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ABSTRACT. We obtain a compactness result for I'-convergence of integral functionals defined on A-free
vector fields. This is used to study homogenization problems for these functionals without periodicity
assumptions. More precisely, we prove that the homogenized integrand can be obtained by taking limits
of minimum values of suitable minimization problems on large cubes, when the side length of these cubes
tends to +oo, assuming that these limit values do not depend on the center of the cube. Under the
usual stochastic periodicity assumptions, this result is then used to solve the stochastic homogenization
problem by means of the subadditive ergodic theorem.
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1. INTRODUCTION

Many problems in continuum mechanics and electromagnetism lead to the study of vector fields u €
LP(D;R?) that satisfy a differential constraint of the form

N
> A9u=0 inD, (1.1)
i=1

where D C RY is a bounded open set and A* are [ x d-matrices that fulfil the constant-rank property
(see (2.1)). These vector fields are called A-free. The theory of compensated compactness, developed in
[29, 33, 34, 35, 36, 37], provides powerful tools for their analysis and has recently been extended to A-free
measures [3, 16].

When f is a Carathéodory function satisfying the usual p-growth condition (see (2.10)), the study of
the minimization of the integral functional

F(u,D) ::/Df(:c,u(:c))dx (1.2)

among all function v € LP(D;R?) that satisfy the differential constraint (1.1) leads to the notion of
A-quasiconvexity introduced in [20] (see Definition 2.1), and inspired by a slightly different definition
found in [10]. This condition is necessary and sufficient for lower semicontinuity of (1.2) with respect to
the weak topology of LP(D;R¢) under the constraint (1.1). Further results on A-quasiconvex functionals
can be found in [5, 4] for the linear growth case, in [9] in the context of partial regularity of minimizers, in
[6] in connection with Young measures, in [11, 17] when two operators are present, in [19] with different
exponents in the bounds of f from below and from above, in [24] in connection with Garding inequalities,
1
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in [25] for the case of boundary A-quasiconvexity, in [30] for an extended-valued function f, in [31] for
potentials for A-quasiconvexity, and in [32] for the study of relaxation via A-quasiconvex envelopes.
When z — f(x,€) is periodic in z, the limit behavior as ¢ — 07 of the minimizers of the functionals

Fw,D)i= [ (2 () ds (1.3
D
is studied in [7] using I'-convergence (see also [28] for the p = 1 case). More precisely, under an additional
p-Lipschitz condition (see (2.13)), the family of functionals (F.(-, D)):>0, subject to the differential con-
straint (1.1), [-converges as € — 0T, with respect to the weak topology of LP(D;R%), to a homogenized
functional of the form

Fhom(u, D) ::/thom(u(z))dx, (1.4)

subject to the same differential constraint. The homogenized integrand fyom is obtained from f by solving
some auxiliary minimum problems for F(-,Q,) on cubes @, whose side length r tends to infinity. The
periodic case was further developed in [14, 15], where the authors established periodic homogenization
results for integral energies under periodically oscillating or space-dependent differential constraints.

Aim and main compactness theorem. The aim of this paper is to study, more generally, I'-
convergence of sequences (Fy)ren of functionals of the form

Fy.(u, D) ::/ka(x,u(:c))d:c (1.5)

subject to the differential constraint (1.1). We assume that the integrands fj satisfy p-growth and
p-Lipschitz conditions with constants independent of k, and we prove a compactness result (see Corol-
lary 4.7): there exist a subsequence, which we do not relabel, and a functional F' of the form (1.2) such
that for every bounded open set D C R”, the sequence of functionals (Fy (-, D))ren, subject to the dif-
ferential constraint (1.1), T-converges to F(-, D) with respect to the weak topology of LP(D;R%). Under
different hypotheses, I'-convergence results for functionals of the form (1.5) were studied in [26] in the
context of dimension reduction problems.

Strategy of the proof. Following an idea introduced in [2], we prove this result by first studying
the I'-convergence of the sequence of functionals (1.5) without differential constraint but with respect
to a topology in LP(D;R?) that takes into account the convergence of Zi\il Ald;u in W=EP(D;RY) (see
Theorem 3.1).

The proof is based on the usual localization technique for I'-convergence and on a new integral repre-
sentation result (see Theorem 3.3).

To obtain from this result the I'-convergence in the A-free setting, we use a modification procedure
introduced in [20], which allows us to replace a sequence (uy)reny with Zf\il Ald;uy, — 0 in W—EP(D;R!)
by a sequence (v )reny With the same limit in the weak topology of LP(D;R?) and such that Zf\il Ay, =
0 in D for every k, with a negligible modification of the values of Fj (see Lemmas 4.1 and 4.2).

Characterising the I'-limit integrand. When ¢ — f(z,€) is A-quasiconvex for a.e. x € RY, we
reconstruct, for a.e. x € RV and every ¢ € RY, the value of f(z,¢) via the infima of some auxiliary
minimum problems for F(-,Q,(z))/p"™ on cubes with center = and side length p, taking the limit as
p — 07 (see Theorem 5.3). This allows us to characterize the integrand of the I'-limit of a sequence (1.5)
by taking limits, as k — 0o, of the infima of these auxiliary minimum problems for Fi (-, Q,(z))/p" (see
Theorem 6.2). We further prove a technical variant of this result (see Theorem 6.9) in which the infima
of the auxiliary minimum problems satisfy a subadditivity condition, preparing the ground for stochastic
applications.

Homogenisation without periodicity. The preceding characterization of the integrand of the I'-limit
is then used to study the homogenization problem for (1.3) without periodicity assumptions. After a
change of variables, the functionals F.(-,Q,(x))/p" are transformed into F(-,Q,/-(x/¢))/(p/)"N. There-
fore, the previous results show that the family of functionals (F.(-, D))c>0, subject to the differential
constraint (1.1), T'-converges as ¢ — 01, with respect to the weak topology of LP(D;R%), to the func-
tional (1.4) subject to the same differential constraint, assuming only that there exists the limit, as
r — +00, of the infima of these auxiliary minimum problems for F(-, Q,.(rx))/r", and that this limit,
which defines fhom, does not depend on x (see Theorem 7.1). These conditions are satisfied not only
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when z + f(z,¢) is periodic on RY for every ¢ € RY, but also also for suitable perturbations of the
periodic case (see Proposition 7.2).

Stochastic homogenisation. When f = f(w, z,£) depends also on a variable w running on a probability
space, under the standard assumptions of stochastic homogenization (see Definition 8.1), we obtain that
the limits that define fhom(w,&) exist almost surely; hence, the family of functionals (F.(w,-, D))eso,
subject to the differential constraint (1.1), I'-converges as € — 0%, with respect to the weak topology of
LP(D;R%), to the functional

Fhom(w,u, D) ::/thom(w,u(x)) dx

subject to the same differential constraint (see Theorem 8.5). Finally, if the stochastic process is ergodic,
then it can be shown that the homogenized integrand does not depend on w.

Overall, we provide a unified I'-convergence framework for integral functionals with A-free constraints,
covering deterministic, non-periodic, and stochastic settings in a single theory.

2. NOTATION AND PRELIMINARIES

Throughout this paper, N,d,l € N and p,q € (1, +00) are fixed, with % + % = 1. We define O(RY) to
be the collection of all bounded open subsets of RY and, for D € O(RY), we define O(D) := {DNU: U €
O(RM)} to be the collection of all open subsets of D. For every € RY and p > 0, we consider the open
cube @Q,(x) with center z, side length p, and sides parallel to the coordinate axes.

We use the standard notation for Lebesgue and Sobolev spaces. In particular, for m € N and
D € ORY), W=LP(D;R™) is the dual of W, %(D;R™). We also consider the dual of WhH4(D;R™),
which we denote by /I/Iv/’l’p(D;Rm). In both cases, the duality product will be denoted by (-,-). The
norm used in W, ¢(D;R™) is ||uHW01,q(D;Rm) := ||Vu| a(p;gmx~y, and the norm used in Wh4(D;R™) is
lullwi.a(prmy = (Hu||qu(D;Rm) + ||Vu||%q(D;Rme))1/q. The norms in W~1P(D;R™) and W—1P(D;R™)
are the corresponding dual norms.

Several of our results involve integral functionals whose fields are subject to linear partial differential
constraints with constant coefficients, know as the A-free setting as mentioned in the Introduction, which
we now make precise. For i € {1,..., N}, let A € R¥*? be | x d real-valued matrices such that there
exists 7 € N satisfying

rank <i Aiwi> =r (2.1)

for all w € RY \ {0}. This condition is referred to as the constant-rank property.
For every u € LY (RN:R9), let Au be the Rl-valued distribution on RY defined by

loc
N
(Au, ) := — Z/ (A'u) - 9ppdx for every 1 € C°(RN;RY). (2.2)
i=17/RY

Given D € O(RY), we consider the operators
Ap: LP(D;R%) — W= '(D;RY)  and Ap: LP(D;R?%) — W 12(D;RY)

that map each u € LP(D;R¢) into the elements Apu of W=17(D;R!) and Apu of W‘l’p(D; R!) defined,
respectively, by

N

(Apu, ) = — Z/ (A'u) - dppdx for every ¢ € Wy U(D;RY), (2.3)
— /D

(Apu, ) == — Z/ (A'u) - 0;pdx  for every i € Wh4(D;R"). (2.4)
i=17D

In particular, ker Ap is the set of all u € LP(D;R?) such that

N
Z/ (A'u) - dppdx =0 for every ¢ € Wy 9(D;RY),
i=17D
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in which case we either write Apu = 0 or u € ker Ap. Moreover, we have that
[Apullw-1.0(pry = || div(Aw)|lw-1.0(Dr1), (2.5)

where Au(z) = (Alu(x), ..., ANu(z)) € R>*N for x € D.
The wave cone (or characteristic cone) A associated with the operator A is the subset of R¢ defined
by

N
A= U ker (Z Aiwi> . (2.6)
weRN\ {0} i=1

As extensively studied in [20], the weak lower semicontinuity of functionals defined on ker Ap is
intimately related to the notion of A-quasiconvexity, which we recall next.

Definition 2.1 (A-quasiconvex functions). Let Q C RY be a cube and g: R* — R a locally bounded
Borel function. We say that g is A-quasiconvez if

1
90 < o7 | e+ wia) de
Q
for every € € RY and w € C®(RN;RY), with w Q-periodic, Aw = 0 in RN, and fQ w(y)dy = 0.

Remark 2.2. By a change of variables, we see that the previous definition does not depend on the
choice of the cube @. In the unconstrained case, when A = 0, A-quasiconvexity reduces to convexity,
while when A = curl, A-quasiconvexity reduces to quasiconvexity in the sense of Morrey (cf. [20]). By
virtue of Jensen’s inequality, every convex function is A-quasiconvex.

For every D € O(RY), let | - |7 be the norm on LP(D;R?) involving the operator .Ap and defined by
ull5 = llullw-1.0(Dray + [[ADUllw 1.0 (D1 -

Note that LP(D;R%) endowed with this norm is separable.
Remark 2.3. If g is A-quasiconvex and satisfies the p-growth condition
1
&P = co < g(€) < co(1+[¢]") for every & € RY (2.7)
0

for some constant co > 1, then g is A-convex on RY, i.e.

7

9(081 + (1 - 0)&2) < 0g(&1) + (1 —0)g(&2)

for every &1, & € R? with & — & € A and every 0 € [0, 1] (see, e.g., the proof of [4, Lemma 2.19]). If the
vector space span(A) generated by the wave cone A coincides with R?, then A-convexity and (2.7) imply
that there exists a constant ¢; > 0, depending only on ¢, p, and d, such that the p-Lipschitz condition

19(€1) = 9(&2)] < ey (1 + &P~ + &l 7h)l6 — & (2.8)

holds for every &;, & € RY (see, e.g., [23, Lemma 2.3]).
The equality span(A) = R? is satisfied in many interesting cases, for instance when A = curl or
A = div (see [20, Remark 3.3] for the precise definitions).

Remark 2.4. For functions g: R? — [0,+00), the p-Lipschitz condition can be expressed in many
equivalent ways. Indeed, if g satisfies (2.8), then we can find a constant ¢ > 0, depending only on ¢;
and p, such that

19(&1) —g(&) < a1+ (&l A &)™ + & — &IPY)I6 — &
holds for every &1,&; € RY, where a A b := min{a,b}. If g satisfies also (2.7), the previous inequality
implies that there exists a constant ¢; > 1, depending only on cg, ¢1, and p, such that
p=1 _
9(&1) = g(&)] < & (14 (9(&) A g(€2)) 7 + & — &ffH)[& — & (2.9)

holds for every &1, & € R

Conversely, if g satisfies (2.7) and (2.9), we can find a constant ¢; > 0, depending only on ¢, ¢1, and
p, such that (2.8) holds with ¢, replaced by ¢;.
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In the rest of the paper, we prefer to express the p-Lipschitz condition in the rather unusual form
(2.9), because in this inequality the constant is stable under I'-convergence, while this is not true for the
more usual form (2.8).

Next, we introduce the class of integrands that we consider in our analysis. Throughout the paper ¢
and ¢; are fixed constants with ¢g > 1 and ¢; > ¢ > 1, where ¢; is the constant in (2.9) corresponding
to the constant ¢; obtained from ¢; in (2.8).

Definition 2.5. Let F be the collection of all Carathéodory functions f: RN x R% — [0, +00) satisfying
the following p-growth condition:

P — o < f(@.6) < coll +[€P) (210)
for every x € RN and € € RY. Let Fiip be the collection of all f € F such that
f(2,6) — f(@,&)] < er(1+ (f(@. &) A f(2,6)"F + 16— &P 7Y)]6 — &, (2.11)

for every x € RY and &,& € R Finally, let Fye be the collection of all functions f € F such that
£ f(x,€) is A-quasiconvex for every v € RV,

We observe that there is no loss of generality in the constraint on the constant ¢; in the preceding
definition because if (2.11) holds for a constant ¢, then it also holds for any constant ¢ > ¢;.

Under our assumptions on cg, ¢1, and p, it can be shown that the function f(z,£) := |£|P belongs to
Fae-

Remark 2.6. By exchanging the roles of &; and &, we see that (2.11) is equivalent to

p—1

f(@,6) < flz, &) +a (14 flz,&) 7 +]& — &P Y6 — &l (2.12)

for every x € RN and every &;,&, € R?,

Remark 2.7. As discussed in Remark 2.4, there exists a constant ¢; > 0, depending only on c¢g, cq,
and p, such that (2.10) and (2.11) imply

[f(2.61) = f(2,&)| S aQ+]aP~" + &P - & (2.13)

for every x € RN and every &;,&, € R?,

Remark 2.8. By Remarks 2.3 and 2.4, in the case where the vector space span(A) generated by the
wave cone A coincides with RY, we have that every f € F,. satisfies (2.11) with ¢; in place of ¢;. Since
we are assuming throughout that é; < ¢;, we conclude that Fq. C Fi,ip in this case.

We now introduce the collection of functionals that correspond to integrands in F.

Definition 2.9. Let {L?, O} be the set of pairs (u, D) with uw € LP(D,R?) and D € ORY), and let
T be the collection of all functionals F': {LP?,O} — [0, +00) satisfying the following properties for every
D € ORY) and u € LP(D;R?):

() L1l ey — ol DI < P D) < co(1D]+ [0l )

(b) the set function B — F(u,B) defined for every B € O(D) can be extended to a nonnegative

measure defined on all Borel subsets of D.
Here, and henceforth, if u € LP(D;R?) and B € O(D), we simply write F(u, B) instead of F(u|g, B).
Let T1ip be the collection of all functionals F' € 1 such that
p=1 p=1 _
() [F(u,D) = F(v, D) < er(ID|"7 + (F(u, D) A F(v, D)7 + |lu =0l (pgay) 1w = vl o iz

for every D € O(RY) and u, v € LP(D;R?).
Finally, let Ty be the collection of all functionals F € T such that for every D € O(RYN), the functional
u v+ F(u, D) is lower semicontinuous for the topology induced on LP(D;R%) by the norm || - ||A.

Remark 2.10. Let F € Z. By the lower bound in (a) of Definition 2.9, if D € O(R"Y) and (uj)ken is a
sequence in LP(D;R%) converging to u € LP(D;R?) in the topology induced by the norm || - || and such
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that (F(ug, D))gen is bounded, then uj, — u weakly in LP(D;R?). Therefore, F' € T if and only if we
have for every D € O(RY) that
F(u,D) < likm inf F'(ug, D)
— 00

for every u € LP(D;R?) and every sequence (uy)reny C LP(D;R?) such that uj, — u weakly in LP(D;R%)
and Apuy, — Au strongly in W~1P(D;R!). In particular, this inequality holds whenever u;, — u strongly
in LP(D;R4). Hence, for every F € T,. and D € O(RY) the functional F(-, D) is lower semicontinuous
in the strong topology of LP(D;R%).

Remark 2.11. If f € F, then the functional F' defined by
F(u,D) = / f(x,u(z))dz, for every D € O(RY) and u € L (D;R?), (2.14)
D

belongs to Z. If f € Frip, then F' € Zp;,. Indeed, condition (c) of Definition 2.9 follows from (2.11) by
using Hoélder’s inequality. If f € Fqc, then F € Z. by [20, Theorem 3.7] and Remark 2.10.

Remark 2.12. By analogy with Remark 2.4, there exists a constant ¢;, depending only on ¢, ¢1, and
p, such that if F' € Zp;,, then

p—1 _ _
[F(u, D) = F(v,D)| < &y (ID]"7" + [l tpgay + 01125 pma )l = vlloomey  (2.15)

for every D € O(RY) and every u,v € LP(D;R?). Conversely, if the growth conditions (a) of Definition 2.9
and the Lipschitz condition (2.15) hold, then there exists a constant ¢, depending only on ¢, ¢1, and p,
such that

yd

R p=1 p—1 _
|F(u, D) = F(v,D)| <& (|D| # + (F(u, D) AN F(v,D))"7 +”u_U”Z]ip(lD;Rd))”u_UHLP(D;R'i)a

which implies that the Lipschitz condition (¢) of Definition 2.9 holds with ¢; replaced by ¢;. As before,
our preference for condition (c) of Definition 2.9 is due to the fact that, unlike (2.15), it is stable under
I'-convergence.

Remark 2.13. Similarly to Remark 2.6, we see by exchanging the roles of v and v that the Lipschitz
condition (c) of Definition 2.9 is equivalent to the inequality
p=1 p=1 _
F(u,D) < F(0,D) + i (ID|"7 + F(0, D)% + [lu= |7, pga) It = 0ll Loz (2.16)
for every D € O(RY) and every u,v € LP(D;R9).

3. I'-CONVERGENCE IN THE UNCONSTRAINED SETTING

In this section, we prove a compactness result for the family of functionals Z introduced in Definition 2.9
with respect to I'-convergence without considering the constraint Apu = 0.

Theorem 3.1. Consider the three families of functionals T, Ty, and s introduced in Definition 2.9.
Let (Fy)ren be a sequence inZ. Then, there exist a subsequence, which we do not relabel, and a functional
F € T, such that for every D € O(RY), the sequence (Fy(-, D))ren I'-converges to F(-, D) with respect
to the topology induced by || - |75 on LP(D;R?).

If, in addition, Fy, € Irip for every k € N, then F € Iyp.

The proof of this theorem relies on the following technical result, which will be used also in the proof
of Proposition 6.8.

Lemma 3.2. Let (Fj)ren be a sequence in I, let D1, Dy, B € O(RYN), with Dy CC Ds, let u €
LP(Dy U B;R%), and let (ug)ren C LP(Do; RY) and (v )ren C LP(B;RY) be two sequences such that

lim |ju, — u||j§2 =0 and limsup Fy(uk, D2) < 400,

k—o0 k— o0 (3 1)
lim |jor —ul|[f =0 and limsup Fy(vg, B) < +00. .
k—o0 k—o0

Then, setting D := Dy U B, there exists a sequence (wy,)ren C LP(D;RY) such that
wi =ug in D1 and wg = v in B\ Da, (3.2)
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wy, — u weakly in LP(D;RY)  and klim |wy — ul|7s =0, (3.3)
—00
lim sup Fy(wg, D) < lim sup (Fk(Uk,DQ) + Fk(vk,B)). (3.4)
k—o0 k—o0

Proof. By (3.1), we may assume without loss of generality that supy, F,(ug, D2) < +00 and supy, Fi, (v, B) <
+00. Consequently, by (a) in Definition 2.9, (ug)ken is bounded in LP(Dq;RY) and (vi)ken is bounded
in LP(B;R%). In turn, this yields a uniform bound for the total variations of the sequence (vy)ren of
Radon measures on RV defined by

v (E) = / (1 + |ug(x)|P + |vg(x)|P) dz  for each Borel set E C RY.
END>NB

Thus, extracting a subsequence, which we do not relabel, there exists a Radon measure v on RY such
that
v — v weakly® in the sense of measures on RY. (3.5)

Next, we set 7 := dist(D1,9D3) > 0 and, for 0 < t < 7, we define
D' :={z e RN: dist(z,D;) <t} CC Ds.

Since v is a finite measure, We can select 1) € (0, 5) such that and v(0D") = 0 (see [18, Proposition 1.15]).
For every m € N with 0 < E < 5, we define the sets

Ly, := (D"% \ D7) N B CC D,.
We further consider a cut-off function 6,, € C°(D"t%[0,1]) with 6, = 1 on D7, and define
wp'(z) = O (2)ug(z) + (1 — O (2))vg(z) for x € D =D, UB.

It is clear that (3.2) holds for any choice of m.
Let ¢ € Wy?(D;RY). Then, using the fact that 6,3, 30,1 € Wy 9(Do; RY) and (1 — 6,,,)%, 9;(1 —
Om)tb = =001 € Wol’q(B; RY), we can find a constant, ¢ > 0, depending on A and m but not on k, such

that
—z:/AZ wyp' —u) - pdr = — Z/Az m(ur —u) + (1= 0p) (v — ) - 0 da

= *Z (/ A(ug —u) - 0;(0mt)) dz — /D Al (ug — ) - (8:0m1) dx)
N

-3 () A0 puyprae s [ A0 @)

C(”ADz (ug — u)”W—lvP(D;RZ) + [Jur — U||W—1m(D2;Rd)

+ | Ap(vk — U)HW*LP(D;]RU) + [log — u||W*1~P(B;Rd))~
Consequently, we deduce from (3.1) that
lim ||wf® —ul|p =0 for every m € N with 0 < Lz (3.6)
k—o0
Finally, for every such m, condition (c) and the second inequality in (a) of Definition 2.9 together with
(3.1)=(3.5) yield
limsup Fy (w;n,D) < lim sup (Fk(uk, Ds) + Fy(vg, B) + Fy(wy?, Lm))

k—o0 k—o0

< lim sup (Fk(uk, Dy) + Fi(vg, B)) +¢co limsup/ (1 + Jug(x)|P + |vk(x)|p) dxz
Ly,

k—o0 k—o0

< limsup (Fy,(ug, D2) + Fi(vg, B)) + co (L)

k—o0

Together with (3.6), this implies that for every m € N with 0 < % < 5 there exists k,, € N such that
lwi® — u||§ < % and Fj(wy', D) < limsup (Fk(uk, Dy) + Fy(vg, B)) +co (L) + % (3.7)
k—o0

for every k > k,,. It is not restrictive to assume that k,, < k,,+1 for every m.
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Define wy, := w}* for ky,, <k < kyq1. Then, (3.7) yields

2=

|we —ulfy <L and Fj(wy, D) < lilrjlsup (Fr(ug, D2) + Fi(vg, B)) 4+ cov(Lm) +
—00

for every k > k,,. Hence,

2l

limsup ||wy —ul|s <L and  limsup Fy(wg, D) < limsup (Fr(ug, D2) + Fi(vg, B)) + cov(Lm) +
k—o0

m k— o0 k—r 00
Since lim,, v(L,,) = v(0D") = 0, taking the limit as m — oo in the preceding estimates, we obtain the
second part of (3.3) and (3.4).
Recalling (a) of Definition 2.9, inequality (3.4) and (3.1) imply that (wy)gen is bounded in LP(D;R9).
Therefore, the first part of (3.3) is a consequence of the second one (see Remark 2.10). O
Proof of Theorem 3.1. For each D € O(RY), we define F'(-, D), F"(-, D) : LP(D;R%) — [0, +00] by

//(.
F'(, D) == T(| - [#)-liminf Fi(, D) and  F"(-, D) := (|- | 3)- limsup Fi(-, D),
— 00

k—o0

where the T-limits are taken with respect to the topology induced on LP(D;R?) by the norm || - ||5. If
u € LP(B;R?) for some B € O(RY) containing D, we simply write F’(u, D) and F"(u, D) instead of
F'(u|p, D) and F"(u|p, D).

We now proceed in several steps.

Step 1 (Monotonicity of F' and F"). We observe that for every Dy, Dy € O(RY) with D; C D,
condition (c) in Definition 2.9 implies that F}(u, D;) < Fy(u, Ds) for every u € LP(Do;R?) and every
k € N. Therefore, F’(u, D1) < F'(u, Do) and F"(u, Dy) < F"(u, D3) for every u € LP(Dq; R?).

Step 2 (Upper bound for F"). Let D € O(RY) and u € LP(D;R?). Then,
F"(u, D) < co(|D| + [ull 5 pray)- (3.8)
Indeed, the definition of F”(-, D) and the upper bound in (a) of Definition 2.9 yield
F"(u, D) < limsup Fj(u, D) < co(|D] + ||u||’£p(D;Rd)),

k—o0
which proves (3.8).
Step 3 (Nested subadditivity of F”). Let D1, Dy, B € O(RY), with D; CC Ds, and let u € LP(Dy U
B;R%). We want to prove that
F"(u, D1 UB) < F"(u, Ds) + F"(u, B). (3.9)
Let (ug)ren C LP(Do;RY) and (vi,)ren C LP(B;R?) be two sequences such that

lim |lup —ulp, =0 and limsup Fi(uk, D2) = F”(u, D2) < +00,
k—o0 k—o0

lim |Jog —ulps =0 and limsup Fy(vg, B) = F”(u, B) < +0o0,
k—o0 k—o00
which exist by [12, Proposition 8.1]. By Lemma 3.2, there exists a sequence (wg)reny C LP(D; U B;R?)
such that (3.3) and (3.4) hold, and so
Fp(u, Dy U B) < limsup Fj,(wy, Dy U B) < limsup (Fy(ug, D2) + Fi(vx, B)) < F"(u, D) + F"(u, B),

k—o0 k—o0
which proves (3.9).

Step 4 (Compactness property). Let D be the countable collection of the open sets that are finite
unions of open rectangles with rational vertices. Using the compactness of I'-convergence on separable
metric spaces (see [12, Theorem 8.5]) and a diagonal argument, we obtain a subsequence of (F})xen,
which we do not relabel, for which

F'(u,D) = F"(u,D) for every D € D and every u € LP(D;R%).
For every D € O(RY) and every u € LP(D;R?), we define
F(u,D):= sup F'(u,D')= sup F"(u,D’). (3.10)

D'eD D'eD
D'ccD D'ccD
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From the monotonicity of F”(u,-) and F"(u,-) in Step 1, we deduce for every D € O(RY) and every
u € LP(D;R?) that

Fu,D)= sup F'(u,D')= sup F"(u,D") (3.11)
D'cO(RY) D'eORY)
D'ccD D'cch
and
F(u,D) < F'(u,D) < F"(u, D). (3.12)

In fact, by (3.10), we clearly have

F(u,D)< sup F'(u,D).
DeORYN) (3.13)
Dcch
Conversely, given D € O(RN) with D cC D, we can find D’ € D such that D C D’ cC D. Thus, by the
monotonicity of F’(u,-) and by (3.10), we conclude that

F'(u,D) < F'(u, D") < F(u, D).

Taking the supremum over all sets D € O(RY) with D cC D yields the converse inequality of (3.13),
which proves the first identity in (3.11). The remaining statements in (3.11) and (3.12) can be proven
similarly.
Moreover, by (3.8), we have
Fu, D) < co(ID] + [l g (3.14)

for every D € O(RY) and every u € LP(D;R9).
Step 5 (Proof of the T'-convergence). By (3.12), we obtain that (Fj(-, D))gen I'-converges to F(-, D)
once we prove that
F"(u, D) < F(u, D) (3.15)
for every D € O(RY) and every u € LP(D;R%).
Fix any such D and u, and fix € > 0. Let K C D be a compact set such that
co(|D\ K|+ ||u|\’£p(D\K;Rd)) <e. (3.16)

Fix D1, Dy € O(RY), with K C D; CC Dy CC D. By (3.9) with B := D\ K, (3.8), (3.11), and (3.16),
we obtain

F"(u,D) < F"(u,Ds) + F"(u, D\ K) < F(u,D) + co(|D\ K| + 1wl T oy keomay) < F(u, D) +e.

The arbitrariness of € > 0 yields (3.15), completing the proof of I'-convergence. In particular, in view of
(3.11), (3.12), and (3.15), we conclude that F' is inner regular; that is, we have for every D € O(RY) and
every u € LP(D;R?) that
F(u,D)= sup F(u,D).
D)= o, Fw.D) o)
D'ccD

Moreover, by a general property of I-limits, we have for every D € O(RY) that the functional u +
F(u, D) is lower semicontinuous for the topology induced on LP(D;R?) by the norm || - || 7.

Step 6 (Proof of condition (a) of Definition 2.9 for F). Fix D € O(RY) and u € LP(D;R%). By
Step 5, there exists a sequence (uy)ren C LP(D;RY) such that

lim [lup —ul|fs =0 and limsup Fy(ux, D) = F(u, D).

k—o0 k—o0
Then, using the lower bound in condition (a) of Definition 2.9 for Fj, we have for all sufficiently large
k € N that

1
el ity = ol DI < Filug, D) < Flu, D) +1.

The preceding estimate and (3.14) yield that (uy)ren is a bounded sequence in LP(D;R9). Hence, uj, — u
weakly in LP(D;R?), and so

. . 1 1
F(u, D) = limsup F,(ug, D) > limsup (—Huk”}zp(D,Rd) - CO\DD > —||u||]£p(D,Rd) —co|D|.  (3.18)
k—oo NCO ’ Co ’

k—o0

Finally, (3.14) and (3.18) show that condition (a) of Definition 2.9 holds for F.
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Step 7 (Proof of condition (b) of Definition 2.9 for F). Fix D € O(RY) and v € LP(D;R%), and
let a: O(D) — [0,+00) be the (increasing) set function defined by setting «(B) := F(u, B) for every
B € O(D). Invoking [12, Theorem 14.23], condition (b) of Definition 2.9 is satisfied for F' provided that
« is subadditive, superadditive, and inner regular in O(D). The inner regularity holds by (3.17), while
the simple proof of the superadditivity can be obtained as in [12, Proposition 16.12]. We are then left to
show that « is superadditive in O(D), which amounts to proving that

a(B1UB;y) < a(By) + a(Bz) for all By, By € O(D). (3.19)
Let By, By € O(D), and fix § > 0. By (3.17), we can find B’ CC B; U By such that
a(B1UBy) — 8§ < F'(u,B).
Let Bi,BY,B5 € O(D) be such that B} CC B CC By, B) CC By, and B’ CC Bj U B} (see [12,

Lemma 14.20] for instance). Then, using (3.9), (3.17), and the monotonicity of F”(u,-) proved in Step 1,
we obtain

a(B1UBy) — 8§ < F"(u,B") < F"(u, By UBS) < F"(u, BY) + F"(u, B}) < a(By) + a(B2),
from which (3.19) follows by letting § — 0.
Step 8 (Proof of condition (c) of Definition 2.9 for F'). Assume that Fy, € Zp;, for every k € N and
fix D € O(RY). By (2.16) for Fy, we have
p=1 p=1 _
Fi(u, D) < F(v, D) + 1 (1D + Fi(v,D) 7 + [[u = vl pzay) [t = 0ll Lopira) (3.20)

for every u,v € LP(D;R?). We claim that this inequality passes to the I'-limit. Indeed, given u,v €
LP(D;R%), we can find a sequence (vj)ren in LP(D;R?) converging to v in the topology induced on
LP(D;R%) by the norm || - ||# and such that

lim Fy(vr, D) = F(v, D). (3.21)
—00
For every k € N, let uy, := vy + v —v. By (3.20), we have
-1 -1 _
Fy(ug, D) < Fio(vg, D) + 1 (|D]7 + Fi(vr, D)7 + [[u— o)l ppy ) e = 0l Lo Dz (3.22)

On the other hand, since (u,)ken converges to u in the topology induced on LP(D;R?) by the norm ||- |7,
we have by I'-convergence that
F(u, D) < liminf Fy(ug, D).
k—o0

This inequality, together with (3.21) and (3.22), leads to (2.16) for F. As observed in Remark 2.13, we
then conclude that condition (c) of Definition 2.9 holds for F'. O

We now prove that every functional in Zy;, can be represented by an integral whose integrand belongs
to ]:Lip-

Theorem 3.3. Let F € Iy;,. For everyx € RN and ¢ € RY, we set

f(z, &) ;= limsup MN’)(I)). (3.23)
p—0t P
Then, f € Frip and
F(u,D) :/ fz,u(x)) dz (3.24)
D

for every D € ORY) and every u € LP(D,R%). If, in addition, F € Trip N Is, then the function
& f(x,8) is A-quasiconvex for every x € RN, that is, f € Frip N Foe-

Proof. By condition (a) of Definition 2.9 and (3.23), the function f satisfies (2.10). Since F satisfies (2.16)
(see Remark 2.13), we deduce that (2.12) holds for f, which is equivalent to (2.11) (see Remark 2.6).
Let us fix D € O(RY). By condition (b) of Definition 2.9 the set function B — F(¢, B) defined on
O(D) can be extended to a measure defined on all Borel subsets of D. By condition (a) of Definition 2.9,
this measure is absolutely continuous with respect to the Lebesgue measure. By (3.23) and by the
Lebesgue Differentiation Theorem, the function z + f(z,¢) is measurable on RY for every ¢ € R?, and

F(,B) = / f(x,&)dx  for every Borel set B C D. (3.25)
B
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The measurability of x — f(x,&), together with (2.10) and (2.11), which encode the continuity of £ —
f(x,€), implies that f € F.

Let u: D — R? be a piecewise constant function, that is, there exists a finite family (B;);c; of pairwise
disjoint sets in O(D), covering almost all of D, and a finite family (&;);cr in R? such that for every i € I we
have u(x) = ¢; for every x € B;. By conditions (a) and (b) of Definition 2.9 the set function B — F(u, B)
is a measure that is absolutely continuous with respect to the Lebesgue measure. By applying (3.25) to
& and B;, we obtain

F(u,D) = ZF(fi,Bi) =Z/B‘f(x,§i)dx=/Df(x,u(x)) dz.

i€l iel
Consider now an arbitrary function u € LP(D,R?%). There exists a sequence (u)ren of piecewise
constant functions converging to u in LP(D,R%). By the previous step, we have

F(uk,D):/Df(;E,uk(x))d;v

for every k € N. By condition (a) of Definition 2.9, using (2.10), (2.13), and (2.15) we can pass to the
limit in both terms as k — oo and we obtain (3.24).

If F € Z,., then for a.e. x € RY the function ¢ +— f(x,&) is A-quasiconvex by [20, Theorem 3.6]. Fix
z € RN and p > 0, and let g: RN — R be the function defined by

1
906 =5 [ fwo (3.26)
P Qp(x)

Let @ C RN be a cube, and let w € C°(RY;R9) be a Q-periodic function, with Aw = 0 in RY and
fQ w(y) dy = 0. By A-quasiconvexity of f, we have for a.e. y € RV that

1
f(y,6) < @'/Qf(y,ﬁ—kw(z))dz.

Integrating with respect to y and using Fubini’s theorem, we get

1
/Q wods g /Q ( /Q ey b)

In view of (3.26), this gives
1
9(6) < gy |, ot€+ iz d=

Hence, g is A-quasiconvex. By (3.24) this is equivalent to saying that the function

F(£Qy(x))
N

&

is A-quasiconvex. Moreover, by Fatou’s lemma for bounded sequences (see [18, Lemma 1.83 (ii)]), it can
be similarly checked that the lim sup of locally equi-bounded functions preserves A-quasiconvexity. We
then deduce from (3.23) that & — f(x,&) is A-quasiconvex for every x € RV, |

We are now in a position to prove a compactness result for the collection of integrands F.

Corollary 3.4. Let (fr)ren be a sequence in Fri, and let (Fj)ren be the corresponding sequence of
functionals in T defined by (2.14). Then, there exist a subsequence, which we do not relabel, and a
function f € Frip N Fge such that for every D € O(RYN), the sequence (Fi(-,D))gen I'-converges to
F(-, D) defined by (2.14) with respect to the topology induced by || - |7 on LP(D;R?).

Proof. The result follows from Remark 2.11 and Theorems 3.1 and 3.3. O

The following theorem, which was communicated to us by Jean-Frangois Babadjian, shows that the
hypothesis of p-Lipschitz continuity can be omitted under a condition on the wave cone A defined by

(2.6).

Theorem 3.5. Assume that the vector space span(A) generated by the wave cone A coincides with RY.
Then, Theorem 5.3 is still satisfied if we replace Irs, by Lsc and Frip by Frip N Fge. Moreover, the
inclusion Ise C Irip holds. Finally, Corollary 5./ remains valid if we assume only that (fi)ren 15 a
sequence in F.
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Proof. Assume that F' € Z,. and let f be defined by (3.23). Arguing as in Theorem 3.3, we show that

the function z ~ f(z,€) is measurable on RY for every & € R?, that f satisfies the p-growth condition

(2.10), and that (3.24) holds for every D € O(RY) and every piecewise constant function u: D — R
We claim that for every # € R the function & — f(x,€) is A-convex on R i.e.,

f(@,06 + (1= 0)&) <0f(x, &)+ (1—0)f(z,&2) (3.27)

for every &1, & € R? with &, —&; € A and every 0 € [0, 1]. To this aim, we fix &, &, and 6 as required and
we consider the periodic extension x: R — [0, 1] of the characteristic function of [0, §]. By the definition
of wave cone (see (2.6)), there exists w € RY \ {0} such that

N
§1 — & € ker (Z AiU/i) : (3.28)

=1
P (RY;R?) defined by
us(z) = x(x - w/e)ér + (1 — x(z - w/e))ée.

By the Riemann-Lebesgue Lemma, u, — 6&; + (1 — 0)& weakly in LP(D;R?) for every D € O(RY).
Moreover,

We consider the piecewise constant function u. € L?

1 (&,
Aue = = Aw; | (G -&)Y HY 'L ez w=4}-H"""L{z-w=0+}) (3.29)
) oo
in the sense of distributions on RY, where H¥~! is the (IV — 1)-dimensional Hausdorff measure and
(HN='L E)(B) = HN=Y(E N B) for every pair of Borel sets E, B C RY. By (3.28), the right-hand side
of (3.29) equals 0, hence Au. = 0 in the sense of distributions on R¥.

Since F € T, for every D € O(RY) the functional F(-, D) is lower semicontinuous with respect to
the norm || - ||A on LP(D;R%). Thus, by Remark 2.10,

F(0& + (1 -0)&), D) < 11512(1)1J1FfF(u5,D).

Using the integral representation of F' on piecewise constant functions, from the previous inequality we
obtain

F(0¢ 4+ (1 —0)&),D <hm1nf/ flx,ue(x

e—0+

= lim i (x(z-w/e) f(x,&) + (1 — x(x - w/e)) f(x,&)) da

e—0+
— 0 / f(.6) dz + (1 - 0) / f(.&) dz = 6F (€1, D) + (1 — 0)F (€2, D),
D D

where the second equality follows again from the Riemann-Lebesgue Lemma.
Given z € RY and p > 0, we take D = Q,(z) in the previous inequality. Dividing by p”¥ and using
(3.23), we obtain (3.27), which shows that the function & +— f(x,¢) is A-convex on R? for every z € RV,
By (2.10), we can apply [23, Lemma 2.3]) (see also [21, Lemma 4.6]) to obtain that there exists ¢; > 0,
depending only on ¢y, p, and d, such that (2.13) holds for every 2 € RY and every &, & € RY. Since f
is measurable with respect to x and satisfies the growth conditions (2.10), we conclude that f € F.
Thanks to (2.13), the integral representation on piecewise constant functions leads to the following
inequality

F(u,D) < / f(z,u(x))dz for all D € O(RY) and u € LP(D;R?)
D

by the lower semicontinuity of F(-, D) in the strong topology of LP(D;R?) (see Remark 2.10) and the
continuity of u — [, f(z,u(z)) dz in the strong topology of LP(D;R?) due to (2.13).
To prove the equality, we fix u € LfOC(RN :R%) and we use the translation argument introduced in the

proof of [8, Lemma 4.1] (see also [12, Theorem 21.1]). We define
G(v,D) = F(u+v,D) forall D€ O(RY) and v € LP(D;R?).

We observe that G satisfies the growth conditions

1
@) Lo gy ~ C(IDI+ lullf o pogay) < G, D) < C(ID]+ [[ull]p  pgay) + CllVIT 0 ooy
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for suitable a constant C' > 1. This is a slight variant of condition (a) of Definition 2.9.
Arguing as before, we obtain a Carathéodory function g: RY x R? — R with p-growth and p-Lipschitz
with respect to the second variable such that for every D € O(RY) we have

G(v,D) = / g(x,v(z))dz if v is piecewise constant on D,
D

from which it follows that

G(v,D) < / g(z,v(zx))dx for all v € LP(D;RY).
D
Let D € O(RY) and let (ux)ren be a sequence of piecewise constant functions such that ux — u
strongly in LP(D;R%). Since v — [, f(z,v(x))dz and v — [, g(x,v(z)) dx are continuous in the strong
topology of LP(D;R?), the equalities and inequalities satisfied by F(v, D), G(v, D), [, f(z,v(z))dz and
fD g(z,v(x)) dx give

F(u,D) < /D f(zyu(z)) de = klim /D fz,up(x)) de = kli_)nolo F(ug, D) = k]LII;o G(ux — u, D)

— 00

< tim [ g un(z) — u(z)) do = /Dg(x, 0)dz = G(0, D) = F(u, D),

T k—oo D

and we obtain
F(u, D) = /D (o, ulz)) da. (3.30)

Since every u € LP(D;R?) can be extended to a function of L} (D;R%), (3.24) holds for every D € O(RY)
and u € LP(D;RY).

Since f € F and F € Zy, using [20, Theorem 3.6] we deduce from (3.30) that the function £ — f(z,§)
is A-quasiconvex for a.e. € RY. Arguing as in the last part of the proof of Theorem 3.3, we obtain that
& f(x,€) is A-quasiconvex for every x € RV, hence f € Fy.. By Remark 2.8 ;we have Fye C FLip,
hence f € Frip N Fqe. This concludes the proof of the modified version of Theorem 3.3.

To prove the inclusion Zs. C Zy;p, we observe that, by the modified version of Theorem 3.3 for every
F € T, there exists f € FLip N Fyc such that (3.24) holds for every D € O(RY) and every u € LP(D,R?).
By Remark 2.11, this implies that F' € Ty,ip.

The modified version of Corollary 3.4 follows easily from this modified version of Theorem 3.3. ]

4. T-CONVERGENCE IN THE A-FREE SETTING

In this section, we study I'-convergence in the A-free setting, i.e., with the constraint Au = 0. We
begin with some preliminary lemmas. The following result has been established in [20, Lemma 2.15].

Lemma 4.1. Let D € O(RY), let u € LP(D;RY), and let (ug)reny C LP(D;R?) be a sequence such that
up — u weakly in LP(D;RY) and Apup — 0 in W 1P(D;R).

Then, there exists a p-equi-integrable sequence (vy)pen C LP(D;R?) satisfying

v — u weakly in Lp(D;Rd), Apvg =0, / v dr = / udx,
D D (4.1)
lim |ug — v pr(prey =0 for all 1 <7 <p.
k—o0 ’
If D is a cube Q, u € LY (RN;RY) is Q-periodic, and Au = 0 in RY, then, in addition to the previous

loc

properties, we can obtain that vy € LfOC(RN; R?) is Q-periodic and satisfies Avy, = 0 in RN,

The following result will be used to deduce the I'-convergence in the A-free setting from the T'-
convergence woth respect to the topology induced by || - [|5-

Lemma 4.2. Let D, u, (ur)ken, and (vi)ken be as in Lemma /.1, and let (Fy)ren be a sequence in
Irip. Then,

lim sup (Fk(vk, D) — Fk(uk,D)) <0. (4.2)

k—o0
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In particular,

lim inf Fy (vg, D) < liminf Fi(ug, D) and limsup Fy(vg, D) < limsup Fy (ux, D). (4.3)
k—o0 k—oo .

k—o0 k—o0

Proof. This result was established in [7] when either F} are independent of k or F} are the functionals
associated to functions fj with f(x, &) = f(kz, ) for some f € F periodic in the first variable. To prove
that (4.2) also holds in our setting, we apply Theorem 3.3 to obtain a sequence (fx)ren in Frip such that

Fy(v,D) = /D fu(x,v(z))de for every v € LP(D;R?).

We define
wi(z) = fr(z,up(z)) and zx(z) := fi(z,ve(x)), (4.4)
and show that
wyg — 2, — 0 in measure. (4.5)

Indeed, introducing
1 1 1
o= q—il €(0,1), s:= o € (1,400), and te€(1,400) such that 3 + 1= 1,
we have s = 1 and at = q = p%; hence, using (2.13) and Holder’s inequality, it follows, for some
constant ¢ independent of k, that

/|wk—zk|adx§c§/(1—|—|uk|p_1+|vk|p_1)°‘|uk—vk|°‘da:
D D

1
<ot ([l o o) ([ e i)
D D
gc(/(1+|uk|p+|vk\p)dx);</ |uk—vk|dx) -0
D D

by (4.1) and the boundedness of the sequences (ux)ren and (vi)ren in LP(D;R4). Thus, (4.5) holds.
To conclude, we fix § > 0 and, setting w™ := max{0,w}, we observe that

0< / (zk—wk)+dx:/ (zk—wk)dx—&—/ (zx — wi) " dx
D {z€D: (z,—wy)t(z)>d6} {z€D: (z,—wy)t <}

2 dz + 5LN (D),

1
s

<

/{DCED: |z () —wp (x)[ >}
where we used the inequalities —wy, < 0 (by the nonmnegativity of fi) and (2 — wi)™ < |2 — wgl.
By (2.10) the p-equi-integrability of (vg)ren implies the equi-integrability of (zp)ren. Therefore, the
preceding estimate and the convergence in measure in (4.5) yield

lim [ (zx —wy)Tdr =0.
k—o0 D

Since 2 — wy < (2 — wy) T, we obtain

limsup/ (z, —wg)dz <0,
D

k— o0

which is equivalent to (4.2) by (4.4). The implication (4.2)=-(4.3) is trivial. O

In the proof of Proposition 6.8, we need the following technical result, which can be obtained from the
previous lemmas.

Corollary 4.3. For everye > 0 and C > 0 there exists 7 > 0 with the following property: for every open
cube Q C RN with side length less than or equal to 1 and every u € LP(Q;RY), with ||u||]£p(Q_Rd) < ClQ|,

suppu CC Q, and ”"ZQu”EWfl‘v(Q;RI) < n|Q|, there exists v € L (Q;R?), with Hv—u||€V,LP(Q;Rd) < elqQ|,
Av =0 in RN, and fQ vdr = fQ udzx, such that
F(v,Q) < F(u,Q) +¢|Q| (4.6)

for every F' € Ty;p.
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Proof. 1t is clear that the result does not depend on the center of the cube. We claim that is enough
to prove it for the cube @ := Q1(0) with center 0 and side length 1. Indeed, if Q, = @,(0) is the cube
with center 0 and side length p and u, € LP(Q,;R?) is a function with suppu, CC Q,, we consider the

rescaled function u € LP(Q; R?) defined by
u(x) :=u,(pr) for every x € Q.
Then, supp u CC Q. Moreover, by a change of variables in the integrals, we see that
||uH1£p(Q;Rd) < C|Q| =C HUPHZ[),p(QP;Rd) < ClQp‘ = CION'
Furthermore, as we prove next, if
N
IIAQ,,upHW L@l < nQpl =np™,
then
||AQU||W 1P(QRZ) 77:77|Q|
In fact, for every 1 € Wh4(Q;R'), we consider the function v, € W14(Q,;R!) defined by
Yo(x) :=1(3) for every z € Q.
We first observe that

T —— /Q ()| da + /Q V(@) d = /Q 45, () 7 das + o /Q V4 ()7 da

=V /Q w@)ftde o [V @)[1dn 2 0N g,

Qp

where we used the fact that 0 < p <1 in the last inequality. Moreover,

N .
(Agu,v) = Z/ (A'u P(x)dx = —pZ/Q(A’up(px)) -0, (px) dx

= 1 NZ/ Up zwp( )dx = p17N<'ZquP’7’[}P>'

Thus, (4.9) and (4.10) yield
Aque) P NAgupty) _ (Ag,up )

[llwa@zsy = =2 sy e ? [l ’
* pllwta(Qurt) PP II¥pllwia(q,rY

from which we conclude that

HAQUHW lp(Q Rl) —_ NllAQp ||W 1”(@ ]Rl)

Therefore, (4.7) implies (4.8). Consequently, u fulfils all hypotheses required on Q.

(4.9)

(4.10)

Assuming that the result is proved for @, let p € (0,1], Q,, and u, be given with u, € LP(Q,;R?),

HupHLp(Qp Rray < C|Q,|, suppu, CC @Q,, and ||AqupHW L (@, RY)

< n|Q,|. As above, set u(x) := u,(px)

for x € (). Then, there exists v € Lper(Q7 R?) satisfying the properties considered in the statement for Q

relative to u. Let v, € LP, . (Q,;R?) be defined by

per

vp(x) :=w(7) for every x € Q,.

Given ¢, € Wy %(Q,; RY), we consider 1) € W14(Q; R?) defined by (z) := ¥, (pz), € Q, and observe

that
L N e N\

=p"" / Vi (@)]? dz = oM 0, [fy1.0(q, e)-

P
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Moreover,

(0 —u,g) = /Q (v(z) — u(2)) - P(z) d = /Q (vp(p) — up(p)) - p(p) da

B p_N/ (Vp(x) — up(x)) - Yp(z) dz = P_N<Up = Up, Yp)-
P
From the two preceding chain of equalities, we conclude that

(v —u,9) _ p_N<Up — Up, wp> _ <Up — Up, wp>

= —F A )
H¢||W01’q(Q;Rd) pT ”d’p”WOlv‘I(Qp;Rd) p' ||1/JpHW01"1(Qp;Rd)

Thus,
||Up - uPH?}V—lyP(Qp;Rd) < PP+N||U - “||€V—1,p(Q;Rd)~
Because |[v — u||€v,1,p(Q_Rd) < g|@| = €, we obtain for 0 < p < 1 that
lop =ty 1.0, may < P77 < 2™ =€lQyl-

The equalities Av, = 0 in RY and pr vy dr = pr u, dx can be obtained from the corresponding

properties of v and u by a change of variables. As for (4.6) for v, and u,, given F, € Ty;p, let f, € Frip
be the corresponding integrand (see Theorem 3.3). Let f € Fr;p be the function defined by

f(@,8) := f,(pr,&) for every z € RY and ¢ € RY,
and denote by F' € Ty, the corresponding functional (see Remark 2.11). Then, by (4.6) for @), we have
F(v,Q) < F(u,Q) +¢lQ| = F(u,Q) +¢. (4.11)
On the other hand,

Fy(0p, Q) = /Q fo(,vp(2)) dz = pN /Q Fo(p, vpp)) di = pV /Q £, 0(x)) dz = p™ F(v, Q),

Fy(up Q) = /Q fol,up(x)) di = pV /Q Folpz, up(pz)) de = pN /Q fu(x)) de = P Fu, Q),

which, together with (4.11), yield
Fp(v,Qp) < Fp(up, Qp) + EPN = Fp(up, Qp) +€lQp|-

Since F), is an arbitrary element of Zp;,, we obtain (4.6) for v, and u,. This concludes the proof of the
claim that it is enough to prove the corollary for @ := Q1(0), which we establish next.
We argue by contradiction. Assume that the statement for @ is false. Then, there exist ¢ > 0 and

C > 0 such that for every k € N there exists uy € LP(Q;R?), with ||uk||§p(Q;Rd) < C, suppur CC @, and
HAQU’CH%A,IJ(Q;W) < 1/k, such that for every v € L2, (Q;R?), with [lv — ukH?yfl,p(Q;Rd) <eg, Av=0in
RY, and fQ vdr = fQ uy dz, there exists Fj,, € Zpip such that

ka(U,Q) > ka(uk,Q) + €. (4.12)

Since (uy)ren is bounded in LP(Q;RY), a subsequence of (u)ren, not relabeled, converges weakly in
LP(Q;R?) to a function u € LP(Q;R%). We extend each uy, to a Q-periodic function, still denoted uy,.
Then, for every D € O(RYN), uy converges weakly in LP(D; R?) to the periodic extension of u, still denoted
by u. To prove that Au = 0 in RY, we start by setting Q,, := @,,,(0) for every m € N, and we show that

~ mN
IAG, uklli-1.0(q,, miy < VR (4.13)
To prove this inequality, we define A4, := {1,...,m}" and for every a = (a1,...,ayx) € A,,, we set
z(a) = (— T—}-i-oq,...,—m—l—kalv),
2 2 2 2

We observe that
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Let ¢ € Wh9(Q,,; RY). For every a € A, , we define 1, € W14(Q;RY) by 1, (x) := (x + 2(a)). Using
the @-periodicity of ug, we get from (2.4) that

N N
Aount) ==Y [ (') 0de==3" 3" [ (Aw) - Onde = Y (Ague. ).
i=17Qm i=1 acA,, ’ @ Q€A

Since ”AQU’“HZ’)Wpr(Q;RL) < 1/k, we deduce that

~ 1 m
’(AQmuk,@‘ < T/p ; Vallwia@ry < m||1/)HWLq(Qm;Rl)7

which concludes the proof of (4.13). Because uj, converges to u weakly in LP(Q,,; R?), we obtain from
(4.13) that ,ZQmu = 0 for every m € N. We then conclude that Au =0 in RV,

By Lemma 4.1, there exists a sequence (vy)ren in LB, (Q; R?) satisfying (4.1) with D = Q. Since the
embedding of LP(Q;R?) into W~1P(Q;R?) is compact, the sequences (vg)ren and (up)ren converge to
u strongly in W~1P(Q; R?), and so vy — uk”ﬁvfl,P(Q;Rd) < ¢ for k large enough.

For every k, let Fj, := F,, ;. By Lemma 4.2, we have

li’rcnsup (Fr(vk, Q) — Fr(ug, Q)) <0,

while (4.12) gives Fy(vk, Q) — Fi(ug, Q) > e for k large enough. This contradiction concludes the

proof. O

Definition 4.4. For every F € T and every D € O(RN), let FA(-, D) be the restriction of F(-,D) to
ker.AD.

Remark 4.5. Let (F})ren be a sequence of functionals in Z, let F' € Z, and let D € O(RY). If we
extend FA(-, D) to LP(D;R%) by setting FA(u, D) = 400 for every u € LP(D;R%) \ ker Ap, by the
lower bound in (a) of Definition 2.9 we can apply [12, Proposition 8.16] to conclude that the sequence
(F(+, D))ken D-converges to F4(-, D) in ker Ap with respect to the weak topology of LP(D;R?) if and
only if
(LI) for every u € ker Ap and every sequence (uy)ren in ker Ap converging to u weakly in LP(D;R?),
we have F4(u, D) < likm inf Ft (ug, D),
— 00
(LS) for every u € ker Ap there exists a sequence (vg)gen in ker Ap converging to u weakly in
LP(D;R%) such that F*4(v, D) > limsup F{*(vg, D).
k—o0

We now prove the equivalence between I'-convergence with respect to the topology induced by | - |75
and I'-convergence in the A-free setting.

Theorem 4.6. Let (Fy)ren be a sequence of functionals in Iy, let F € I, and let F,;“ and F* be as
in Definition /J./. The the following conditions are equivalent:

(a) For every D € O(RYN), the sequence Fy(-, D) T'-converges to F(-, D) with respect to the topology
induced by | - |55 on LP(D;RY);

(b) for every D € O(RY), the sequence (Fi*(-, D))ren T'-converges to FA(-, D) in ker Ap with respect
to the weak topology of LP(D;R?).

Proof. Assume (a). Let u € ker Ap and let (ug)ren be a sequence in ker Ap converging to u weakly in
LP(D;R%). Since the embedding of LP(D;R%) into W~1P(D;R?) is compact and Auy, = Au = 0, the
sequence (ug)gen converges to u strongly in the topology induced by the norm | - |75 on LP(D;R%). By
(a), this implies that

FA(u,D) < likm inf F (uy, D).
— 00

Hence, condition (LI) of Remark 4.5 is satisfied.
To prove (LS), we fix u € ker Ap and a sequence (ug)ren C LP(D;R%) such that

klim lur —ullpy =0 and limsup Fy(uy, D) = F(u, D) = FA(u, D) < 400,
—00

k—o0
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which exists by [12, Proposition 8.1]. We observe further that u; — u weakly in LP(D;R?) (see Re-

mark 2.10). Let (vg)ren be the sequence in ker Ap provided by Lemma 4.1. By Lemma 4.2, we have
limsup F* (v, D) = limsup F(vg, D) < limsup Fy(ug, D) = F*(u, D),
k—o0 k—o0 k—o0

which proves condition (LS) of Remark 4.5. This concludes the proof of (b).

Assume (b). By the Theorem 3.1, there exist a subsequence, which we do not relabel, and a functional
F € T, such that for every D € O(RY), the sequence (Fj(-, D))ren [-converges to F(-, D) with respect
to the topology induced by || - || on LP(D;R?). Since (a) implies (b), we have F(u, D) = F(u, D) for
every D € O(RY™) and every u € ker Ap. Let f and f be the integrands corresponding to F and F,
respectively, defined by (3.23). Since every constant function belongs to ker Ap, we deduce that f = f;
by Theorems 3.3 and 3.5 this implies F' = F. Since the I-limit does not depend on the subsequence, we
obtain (a) by the Urysohn property of I'-convergence (see [12, Proposition 8.3]). O

From Theorems 3.1 and 4.6, we deduce the following compactness result in the A-free setting.

Corollary 4.7. Let (Fi)ren be a sequence of functionals in Zy;, and let F1§4 be as in Definition /..
Then, there exist a subsequence, which we do not relabel, and a functional F' € Ly such that for every
D € O(RY), the sequence (FA(-, D))ren T-converges to FA(-, D) in ker Ap with respect to the weak
topology of LP(D;R?).

5. THE INTEGRAND OBTAINED FROM MINIMUM VALUES ON SMALL CUBES

In this section, given an integrand f € F., we reconstruct its values f(z,&) at a pair (z,£) € RN x R4
by taking the limit, as p — 07, of the infima of some minumum problems related to f and £ in the cubes

Qp(x).
Definition 5.1. For every cube Q@ C RN, we consider the sets

UQ) = {u € L{’OC(RN;RCI): u 18 Q-periodic,/ wdz =0, and Au =0 in RY in the sense of (2.2)},
Q

U.(Q) := {u € LP(Q;RY): suppu CC Q,/ udr =0,and Agu =0 in Q in the sense of (2.3)}.
Q

For every f € F and £ € RY, we set
M(f,€,Q) :=inf {F(E+u,Q):ucl(Q)},
Mc(f.€,Q) :==nf {F(+u,Q) : u € U(Q)},
where F' is defined by (2.14).

(5.1)

Remark 5.2. If u € U.(Q), then its Q-periodic extension belongs to U(Q). In fact, denoting by @ the
Q-periodic extension of u, let us prove that A% = 0 in RY. Given 1 € C°(RY;R!), we can find a finite
family of mutually disjoint translations of @, {Q; }jle, such that

M
supp ¢ CC int< U Q]>
j=1

Moreover, setting K := suppu CC @, let K; CC (); be the corresponding translations of K. In other
words, K; = supp iq,. Finally, let 6; € C2°(Q;;[0,1]) be a cut-off function with ; =1 on Kj. Then,

N M ) N M ‘
(A, ) ——ZZ/Q_(AZQ).amdx——ZZ/ (A'0) - 0,(0;) da

i=1 j=1 i=1 j=1

N M ) B
- AZU'ai jd.’L‘:O’
) DY ATIRE:

i=1 j=1

where ¢; € C°(Q;R!) is the translation of (0;9))0, from Q; to Q, and where we used the fact that
Agu = 0 in the last equality.
Hence, M (f,£&,Q) < M.(f,&,Q) for every cube Q C RV, every f € F, and every ¢ € R%.
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We now prove that the value f(z,§) of an integrand f € Fgc can be reconstructed using the minimum
values introduced in (5.1) on cubes shrinking to .

Theorem 5.3. Let f € Frip N Fye. Then, for a.e. x € RY and every ¢ € R, we have that
M M.(f,&,
o6 iy MULQUD) _ M6 0,00)

p—0*F P p—0*F P

Proof. For ¢ € RY fixed, we have for every Lebesgue point for f(-,¢) that

1
f(z,§) = lim pN/Qp(z) f(y, &) dy. (5.2)

p—0t

Thus, for a.e. z € RY and for all £ € Q%, (5.2) holds. Consequently, using the Lipschitz continuity in
(2.11), we conclude that (5.2) holds for a.e. z € RV and for all ¢ € R%. Then, for a.e. z € RY and for all
¢ € R?, we have that

o1 . M.(f,&Q
f(,6) =pg%1+w/(gp(w)f(y,€)dy> hpni?ﬁp (pr(m)).

By Remark 5.2, it remains to prove that

f(z,&) <liminf

p—0+

holds for a.e. € RN and for all £ € R%.
Fix z € RY and ¢ € R%. Given p > 0, (5.1) yields a function u, € U(Q,(z)) satisfying

/Q € ) dy < MU Q) +

Then, to prove (5.3), it suffices to show that

f(z,&) <liminf LN / fly, € +u,(y)) dy. (5.4)
Qp(2)

p—0t P

To prove this inequality, we have to compare the values of f at two different points, z, y € R. For
this reason, for m € N and for z,y € RN, we define

wm (z,y) = Sup |f(y.m) = flz,m)]. (5.5)

We claim that there exists a set £ C R with measure 0 such that for every x € RY \ E and every

m € N, we have
1
lim —/ wm(x,y)dy = 0. 5.6
8 o (z,y) dy (5.6)

To prove this claim, we fix m € N and k£ € N and find n,, » € N and a finite family (n;nk)?;"l’“ in B, (0)
such that

Nk

B (0) c | Bx(™").
i=1
Then, for n € By (™), we have
(o) = fl@on) < |f ™) = flan™ )+ ) = Flyn™ O]+ 1 @e,m) = fa,n™")]
< flysm™*) = fla ™M) + O +mP ),
where we used (2.10) and (2.11), and C depends on ¢ and ¢;. Consequently,

wn(@,y) < sup | f(y,n") = Fla,n™) + C1+mPhE,

1<i<ng,,

which gives

1 / o1 m.k m,k 11
— W (z,y) dy < 7/ |f(y,m ") = flo,m™ ") | dy + C(1+mP™7) .
PN oy ;PN Q) k



20 GIANNI DAL MASO, RITA FERREIRA, AND IRENE FONSECA

Hence, considering the Lebesgue points z for all functions f(-,n;" k) with m € N, k£ € N, and 7 €
{1,...;nm 1}, we find a set E C RY with measure 0 such that for every z € RY \ E, m € N, and k € N

we have
1

1
lim —/ wm(z,y)dy < C(1+mP~1)—,
o (z,y)dy < C( )%

from which (5.6) follows by taking the limit k¥ — oo. Since f € Fy. for every x € RY \ E the function
& f(x,€) is A-quasiconvex.
We now fix z € RN\ E, £ € R, and a sequence p; — 07 such that

. 1
jlingoﬁy/%(m) Flys €+ up, (y ))dy—hrgé&pr/Qp(z)f(y,/erup(y))dy- (5.7)
By (2.10),
[ G et un@P =)y [ €, ) dy < M6 Qy () + )
Qp, (@) €O Q; (@)

<co(1+[EP)p) +p) T,
which gives
1
~ / € + up, ()P dy < C (5.8)
Pi JQp, ()
for some positive constant C¢, independent of j. Then, setting
vj(2) == up, (x + pjz)  for z € Q,
with @ the unit cube centered at the origin, we have that v; € U(Q) with fQ |€ 4+ v;(2)|Pdz < C¢ by
(5.8). Then, we can use [7, Lemma 3.1] to find a p-equi-integrable sequence (7;);en C U(Q) such that
limsup/ fle+pjz, &+ 05(2)dz < limsup/ fle+pjz, &+ v;(2))dz
j—o0 j—o0

Next, we set 4;(y) := 9,( y—J) and we observe that the preceding inequality becomes

1
lim sup / €+ (9))dy < lim — / F@ € + up, (1)) dy.
j—=oo  Pj p; (@) j—oo Pi JQ,.(

This inequality, together with (5.7), implies that (5.4) is a consequence of the inequality

1 .

f(z,8) < llmlnfw/ fy, € +u;(y)) dy, (5.9)
J—reo pj ij (z)

which we establish next. Observing that (i;);en C U(Qp,()), we have by the definition of A-quasiconvexity

(Definition 2.1) that

@ <o [ f@éra)dy forallj e (5.10)
pJ Qp; (z)

To prove (5.9), we compare the integrals

1 5 1 .
=S / fa €+ () dy and  — / F(y, €+ 5(y) dy.
p] ij (I) p] ij (x)
To this aim, for m € N, we set
QT () ={ye Q@) |E+u(y)<m} and QF(z):={ye€ Qy,(x):|&+u;y)>m},
and observe that (5.10) and (5.5) yield
1 5 1 5
Py JQr(x) Pj Q™ (z)
1 / B 1 _
<1 jweraw)dy = / o)y + = [ gt () d
Y Jo, @) ’ ry Jo, @) Py Jar @) !

Passing to the limit as j — oo, we obtain from (5.6) that

.6 <timint o [ S € n)dy im0 6w 0) dy

j—o0 p] j—oo  Pj
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To conclude the proof of (5.9), it is enough to show that
1
lim sup —N/ flx, &€+ 4;(y)dy < Ay with lim A, =0.

The preceding estimate is a consequence of the p-equi-integrability of the sequence (9;),en in @ together
with the inequality

1 N C - -
[ feerneds [ rlra@Pdi=a [ (14 5EP)
Pi JQy (=) Py JQr () Qr
where Q;" ={z€Q:|9;(2)| >m}, with |Qv;-”|%0asm%oo. O

6. THE I'-LIMIT OBTAINED FROM MINIMUM VALUES ON SMALL CUBES

In this section, we prove that the integrand of the I'-limit of a sequence (Fj)ren of functionals in 7
can be obtained by talking the limit, first as & — oo and then as p — 07, of the infima of some minimum
problems for Fj on the cubes Q,(z), see (6.6).

We begin by proving that if Fy(-, D) I'-converges to F(-, D), then the corresponding infima introduced
in (5.1) satisfy some inequalities.

Proposition 6.1. Let (fi)xen be a sequence in Frip, let f € F, and let Fy, and F be the corresponding
functionals in T defined by (2.14). Assume that for every D € ORY), the sequence (Fy(-, D))pen I'-
converges to F(-, D) with respect to the topology induced by || - |7 on LP(D;RY). Let @ C RY be an open
cube and let ¢ € R%. Then,

lim sup M(fi, £ Q) < Me(f,,Q), (6.1)
liminf M(fr,€, Q) = M(£,€, Q). (6.2)

Proof. Let § > 0. By (5.1), there exists u € LP(Q;RY), with suppu CC Q, fQudx =0, and Agu = 0,
such that

F(§+u,Q) < Mc(f,6,Q) +0.
By TI'-convergence, there exists a sequence (u)ren in LP(Q,RY) such that up — u in W=1P(Q,RY),
Aquy, — Agu =0 in W=1P(Q,R"), and

lim Py (€ + e, Q) = F(§+u.Q) < Mc(f,6,Q) +0 < +0o. (6.3)

By (2.10), this implies that (u)ren is bounded in LP(Q, R™); hence, us, — u weakly in LP(Q, RY). Using

Lemmas 4.1 and 4.2, we can find a p-equi-integrable sequence (vi)ren C Lb.,.(Q; R?) satisfying

vk—\uian(Q;Rd), Avi, =0 in RY, /vkdm:/uda:=0,
Q Q

and
lim sup Fy (§ + vy, Q) < limsup Fi(§ + ug, Q). (6.4)

k—oc0 k—o0

By (5.1), we have M (f%,¢,Q) < F(§ 4+ vk, Q). This inequality, together with (6.3) and (6.4), yields
limsup M (fx, &, Q) < Mc(f, €, Q) + 0.

k—o0
Since ¢ > 0 is arbitrary, we obtain (6.1).

To prove (6.2), we choose uy € LP (RN;RY) for every k, with uy Q-periodic, fQ updr = 0, and
Auy, =0 in RY, such that
By (6.1), the right-hand side of the previous inequality is bounded; hence, a subsequence of (uy)ren, not
relabeled, converges to some function u weakly in LP(Q;R%).

Since all functions wu are @-periodic, the function v can be extended to a @Q-periodic function, still
denoted by u. Because the embedding of LP(Q;R?) into W17 (Q; R?) is compact and Auy, = 0 for every
k, we deduce that (u)gen converges to u in the topology induced by || -||% on LP(D;R9) and that Au = 0
in RN, Therefore, by I'-convergence and by (5.1), we have

M(£,€,Q) < F(§+u,Q) < liminf Fiy (¢ + up, Q).
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Together with (6.5), the preceding estimate gives (6.2). a

Theorem 6.2. Let (fx)ren be a sequence in Fiip, let (Fy)ken be the corresponding sequence of func-
tionals in T defined by (2.14), and let (F')ken be the sequence obtained as in Definition /./. Suppose
that

(a) there exists f: RN x R? — [0, 4+00) such that

M(fk,j],VQp(x)) = lim sup lim sup —M(fk’ §;VQP<$))

p—0t  k—oo P

f(z,&) = limsup liminf (6.6)

,0—>0+ k—o0

for a.e. x € RN and every ¢ € RY.

Then, there exists f € Frip N Fye such that f(z,§) = f(x,€) for a.e. x € RN and every £ € R?, and the
functionals F and FA introduced in (2.14) and Definition /./ satisfy the following properties:
(b) for every D € O(RYN), the sequence (Fy(-, D))pen T-converges to F(-, D) with respect to the
topology induced by || - |4 on LP(D;R%);
(c) for every D € O(RYN), the sequence (Fi*(+, D))ren T'-converges to FA(-, D) in ker Ap with respect
to the weak topology of LP(D;RY).
Conversely, if f € F and the functionals F and FA introduced in (2.14) and Definition /. satisfy (b)
or (c), then f satisfies (a).

Proof. Since Fy, € Fy;p for every k € N by Remark 2.11, the equivalence between (b) and (c) is proved
in Theorem 4.6. If these conditions are satisfied, then by Corollary 3.4 there exists f € Frip N Fqc such
that

F(u,D) := / f(x,u(x))dz, for every D € O(RY) and u € LP(D;RY),
D

which implies f(z,€) = f(x,€) for a.e. z € RN and every ¢ € RY.
Next, we assume that (b) holds, and we show that f satisfies (6.6). Fix z € RY and ¢ € R%. By
Proposition 6.1 for every p > 0 we have that

limsup M (f, &, Qp(x)) < Mc(f,&,Q,(x)),

k—o0

By Theorem 5.3, we obtain (6.6) with f for a.e. z € RY and every ¢ € R%, concluding the proof of (a).
Finally, we assume that (a) holds, and we prove that (b) is also satisfied. By Corollary 3.4, there
exists a subsequence (f,);jen and a function f € Fri, N Fge such that for every D € O(RY) the sequence

(F,; (-, D))jen T-converges to F(-, D) with respect to the topology induced by || - |5 on LP(D;R%), where

-~

F is the functional associated with f as in (2.14). Since (b)=-(a) by the preceding part of the proof, we

have for a.e. z € RV and every ¢ € R? that

¢ M(fkj7§7Qp(‘T))
N

f(2,&) = limsup lim inf = lim sup lim sup
p—0t I P p—0+  jooo p

M(fkj7€7 Qp(x))

N .

By (6.6), this implies that f(x@) = f(x,&) for a.e. x € RY and every ¢ € R?; hence, F = F. Since the
I'-limit does not depend on the subsequence, we obtain (b) by the Urysohn property of I'-convergence
(see [12, Proposition 8.3]). O

The result of the previous theorem cannot be applied directly to the study of stochastic homogenization
by means of the subadditive ergodic theorem [1, Theorem 2.7] (see also [13] and [27]) because the term
M(f,&,Q) is not subadditive; that is, we do not know if

M(£,6,Q) <> M(f,£,Q)) (6.7)
iel
when (Q;);cr is a finite decomposition of @ into disjoint cubes. We now introduce a variant of M (f, €, Q)
that satisfies this property. The idea is to relax the constraint Au = 0 that was used in the definition
of M(f,&,Q). We begin with a technical result that will be useful to impose a constraint on the norm
| Apullw-1.0(p;ry depending additively on D.
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Remark 6.3. For every D € O(RY) and u € LP(D;R?), there exists V € LP(D; R such that
(Apu,v) = / V -Vipdx for every o € WH(D;RY, (6.8)
D

where - denotes the Euclidean scalar product between matrices. By (2.4), this equality is satisfied, for
instance, when for every x € D and i = 1,..., N, the i-th column of the matrix V() is given by the
vector Alu(z). If (6.8) holds, then

|l -1y < IV lznoim- (6.9)

The following lemma provides a partial converse to inequality (6.9), which will be used later in the
proof of Proposition 6.8.

Lemma 6.4. Let D C RN be a bounded connected open set with Lipschitz boundary, and let K C D
be a compact set. Then, there exists a constant Cx p > 0 such that for every U € LP(D; RN awith
suppU C K, there exists V € LP(D;R>N) satisfying

/ V. -Viydr = / U-Vidxr for every ip € WHY(D,R!), (6.10)
D D
IVIlLe(psrixvy < Cr,pll divUllw-1.0(pg)- (6.11)

Proof. Fix D ¢ RY, K C D, and U € LP(D;R™") as in the statement. Let WL4(D;R!) := {v €
Wh4(D;R"): [, vdx =0}, with the norm induced by W4(D;R!), let W,}{p(D; R!) be the dual space of
WLa(D;R!), endowed with the dual norm, let 7: WL4(D;R!) — Wﬁ;p(D; R!) be the monotone operator
defined by

(T(v),v) := / |Vo|?2Vv - Vipdx  for every v,vp € WhL(D;RY),
D
and let G € WLP(D;R!) be defined by
(G, ¢) = / U-Vipdr for every ¢y € Wh(D;RY).
D

By the Hartman—Stampacchia Theorem [22, Lemma 3.1], there exists a unique function v € W,L49(D; R!)
such that T'(v) = G; i.e.,

/ V|72V - Vip do = / U-Vipdr for every o € WHY(D;RY). (6.12)
D D
Taking ¢ = v in (6.12), we obtain
/ |Vv|qd$:/ U-Vudz. (6.13)
D D
Let w € C°(D) with w =1 on K. Since suppU C K, we get from (6.13) that
/D |Vo|? de = /D U-V(wv)de = —(divU,wv) < || div UHW—l,p(D;Rl)||CUUHW01‘Q(D;RL). (6.14)
Recalling the definition of || - HWO“’( p:rt) given at the beginning of Section 2, the Poincaré-Wirtinger

Inequality yields a constant Cp,, > 0 such that
||wv||W01"’(D;]Rl) < ||W||L°°(D)||VU||L«1(D;RlxN) + HVW”LOO(D;RN)||UHLG(D;1RL) < CD,wHVUHLq(D;RlXN)-

From this inequality and from (6.14), we get

IV01% s gy = /D Vo|?dz < Cp ol div Ullw-o(pszn | V0ll oo

Hence,
9012t miny < Ol div Ul oy (6.15)
Let V := |Vv|?2Vv. Equality (6.10) follows from (6.12). Since |V|? = |[Vo[Pl4=1) = |Vo|?, we have
IVIzeprixny = (fp |Vz;\qu)1/” = ||w||%é’zp;w) = ||Vv||%§(1D;R1xN)- By (6.15), this gives (6.11). O
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Definition 6.5. Given D € O(RY) and n > 0, we set
V(D) :={V € LP(D;R*N): [V}, pgixwy < nlDI},

Uul(D) = {u € LP(D;RY): suppu CC D,/ udx =0, and (6.8) holds for some V € V"(D)}.
D

For every f € F and every £ € RY, we set
M(f,&,D) ==inf {F({+u,D): u e U(D)}, (6.16)
where F' is defined by (2.14).

We will see in Lemma 8.4 that M7 satisfies the subadditivity property mentioned in (6.7).

Remark 6.6. If R C RY is an open rectangle, u € U7(R), and U € V"(R) satisfies (6.8), we can extend
u and U by R-periodicity, which extensions we do not relabel. Then, using the fact that suppu CC R,
we obtain that Au = —divU in RY in the sense of distributions.

Remark 6.7. For every D € O(RY) and every n > 0, we observe that 0 € U”(D). Therefore, we have
M7(f,€,D) < F(€, D) for every £ € R%. By (2.10), this implies

M(f,&,D) < co(1+[P)|D]. (6.17)
If f € Fuip, it follows immediately from the definition of M7 and from (2.12) that for every & and
& € R?, we have

Mg(f7£1aD) < le(fa§2aD)
D - D

MY (f,&, D)\ 5 -
T) + &1 — &P 1)\52—§1|-

+a(1+(

Exchanging the roles of £ and & and using (6.17), we obtain

Mg(fung) _ Mg(f7§2aD)
|D| 1D

‘ <es(1+]a] + &)’ e - &l (6.18)

for a suitable constant c¢; depending only on ¢; and p.

The following result concerns the behavior of M7(fi,&, Q) on a cube @ when the functionals corre-
sponding to f I'-converge.

Proposition 6.8. Let (fi)xen be a sequence in Frip, let f € F, and let Fy, and F be the corresponding
functionals in T defined by (2.14). Assume that for every D € O(RY), the sequence (F.(-, D))ken T'-
converges to F(-, D) with respect to the topology induced by | - |55 on LP(D;R%). Then, for every n >0,
every cube Q@ C RN, and every & € R, we have

thUpMcn(fk,f,Q) S Mc(fvfaQ) (619)

k—o0

Moreover, for every e > 0, there exists 1 > 0 such that for every cube Q@ C RN with side length less than
or equal to 1 and every ¢ € R?, we have

M(f.€,Q) < liminf MI(fi, &, Q) +¢|Ql. (6.20)
Consequently,

sup lim sup MI(fr: €, Q) < Mc(£,€,Q), (6.21)

M(f,€Q) < sup lim inf M(fx, €, Q), (6.22)

for every cube @ C RN with side length less than or equal to 1 and every & € RY.

Proof. Fix £ € R? and 6 > 0. By (5.1), there exists u € LP(Q;R?), with suppu CC Q, fQudac =0, and
Agu =0, such that

F(£+u,Q) < M.(f,€,Q) + 6.
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By TI'-convergence, there exists a sequence (ug)ren in LP(Q;R?) such that up — u in W=1P(Q;R?),
Agqui, — Agu in W=LP(Q;R!), and

By (§ 4 ug, Q) = F(E+u,Q) < Me(f,€,Q) +6 < +oc. (6.23)

By (2.10), this inequality implies that (uz)ren is bounded in LP(Q;R?); hence, uj, — u weakly in
LP(Q; RY).

Fix a compact set K, with suppu C K CC @Q, such that co(1+|£[P)|Q\ K| < d, and let Dy, Dy € O(RY)
be such that K € D; CC Dy CC Q. We apply Lemma 3.2 with vy, := u for every k € Nand B := Q\ K
to obtain a sequence wy, € LP(Q;RY) such that

wr=u=0 in Q\ Dy, wp —u weaklyin L?(Q;R?), wj — v in W 1P(Q;RY), (6.24)

Agwy — Agu =0 in W™HP(Q;RY),

lim sup Fj (€ + wy, Q) < limsup (Fi(§ + ug, Do) 4+ Fi(€,Q \ K)), (6.25)
k—o0 k—o0

where we used in (6.25) the fact that

limsup (Fi(§ 4 uk, D2) + Fr(€ +u,Q\ K)) = hkmSUp (Fr(€ + uk, Do) + Fiu(€,Q \ K))

k—oc0

because suppu C K. By (2.10) and by our choice of K, we have Fi(£,Q \ K) < co(1 + |£P)|Q \ K| < 0,
and so (6.25) gives
limsup Fi (€ +wy, Q) < lim Fju(§ + ug, Q) + 0. (6.26)
(o)

k—o00
By (6.24), we have fQ wy, dx — fQ udz = 0. Fix p € C(Q), with fQ pdz =1 and supp ¢ CC Ds, and
set zp 1= wg — gon wy dx. By the first formula in (6.24), we have
2z =0 inQ\ Das.
Moreover, Agz, — 0 in W=5P(Q;RY), and we have by (2.11) that
lim sup Fy (€ + 2k, Q) = lim sup F(§ + wg, Q).

k—o0 k— o0
This inequality, together with (6.23) and (6.26), gives
k—o0

Since the supports of the functions z;, are contained in Ds, recalling (2.5), Remark 6.3 and Lemma 6.4
yield a constant C' = Cp, o > 0 such that for every k € N, there exists Vj, € LP(Q; R™N) satisfying

/ Vi - Vipdr = (j@%,lﬁ) for every ¢ € Wh4(Q;R?Y),
Q

Vil e @rixnvy < CllAQzkllw—10(Qirt)- (6.28)

Fix > 0. Since Agzr — 0 in W=1P(Q;RY), we obtain from (6.28) that, for k large enough, the
functions Vi belong to the set V"(Q) introduced in Definition 6.5. Moreover, since supp z; CC @ and
fQ zi dr = 0, we have for k large enough that the functions z; belong to the set U7(Q) introduced in
Definition 6.5. By (6.16), this implies that M7 (fx, &, Q) < Fr(€+ 2k, Q). Together with (6.27), this yields

lillcnsupMC"(fk,f,Q) < M.(f,€,Q) +26.

Given the arbitrariness of § > 0, we obtain (6.19), from which (6.21) follows.
To prove (6.20), we fix € > 0 and set C' := 2P71(co + 1)[£]P + 2P Leg(1 + 2¢9). Let > 0 be as in
Corollary 4.3. Using the definition of M7 (see (6.16)) and (6.9), we choose ux € LP(Q;R?) for every

k € N, with suppur CC Q, fQ ug dr = 0, and ||.Auk||w,1,,,(Q;Rl) < n|@Q], such that

o [ le+ mlrdo - colQ] < Fule + u @) < M 6,Q) + 111 < (ot +gP) + 1)1 (629
Co Q

where the first and last inequality follow from (a) in Definition 2.9. These inequalities imply that
HukH]Zp(Q.Rd) < C|Q| for every k € N, which allows us to extract a subsequence of (uy)ren, not rela-

beled, that converges to some function u weakly in LP(Q;R%).



26 GIANNI DAL MASO, RITA FERREIRA, AND IRENE FONSECA

We extend each up to a @ periodic function, still denoted ug. Then, for every D € O(RY), the
sequence (uy)ren converges weakly in LP(D;R?) to the periodic extension of u, still denoted by u. Since
the embedding of LP(Q;R?) into W~1P(Q;R?) is compact, (up)reny converges to u in W=LP(Q;R);
hence, ||ug — ullw-1.p(Qray < €|@Q| for k large enough.

Therefore, by Corollary 4.3, there exists vs, € L2, (Q; R?), with |lvs, — uk||€v_1,p(Q;Rd) <e|lQ|, Avp =0

per
in RN, and fQ v, de = fQ ug, dr = 0, such that

Fi(§ + vk, Q) < Fir(€ + up, Q) + €|Q). (6.30)

Since the right-hand side of (6.29) is bounded, the previous inequality and (2.10) imply that (vg)gen
is bounded in LP(Q;R?); hence, a subsequence of (vy)xen, not relabeled, converges to some function v
weakly in LP(Q;R9).

By periodicity, we have for every D € O(RY) that the sequence (vy,)ren converges weakly in LP(D;R?)
to the periodic extension of v, still denoted by v. Since the embedding of LP(D;R?) into W~1P(D;R?)
is compact and Avg = 0 in RY for every k, we deduce that Av = 0 in RY and that (vj)ren converges to
v in the topology induced by || - ||A on LP(D;R%).

Moreover, since fQ vpdx = 0 for every k, we have also vadaz = 0. Therefore, by (5.1) and by
I'-convergence, we have

M(,6Q) < F(§+0v,Q) < liminf Fiu(§ + vp, Q).

Together with (6.29) and (6.30), the preceding estimate gives (6.20). Since € > 0 is arbitrary, we obtain
(6.22) from (6.20). O

By analogy with Theorem 6.2, we are now ready to present the characterization of the I'-convergence
of the functionals associated with fi, by means of the behavior of M7(fx,§, @) on small cubes Q.

Theorem 6.9. Let (fr)ren be a sequence in Fiip, let (F)ren be the corresponding sequence of func-
tionals in I defined by (2.14), and let (Fi')ken be the sequence obtained as in Definition /./. Suppose
that

(a) there exists f: RN x R? — [0, 4+00) such that

M M
f(z,&) = limsup sup lim inf —< (fr:€, Qo)) = lim sup sup limsup —< (fk: €, Qo))
N N
p—0t 1n>0 k—o0 1Y p—0t 1n>0 k—oo P

(6.31)

for a.e. x € RN and every € € R%.

Then, there exists f € Frip N Fqe such that f(z,§) = f(x,&) for a.e. x € RN and every € € R?, and the
functionals F and FA introduced in (2.14) and Definition /./ satisfy the following properties:
(b) for every D € O(RYN), the sequence (Fy(-, D))ren I'-converges to F(-, D) with respect to the
topology induced by || - |45 on LP(D;R%);
(c) for every D € O(RYN), the sequence (FiA(-, D))ren T-converges to FA(-, D) in ker Ap with respect
to the weak topology of LP(D;R?).
Conversely, if f € F and the functionals F and F* introduced in (2.14) and Definition /./ satisfy (b)
or (c), then f satisfies (a).

Proof. Since Fy, € Fy,;p for every k € N by Remark 2.11, the equivalence between (b) and (c) is proved
in Theorem 4.6. If these conditions are satisfied, then by Corollary 3.4 there exists f € Frip N Fqc such
that

F(u,D) := / f(x,u(x))dz, for every D € O(RY) and u € LP(D;RY),
D

which implies that f(x,&) = f(x,g) for a.e. x € RV and every ¢ € R?.
Assume (b). Fix z € RY and ¢ € R%. By Proposition 6.8, we have for every 0 < p < 1 that

sup limsup M (fx,§, Qp(x)) < Mc(f, €, Qp(2)), (6.32)

n>0 k—oo

M(f,& Qp(x)) < sup liminf M(fy, €, Qy (). (6.33)
n>0 k=00
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Using Theorem 5.3, (6.32), and (6.33), we conclude that

p—07F P p—0*F p p—0+ n>0 k—oo P
< lim sup sup lim sup Mg (Ji, %Qp(x)) < lim sup —Mc(f’ f;VQp(ﬂﬁ)) = lim sup —Mc(f’ f;va(a?)) = f(x, §).
p—0+ 1>0 k—oo P p—0+ P p—0+ p

Thus, (6.31) holds for a.e. z € RY and every ¢ € R?, concluding the proof of (a).
Assume (a). By Corollary 3.4, there exists a subsequence (fx,)jen and a function f € Frip N Foc
such that for every D € O(RY), the sequence (Fy, (-, D)) en I'-converges to ﬁ(, D) with respect to the

topology induced by | - ||f5 on LP(D;R?), where F is the functional associated with f by (2.14). Since
(b)=(a), as proved above, we have for a.e. + € RY and every ¢ € R? that

f(x, &) = limsup sup lim inf Mcn(fkj’i’Qp(x)) = lim sup sup lim sup Mg(fkj ’ va, Qp(:r)).

p—0+t n>0 I 1% p—0t 1>0 j—oo P
By (6.31), this implies that f(x,f) = f(z,€) for a.e. z € RN and every ¢ € R% hence, f € Fy. and

F = F. Since the I'-limit does not depend on the subsequence, we obtain (b) from the Urysohn property
of T'-convergence (see [12, Proposition 8.3]). O

7. HOMOGENIZATION WITHOUT PERIODICITY ASSUMPTIONS

Throughout this section, we fix a function f € Fr;p,. We observe that if the vector space span(A)
generated by the wave cone A coincides with R? then every f € Fy. belongs to Fi;, by Remark 2.8. For
every € > 0, we consider the functions f. € F defined by

fe(@,8) == f(£,€)

for every x € RY and ¢ € R?, the functionals F. € 7 associated with f. by (2.14), and the corresponding
A-free functionals FEA introduced in Definition 4.4. Note that f. € Fy;, for every € > 0.

The following theorem provides very general conditions on the function f which ensure that there
exists a function fhom € F, independent of x, such that for every D € O(RY), the family of functionals
(F-(+,D))e>0 I-converges as ¢ — 07 to the functional Fyom(-, D) corresponding to fhom. By this we
mean that, for every sequence (ex)ren of positive numbers converging to 0, the sequence (F%, (-, D))ken
I-converges to Fhom(+, D).

Theorem 7.1. Suppose that for every x € RY, € € Q?, and k € N, the limit
M6 Qu(ra

r——+00 rN

(7.1)

exists and is independent of x (see Definition 0.5). Then, f}’fom can be extended as a continuous function
on R%, which we still denote by fF . and (7.1) holds for every ¢ € RN. Let fuom: R? — [0,400) be the
function defined by

fhom(f) ‘= sup f}’fom(f) = khm f}]fom (5) (72)
keN 00

for every € € R%. Then, from € Frip N Fqe and the following properties hold:
(a) for every D € O(RYN), the family (F.(-, D))c>0 I-converges as e — 0% to Fyom (-, D) with respect
to the topology induced by || - |75 on LP(D;R%);
(b) for every D € O(RYN), the family (F2(-, D))eso I-converges as ¢ — 0% to FA (-, D) in ker Ap
with respect to the weak topology of LP(D;R?).

We will see in Section 8 that (7.1) is satisfied almost surely under the standard hypotheses of stochastic
homogenization. In particular, it is satisfied when x +— f(z,¢) is Q1(0)-periodic for every ¢ € RY. The
following proposition examines another simple case in which (7.1) holds: f is the sum of a periodic
function with respect to z and a function whose support has compact projection onto R¥.

Proposition 7.2. Assume that f can be written as

f = fper + fcomp7 (73)
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where fper, feomp € FLip satisfy the two following properties:
(@) x> fper(z, &) is Q1(0)-periodic for every & € R (7.4)
(b) there exists R > 0 such that feomp(x,§) =0 for every x € RY\ Qr(0) and every ¢ € R, (7.5)
Then, for every x € RN, ¢ € Q?, and k € N, the limit

@) i M Q)

r—+00 rv

(7.6)

exists and is independent of x.

Proof. By (7.4), we can apply Theorem 8.5 to fper, considered as a stochastically periodic random
integrand (independent of w), and we obtain for every k € N, z € RV, and ¢ € Q? that the limit

1/k
f}]fom(g) = lim M. (fPC“g,Qr(T'l'))

r——+o0o rN

(7.7)

exists and is independent of x. We remark that since probability is not involved here, this result can be
7

obtained directly by adapting some arguments of [7].
We claim that

1/k
Fhn(€) = 1 M (8Ol

(7.8)

for every k € N, z € RV, and ¢ € Q%. Since feomp € F, we have 0 < fiomp by Definition 2.5. Hence,
fper < f by (7.3). This implies that Me/"(fper, €, Qp(rz)) < ME'*(f,€,Q,(rx)), which, together with
(7.7), yields
) M (f,€ Qu(ra)
fhom(é-) < lim inf ,,r,]\’] . (79)

r—+00

In order to prove that

M (1,6,Q, (ra))

lim sup > < fffom(é), (7.10)
r—+o0 T
we fix k € N, z = (z1,...,2zn5) € RV, and ¢ € QZ. Similarly to the proof of Corollary 4.3, given m € N,
we set A, :={1,...,m} and for every a = (ay,...,an) € A,,, we consider the point
1 1 [e%1 1 1 an
= -t — ..., == — 4+ — ). 11
(@) = (1, ’xN)J“( 2 om w2 2m+m) (7.11)
We observe that
Q1) = |J Qum@()) and Qi/m(x(a)) NQ1ym(x(B)) =0 for a # 5.
a€A,,
Hence, for every r > 0,
Qr(rx) = U Qr/m(rz(a)) and  Qp/m(rz(a)) N Qy m(r(z(8)) = 0 for o # B. (7.12)
aEAn,
Given r > mR, we set
AnF={a € Ap: Qrym(rz(a)) NQr(0) # 0}. (7.13)
From (7.11), we deduce that o € A7F if and only if for every j = 1,..., N, we have
r_r ey T TGN (LR
(”3 2 m 2+m)m( 2’2)7% (7.14)

Since the intervals depending on «; in the previous formula are pairwise disjoint and their length is
o > R, for every j = 1,..., N, there are at most two elements o; € {1,...,m} such that (7.14) holds.
This implies that the number # A% of elements of A" satisfies

HATE < 9N (7.15)

Given § > 0, we use Definition 6.5 to find for every a € A,, a function u, € Ue’* (Qr/m(rz(c))) such

that

,,,N

N

- (7.16)

/ Foer (€ + 110 (9)) dy < MY (foer, £, Qo (r(@))) +
Qr/m(rz(a))
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By (7.12), we can define u: Q,(rz) — R by setting u(y) = 0 for every « E AT’R and u(y) := uqa(y) for
every a € Ay, \ ATE. Recalling Definition 6.5 and (7.12), we see that u € uy (Qr(rw)), and so

MY, 6,Qu(ra) < /Q ey

By the definition of u and by (2.10), (7.3), (7.5), (7.13), (7.15), and (7.16), we have

MM (£,6, Qelra)) < 0 /Q BB
r/m (T2 (o

AT‘R

/ Fror (4, € + ta(y)) dy
Qr/m(rz(a))

™R
a€AL\Ay (717)

N
< 2WNeo(1+ |§|P)% +0rN + 3 MY (fper & Qrym (rz(@))).
a€A,,

Since Q. /m (rz()) = Qr/m ((r/m)(mz(a)), the equality
M (Foer, € Qrjm (re(e))) = M (foer, €, Qryn(r/m) (ma(a))),

together with (7.7), leads to

Alg/k(jber,S,CQT/WI(TI(OO)) 1 1/k

i 2 = o hin©)
From this equality and from (7.17), we get
M
timsup ML QD) g ) 2 i o).
r—+00 r

Taking the limit as m — +oco and § — 0, we obtain (7.10), which, together with (7.9), yields (7.8),
concluding the proof of (7.6). O

Proof of Theorem 7.1. By (6.18), we have for every &;, & € R? and every k € N that

1/k 1/k
M, (f,fll\;Qr(m)) M, (f,flzv,Qr rx) '< (14 161] + )" 1|§27§1|

Hence,

| (€1) = Fom(E)] < es(1+ 16| + [€])" 7 162 — &

for every & and & € Q?. This implies that fF  can be extended as a continuous function on R¢, which
we still denote by f  and that (7.1) holds for every ¢ € RY.

As we show next, by Definition 6.5 and a change of variables, we have for every z € RN, ¢ € R%, p > 0,
and k € N, that

MUH(fr6 Qule)) = VMM (1,6, Qu () = 0 () MM (1,6, Qye (£(21)). (7.18)
In fact, let u. € Uz’ (Qp/e(g)) and V2 € VV/*(Q,/-(£)) be such that

/Q o Vel dy < 1Ry (D) = RO
p/ele

N

= Aiug(y) - Bb(y) dy = / Vi(y)- Voly)dy for every ¥ € WH(Q,-(2);RY).
Qpye(2) Qpy=(2)

Define
we(z) :=us(2) and  W.(z):=V.(2) forze Qpy(x).
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Then, using a change of variables and the definition of L{cl/k(-) and VV/¥(.), it can be checked that
we € LP(Q,(x); RY), suppw. CC Q,(z), and W, € LP(Q,(x); R™N). Moreover,

/ ws(z)dz:/ us(g)dz:sN/ ue(y) dy =0,
(z) Qp(2) Qp/e(2)

P

[ owara= [ werd= [ vpd< e = el
p(T) z ()

Qp () Qp/e(Z

p(w) Qp/s(%)

z we(2))dz = U 2 =N U .
/Mﬂg,u di= [ fEeru@ = [ ety

Furthermore, given § € W4(Q,(z); R"), we define v € W4(Q,,/-(£); R") by setting ¢ (y) := L6(ey) for
y € Q,/:(2), and observe that

N

_ = — N i'LL . .
Z/p(w Z/ )-0:0(2)d € ;/Qm(?)A (y) - 9:0(cy) d

- A'ue(y) - Onily) = & Ve(y) - Vi) d
E ;/@/E@ W) owly) = /Qp/a(@ () Vi) dy

= / Vo(2)-VO(z)dz = We(z) - VO(z)dz
Qp(x) Qp()
Hence, recalling Definition 6.5, we conclude that Mcl/k(fe,f,Qp(x)) < eNMcl/k(f,f,Qp/E(g)). The
converse inequality can be proved similarly, from which (7.18) follows.
Combining (7.1) and (7.18), recalling that the limit in the former is assumed to exist and to be
independent of x, we get for every ¢ € R? and p > 0 that

MF(f,6,Qp-(2(2))
k T c 1Sy Wp/elg T
fhom(f) - EE}I[I)L (p/g)N 14 _ Eli)rélJr p

Mi/’“(fag,c?p(x))'

N

Thus, (7.2) gives for every p > 0 that
Cl/k (f67 57 Qp(l'))

N

M2(fe, € Qp())

N bl

=sup lim
n>0¢e—0t P

fhom(g) = sup fhom(f) = sup lim

keN keNe—0+ P

where in the last equality we used the monotonicity of M with respect to . Then, by Theorem 6.9, the
function fuom belongs to Frip N Fqec and (a) and (b) are satisfied. O

8. STOCHASTIC HOMOGENIZATION

In this section, we study stochastic homogenization problems in the A-free setting. To this aim, we
fix a probability space (€2, T, P) and a group (7,),ez~ of P-preserving transformations on (2,7, P), i.e
a family (7,).czv of T-measurable bijective maps 7,: Q — 2, with P(7,1(E)) = P(E) for every E € T
and every z € Z%, satisfying the group property: 79 = idg (the identity map on Q) and 7,4,/ = 7, o T.s
for every 2,2’ € ZN. We recall that the group is called ergodic if every set £ € T with 7.(E) = E for
every z € Z" has probability 0 or 1.

We introduce now the classes of random integrands that we are going to consider.

Definition 8.1 (Stochastically periodic random integrands). Let ]-"fﬁp be the collection of func-
tions f: Q x RN x R? — [0, +00) satisfying the following properties:

(a) f is T x L x B-measurable, where L is the o-algebra of Lebesgue measurable subsets of RY and
B is the Borel o-algebra of RY;

(b) setting f(w) == f(w,-,-), we have f(w) € Frip for every w € Q;

(¢) f is stochastically periodic with respect to (7;),czn, i.e.,

flwz+28) = f(r(w),z,8)

for everyw € Q, x € RN, 2 € ZV, and &€ € R?.
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Finally, let }"SE be the collection of all functions f € F** such that f(w) € Fqye for P-a.e. w € Q.
We recall that if the vector space span(A) generated by the wave cone A coincides with R? then ]-'SZ -

st by Remark 2.5 .

Lip

We now introduce the notion of subadditive process. Let R be the collection of all rectangles of the
form
[a,0) :={z € RN : a; <a; <b; fori=1,---,d} witha,beRY.

Definition 8.2 (Covariant subadditive process). A covariant subadditive process with respect to
(72)2ezn 08 a function @: Q x R — [0, +00) with the following properties:

(a) (measurability) for every R € R, the function w — ®(w, R) is T -measurable on Q;
(b) (covariance) ®(w, R+ 2) = ®(1.(w), R) for every w € Q, RER, and z € ZV;
(¢) (subadditivity) if R € R and (R;);er C R is a finite partition of R, then

P(w,R) < Z@(w,Ri) for every w €
iel
(d) (boundedness) there exists ¢ > 0 such that 0 < ®(w, R) < c|R| for every w € Q and R € R.

We will use the following variant of the Subadditive Ergodic Theorem [1, Theorem 2.7], see also [13]
and [27].

Theorem 8.3. Let ® be a covariant subadditive process with respect to (,),czv. Then, there exist a
T -measurable function ¢: Q — [0,4+00) and a set Q' € T, with P(Y) =1, such that

d

for every x € RY and every w € Q. If, in addition, (7.).cz~ is ergodic, then ¢ is constant P-a.e. in (.

Lemma 8.4. Let f € F*, £ € R?, and n > 0. Then, the function <I>g: QxR — [0,+00) defined by
Y (w, R) := M (f(w),&, R)

s a covariant subadditive process.

Proof. Using (2.11) and Remark 6.3, we see that the infimum in (6.16) defining M?(f(w),&, R) can be

obtained using a suitable dense sequence of functions u. Since for every u € LP(R;RY), the function

w = [ flw,z,€ 4+ u(x)) dr is T-measurable by (a) of Definition 8.1, we conclude that w — P} (w, R) is

T-measurable. The boundedness and the covariance property are clear.

We now prove subadditivity. Fix w € 2, R € R, a finite partition (R;);er of R, and § > 0. For every
i € I, there exist u; € LP(R;; R?) and V; € LP(R; R™>*N) such that suppu; CC R;, va u; dz =0,

<~"ngiuia7/’> = / Vi -Vipdz for every ¢ € WH(R;RY),

Ry

/ VilPdz < n|Ril,
R;

|t gt u@)do < M), 6 R) + 81R.
R;
We define u € LP(R;R?) and V € LP(R;R>*N) by setting u := u; and V := V; on R; for every i € I.
Then,
(Zéu, Yy = / V-Vipdr for every ¥ € WHI(R;RY),

R
Moreover, by additivity, we have

/udsz, /\V\pdx<77|R|, and
R R

/R Flw,a,€ +ul@)) do < 37 MI(F(w), & i) + 9| R.

i€l
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By (6.16), we obtain M7(f(w),&, R) < Dier M(f(w), & R;) + 6|R|. Hence, due to the arbitrariness

of § > 0, we conclude that M7 (f(w),&, R) < Dier M(f(w),&, R;), which proves the subadditivity of

d!(w, R). O
§ )

We are now in a position to state our main result on stochastic homogenization of A-free integral
functionals. Given a stochastic integrand f € F®! and ¢ > 0, we consider the stochastic integrands

Lip
fo: QxRN x R? — [0, +00) defined by

felw,z,8) := f(w,x/e,§)

for every z € RN and ¢ € RY. Setting f-(w) := f-(w,-,-), we have that f.(w) € Fi;, for every w € €,
so we can consider the functionals F,(w) € Zyi, associated with f.(w) by (2.14), and the corresponding
A-free functionals FA(w) introduced in Definition 4.4.

Theorem 8.5. Let f € F3i, and, for every ¢ > 0 and for every w € Q, let F.(w) € Ty, and FA(w)

be the corresponding functionals. Then, there exists a set Q' € T, with P(Y') = 1, such that for every
kEeN,we, and £ € QY, the limit

F 06 e tim M )6 Q)

r—r+00 TN

(8.1)

exists and is independent of x. Moreover, for every w € V', the function fF _(w,-) can be extended as a
continuous function on R?, which we still denote by f}]fom(w, 3), and (8.1) holds for every & € R.
Let fuom: Q2 x RY — [0, 4+00) be the function defined for every & € R? by

SUD fiiom (w,€) = lim fiion, (0, €) ifw € Q' and £ € R,
fhom(wvg) = ren = )
/ from (W', €)dP (W) ifweQ\Q and £ € R,
Q/

Then, fhom € fitipﬁfflz and, setting fhom(w) = fhom(w, ) for every w € Q, the corresponding functionals
Fhom(w) € Trip N Ty defined by (2.14) and F:

hom
properties:
(a) for every w € Q' and every D € O(RY), the family (F.(w,-, D))eso I'-converges as e — 07 to
Fhom(w, -, D) with respect to the topology induced by || - || on LP(D;R%);
(b) for every for every w € Q' and D € ORN), the family (F(w, -, D))eso I'-converges as ¢ — 0
to A (w,-, D) in ker Ap with respect to the weak topology of LP(D;R?).

hom

If, in addition, (1).cz~ is ergodic, then we can select ' so that ff —and fuom do not depend on w.

(w) introduced in Definition ./ satisfy the following

Proof. The existence of ' € T, with P(2') = 1, such that (8.1) holds follows from Theorem 8.3 and
Lemma 8.4. The properties of ff (w,€) and fuom(w, &) for w € ' are given by Theorem 7.1, which
implies also that (a) and (b) hold and that fuom(w) € FripNFqc for every w € §; hence, fuom € Fiﬁpﬂfgz.

If (7,).ez~ is ergodic, then Theorem 8.3 implies that for every ¢ € QV, the function w — fF (w,&)
is constant P-a.e. in Q. Therefore, we can select Q' so that fF  does not depend on w for £ € QV, and

so does its continuous extension to RY and its limit Sfhom- O
Raita
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