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Abstract

In this work, we present the NLP-ROM, a method for finding Machined-Learned Whitney forms for nonlinear
model order reduction through constrained optimization. We first demonstrate the performance of the methods
on the Poisson problem for a unit mesh, before demonstrating the applicability to free boundary linear
elasticity on an unstructured mesh.

Keywords: Projection-Based ROMS, Whitney Forms, Structure-Preserving Machine Learning, Nonlinear
Optimization

Nomenclature
W ∈ RN×M ,M << N - Convex Combination Tensor satisfying the POU property
M Degrees of Freedom in coarse mesh
N Degrees of Freedom in fine mesh
ξi(x), i = 1...N - Finite Element basis functions
u(x) - scalar solution
f(x) - forcing function
v(x) - test function associated with scalar solution u(x)
e - vector of ones

1. Introduction
Reduced order methods (ROMs) allow for accurate finite element modeling and simulation with minimal error
to full scale models, often at a fraction of the cost. While a range of ROMs have been developed [1], recent
literature has been split between two primary methods: Projection Based ROMs, and Structure Preserving
Neural Networks (SPNNs). Projection-Based ROMs frequently use either proper Orthogonal Decomposition
(POD)[2–7] or Singular Value Decomposition (SVD)[8–10] to create a reduced order basis, while SPNNs, use
machine learning algorithms to define a Whitney Form basis using a PDE-constrained optimization [11–15].
Projection Based ROMs often lead to a 10-50% reduction in computational cost for full scale models[7],
while SPNNs can result in a 95-99% reduction in computational cost[13], at the expense of a higher training
cost. Collectively, these ROMs have a wide range of use cases, including multiscale modeling and inverse
problems [1]. Both projection-based ROMs and SPNNs produce accurate solutions in limited data regimes.

In this work, we will demonstrate how determining a reduced-order finite element basis can alternatively
be thought of as an optimal control problem. In machine learning (ML), a model is considered converged
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when the gradient of the function is below a predetermined value for convergence. The exact performance
and convergence conditions may vary slightly by optimizer [16]. In nonlinear programming (NLP), a model
has converged when the first-order Karush–Kuhn–Tucker (KKT) conditions are satisfied within a tolerance
[17]. The result is that NLPs provide solutions to optimal control problems which directly consider all
constraints, while ML methods only consider the change in the gradient. For large systems, generalized
reduced gradient (GRG) methods and primal-dual interior point methods (IPM) may be used. In GRG
algorithms, such as CONOPT, a minimum is found by performing Newton’s method with an Armijo line
search on the constraints until KKT conditions are satisfied [18] In IPM algorithms, such as IPOPT, the
optimization is instead performed over the Lagrangian[19, 20], improving solver efficiency and speed while
relying on satisfying KKT conditions for convergence[21].

Inverse problems are often computationally expensive, and have been approached using a range methods.
Novel ideas, including machine-learning informed computer vision algorithms[22], complex resolution
refinement schemes [23], introduction of Fourier neural operators [24], and several other methods are actively
being investigated for efficiently solving inverse problems. Standard Projection-Based ROMs have also shown
promise in solving inverse problems [25]. In this work, we aim to further develop the methods used for
inverse problem solving with Projection-Based ROMs to instead use a Whitney form basis, enabling further
improved inverse solving methods.

This work is divided into three sections. We first discuss the development of NPL-based Reduced Order
Methods (NLP-ROMs), demonstrating how a finite element (FEM) basis can be reduced using Whitney forms.
In doing so, we demonstrate the numerical equivalence between a Whitney form basis and Galerkin-discretized
projection-based ROMs. We then begin by applying our ROM to the Poisson equation on the unit square, to
demonstrate the equivalence between our Whitney forms and Whitney forms determined through optimization
using an SPNN. Next, we demonstrate the applicability of our NLP-ROM to free boundary linear elasticity
problems, providing a model reduction order of over 95% while maintaining low error.

2. Problem Setup
In this section, we demonstrate the discretization used in developing our nonlinear basis optimization
algorithm, and demonstrate, by following the discretization methods from traditional Projection-Based ROMs,
we develop the convergence conditions are numerically equivalent to the minimum eventually reached through
gradient descent algorithms.

2.A. Finite Element Notation
Finite Element Methods frequently use slightly different notations across fields. We present our notation for a
Galerkin discretization of the Poisson Equation using first order Lagrangian basis functions as follows:
The standard Poisson equation ∆u = −f with Dirichlet boundary conditions gives the weak form∫

Ω
∇v · ∇u = −

∫
Ω
vf, using a test function v. (1)

Using a Galerkin discretization, with u =
∑
j

ujξj , v = ξi, for first-order Lagrange basis functions ξi, and

setting boundary terms to zero, we find:∑
j

uj

∫
Ω
∇ξi · ∇ξj =

∫
ξif =: fi. (2)
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By defining a stiffness matrix Kij =

∫
Ω
∇ξi · ∇ξj ,K ∈ RN×N , we develop the linear system

Kijuj = fi. (3)

2.B. Reduced Basis Notation
Introducing a convex combination order-reduction tensor Wij ∈ RN×M , we redefine the discretization

u =
∑
ij

ûiW
T
ij ξj , vk =

∑
l

W T
klξl. (4)

We note this convex combination tensor is serves the same function as a projection matrix in decomposition-
based reduced order methods, including POD and SVD. Unlike POD or SVD, however, we choose to define
Wij as the nonunique collection of Whitney 0-forms, characterized by

Wij ≥ 0,
∑
j

Wij = 1 (5)

We chose to provide an order reduction tensor in terms of Whitney forms for their structure-preserving
properties and demonstrated performance of Whitney forms in machine learning applications. Higher-order
Whitney forms, which parameterize fluxes, can be derived through application of the exterior derivative. For
further details on these derivations and use cases, we refer the reader to Trask 2022[12]. For the remainder
of this section, we exclusively refer to the collection of 0-forms := W . In this work, the critical property
of Whitney forms is that they form a Partition of Unity (POU). The set of all POUs is closed under convex
combinations:

if
∑
i

Wij = 1 and
∑
j

ξj = 1 then
∑
i

∑
j

Wijξj = 1, (6)

By this property, the projection Wijξj created using Whitney forms remains a valid finite element basis,
guaranteeing solution adherence to the discretized governing law. While prior work has found success by
partitioning W into boundary and interior elements, Wbdry and Wint[12, 13], we find this unnecessary
within our finite element framework. Applying this projection to the weak form from Equation3, we derive
the new linear equation

W T
ijKjlWlkûk = W T

imfm := f̂i (7)

This equation is trilinear in W , which significantly increases the computation cost. By introducing a
linearization factor B := W T

ijKjlWlk, we remove all 3rd-order terms, yielding the final optimization:

min
W ,û,B

∥W û− u∥2, (8)

Using this nonlinear program, we aim to determine an optimal W which minimizes the error ∥W û− u∥2,
where u is determined from data.

3. Optimization
In this section, we derive the KKT conditions of the NLP. We reiterate the optimization statement:

min
W ,û,B

∥W û− u∥2, (9)

subject to four constraints:

Bû = f̂ , B = W T
ijKjlWlk,W > 0, and Wijej = ei (10)
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The Lagrangian is given by:

L(W , û, B, λ1, λ2, λ3, µ) = ∥W û−u∥2+λT
1 (Bû− f̂)+ tr(ΛT

2 (B−W TKW ))+λT
3 (We−e)−µTW

(11)
where λi is used for equality constraints, and µ is used for the inequality constraint. This Lagrangian is
subject to the primal constraints:

Bû = f̂ (12a)
B = W T

ijKjlWlk (12b)
Wijej = ei (12c)
Wij ≥ 0 ∀ i, j (12d)

The dual constraint and complimentary slackness:

µ ≥ 0 (13a)
µijWij = 0 (13b)

And the stationary conditions:

∂L
∂û

= 0 : 2W T (W û− u) +BTλ1 = 0 (14a)

∂L
∂W

= 0 : 2(W û− u)ûT − 2KWΛ2 + λ3e
T − µ = 0 (14b)

∂L
∂B

= 0 : λ1û
T + λ2 = 0 (14c)

∂L
∂λ1

= 0 : Bû = f̂ (14d)

∂L
∂λ2

= 0 : B = W TKW (14e)

∂L
∂λ3

= 0 : W e = e (14f)

This nonlinear program is formulated as a quadratically constrained quadratic program (QCQP). W and
û are quadratic both in the constraints and in the objective functions. QCQPs are a numerically favorable
form for several NLP solvers. While this particular QCQP is nonconvex, the numerical structure remains
favorable for quickly finding a local minimum within specified tolerance.

3.A. Algorithm Selection
A range of nonlinear optimization algorithms demonstrate good performance on QCQPs. Two feasible
algorithms for large nonconvex QCQPs are generalized reduced gradient algorithms, and primal-dual interior
point method (barrier) algorithms. We classify the performance of these algorithms on three factors. These
factors are (1) optimizer wall time, (2) objective function value, and (3) physical relevance of subdomains
for nonlinear problems. Consideration (3) is an especially desirable trait of Whitney forms from the SPNN
literature[13], as it preserves low error under mesh refinement, without retraining. Capturing localized,
domain-relevant features, such as high-frequency modes, generally requires further computational analysis
and constraints [26]. Both algorithms are evaluated using the manufactured problem from Section 2, on a
domain of the unit square. Example learned bases from each of these algorithms are provided in Figure 1.
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3.A.1. Generalized Reduced Gradient (CONOPT algorithm)
CONOPT is a generalized reduced gradient (GRG) algorithm designed for large scale sparse nonlinear
optimization problems [18]. In our tests, CONOPT performed poorly, with high wall time, relatively high
objective functions, and solutions demonstrating little physical relevance over the domain.

3.A.2. Primal-Dual Interior Point Method (barrier) algorithms
Primal-dual interior point method (barrier) algorithms are designed for large scale highly nonlinear problems
where second order conditions must be strictly enforced [21]. Of tested algorithms, IPOPT, an open
source algorithm [27], outperformed both generalized reduced gradient methods and commercial barrier
algorithm implementations. On manufactured problems, IPOPT, with default options and linear solver mumps,
outperformed other optimizers in all metrics, including domain quality/physical relevance, optimizer wall
time, and objective function value. For these reasons, we use the IPOPT algorithm for the remainder of this
work.

Figure 1: Sample Bases from tested optimizers, demonstrating the ability of IPOPT to capture locally-relevant subdomains

4. Results
In this section, we first develop a basic model of the Poisson equation ∆u = f on the unit square. We select
this problem due to its structural relevance to a range of problems of interest, including linear elasticity, Darcy
flow, magnetostatics, and the Helmholtz equation. We then demonstrate the feasibility of our method in
learning a nonlinear reduced bases for a free-boundary linear elasticity problem on an unstructured mesh.

4.A. Poisson Problem
The Poisson equation on a unit mesh with Dirichlet boundary conditions at x = 0 and x = 1 and Neumann
boundary conditions at y = 0 and y = 1 is discretized using the methods from Section 2, to obtain the form

W T
ijKjlWlkûk = W T

imfm := f̂i (15)

We define a fine-space mesh of 15× 15 elements, yielding 256 nodes. We compute training data over this
fine-space mesh using FEniCSx, which returns the stiffness matrix, RHS vectors, and fine-mesh solution. We
note data can be generated through a range of means beyond fine-mesh FEM, including through DIC and
other experimental methods. To solve for the Whitney form projection matrix W ∈ R256×5, we follow the
steps from Section 3, and solve the NLP using IPOPT 3.13.2 in pyomo, running with linear solver mumps.
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4.A.1. Dirichlet Conditions
For Dirichlet boundary conditions, we optimize Whitney forms to minimize a basis for a combination of
forcing functions. We generate training data of the form∆u = f on a fine mesh for a range of forcing functions,
designed to capture a range of possible behaviors, including low frequency forcing, polynomial forcing,
exponential forcing, and higher frequency or mixed-mode forcing. The optimization algorithm takes inputs
of stiffness matrix Ki ∈ R256×256, fi ∈ R256, and ui,target := K−1

i fi ∈ R256, i ∈ {1, 2, 3, 4}, and returns
Wopt ∈ R256×5. Test solutions in the coarse mesh space are then computed by solving W T

ijKjlWlkûk =

W T
imfm, and projecting the coarse space solution, ûk onto the fine space using W ûk := utest. Forcing

functions are selected to test a range of interpolation and extrapolation behavior, as well as various combinations
of features from the training data. Error for these tests is then defined as ε :=

1

2
||ufine − utest||2 We present

a range of test functions and errors, as well as the approximate speedup in solver wall time compared to fine
mesh FEM solutions.

Figure 2: Coarse Solution Error for a Range of Test Functions with Zero Dirichlet Boundary Conditions

4.A.2. Non-zero Dirichlet Conditions
In cases where the boundary conditions are nonzero, the forcing terms contain information regarding the
boundary conditions. In this section, we demonstrate that our nonlinear optimization still applies in these
cases. We again define the domain to be the unit square, discretized into a 15 × 15 mesh, which yields a
linear equation Ku = f,K ∈ R256×256, u, f ∈ R256. We define Neumann boundary conditions on y, and
Dirichlet conditions of u = 0 on x = 0, and u = 1 on x = 1.

Figure 3: Coarse Solution Error for a Range of Test Functions with Nonzero Dirichlet Boundary Conditions
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We also demonstrate the robustness of these methods to spatially varying boundary conditions, with Neumann
boundary conditions on y, and Dirichlet conditions of u = 0 on x = 0, and u = sin y on x = 1.

Figure 4: Coarse Solution Error for a Range of Test Functions with Spatially Varying Dirichlet Boundary Conditions

5. Linear Elasticity
In this section, we demonstrate the ability to capture relevant subdomains in free-boundary linear elasticity.
For linear elasticity with EI = 1, the model reduces to the Poisson problem. Two changes are made to
the previously designated algorithm for large systems. In this section we use IPOPT with HSL solver
MA97, MC64 scaling, 10−20 pivot tolerance, 10−8 convergence tolerance, and 10−4 acceptable tolerance.
Additionally, we initialize from a feasible point, and implement a bound push and bound frac of 10−3. For
larger problems, we construct the Whitney form basis using a greedy algorithm 1. This algorithm ensures that,

Algorithm 1 Learning sequence for W
Require: Training scenarios {Kαuαdata = fα}nk

α=1, convergence tolerance ε > 0

1: Initialize W ∈ R1×ni with [W (1)]1,: = 1, set nw ← 1
2: for k = 1, 2, . . . , nk do ▷ Outer loop: grow scenario set
3: L ← ∞
4: while L > ε do ▷ Inner loop: grow basis dimension
5: nw ← nw + 1, expand W to Rnw×ni

6: Solve the NLP:

min
W , û, B

∥∥∥∥∥∑
α

W ûα − u

∥∥∥∥∥
2

subject to:

Bαûα = f̂ ,

Bα = W TKαW ,

Wij > 0 ∀ i, j,

Wijej = ei

7: L ←

∥∥∥∥∥∑
α

W ûα − uα

∥∥∥∥∥
2

8: end while
9: end for

Ensure: W
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after the first iteration, each future iteration of the NLP is initialized near a "good" solution, resulting in faster
convergence, often within 20 iterations for later subproblems. Additionally, through the greedy construction,
this algorithm learns the minimum number of dominant modes for a nonlinear free boundary problem, giving
meaningful physical data about the system.

5.A. Results
We use a free boundary elasticity problem on an unstructured mesh of an arch bridge to demonstrate the
ability of our learning methods to capture relevant domains for nonlinear problems. We define Dirichlet
boundary conditions of zero on the edges of the mesh, and apply a point load some distance d from the center
of the mesh. We aim to learn a reduced space operator which is independent of the location of the applied
load. The mesh and boundary conditions are shown in Figure 5 After training, we obtain an order reduction

Figure 5: Boundary Conditions on an unstructured mesh of an arch bridge

W of size 7726× 5, resulting in the linear equation Bû = f̂ , where B ∈ R5×5, which is very cheap to solve.
We compute the predicted displacement for both the full order model and the reduced order model, and find a
maximum relative error of 7.8% and an average relative error of 3.15%, while also seeing a 70-fold reduction
in cost versus solving the full order linear system. A plot of the average absolute error for a wide range of
loading locations is shown in Figure 6.

Figure 6: Average Error by mesh location for a range of applied loading conditions
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6. Conclusion
In this work, we develop the NLP-ROM, a method for modeling reduced order nonlinear operators based
on Whitney forms. We demonstrate the numerical equivalence between Whitney forms learned through
NLP-based methods and Whitney forms learned through Structure-Preserving Neural Networks, and apply
these NLP-based methods to free boundary elasticity problem. Future extensions to this work will include
problems with additional constraints and refinement studies. NLP-based methods for learning operators show
significant promise for constrained problems, where gradient-descent based algorithms may struggle with
implementation of constraints.
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