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TWO-SCALE ANALYSIS OF THE ELECTROSTATICS OF DIELECTRIC CRYSTALS:
EMERGENCE OF POLARIZATION DENSITY AND BOUNDARY CHARGES

SHOHAM SEN*, YANG WANGT, TIMOTHY BREITZMAN?, AND KAUSHIK DAYAL*$

Abstract. Ionic crystals, such as solid electrolytes and complex oxides, are central to modern technologies for energy
storage, sensing, actuation, and other functional applications. An important fundamental issue in the atomic and quantum-scale
modeling of these materials is defining the macroscopic polarization. In a periodic crystal, the usual definition of the polarization
as the first moment of the charge density in a unit cell is found to depend qualitatively — allowing even a change in the sign! —
and quantitatively on the choice of unit cell.

We examine this issue using a rigorous approach based on the framework of 2-scale convergence. By examining the
continuum limit of when the lattice spacing is much smaller than the characteristic dimensions of the body, we show that the
2-scale limit provides both a bulk polarization as well as a surface charge density supported on the boundary of the body.
Further, different choices of the periodic unit cell of the body lead to correspondingly different partial unit cells at the boundary;
these choices give to different bulk polarization and surface charges but compensate such that the electric field and energy are
independent of the choice of unit cell.

1. Introduction. Crystalline ionic materials, such as dielectrics, solid electrolytes, and ferro-
electrics, are essential for engineering applications such as energy storage, sensing, actuation, and
numerous functional settings. Continuum models at scales of engineering relevance typically use the
continuum dipole per unit volume — the polarization — as a multiscale mediator that captures key
aspects of the atomic-scale charge distribution [JM94, Xia05, TWSK02, CDZ" 09, BBC20, ABC08,
Sha94, GD20, GD21, GDdP22, GMD21, KGCD*24, KdBT25]. The polarization field consequently
is a central quantity of interest in various successful macroscopic continuum models of dielectric and
functional materials, e.g., piezoelectricity [HIC 04, Tag86, TCF10, RYBS19, DLS17], flexoelectric-
ity [ZCT13, AMPT15, APM™ 14, ADAC19, APM™15, LS13, KS16, GMS21, LS13, ADLS13, Stel8,
TMLS22, LS18], ferroelectricity and electromechanics [AA15, YDI1la, YDI1b, YD12a, YDI2b,
YDI12¢, YSSY08, SYCT08, KMSD25, KMDS25], and analogous models in micromagnetism [JK90,
JW98, JH00, DJ02, TIST99, BFLS18, WGCWO01, GCGWO03, BGCF07].

An important feature of the polarization is that the continuum value depends on the choice of
lattice unit cell. In typical formal calculations performed in [SWBD24, RV07a, MD14, Spal2], it can
be shown that with the appropriate change in the choice of unit cells, the sign of the polarization can
be made negative. For example, consider an illustrative one-dimensional case of an infinite line of
alternating positive and negative charges. The dipole moment can be defined as a vector connecting a
negative charge to its nearest positive neighbor. However, since each negative charge has two equidis-
tant positive neighbors, the choice of reference introduces a sign ambiguity in the dipole moment.
Given that polarization serves as a macroscopic descriptor of the electronic properties of a material, its
non-uniqueness introduces challenges for the reliability of predictions made using continuum models.

To address this challenge, we apply concepts of two-scale convergence as introduced by [Al192].
The advantage of two-scale convergence lies in its ability to capture specific physical phenomena at
the microscopic scale. Unlike weak convergence, which yields an ‘averaged’ function in the limit,
two-scale convergence preserves information about the function’s local oscillations. Using this frame-
work, we derive two equations: one describing the physics at the macroscopic scale and another for
the microscopic scale. We establish a polarization theorem for the dipole from the charge density,
which enables us to compute both the homogenized (macroscopic-scale) potential and the corrector
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(microscopic-scale) potential. Utilizing the property of weak-convergence [MT97, ABFJ97, GM06],
we demonstrate the uniqueness of the homogenized limit for the potential.

Mathematical approaches to related problems typically begin with a finite body and then take the
limit; such approaches can naturally account for surface effects. For instance, [JM94, JBD23, MS02,
SS09, JIBD23] take this approach; however, they begin with microscopic dipoles rather than a charge
distribution and hence do not have surface effects. Related work in [Ros14] with short-range atomic
forces shows the emergence of a surface energy. In [JMKD23, MD14], they formally study such
limits using distributions of charges. Their findings demonstrate that the coarse-grained description
necessitates both a polarization—defined as the dipole moment of the charge within a given periodic
unit cell—and the associated surface charge density corresponding to the respective partial unit cell.

A Modern Theory of Polarization [RV07b] introduces an alternative definition of polarization
through the change in the Berry phase of the wavefunction during an adiabatic process. The central
assertion is that, while polarization itself is non-unique, the change in polarization is uniquely defined
modulo a polarization quantum. The assumption of adiabaticity implies that eigenstates remain the
same throughout the “change”, allowing one to get an expression for the current using the eigenstates
at equilibrium. Thus, by reformulating the multiscale mediator from the polarization to the change in
polarization, they are able to establish unique values (modulo the polarization quantum). However, the
theory relies fundamentally on the independent-electron approximation and the validity of adiabatic
evolution. As such, it is not applicable to systems exhibiting strong electronic correlations or under-
going displacive first-order phase transitions, where changes in polarization may occur abruptly and
cannot be captured through an adiabatic process [SWBD24, Sen22].

1.1. Contributions of this Work. This paper focuses on deriving the limiting form of the elec-
trostatic potential for a solid. By assuming that the material is locally periodic, we extract two-scale
equations to describe the behavior. Specifically, we provide a rigorous derivation of the homogenized
limit for the electrostatic interaction between nuclei and electrons within a charge distribution defined
over a bounded domain @ C R?, with particular interest in the case d = 3. Due to the long-range
nature of electrostatic interactions, the sum of the charge density over lattice unit cells generally does
not converge [MD14]. As discussed in [MD14], a net charge neutrality condition in each unit cell
is necessary to obtain a well-defined electrostatic potential in the limit. For further details, we refer
the reader to Section 3.1 of [MD14]. This work aims to rigorously establish the results presented in
[MD14]

Classical homogenization problems involve the homogenization of linear operators with peri-
odically oscillating coefficients and fixed source terms. For the sequence of problems in (1.1), the
homogenization process replaces this sequence with a single operator, Ly, such that the solutions cor-
responding to the original operators converge weakly to the solution associated with L.

(1.1) Leue = f <53 Loug = f,

where the domain of definition of the partial differential equation (PDE) is €2, and the above PDE’s are
complemented with proper boundary conditions. In the problem under consideration, the operator is
fixed, whereas the forcing term varies.

Lu. = f..

We derive the limiting form of the source term f. and obtain a homogenized PDE in the limit.
Since the operator L is fixed, the solution can be expressed as the integral of f. against the system’s
Green’s function. Given that the Green’s function remains unchanged, weak convergence can be em-
ployed to determine the limit. This approach was used formally in [MD14], where the authors work
with the free-space Green’s function rather than a general Green’s function. In this paper, we apply
2-scale analysis to rigorously consider the homogenized limit of the aforementioned PDE over general
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domains. Additionally, the dipole limit of the electron density provides not only a definition of the
polarization but also the surface charge density in the limit.

The primary result of this paper, presented in Section 4, establishes that a sequence of Poisson
equations defined for a sequence of charge distributions {p;} : @ — R, associated with a scaled
lattice £ (where [ scales the lattice £), possesses a well-defined limit. By imposing the condition that
the charge distribution has zero mean within each unit cell of [.L, the sequence of partial differential
equations can be formulated as:

~AP, = %19,

(12) q)l = fOI’l Fd,

O;(x) = 0as || — oo,

®, € L} (R?) and V&, € L*(R?),
where 0 C R3 is the support of the charge distribution and the potential is specified on 'y part of the
boundary 0f). The last line in (1.2) follows [TTDDB12], and ensures that the total energy is finite.
The homogenized limit of the above PDE is:

A, Qo(z) = Lo div(p,) in R?,

@0 = f on Fd7

(1.3) 0Pg
on
V®, is bounded uniformly in L?(£2),

ﬂ =py -+ oon O\,

where o is a surface charge due to partial unit cells and p, is the polarization distribution due to the
charge {5, }. The last condition corresponds to the energy of the sequence being uniformly bounded
inl.

1.2. Organization. The structure of the paper is as follows. In Section 1.3, we provide an intu-
itive overview of the problem, considering a simplified version that parallels the analysis in [MD14].
Readers seeking a more visual explanation of the homogenization process may refer to the correspond-
ing section in [SWBD24]. Section 2 introduces the notation that will be utilized throughout the paper
to ensure clarity and consistency. In Section 3, we formulate the electrostatic equation along with
the appropriate boundary conditions. Section 4 presents the weak two-scale formulation used to de-
rive the homogenized equation in the limit as [ — 0. This section yields two independent equations:
one describing the homogenized potential ®((x) and the other defining the corrector field @4 (x, y),
both expressed in terms of the charge density p;(x). Finally, the proof of the polarization theorem is
reserved for Section 5.

In Section 5, we establish the weak convergence of zero-mean functions to a bulk dipole term and
a surface charge density term. The integral over the domain 2 is decomposed into a sum over unit
cells {J (collectively denoted as €2(0J)) and a residual term arising from partial unit cells (collectively
denoted as Q(A )). The treatment of these components is divided between Section 5.1 and Section 5.2.
In both sections, we rely on the boundedness of the zero-mean charge density within each unit cell and
the continuity and differentiability of the test functions. In Section 5.1, we express the bulk term as
a Riemann summation over the domain. By leveraging the boundedness of the integrand, we extract
a convergent subsequence. In Section 5.2, we construct the integral for the surface charge density,
showing that it converges to a well-defined surface-integral limit for the residual term.

In Section 6, we address the non-uniqueness of polarization arising from different choices of unit
cells, noting that each choice corresponds to a distinct surface charge density in the limit. Despite this
inherent non-uniqueness of polarization and surface charge density, we demonstrate that the homoge-
nized potential remains uniquely defined.
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1.3. Heuristics. The aim of this section is to provide motivation for the rigorous calculation
presented later by considering a simplified version of problem (1.2). Specifically, we set |I'y| = 0,
allowing the potential to be expressed in terms of the free-space Green’s function and the charge
distribution (see [MD14]). Additionally, we eliminate the explicit dependence on [ in the sequence of
charge distributions in (1.2), under the assumption that [ is sufficiently small. In this simplified setting,
the potential can be represented as:

1.4)

A o,

where G(x, x') is the free space Greens function. The domain €2 is partitioned into full ((J) and partial
unit cells (A ); the former consists of charge-neutral unit cells, while the latter is not charge-neutral.
The unit cells are chosen to be unit cubes of the form [0, 1)3, with the associated corner mapping (*)
defined as * = x'e; — [2%]e;, where [-] denotes the floor function. Note that the floor function acts
on the coordinates.

Thus the integration can be represented by:

(1.5) /G d+Z/A (a, ) l)d:c

(D)

where () is the collection of full unit cells in the bulk and Q(A ) is the collection of partial unit
cells near the surface.

Next, we substitute ' = &’ + ly’, where & corresponds to the corner map defined previously.
Applying a Taylor expansion to the Green’s function yields:

(1.6)
)(x) = Z lg/Gwm+ly) p@ +ly)d "+ Z ZB/A A'+ly)7( ;—ly)
2’ eQ(0 #'€ A)
~ 13/ [G(:c,:i:')—}—ly’.vz/G(w,w’)] P’ —;_ly dy’ + Z l2/A (z,2')
wea@ 0 weally
= Z l3Vw/G(a:,:c’)-/yp(:c +1y') dy’ + Z PGz, 2’ /A (@' +1ly') dy’,
& cQ(D) sreal)
= Y PVuG@a)-p@)+ Y PGx,d)o(@),
& (D)

ﬁ:’eQ(A )

where to get the penultimate line, we used the charge neutrality of the unit cells.
Now for [ small enough, we can replace the sum with an integration. This gives us,

x) = / Ve G(z,2') - p(z') de’ + G(z,z")o(x") dSy
a7 ) o9
= / G(z,z')( - dive p+ Loa(p-n +0)) da’
Q

Comparing the above with (1.4) gives us the corresponding result for (1.3).

2. Notation. In this section, we introduce the notations that will be utilized throughout the paper.
We begin by providing key definitions,

dy

/

' +1ly')dy',
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Z : set of integers.
R : set of reals.
{} : the null set.
B(R, f): Denotes a ball of radius R centered at f.
IJ : a representative scaled unit cell of dimensions IxIxI.
O= lD|l:1 : represents a unit cell.
Q(0) : denotes the set of all cells inside {2.
1/ :a representative scaled partial unit cell. A scaled partial unit cell is defined as a scaled
unit cell not entirely contained in the domain.
A =1/ ‘ ,—; : this represents a partial unit cell. A partial unit cell is defined as a unit cell not
entirely contained in the domain.
Q(A ): denotes the set of all partial unit cells in §2.
T : this is the indexing set which contains the sequence of {’s going to 0.
| -], || - || : has been used in multiple ways to denote different concepts with the context
clarifying the meaning.

(a) to denote distance.

(b) cardinality of a set.

(c) Lebesgue measure of a set.
L : the lattice constructed from lattice vectors {e; }3. Vectors are denoted using bold letters.
[L : the lattice constructed from lattice vectors le;.
PDE : is shorthand for partial differential equation.
LP : space of measurable functions, the integral of whose p*" power of its absolute value is
finite.

For p = oo, the essential supremum is required to be bounded.
C" : space of functions with continuous first & derivatives.
WP : space of functions denoting functions and their first k derivatives being in L?.
For p = 2, the space is represented by the short hand H*.

D : space of distributions.
C% : space of periodic functions which are infinitely differentiable.
flu : This is the value of the function restricted to the set U.
f(z,-) : shorthand for a function f(x,y), where the first argument () is fixed, and the second
argument is allowed to vary.
pi(x) : sequence of charge densities.
pi(&1, z) : sequence of two scale identified charge distribution. The two scales are identified
with the corner map.
pi(Z;,y) : sequence of dipole scaled and two scale identified charge distribution. The two
scales are identified with the corner map. The fast variable is appropriately scaled.
oy : surface charge distribution due to partial unit cells V [ € Z. Defined in (5.17) and (5.18).
o : limit of surface charge distribution due to partial unit cells. Limit of (5.17) and (5.18),
first occurring in (5.3).

We define the Minkowski sum between two sets P and () as

PoQ:={p+qpe P, qeQ}

where for our purposes, we require that P,Q C R? and we use z to denote the singleton set {z},
provided no confusion arises.
We define a lattice £ for this problem,

L= {:1: S R?”w = inei, zte Z, i = 1,2,3}
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where {e;}$ are linearly independent lattice vectors describing the lattice. The corresponding dual
lattice (RL) and dual vectors {e’}} are defined by the orthogonality relation e; - e/ = §7. We scale £
by a factor [ € (0, 1] and obtain a lattice [£ with corresponding lattice vectors {e; ;}3 defined as

2.3) e =le;, i=1,2,3.

To define a unit cell, it is also necessary to specify a corresponding corner map. We select ' C R?
bounded and f € R? such that the following conditions are satisfied:
i. The unit cells covers R3,

R®= | Jie(f ®10),
iell

ii. The unit cells have no overlap

ViZjell, ie(feld)nje(feld)={}

iii. The unit cells are bounded, ie, 3 R > 0 such that

fol c B(R,f),

where B(R, f) is a ball of radius R centered at f.
Observe that the first and second conditions are standard requirements for defining a unit cell. The third
condition is necessary to ensure that different choices of unit cells yield a consistent notion of packing
dimension or box-counting dimension, also referred to as the entropy index, which is intrinsically
related to the Hausdorff dimension.

Remark 2.1. The boundedness of the unit cell helps prevent choices of unit cells with disjoint
subsets that are infinitely far apart. Moreover, by (i) and (ii), we know that the unit ball contains a
countable number of these unit cells and, equivalently, must be contained by a countable number of
unit cells. If the unit cells were not measurable, then the ball would not be measurable either. This
property is essential for defining measurable functions and computing the polarization on the unit cell.

The scaled unit cell is defined as I := [ f & [0’ and the corner map is defined as
(2.4) =i+ I1fife e Q&TIi €llsuchthatx € 1 & 0,

where the subscript [ in the corner map is used to denote the scaling of the lattice. If no confusion
arises, we will drop the subscript. We define the simple unit cell as [ := [0, 1)? with £ = 0.

A scaled partial cell of /L, denoted ZA , is defined as a scaled unit cell that is not entirely contained
in the domain

2.5) 1/} :={z el0|3i €L suchthati + z € Qbuti @ (0N Q° # {}}.

The definition of a unit-cell and partial unit cell can be obtained from their scaled counterparts by
re-scaling each by %

The collection of scaled unit cells completely contained inside € is referred to as ([J). The
remaining partial unit cells are referred to as Q(Z] ) = Q\Q(O). Note that for some &; ® IO €
QO)u Q(A ), it may turn out that &; & €. Thus, we write &; € Q(0) and &; € Q(Z] ) as shorthand

forz; @10 C Q(0) and &; ® 14 c Q(A ), respectively.
We define the family of charge densities as {p; };cz for each lattice /L, where Z represents an in-
dexing set for the different values of the scaling parameter. To establish the polarization theorem (5.3),
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we require that the charge density is bounded and has zero mean on each subset &; & I C 2. How-
ever, the charge density must satisfy a stricter condition of local periodicity in order to derive the local
Poisson equation (4.26) associated with the corrector field; this assumption is a direct consequence of
the applicability of Allaire’s two-scale theorem [All192]. It is worth noting that while the polarization
theorem (5.3) remains valid even when the charge density is not locally periodic, the resulting quantity
will not correspond to a macro-scale quantity.

As noted earlier, we require charge neutrality to obtain a convergent energy density. We impose
charge neutrality by requiring that

(2.6) / pi(x)de =0 Ve, ®l0cCQ, Viel.
&, el

We employ the dipole scaling that requires that as [ — 0, we proportionately increase the magnitude
=1

of p;(x). We introduce the scaled charge density p;(x) := 7pi(x), which we refer to as the dipole
scaling. To justify this scaling, we utilize the corner map to express the charge distribution as —
pi(x) = pi(&; + z) =: pi(&1, z) where z € I[J. We now introduce the dipole scaling in the second
argument as

1

2.7 p(@) = p(@,2) = 7, 7),

N‘N

where in the above expression, we are locally scaling the magnitude of the charge density inversely
with the size of the unit cell.
Following [SWBD24], we provide a simple example.

EXAMPLE 2.1. Consider

sin(2mx /1)

(2.8) pi(x) = I

and choose the domain as [0, L]; the scaled unit cell is [0, 1]. The corner map is
r=x+Ily=nl+z=nl+ly,

where n = [z /1], and [ ] denotes the floor function.
Using the two-scale identification, we have:

(2.9) pi(x,y) = sin(2mn + 2my) = sin(27y)

To check condition (3.3), we compute:

1
(2.10) / pidy = / sin?(2my) dy = 3

[0,1] [0,1]

To check the charge neutrality condition (2.6), we compute:

in(2ra/1 1
2.11) / prdz = / sin@ra /) g, - / = sin(2rz/1) dz = 0,
nl+10,1] nl+0,1] ! 0, !

where we set x = nl+ z and use that it the integrand is l-periodic and being integrated over its period.

Further examples are available in [SWBD24].
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3. Problem Formulation. We examine two problems; the first is posed on R3 arising from a
compactly supported charge distribution, while the second is an interior problem formulated to de-
termine the electrostatic potential within a bounded domain 2. We determine the homogenized and
corrector equations corresponding to the Poisson problem for each.

The boundary is decomposed as 92 = T';UT',, with T'4NT,, = {}, where 05 is the boundary, and
I'y and T, are parts of the boundary where Dirichlet and Neumann boundary conditions are specified
respectively; I, is assumed C*.

In the first problem, we consider a sequence of charge distributions {/;};e7 in R3 such that
Sppt(p;) = Q Vi € Z. The charge distribution is locally periodic with respect to the lattice [.£ with
zero mean and L2 bound in each cell. The potential is specified on I'q with decay boundary conditions
at infinity. The family of PDEs are stated as follows:

—AP(z) = pl(;”) in R*\T'y,

(3.1) ¢, =f onTy,
®;, =0 as |z] = oco.
€ L7 (R and V&, € L*(R?), VI € T

where the last condition ensures that the energy is finite.

In the second problem, we analyze a sequence of charge distributions {p; };c7 defined on a domain
€, which is locally periodic with respect to the lattice /£ and is L? bounded with zero mean on each
unit cell. A family of partial differential equations associated with these charge distributions {p;}
is studied, complemented with appropriate boundary conditions. The family of PDEs are stated as
follows

A (z) = /’l(l"”) in Q,
®;,=f only,
(3.2) 1= f d

%@z =g only,

V&, is bounded uniformly in L?(€2), VI € T,

where we are imposing the same boundary conditions for each of the problems. The last condition
corresponds to the energy being finite.

Since our objective is to compute the polarization in each unit cell, it is reasonable to require that
the charge density be L? bounded within each unit cell. Furthermore, as the charge density is defined
over the entire domain, this local L? boundedness is expected to imply a global L? bound on the entire
domain. To establish this relationship, we impose the condition that the charge density is L? bounded
within each unit cell.

2

3.3) ||p~l||L2(ﬁ:l@lD) = l:/|:|p~l2(§3 —|—ly) dy:| <C, VeeQ, VleT.

Note that C'is independent of .

THEOREM 3.1. If ||pi]| L2 (z,0i0) < C for all x € Q and for all | € T, then ||py|| 120y < C for
alll € T and C' independent of .

Proof. We demonstrate that the above bounds also implies that 3 C' > 0 such that || ;|| 20y < C
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/Pldm— Z lS/szydy‘F Z ZS/Aley

zeQ(0) mEQ(A )
<Jo A (&,y) dy

< X ey < i)

@GQ(D)UQ(A ) T
~—_——— =

(3.4)

#(Q/1%)

where #(€2/1?) represents the number of boxes of size [ covering ). The fact that > 2(Q/1%) I3 is an
approximation to |(2| form ‘above’ is captured by the o(1) term, i.e., we have

(3.5) 2 Psipls 3, PVeL
#eQ(D) ieQ(D)UQ(A )

we justify that we will get |€2| in the limit by adding an o(1) term which goes to 0 as [ — 0. a

Recall the two-scale identification process outlined in (2.7). Since {p;}7 is defined on €, it de-
pends on a single variable. In contrast, a two-scale limit requires two variables. The mapping of
a single-variable function to a two-variable function is achieved through the two-scale identification
process. To extract a well-defined two-scale limit, it is necessary to demonstrate that for a given se-
quence in L%(£2), there exists a corresponding sequence that is bounded in the space L?(§2 x [J). This
allows extraction of a weak limit in L?(€ x OJ).

THEOREM 3.2. Let {p;}1ex be a bounded sequence in L?(QQ) be a given sequence of functions.
For functions defined through the two-scale identification process (2.7), it follows that {p;(&,y)}icz
is a bounded sequence in L*() x 0).

Proof. Noting that |[f;|[120) < C,
C>/pldm_Zl3/ wydy+Zl3/Aplwy
zeQ(0) EEQ(A

-y /D Lo(e) (2, y) dy,

zea@ua)

(3.6)

where the characteristic function 1 is employed to substitute the integral over the partial unit cells
with the integrals over the corresponding full unit cells.

Observe that the identified sequence p; (&, y) remains constant with respect to the first argument.
Consequently, the summation can be replaced by an integral, yielding:

(3.7) CZ/ pi (#,y) dz dy,
QxO

where the characteristic function on 2 is omitted, as the integration is already performed over 2.
Consequently, we have demonstrated that the identified sequence is bounded in L?(Q x ). 0

Our formulation is presented with respect to the scaled charge density p;(x) (= lp;(x)). This
scaling is chosen to ensure the extraction of a dipole moment in the limit. If the objective were to
extract a quadrupole moment in the homogenized limit, the appropriate scaling would involve scaling
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the charge density with /=2 while imposing the conditions that the zeroth- and first-order moments
vanish. A similar approach can be applied to derive all higher-order moments.

The homogenization process is organized as follows: for each | € Z, the lattice [ is introduced,
and the domain €2 is partitioned into two distinct subsets: a collection of unit cells fully contained
within €, denoted as 2(0J), and a collection of partial unit cells that are not entirely contained within
Q, denoted as Q(A ). Leveraging charge neutrality within each unit cell, the charge distribution in each
unit cell is replaced by the net polarization. In contrast, the partial unit cells, which are not charge neu-
tral, contribute a surface charge denoted by ¢. This surface charge is assigned to the boundary OS2,
resulting in a homogenized problem defined on () U 9€2. In the limit as { — 0, the homoge-
nized problem is posed on the entire domain €2. For a visual explanation of this process, along with
illustrative examples, the interested reader is directed to Section 2 of [SWBD24].

4. Weak Formulation. We begin by presenting the weak formulation for problem (3.1). To this
end, we multiply (3.1) by a test function defined as [¢];(x) := () + [t (@, ). Integrating over
R3, we obtain:

o1 (x
@) —Av@)e) de = [ PP da.
R Q
where ¢y € D(9,C(0)) and ¢ € V := {u € D(R?) | u(T'4) = 0}. Additionally, we restrict our
attention to domains for which the surface charge o is in L*(99); this is to enable us to go from (4.3)
to (4.4) using the result (5.3) below. Integrating by parts,

4.2) / VP - (Vatho + Vythi + Vgt da = / wo% da +/ U1y de.
R3 Q Q

We pass [ to the limit and extract the following equation:
4.3) / (Va®o + Vy®1) - (Vatho + Vyt1) de dy = lim [ wolt dz + [ wijy dw],
R3 x0 =0 Jo 1 Q

where @, (x,y) € L*[R*\T'y, H} (CJ)/R] [Al192]. We refer the reader to [TTDDB12] for the reason-
ing used to demonstrate the existence of the 2-scale limit and @4 (z, y).

By utilizing the weak limit of the first term on the right-hand side, the proof of which is provided
in Section 5, along with the two-scale limit of the final term, we derive the following:

[ (Vato(a) + Vyi(e,y)) - (Vatol@) + Vyin(@,v) do dy
R3x0O
4.4)
= | do(x)o(z) dSs +/ Vatho(x) - po(x) dz + 12, y)po(z,y) dy de,
a0 Q axO
where in the above, we utilized a compactness theorem to extract a two-scale function po(x,y)
[A1192], the polarization p, () and a surface charge o (). The polarization p, is defined as p,(x) :=
Joypo(z,y) dy, while the surface charge o is defined as o (x) = lim;_¢ K% fA pi(x,y) dy where
K has been defined in Section 5.2.
Setting 1o (x) = 0 yields:

(45) ,/]R? D[vm(bO(w) + quh(f&y)] : Vy¢1(w»y) dy dx = oxO wl(-’ﬂ,y)ﬁo(%y) dy dw7

performing integration by parts,

(4.6) /R Dvy-(wl[vw%Jrvy@l]) dydw—/

R3 x

Ay®19y dy dx = Y1po dy dz,
O QxO
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where, in the above, we have utilized the fact that V,, - V,®((x) = 0. By leveraging the property that
the integral of the divergence of a periodic function over its period is zero, we derive the following:

@.7) /Rs . [zplAycbl + 191/}150} dydz =0 Wy (x,y) € L2[R3\T,, HL(O)/R].

Utilizing the density of 1;, we derive the following PDE:
“8) — Ay®y(z,y) = Lo(z)po(x, y) in R*\I'y x O
' ®1(z,y) € L*[R*\Ta; Hy(O)/R],

where it is noted that 1 (9€2) = 0, highlighting that the boundary does not influence the cell equation.
As will become evident later, the discontinuity in the charge density at J§2 impacts only the macro-
scale equation.

Setting ¢ (x,y) = 0 in (4.4),

(4.9) / Vo - (Vm‘Po + qu)1> dy dz = Yoo dSy + / Vo *Po dx,
R3O o0 Q
which, after simplification, yields:

(4.10) Va®o - Vaibo dz = / Yo(o + Py - 1) dSy — / o div py dez,
R3 o0 Q

where we have employed the fact that V, ®; had 0-mean in L.
To derive the strong form, we set Sppt(¢g) C R3\ Q. Substituting into (4.10) yields:

4.11) Az Do (x)ho(x) de = 0,
R3

using the density of 1),
(4.12) Ag®o(z) = 0in R*\Q.

We now set Sppt(1g) C Q. Substituting into (4.10) results in:
(4.13) Ag®otpo dz = [ Yo divp, dz,
Q Q
using the density of vy, we get

(4.14) Az®Po(x) = divpy(x) in Q.

Next, we define () := Sppt(1o) D 9. Utilizing the condition that 1)y € V, we restrict the choice
to include only 9Q\I';. Consequently, equation (4.10) is transformed into:

(4.15)
[ Tato-Vavode = [ n(o4poen)dsa- [ dndive,da.
QO OO\T'y QN
— [ Vot Vatode = [ d(otpyn)dS,— [ undive, de.
(onee)u(ane) AO\T4 QNO
oD O
= [ a—owo dSw—/ Ax®otlo dw—i—/ ) a—owo dSy — | Ag®othy da
a(ine) on QnQe aine) on (9119}

:/ wo(a—i—po-n) dSz — o divp, de.
OO\Iy Q

QN
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Utilizing the fact that A, Py = 0 in Q°, while A,®(, = div p, in 2, and noting that )y is
non-zero on JS) \ 'y, we obtain:

0P )
4.16 — | —0— . =0.
(4.16) /(99\Fd <ﬂ o ﬂ o —py-n |

Using density of 1,

d
4.17) ﬂaﬁoﬂ =0+ p,-n=o0; on N\,
mn

where o, will be referred to as the total surface charge.
Combining all the equations, we obtain:

Az ®p(x) = 1o divp, inR?,

q)O = f on de
(4.18)

0P
Ilanou =py-n+oondQ\I',.

Remark 4.1. Observe that the surface integral term in the polarization theorem provides a surface
charge for the entire boundary. However, in the strong form, the surface charge term appears only
on 99 \ I'y. This raises the question of where the remaining surface charge is accounted for. The
answer lies in the interpretation of I'; as a model for the electrodes of a battery. The battery enforces a
potential f on I'y by supplying charge. Specifically, it provides a charge oy such that oy +py-n+o
corresponds to the charge determined by the application of the Dirichlet-to-Neumann map, thereby
compensating for the surface charge distribution arising from the partial unit cells.

We now present the weak formulation for problem (3.2). The governing equation is multiplied by
a test function [¢];(x). Integrating over 2, we obtain:

@.19) [ sv@pe) do= [ M@ dz,

where ¢ € D(9,C3(0)) and ¢ € V := {u € D(Q) | u(T'q) = 0}. By applying integration by
parts, we obtain:
(4.20)
x
[ 90@) - (Vatof@) + Tyia(@. T) + Vet (o 7)) iz

:I)

—/ “’l(wo( )+ (, 2)) dSe +/w0
o0

— / vqn-(vwww)+vywl<wf>+lvwwl<sc,
Q

/wlwfpl()d

/1/11 () d.

/Q (Vabo(a) + V1 (@.9) - (Vatin(a) + V(e p) de dy

| 8

l>> da

/F,Lg(w)(%( 2)+ (@, 7)) dS, +/w

Taking the limit as [ — 0,

4.21) N
do(@)g(x) S, + lim {/szo(m)’”(lw) dm+/ﬂ¢1(m§)ﬁl(w) dw],

Iy
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where @, (z,y) € L*[Q, Hy(O)/R] [Al192]. See Appendix B for the justification for the 2-scale
limit.

Utilizing the weak limit of the second term on the right-hand side, as proven in Section 5, and
incorporating the two-scale limit of the final term, we derive the following:

/Q - (vw@o(w) + qu)l(way)) : (vaﬂ/’()(m) + Vy¢1(£c,y)) de dy
422) — [ to@i(@) dSe + [ Tatol@)p(e) deo
+ 00 ¢0(w)0(w) dScc + wl (w7 y)ﬁo(m7 y) dy dw>

Qxd

where the two scale function jo(, y), polarization p, and surface charge o are as defined earlier.
If we set ¢o(x) = 0in (4.22),

(4.23) /Q D[Vm%(w) + Vy®@i(z,y)] - Vyti(z,y) dy dz = ; le(w,y)ﬁo(w,y) dy dz,

performing integration by parts,
(4.24) Vy - (¥1[Va®o + Vy®1]) dy de = 1Ay Py dy dz + Y1po dy de,
QxO Qx0O QxO

where we utilized the property that V,, - V;®q(x) = 0. Furthermore, employing the result that the
integral of the divergence of a periodic function over its period is zero, we obtain:

@25) [ (8@ + o(ay)] (@) dy do = 0 Vin(e,y) € L0 T (O)/RL

Using the density of 11, we obtain:

—Ay®i(xz,y) = po(x,y)in Q2 x O

(4.26) Oy (z,y) € L3 Hy(D)/R).

We now set ¢ (¢, y) = 0in (4.22),

(427) / (Vm‘bo + Vy(I)l) ! vm#}O dy dx = / 1/10(9 + U) dSm + / v:ﬂ/}O * Do d:L’,
QxOd T, Q

which, upon simplification, gives us

/ Va®Po(x) - Vaibo(x) do —|—/ [/D Vy®i(x,y) dy] - Vato(x) de
Q Q
— [ @) (g@) +o@) dS. + [ wn(@pyl@) ndss - [ wnl@)divp, de,
r, o0 Q
= / Vz®o - Vaipp da = / Yo(z)(g(x) + o(x) +po-n) dSz — / o div py de,

Q r, Q

where we used the fact that V,,®; has 0-mean on L. Simplifying the above,

428) /Q [~ Ay + divpy v dae = [ wo@)(= G +0(@) +0(@) + po-m) A
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Using the density of 1/,

Az ®Po(x) =divp, in Q

(4.29) ®o=fonly

%(I)O =g+py-n+oonl,.

Remark 4.2. A standard equation in electrostatics is defined on R3, as the potential extends
throughout the entire space. Consequently, the previously derived strong form is the more physically
meaningful representation. The motivation for deriving the strong forms for the “interior problem”
lies in its similarity to mechanics problems. Specifically, the problem could be reformulated with the
charge replaced by a force, yielding an analogous limit equation for the homogenized displacement
resulting from torque. This equivalence provides a broader range of physical phenomena to draw in-
tuition from when analyzing specific examples. To develop intuition for the homogenization process,
the “interior” problem is utilized in [SWBD24], Section 2, to homogenize a one-dimensional problem.

Remark 4.3. In the homogenized limit, the macro-scale and micro-scale equations are decoupled,
resulting in the corresponding potentials being independent. Two-scale convergence [Al192] provides
a framework to approximate the potential for finite [ as follows:

(4.30) Qi(x) = Po(x) + 1Py (w %) )

where it is assumed that [ is sufficiently small.

5. Polarization Theorem. In this section, we rigorously establish the polarization theorem ref-
erenced during the derivation of the weak limit in Section 4.

THEOREM 5.1. Let {p; }icz : Q — R denote a family of charge distributions satisfying the fol-
lowing constraints on the charge density:

2

161]| L2 (2 @000) = {/ iz + ly) dy] <C, VreqQ,
5.1 O

/ pi(x) de =0, Vo, @l CQ, Viel,
#e10

along with the following scaling constraints on the domain €):

@) = ol o),
09

#(Q)) = 05 +o(1),

(5.2)

where o(1) denotes an error term that approaches zero as | — 0. These conditions are assumed to
hold for any arbitrary choice of unit cell.

Under the above assumptions, it can be established that, for all p € D(Q), the following limiting
relation holds:

(5.3) lim/ @(m)ﬁl(w) dx = Vep(z) - ypo(z,y) dy d:c—i—/ o(x)e(x) de,
=0 Jo ! ox0 00

where py € L%(Q) x O) represents the two-scale limit of the sequence of charge distributions, and
o € LY(09Q) denotes the surface charge distribution arising from the partial unit cells.
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The proof of Theorem 5.1 is divided into two parts. The first part addresses the bulk contribution
in (5.3), while the second part focuses on the surface contribution. The bulk contribution is analyzed
in Section 5.1, whereas the surface contribution is examined in Section 5.2.

To establish the proof, we begin by incorporating the lattice /L into (5.3) and decomposing the
integral into a sum over the corner map and integrals over individual unit cells. This yields:

(5.4) Z / (E+z) dz+Ry(Q Z 13/ w—Hy)pl(Z’y) dy+Ri(Q),
zeQ((O) zeQ((O)

where R,;(2) represents the residue term arising from the contributions of partial unit cells, which will
subsequently give rise to the surface terms.

5.1. Volume term. In this section, we rigorously demonstrate that the first term on the right-hand
side of (5.4) converges to the corresponding first term on the right-hand side of (5.3).

Proof. We concentrate on the first summation term above,

3 p(x+1 —ly-Vo(x .
Zl [/ +ly) — l(|y) Y (P( )|y|pl(az,y) dy

u(l,x)

+Zl3l / (Z,y) dy+Ve(z) - /yﬁl(ﬁc?y) dy
) g

=0 P (x)

(5.5)

where the second term vanishes due to the fact that p; has zero mean over [].
We now proceed to demonstrate that the first term (5.5) also converges to zero.

/ () |y|p(#, y) dy’ Zl3

u(l, z)|ylp(z, y)‘ dy

< |sup |u(l,x) 3 oz, y)|yl
[a:eﬂ Z L1(D)
(5.6)
< [sup [u(l, z)| ZF’ | i@, y)
zeQ L2(0) L2(0)
< C[sup |u(l, x)| Bl g, < C|sup |u(l,x)||,
< Clsup | Z 1@ 9)|| 2 0, < Clsup futt. )]
c

where Holder’s inequality and the boundedness of |y| have been utilized to obtain the final expression.
Since lim;_,o u(l, ) — 0, as a consequence of ¢ € D, we deduce that

(5.7) lim

1—0

Zl?’/ (I, x)|y|p(z, y) dy’ < C[sup hm|u(l x)|] = 0.

zeQ =0

We arrive at the expression Y, 3V (&) - p, (&), which can be recognized as a sequence of Rie-
mann sums. To rigorously establish the convergence of this Riemann sum, we proceed by employing
a diagonal sequence argument as detailed below. First, we note that, due to the boundedness condition
|[/1]|L2() < oo (see Theorem (3.1)), there exists a weakly convergent subsequence. Furthermore,
given the surjective relationship between p; and p,, the sequence p; admits a weakly convergent sub-
sequence. Since p; converges weakly to p,, we obtain the following limit:

(5.8) lim [ (py(®) — po(z))p(x) dz = 0.

=0 9]
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To establish that the Riemann sum converges to an integral, we proceed by proving the following
lemma.

LEMMA 5.2. For any given f : Q0 — R? that is integrable, and p; : @ — R® satisfying the
boundedness condition ||p,||2q) < C for some C > 0 and for all I, the following result holds:

1—0
zeQ(0)

(5.9) i > Pf@)p(@) = | f()-pol@) do

Proof. We rewrite the left-hand side as

(5.10) I(d) = Y Pf@) pya)

#€Q(0)

We are interested in I(1, ). We know that for a fixed d, we have the following limit,

(5.11) hmll d) —hm Z Pf(z) d(i):/f(w)~pd(w) de, d
Q

0 séam)

where we used the fact that Riemann integrals on bounded domains converge if the set of discontinu-
ities has Lebesgue measure 0. Since p is locally periodic, p is continuous. The above expression can
be succinctly represented as I(Z, {d}), where the limit in [ is taken over Z.

We construct a sequence for d based on a convergent sequence for [. Let Z denote a sequence of
[ converging to 0, and let the first term of this sequence be denoted by Z(1). Since (5.11) holds for Z
and for all d, we apply (5.11) to I(Z,{Z(1)}) and extract a convergent subsequence, denoted Z;. This
process is iterated by extracting a subsequence Z, from I(Z;, {Z;(1)}), and continuing in this manner.
Finally, we select the diagonal sequence, which ensures convergence along 1(Z,7).

Hence, by applying the preceding theorem, we obtain

(5.12) hm Z PVp(z (&) = / Vo(x) - py(x) de. a
Q

mEQ (=)

Remark 5.3. We make the following observation regarding the charge neutrality condition em-
ployed above. Imposing that the function be locally periodic and charge-neutral on each unit cell may
prove excessively restrictive. Specifically, such a constraint could lead to either the set of admissible
functions being periodic or the function itself dictating the choice of the lattice, thereby precluding
arbitrary lattice shifts from yielding charge-neutral unit cells. A more flexible approach involves re-
laxing the charge neutrality condition to allow for charge neutrality with an error of O(I%), where the
parameter « must be sufficiently large to ensure that the total charge in the domain vanishes in the ho-
mogenized limit. This relaxation offers the advantage that, even when the function is locally periodic,
charge neutrality with an error of O(I*) can be enforced for any given choice of the lattice.

5.2. Surface Charge Density. In this section, we rigorously demonstrate that the second term
on the right-hand side of (5.4) converges to the corresponding second term on the right-hand side of
(5.3). Since we need to extract one convergent subsequence for (5.3), we extract the surface convergent
subsequence from that corresponding to the bulk subsequence in (5.12).
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Proof. The residue term in (5.4) can be written as

R(Q)= > /A’”;y (& + 1y)3 dy,

mGQ(A)
(5.13) :Zl /Apla;y (z+ly) — dy—i—Zlgoﬁ:/APzwy)dlL
u(l,z,
(UR7) 51(%)
Term I
Term II

Remark 5.4. In the context of (5.13), the residue term was expressed as a summation over corner
maps belonging to Q(Z] ). However, the definition of & € Q(A ) does not necessarily ensure that
& € . This does not pose an issue for (3.1), as ¢ is defined on R3. However, it presents a challenge
for (3.2), since ¢ is not defined outside the domain €2, i.e., on 2°.

To address this issue, we can redefine & by replacing it with the point closest to the boundary of
Q. For clarity and consistency, we will assume this adjustment has been implemented in all subsequent
calculations.

Concentrating on the first term in (5.13), we proceed by applying the Cauchy-Schwarz inequality.

_ 21 %4 . r. -
TermI—Zl ‘p(ilb ) (7 €, Ll(A) Zl ||pl (A)HU(Z,CE, )||L2(A)

&

< sup||u(l, z,-) 2 <ux(l)C 12
(5.14) sup Il L?(ZhZ @l g, < weBC 3
%,_/ &
wa (1 <C
- sl e
=ug()C +o(1),

where (5.2) has been employed to obtain the final result. Additionally, we utilized the observation that
either || ;] ‘L2( 4 < 1, in which case the upper bound is directly established, or alternatively,

s

L<llodl gy <ll2ddl, g < 1611720y < €

since the latter follows from the fact that measures on subsets are bounded above by measures on
supersets.
Taking the limit as / — 0 and invoking the continuity of the test function ¢, we obtain

(5.15) limTerm I < C'lim ux(l) = 0.
=0 [—0

We now proceed with the analysis of the second term in (5.13).

(5.16) S Po(@)(@) = Y Kitp(@) 22

o (&)

where |S;(2)| exhibits behavior akin to a surface measure, thereby ensuring that the limit of the ex-
pression above converges to a surface integral term.

Careful consideration is required when defining K; and S;. For each partial unit cell, if the unit
cell is connected, we define S;(&) := QN (z D1 / ). However, in cases where the unit cell consists
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of disconnected components, a more nuanced approach is necessary. Specifically, if a disconnected
component is entirely contained within the domain (2, we define S; (&) := QN (D 10/ ). Conversely,
if the component intersects the boundary, we define S;(Z) as S;(&) :== 02N (B / ).

In a more general scenario involving disconnected unit cells, there may be multiple disconnected
components, some of which lie entirely within the domain (2, while others intersect the boundary 0f2.
Components located outside the domain do not contribute to the surface integral and can be disre-
garded. The surface measure .S; must be defined individually for each disconnected component, with
the overall \S; representing the cumulative contribution from all relevant components. The following
representation provides a concise formulation for calculating the surface charge:

(5.17) o(z) = ﬁ/ﬁ] p(z,y) dy,

We define K;(&) as K;(&) = % It is important to note that this definition accommodates partial
unit cells that do not intersect with the boundary 0. To ensure the validity of this definition, it remains
to demonstrate that the corresponding surface charge is well-defined.

To extract a well-defined surface integral term, it is necessary to establish that the surface charge
is bounded in L' (052). The surface charge, denoted by (5.17), is defined as

0’[((2')

(&)’

(5.18) o@)= Y lg(=)
éEQ(A)

=

where &; has been defined in (5.13). We now write

51(2) 5(&)]
/8 ()] ds, - /d 1Y @ s /d ) ZA L (@) 25 4,
(5.19) ieQ(A) o zeQ(4d)
- { / nsl<:c>dsm} hE = X Ea@]=c o).
Y N M ey o

where, in the final line, we employed (5.2) and utilized the inequality
6200 6@ < [, @l dy=1lal,, 4 V141 < C max {1 alle@) < .

where we relied on the fact that \A | is bounded. Additionally, either ||| |L2( 4 < 1, in which case

the bound is directly satisfied, or

~ ~ 12 ~ 112
|l71]] <||leL2(A)<||pl||L2(D) <C,

L?(A )
where the latter inequality is a consequence of measures on subsets being bounded above by measures
on supersets. This establishes that o; € L!(9).

At this stage, we have established the boundedness of the sequence {o;}z. However, this alone
is insufficient to extract a weak limit in L'. To address this limitation, we can associate the sequence
o with a corresponding sequence in the space of signed Radon measures. By doing so, we can seek
weak-* convergence within the space of measures to obtain the desired surface charge distribution
(see [Fol99], Corollary 7.18). It is worth noting that the dual space in this context is C, the space of
compactly supported continuous functions.
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Taking the limit of Eqn. (5.16), and employing an analysis analogous to the argument presented
in Lemma (5.2), we can extract the following surface integral term:

(5.21) lim R;(Q) = / p(x)o(x) dSs,
1—0 99
where o is the weak limit of o; defined in Eqn. (5.18). O

Remark 5.5. It is important to emphasize that the homogenization approach reveals the inherent
topological structure of the problem. Notably, the bulk and surface contributions manifest as distinct
components, each playing a unique role in determining the effective behavior of the system.

6. Non-uniqueness of the dipole moment. The polarization, defined as the dipole density per
unit volume, is an inherently ill-defined quantity. To illustrate this, we consider the following example:

EXAMPLE 6.1. Consider a charge distribution p; : R3 — R defined as p;(x) = %sin (2#7}—1)
which is l-periodic. We now evaluate the dipole moment with respect to an arbitrary unit cell located
ata @ 1]0,1)3.

6.1)

_ 1
p(a) = / M&f) dV, = / ysin(271'ﬂ + 2my;) dyy = ——— cos (271'&)(1,0,0).
a®l[0,1]3 l l [0,1] l 27 l

Thus, depending on the choice of the unit cell (determined by the position of a), different values for the
polarization vector p are obtained. It is important to emphasize that while the total charge remains
invariant, the polarization varies based on the selection of the unit cell.

It is essential to address the issue of non-uniqueness in the polarization distribution arising from
the choice of unit cell. The problem has been formulated such that the selection of the origin O, the
lattice £, and the shape of the unit cell OJ are arbitrary. We denote this tuple by (O, £, 0).

Consider a sequence of charge distributions. The polarization and total surface charge calculated
for a given tuple (O, £, ) are denoted by {p,} : () — R3 and {o;+p; n} : 00 — R, respectively.
If, instead, a different tuple (O, £, ) were chosen, the corresponding sequence of polarization and
total surface charge would be denoted by p; : Q(0) — R? and {g; + p, - n} : 9Q — R, respectively.

From Example 6.1, it can be demonstrated that for any [, p; # p; and 0; # ¢;. The discrepancy
in the surface charge arises due to variations in the shape of the partial unit cells for different choices
of unit cells. Consequently, since the polarization and surface charge distribution differ for arbitrary
l € Z, they will also differ in the limit. This represents a significant issue, as it implies that the
homogenized equations being solved in (4.18) and (4.29) depend on the choice of the unit cell. It is
important to note, however, that the corrector equation remains unaffected, as it is formulated with
periodic boundary conditions.

We assert that, although p, and o are not unique, the potentials calculated via the homogenized
problem (4.30) are unique. To establish this claim, we first emphasize that the corrector equation re-
mains invariant, as it is formulated with periodic boundary conditions. Thus, it suffices to demonstrate
that the homogenized potential is also invariant.

To begin, we note that the sequence of potentials {®; }7 converges weakly to ®,. The potentials
®,; satisfy Poisson’s equation for the charge distribution {p; }7 on €. Since the convergent limits are
extracted directly from the original charge distribution {p; } 7, the resulting homogenized equation, for
a specific choice of lattice and unit cell, is unique. Consequently, the corresponding homogenized
potential for this choice is also unique.

Now, consider a different choice of lattice and unit cell. The sequence of potentials {®; }7 would
still satisfy Poisson’s equation for the same charge distribution {p;}z under the same boundary con-
ditions. Due to the uniqueness of weak convergence, the final homogenized potential remains un-
changed, which implies that the homogenized potential is independent of the choice of unit cells.
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As @ is unique, it follows from (4.18) and (4.29) that div p, and o + p,, - 1 are also unique and
independent of the choice of unit cells.
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Appendix A. Two-scale Convergence. The two scale theorem [Al192] is;

THEOREM A.1. A family {u.} C L*(Q) is said to two-scale converge to ug(z,y) € L*(Q x )
ifv ¢(x,y) € D[Q;C(D)], we have

A i [ (o)l D) do = [ ol y)ta,y) dy de.

=0 Jq Qx0

1. A compactness theorem states that if ||uc|[2(q) < C' Ve, then we can extract a subsequence
that two-scale convergence.

2 . - .
2. If u. =5 ug in L2, then we have u. — fD uo(+,y) dy. Thus weak limit can be considered
as a special case of two-scale limits.

Appendix B. Bounded in Sobolev Space.

We show below that the sequence of functions ®; are bounded in H'({2), implying that we can
extract a 2-scale limit. From Proposition 3.32 of [CD99], we have for f € H %(I‘d), a function
F € H'(Q) that is constant with respect to the sequence /. Consider the following inequality:

B.1) Pz ) <P = Fllavo) + 1Flla1@) < 2l + IVallz @) + | Fl a9

where we used the Minkowski inequality and defined z; = ®; — F'. Using that z;|r, = 0, we can apply
the modified Poincare inequality (Proposition 3.36 in [CD99]) to get:

(B.2) @]l 1) < (L+ Ca)llVallzz@) + [Fll a1 )

where the above inequality states that if we can bound Vz; in L?(2), then we can bound ®; in H'(Q).
Finally, consider:

(B.3) V2220 = IV — VF|| 12 < [[V®12(0) + V|2 (@)

where we have used the Minkowski inequality. Since V@ is uniformly bounded in /, and VF' is in
L?(9) by definition, we therefore have a bound for {Vz;}z, giving us a bound for {®;}7 in H' ().
This allows us to extract a 2-scale subsequence.
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