy
conservation, there is anomalous energy dissipation, the weak Reynolds
stresses tensor is not 0. etc...
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Figure: Kato: Prandlt..Boundary layer, Kelvin Helmholtz, Von Karman vortex
street.
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Proof of Kato argument

For any w € rmT (0Q2x]0, T|[) introduce a sequence w, (s, 7, t) (in
geodesic coordinates near 9 ) with

support(w,) C 2,x]0, T[,V-w, =0, and on 9Qx]0, T[ w, = w,
C
’vﬂtWV‘Loo S C: ’aSWV‘L‘X’ S ; .

From

(0,wy) = ((Oruy + V(upy @ uy) — Auy + Vp,)wy,) =
—(ty, Oewy) + ((uy @ 1) - V) + v(Vuy, V) — (V05u,w) 1290x]0, T
= [(VO5t W) 2(90x10,p| = ((tw @ 1) : V)| + o(v)

Poincaré estimate and a priori estimate
T
= (v ®u): Vw,)| < C/ / v|Vu,|>dxdt — 0.
0 Q,
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Boltzmann —Euler limit with boundary effect

To consolidate the fact that Kato approach may be the correct point of
view and that the boundary condition

v(0u, + (C(X)uy))r + A(¥)u, =0
(which contains Dirichlet and Neumann) is the good one, one can argue

that the introduction of a microscopic derivation based on the Boltzmann
equation leads to the same results.
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Fe(x, v, t) > 0: Density distribution of particles which at the point x € Q
and the time t do have the velocity v € R]) of the (rescaled in time)
Boltzmann equation:

1
€0tFe+ v - ViF. = B(FE, F.) Quadratic operator in R}
with Maxwell Boundary Condition for v - i < 0 in term of v- 1 > 0.

Fo(x v)=(1-a(€)) FS (x, v ra(e) M(v)Var v il F(x, v)dv,

v-ii<0

M(v) = ——5e 2, N¢)=v2r | (v-B)yd(v)M(v)dv,

(27)> R?
A1) = 1(probal)  F(x,v) = (1 - a(e))F7 (x. R(v)) + (6)/\(;_;),
Fe(x,v,0) = M(v)(1+ eg(v)) Img) Ue = F||_r12)% /" VF(e(x, v, t)dv.
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Forq=0 ,u. = %fRn vF.dv converges to a Leray solution of
Navier-Stokes with the Eoundary condition:

u-A=0 and v((Vu+ Vi) -n),+Av)u=0

1
Av) = jim L) Disichlet < fim 29 —

\/2me=0 € e—=0 €

Aoki, Inamuro, Onishi (1979) Stationary solution linearized regime and
Hilbert expansion;

Masmoudi-Saint Raymond (2003) for Mischler solutions towards Leray
solutions.

General formal proof C.B., Golse, Paillard (2011).
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Entropy Dissipation versus Energy Balance

F
H(F|G) = / (F Iog(a) — F + G)dxdv Relative entropy,
QxR2

1d 1 1
——H(F(t)|M) + — DE(F¢)dvdvid —= DG =
& S HF(0) )+eq+4/g/m ( )vv10+€3/m G=0

_ 1

4

DG(F) = / v - iH(Fc|M)dodv The Darrozes-Guiraud local entropy .
R3

\4

DE(F)(v,v1,0) (F'F{ — FF1)log(F'F] — FF1)b(]v — v1|,o) En. dis
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h(z) = (1+ z)log(1l + z) — z)

V2rDG = [ v #H(F.|M)dody =
R3
\/277/ v - iH(M(1 + egc)| M) dv—\/27r/ v - iM(v)h(1 + egc)dv
R3

= \/ﬂ/ v-h)+M(v)h(ege(v))dv — \/ﬂ/ v - )+ M(v)h(ege(Rv))
R3 R3
= A(h(ege)) — MN(A[(1 — a(e))ege + ale)(ege)])

> afe) [/\(h(ege(\/))) - h(/\(ege(\/))))] >0
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Hence the final entropy estimate:

1d
2 H(F.(t)|M €q+4//R3 DE(F)dvdvido

1 " / [A(h(ege(v))) — h(A(ege(v))))ldo < 0.
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Compare formally to energy with g. = ¢ }(F. — M)/M — u-v

1d | ' '
/ luy (x, t)|2dx+u/ |Vuy2dx—|—/ W) (x, £)2dor — 0
dt Jo o

1d
7EH(F€( %/ x, t)[2dx

// DE(F, )dvdvldawqy/vu+vlu| dx
R3

% [ [ntbeg () ~ BN Do = [ a1
(0

oQ
1

N (9
o = A(e)

:1
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Entropic convergence to a regular Euler solution =

g //11&3 DE(F.)dvdvido

2 \/L BQ[A( (€ge(v))) — h(A(ege(v))))ldo — 0O

2 ¢

Theorem Sufficient condition for the convergence to Euler:

Ii_% a(:) =0or
a(;) < C< oo and % /<99x]0 T[[/\(h(ege(v))) — h(A(ege(v))))]dodt — C

Conjecture (Kato!)

.
% / / / DE(F.)dvdvidodt— 0.
€T Jo  Jan{d(x,00)<en) Jr3
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Some details in proof

Proof uses Laure Saint Raymond argument. Simpler assuming local
conservation of moment. Focus on the terms coming from the boundary.
Introduce a divergence free tangent to the boundary smooth vector fields

w(x, t).

1
672H(,w(1,euo7 )’ (1, ewl / ‘U,,-, W(X O)’ dx
1 1 ' w? v
SHFIM ) O = SHEIM©+ [ (5= Lw)Fle.x,v)dds
QxR3 €

22dt// (t,x, v)(ew? — 2ev - w)dxdv
€
://8tw-(w—v)F€(t,x, v)dxdv

[¢) €
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For 8¢ [ Fe(t,x,v)dv and d; [ F(t,x, v)vdv use the local conservation
laws : In the first term appears the conservation of mass:

/ / v - iiF(t,x,v)dvdo =0 :
o0 Jry

/1W28 /F(t x,v)dx = —1/ ; w2V, - / (t, x, v)vdvdx
// v - Vew) - wF(t, x, v)dvdx
—/ do~ W2/ v - iF(t,x,v)dv =
2 ]Rd
// v - Vyw) - wFc(t, x, v)dvdx .
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In the second term appear the boundary effects:

_/ W./ata(t,x, v)vdv:// VZ./VXFE(t,X,v)v@)vdV:
Q € Q JR3 €
_;/S-Z/(V-VX)W-VFe(t,X, v)dvdx—l—/(m;/Fe(t,x, v)(w - v)(A - v

Since w is tangent to the boundary one has for x € 9%Q:

/ (t.x, v)(w - v)(7i - v) =
/ (t,x,v)(w - v)(F- v)ydv =

(ege(x v, t)(w-v)).

ﬁ\ \Q
N = Nl
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Therefore one obtains:
1d
€2 dt

1 1 afe)

g DE(F) + N /aQ [/\(h(ege(V))) — h(A(ege(v)))) | do

< /S;/(atw +w-Vw)(w — E)Fe(t./x, v)dxdv —

/Q/(W - E)VXW(W - %)Fe(t,x, v)dxdv

H(Fe|M1,ew,1))(t) +
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The exotic terms coming from the boundary are

1 afe)
Good = /d ) [/\(h(ege(v)))—h(/\(ege(v)))) do
1 afe)
Bad \/7277( 62 [;Q /\(egg(X, v, t)(W . V))dO'

The bad has to be balanced by the good.
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Vn >0
/ Aeg.(t, %, v))(w - v)do < (1+”C(VV))/ A(h(eg.) — h(ehg.)do
oQ n 0

+C27)/ / Fe(v - ﬁx)zdvda
oQ JR3
a(e)

2 /89 Nege(t,x,v))(w - v))do

‘;(? | Mbteg:) - hleng)do

With n = 2¢

<1+ 2eC( )

(v - iiy)?dvdo

o0

Boundary effect and Turbulence.
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With 2 _, g

%diH(FrMLEW,l (O < [ [ @+ w-Tw)ow = D)Fi(e.x,v)chcs

/ / v w(w — 2)F.(t, x, v)dxdv + o(e)

€

Then (cf. Saint Raymond) for

1
u=lim / vFe(x, v, t)dv
R3

e—0 €

— .UX — WX 2 -UX — WX W ul\ x — WX
at/ﬂr (. t) —w(x. ) + /( (x, £) — wx, )S(w)u(x, £) — w(x, £))a
< /(E(X, t),u(x, t) — w(x,t))dx.
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Proof of the Proposition 2 steps

o Symmetry: A(A(ge)(w-v))=0
o Legendre duality between

I(ege — Nege)))
= h((ege — Nege)) + Nege)) — h(M(ege)) — H'(A(ege))(8e — Nege))
and its Legendre transform:

I"(p) = (1 + Alege))(e” — p— 1)

(ege(t, x, v) — A(ege))(w - v)) = ;(Gge(t, x,v) = Nege))(nw - v))

< 717 (h((ege — Nege)) + A(ege)) — h(A(ege)) — H'(A(eg:))(ge — /\(6&)))

(14 A Z’WHV’ =b)

AW (Meg.))(g. — Meg.))) =0 Probal
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[ (14 Negdo

JOQ

< Cl/ A(h(eg.) — h(eNg)do + C2/ / F.(v - iiy)?dvdo
J O JoQ JR3

Proof With G, = F,/M and ¢ = [(v - )3 A 1Mdv

= - 7)? vM(v)do
C/5>9(1+A(€g6)d0_/aQA(GE)/(V ): A ldvM(v)doy
=h+h

\/89/]1%3 I\G/A(G) 1|>5(V n) A 1M(v)doydv

/89/]1{3 I‘G//\(G) 1|<5(V n) A 1M(v)doydv
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h(z) = (z+1)log(z + 1) — z,h(z) > h(|z|) and h is increasing on Ry

1 —
= hi /89 /3 A(GE)hQGE/A(GE) - 1’) (v- ”)3— A 1M(v)doydv
h(B) /an /11&3 (G /MGe) — 1) (v A)+M(v)doxdv
_hﬁ)/aﬂ/W(Glog

h(ﬁ) /()Q (h(égg) - h(e/\(gg))d

— G+ A(GE)> (v )4 M(v)doxdv
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For I with § < 1

1

[Ge/N(Ge) —1] < 8= (MGe)) < ﬂGE

Hence

\ /\
\
\

L2 A IM(v)doydv

< Fe(v- )2 doydv
- 1—[3/09/]1@3 i)

Use trace theorems introduced by Mischler!!!
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¢ Proposition With @ — A < 0o the convergence to zero of the

Darrozes Guiraud entropy implies the convergence to a dissipative solution.
o The Maxwell boundary condition with the hypothesis a(€)/e — 0 which

appears above has been generalized by Golse (2011). The analysis remains
the same confirming the validity of the discussion
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Conclusion

In the presence of boundary that the analogy between the notion of weak
convergence and the statistical theory of turbulence is the most striking. A
series of equivalent criteria for the absence of turbulence. Which at
contrario would define turbulence as a situation where any of this effects is
present:

More precisely there is no turbulence if one of the following effect is
present:

1 No anomalous dissipation of energy.

2 No non trivial Reynolds stress tensor. With a spectra for the
Wigner-measure that may fit some idea of statistical theory of turbulence.
3 No production of the vorticity at the boundary.

4 No production of vorticity in a region of size v

5 No detachement .

Comparison with the analysis of the convergence from Boltzmann to Euler
confirms the universality of the issues raised by the boundary.
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Thanks for the invitation,

Thanks for listening
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Happy Birthday Peter.
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