HOMOGENIZATION AND PHASE SEPARATION WITH FIXED
WELLS - THE SUPERCRITICAL CASE

RICCARDO CRISTOFERI, IRENE FONSECA, AND LIKHIT GANEDI

ABSTRACT. A variational model for the interaction between homogenization and phase
separation is considered in the regime where the former happens at a finer scale than
the latter. The first order I'—limit is proven to exhibit a separation of scales which has
been previously conjectured in [L1][23].

1. INTRODUCTION

Composite materials are important to modern technology as the mixing of two different
material properties at fine scales can give rise to unexpected emergent behavior [13].
Therefore, understanding the process of phase separation on such materials is crucial to
leveraging these processes for technological applications.

For a homogeneous material, the distribution of stable phases is commonly modeled by
using the Cahn-Hilliard free energy (also known as the Modica-Mortola functional, in the
mathematical community). The energy reads as

B.(u) = /Q W (u(@)) + 2 Vu(@)?] dr,

where u € W12(Q; RM) represents the distribution of phases, € > 0 is a small parameter
that represents the width of the transition layers between the different materials that
form the composite, and the free energy W : RM™ — [0, 00) that vanishes at the stable
critical phases. It was first proved by Modica and Mortola [28][29] in the scalar case that
in the limit this energy minimizes perimeter, i.e, interfacial energy. This sharp interface
limit was conjectured by Gurtin [22] to hold in more generality, and was later proven in
[25, BO, 20]. Since then, many variants have been studied such as having multiple phases
(7], fully coupled singular perturbations [, [19], and even the case in which the wells of
W are allowed to depend on position [1L6, [14].

Our interest here is in a heterogeneous material where the heterogeneities are modeled
with an oscillating periodic potential W : RY x RM — [0, +-00) that is Q-periodic in the
first variable, where Q C R¥ is the unit cube (—%, %)N . We consider the wells of W to
be fixed constants a,b € R, while the case in which the wells of W are dependent on
the spatial variable will be considered in future work.

The energy functional reads as

Fes(u) = /Q [W (%,U> +52|Vu|2] d.
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In order to analyze the behavior of minimizers, we consider a I'—expansion [10, 4]. At
the lowest order, it is possible to show that, F. s LI Iy as 6, — 0 with

MW:LMMMa

where u € L'(2;RM) and W, is a homogenized potential whose form depends on the
rate of convergence r := lim g. Since we are in the regime of fixed wells a, b, it is always
possible to find many minimizers of Fy which achieve zero energy even with a mass
constraint. Thus, in order to better understand the minimizers, we need to consider the
next order in the I'—expansion. Similar to the heuristics for the homogeneous Modica-
Mortola functional, it is possible to determine that the energy of having a transition layer

between the phases will be of order . This leads us to consider the rescaled functional

£ 5(u) ::é E,é(u):/g EW (%,u>+€\Vu\2] da (1.1)

However, this energy has not been studied much in the literature due to technical mathe-
matical difficulties it poses. The behavior of minimizers of such a model depends greatly
on the rate r at which e,0 comparatively decay to 0, i.e., e K §,e ~ 9, or 6 < €. In [15]
the first two authors in collaboration with Hagerty and Popovici, rigorously characterized
the first order I'-limit when £ ~ §. This has been recently extended to the fully coupled
scalar case with stochastic homogenization [27]. For ¢ < 4, the characterization of the
['—limit is still open, but in [14], the authors have identified an intermediate scaling of &
and characterized the I'—limit with respect to strong two-scale convergence in an analysis
that also extends to the case of spatially dependent phases.

In this paper, we study the case § < e, and we prove a separation of scales that has only
been conjectured thus far (see [L1][23]), namely that the first order I'-limit is the I'-limit
of the functional

" /ﬂ Ewhom(u(x>>+s|vu(x)|2] i,

where Wy, is the homogenized potential of W defined as
Wian(2) = [ Wiy, ).
Q

Heuristically, this is expected because the regime § < € suggests that we first homogenize
(namely, we first send § — 0), and then we study phase separation (namely, we send
e — 0). Indeed, [23] was able to use the technique of direct replacement of the potential
by Whom (first used in [11] in a similar setting) to show the I'—limit when § < 2. Here,
we are able to prove that the same heuristics can be made rigorous even when § < ¢, by
using an intermediate cell problem derived from the two-scale unfolding of the functional.

Our strategy, which will be outlined in Section @, enables us to weaken the regularity
requirements of W to be only Carathéodory and to remove restrictions such as quadratic
behavior near the wells, which are sometimes used in literature [14][20]. Another im-
portant feature is that we prove strong compactness directly from the coercivity and
polynomial growth bounds rather than assuming the existence of a continuous double
well potential Wy independent of x and such that Wy (z) < W(z, z) for every z € RM,
as used in [23].

Finally, we note that sometimes in the literature the heterogeneity is entered into the
energy through the singular perturbation [2][3]. This creates a similar separation of scales
effect, but it requires different techniques and leads to anisotropic effective limits. The
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techniques used in [2][3] has since also been applied to the case of the Ambrosio-Totorelli

energy [6][b].

1.1. Main results. Let Q C RY be a bounded open set, and N, M > 1. Denote by Q =
(=1/2,1/2)" the unit cube in RY centered at the origin. Let W : RY x RM — [0, +00)

be a measurable function which satisfying the following hypotheses:

(W1) W is a Carathéodory function which is @Q-periodic in the spatial variable, i.e.,

e 2 W(x,z) is continuous for LY —a.e. z € Q,
e 2 +— W(x,2) is measurable and Q—periodic for all z € RM,
(W2) There are a,b € RM such that
W(z,z) =0 < z € {a,b}.

(W3) There exists R > 0 such that for LV-a.e. x € Q,
1
Wir2) > 2,
if 2| > R.

(W4) For every M > 0, there exists a constant Cy; > 0 depending only on M such that

esssup Wiz, z) < Cy
TEQ,|2|<M

Remark 1.1. We note that we use two-wells for convenience. For multiple wells, a similar

result holds using [[7].

Remark 1.2. Assumption is the minimum regularity requirement when allowing
for material inclusions which are a common form of composite materials. The coercivity
growth assumption @I is standard in such type of problems. We note that @I allows
for a general class of upper bounds on W including polynomial growth conditions. Note
that we are not assuming any behavior of the potential close to the wells. This is a

novelty in comparison with previous works (see,e.g., [20][15][L4]).
We now introduce the functionals that we will study.

Definition 1.3. Let {€,},, {d,}, be infinitesimal sequences such that
On

lim — = 0.
n—00 &,

For n € N, define the functional &, : L'(Q; RM) — [0, +o0] as

1
/ [—W (ﬁ,u(x)) + é?n]Vu(x)\z] dr if u € WH2(Q;RM),
gn(u) — QLEn o
+00 else.
We next introduce the limiting functional in ()
Definition 1.4. For z € RM | let

Whom(2) = /Q Wz, 2) dx.
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Set
Ohom = inf {/1 27/ Whom(7(t)|7/ (£)|dt : v € Lipz([-1,1];RM), v(=1) = a, y(1) = b} :

where Lipz([—1, 1]; RM) is the space of continuous curves v : [—1,1] — R such that vy €
Lip(T,RM), for every compact set T C [—1, 1] disjoint from {t € [-1,1] : v(¢) € {a,b}}.

Definition 1.5. Define the functional &, : L'(Q; RM) — [0, +00] as
ohomPer({u = a}; Q) if u e BV(2;{a,b}),
Eoolu) =
400 else,

where Per({u = a}; Q) denotes the perimeter of the set {u = a} in Q.

We are now in position to state the two main results of this paper, namely pre-compactness
of sequences with uniformly bounded energy, and the T'-convergence of {&,},.

Theorem 1.6. Let {e,}n, {0n}n be infinitesimal sequences such that
On

lim — = 0.
n—oo £,

Let {uy}, C LY RM) be such that

sup &, (up,) < 00.
neN

Then, there exist w € BV (Q;{a,b}) and a subsequence {un, }x such that u,, — u strongly
in LY(Q; RM).
Theorem 1.7. Let {e,}n, {0n}n be infinitesimal sequences such that

On

lim — =0.
n—oo &,

Then, &, L Eoo with respect to the strong L'(Q; RM) convergence.

The strategy of the proofs are stable enough to allow for a mass constraint to be incor-
porated in the functional.

Definition 1.8. Let m € (0,|Q?]). We define the mass constrained functional

N En(u) if u e WH(Q; RM), / udr =ma+ (1 —m)b,
En(u;m) = Q
400 else.
We also define the suitable limiting problem
N Eoo(u), ifue BV(Q;{a,b}), /udx:ma—i-(l — m)b,
Eoo(u;m) == Q

+00 else.
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Corollary 1.9. Let m € (0,|92]) and {e,}n, {0n}n be infinitesimal sequences such that
On

lim — = 0.
n—o0 En

Then, gn 5 goo with respect to strong L*(Q; RM) convergence Moreover, pre-compactness
for sequences with uniformly bounded &, energy holds.

Remark 1.10. The I'-convergence results stated in Theorem @ and Corollary allow
to get the standard convergence of minima and minimizers (see [17, Corollary 7.20])), as
well as approximation of isolated local minimizers (see [25]).

1.2. Outline of the Strategy. The recovery sequence is the same recovery sequence as
for the Modica-Mortola energy with potential Wy,,. This, and the modifications required
to satisfy the usual mass constraint are detailed in Sections 6 and 7, which require some
care due to the minimal assumptions on IW/. The core of the work is in proving the Liminf
inequality in Section 4 (see Theorem {.1)), with some useful preliminary and auxiliary
results contained in Sections 2 and 3. Here, we outline the main ideas of the proof of the
Liminf inequality.

Take a sequence {u,} C WH2(Q; RM) N L°(Q; RM) with bounded energy which achieves
the I'-Liminf (see Definition R.6). We can partially unfold the energy with the unfolding
operator (see Definition R.1)) just on the potential, and use the non-negativity to throw
away the boundary terms at the cost of the correct inequality,

Enltn] 2/ {/ Mdy—l—aannF} dz.
Q Q En

Applying Young’s inequality, we get
1
Enlun] > / 2 {/ Wy, Us, un(z,y)) dy] |Vu,| de =: F,[u,).
Q Q

To finish we would need to replace the integral under the square root by

Whom(un) = /QW(yvun) dy

First, we notice that the following term is negligible in the limit (see (@)),

/ / \Us, wp — uy| dy|Vuy,| de — 0,
QJQ
and we rewrite F}, as
1
2
/ 2 [/ Wy, un(x) + Us, un(z,y) — un(x)) dy] \Vu,| dz.
Q Q

The idea is to claim that the potential essentially acts like Wy (1, ), but with the excep-
tion of some small sets. We fix an n > 0. Using a slicing argument, we find a sequence
{01}, € L®(Q; W2(Q)) with |[v,]|ee < 7 and with lower energy,

n—o0 n—oo

%
liminf F),[u,] > liminf / 2 {/ Wy, u, + v dy} |Vuy,| dx.
Q Q
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We define a double-well function W7"(z) such that v is admissible in the infimum (see
Section 3.2). After appropriate truncations and removal of small "bad sets”, we achieve

liminf F),[u,] > lim inf / 2/ Wi(uy,)|Vu,| do.
Q

n—oo n—o0

Since W is still a continuous double-well function with the same wells (see Theorem @),
we can apply “classical” compactness and I'— Liminf arguments [20] to obtain that up
to a subsequence, u, — u strongly in L'(Q; RM) and

liminf F,[u,] > o,Per({u = a}; Q).

n—oo

To conclude, we show that o, ,* Ohom, Where ohom is as defined in Definition .

Here we use ideas from [33], where Zuniga and Sternberg showed under very minimal
conditions the existence of a minimizer of the geodesic problems that underly o,. We
recall these properties in Section 2.3, and use them to prove some critical results in Section
3.3.

In the sequel, we will often take subsequences without relabeling, C' will be a generic
constant that may change between inequalities, and subscripts to C' will describe the
limiting parameters that it depends upon.

2. PRELIMINARIES

2.1. The unfolding operator. We recall the unfolding operator, which was first used
to pass to the limit in periodic homogenization problems by rendering the microscopic
scale to behave macroscopically. Two scale convergence was shown to be characterized as
LP convergence on the product space through the unfolding operator [12][81][32]. While
we do not need two scale convergence in this paper, the unfolding operator provides here
a useful tool to encode the usual change of variable used in homogenization problems.

Definition 2.1. For § > 0, let

Qa = U (m)

ZiEI(;

where I is the set of points k € 6Z” such that k +0Q C €. The unfolding operator
Us : LHOQ;RM) — L1(Q; LY(Q; RM)) is defined as

u(éﬁj +5y> foerfb, Yy € Q,
Us(u)(z,y) = (2.1)
a ifIGQ\Q(g,yEQ,

where, given an enumeration {k;};cy of Z%,
|| =k i=min{j €N : k; € argmin{|k — 2| : k € Z"} } (2.2)
is the integer part of z € RV, and a is the well in .

Remark 2.2. This definition of the unfolding operator is nonstandard as we make the un-
folding operator nonzero in the small boundary set As x (). This has been used previously
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in [14] to simplify some of the computations. In particular, by change of variables and
periodicity of W we can rewrite

T T N
el > el — ,
[ G [ (o) o= 30 [ W ot a
= Z/ /W(y,u(zi+5y)) dydx:/ /W(y,u(;u) dydx
zi+6Q v Q Qs JQ

zi€ls

QJQ

where in the second to last equality we used that for every z € z; + 0Q), 0 L%J = z. In
the last equality, we are able to add back in the boundary set to the unfolded integral as
by definition of our unfolding operator, we have W (y,Usu) = W(y,a) = 0.

Furthermore, we note that for Sobolev functions, gradients transform by chain rule to be

Us(Vu(z)) = V,(Usu(z, y)).

2.2. Truncation of functions. We define the truncation operator and state its basic
properties.

Definition 2.3. For M > 0, we define the truncation operator Tp; : L*(;RM) —
L= (Q;RM) as
f(z) |f(@)] < M,
TP =1 (@)
|/ ()]

|f(@)[ > M.

The following can be easily proved.

Lemma 2.4. Let f € WY (Q;RM).  Then, Ty(f) € L®(Q;RM) n WH2(Q;RM) and
IVTu (N < [V

2.3. Geodesics of degenerate metrics. Here we describe results from [33], that will
be used extensively to prove convergence of the degenerate geodesic problems under mild
assumptions.

Let F': RM — [0,00) be a continuous function satisfying
(F1) The zero set of F', denoted by Z, consists of a finite number of distinct points;
(F2) liminf|. | F(2) > 0.

As in Definition , we define Lipz([—1,1];RM) to be the space of continuous curves
which are Lipschitz continuous with respect to the Euclidean metric on any compact
portion of the curve that does not touch the zero set of F.

Consider the energy

1

BO)i= [ PO (@l for v € Lips(-1, 1RY).

1
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Due to the parameterization invariance of the energy and the fact that it is conformal to
the Euclidean metric up to a degenerate factor, we can define a metric on RM by

ﬂn@:ﬂﬁ{/}FW®HV®MPVELmﬂDJkNWwﬂ—D=pm%0ZQ}

and (RM d) is a length space. Further, we introduce the length functional L for any
curve 7y as

L ‘= su d k) Y (tk+1))s
(7) {n322¢>§;: (Y(tw), ¥(trs1))

where P is the set of finite partitions of [—1,1]. Using this length space viewpoint,
Proposition @ below was proven in [33].

Proposition 2.5.

(1) [B3, Lemma 2.4] Let B(x,r) denote the open ball centered at x and with radius r in
the Euclidean metric. For every e > 0 such that Z C B(0, %), there is an ro > 0
such that if p,q € B(0,1) N (U.cz B(z,2¢)°) then there is a d-minimizing curve,
v* € Lipz([—1,1]; RM), such that

7*<[_17 1]) N (U B(ng)) = ®§

zZEZ

(2) B3, Theorem 2.5] For any v € Lipz([—1,1];RM), we have
L(v) = E(7);

(3) 83, Theorem 2.6] For every p,q € RM | there is a minimizer v* € Lipz([—1, 1]; RM)
which satisfies

d(p,q) = E(y") = L(v");

(4) [B3, Proposition 2.7] Given any partition {tx} of [—1,1], a minimizer v* €
Lipz([—1, 1]; RM) satisfies

L(v*) =Y d(v*(te), 7" (ths1))-

2.4. T'-convergence. In this section, we recall the definition and the basic properties of
[-limits. Since in this paper we work in the setting of the metric_space L'(Q;RM), we
will present the equivalent definition with sequences. We refer to [17] (see also [9]) for a
complete study of I'-convergence on topological spaces.

Definition 2.6. Let (X, d) be a metric space, and let {F},},, be a sequence of functionals
F, : X — [—o00,+00]. We say that {F,}, ['-converges to F' : X — [—o0,+00] with
respect to the metric d, if the followings hold:

(i) (I-Liminf) For every x € X and every {z,}, C X with x,, — x, we have
F(z) < liminf F,(x,),
n—oo

(ii) (Recovery sequence) For every x € X, there exists {z,}, C X such that
lim sup F (1) < F(2),

n—oo

and with z,, — .
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2.5. Sets of finite perimeter. We recall the definition and some basic facts about sets
of finite perimeter that are needed in the paper. For more details on the subject, we refer
the reader to standard references, such as [, 18, 21|, 26].

Definition 2.7. Let £ C RY with |E| < oo, and let A C RY be an open set. We say
that F has finite perimeter in A if

P(E;A) = sup{/divg@d:v c o€ CHARYY o~ < 1} < 00.
E

Definition 2.8. Let a,b € RM. We define the space BV (£2;{a,b}) as the space of
functions v € L'(Q;RM) with u(z) € {a,b} for a.e. z € Q, and such that the set
{z € Q:u(zr) = a} has finite perimeter in €2.

Definition 2.9. Let £ C RY be a set of finite perimeter in the open set A C RY. We
define 0*E, the reduced boundary of E, as the set of points € RV for which the limit

. Dxg(B(z,r))
vgp(r) = —lim
2= Dl (B, )
exists and is such that |vg(x)| = 1. The vector vg(x) is called the measure theoretic
exterior normal to I at x.

We recall part of the De Giorgi’s structure theorem for sets of finite perimeter.

Theorem 2.10. Let E C RY be a set of finite perimeter in the open set A C RN. Then,
P(E,B)=H""'(0*EN B),
for all Borel sets B C A.

3. TECHNICAL RESULTS

In this section we collect the main technical results that will be used in the proofs of the
main theorems.

3.1. Estimates for sequences with uniformly bounded energy. We start by finding
bounds that will allow to compare the energy of a sequence {u, }, with the energy of the
unfolded sequence {T5, ., }n-

Remark 3.1. We first remark that any {u,}, C W12?(Q; RM) with bounded energy, i.e.,
sup &, (uy,) < C,
neN

satisfies the following energy estimate

C
||Vun|‘%2(Q;RN><1W) S 8_ (31)

n

By the chain rule (see Remark @) and that the unfolding operator is a bounded operator,
we can compute

||vyu5nun||%2(Q;L2(Q;RNXM)) = 5121”“%(vun)H%Q(Q;L?(Q;RNXM)) < 512z||vun||%2(ﬂ;RNXM)‘
Thus, we have the useful estimate

O
||vyu6nun“%Q(Q;LQ(Q;RNXM)) = Cg_' (3.2)
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By slightly modifying the key Poincairé-type estimates in [11][23] rewritten in terms of
the unfolding operator we achieve the key estimate that will be used throughout the

paper.
Theorem 3.2. Let {u,}, C WH(Q; RM) be such that
sup &, (u,) < C.

neN

Then,

1Us, wn — unH%Q(Q;LQ(Q;RM)) <C (||vyu5nun||2L?(Q;L2(Q;RNXM)) + /Q\Q |y — a|2df> .
on

(3.3)
Moreover, if sup,, ||tunllco < +00, then
1
lUs,, wrn — unHL2(Q;L2(Q;RN1)) < Cog. (3.4)
In particular, this implies that
On \ 2
||U5nun - un||L2(Q;L2(Q;RM))||vunl|L2(Q;RN><M) S C (5_) . (35)

Proof. Step 1. We first prove (@) For x € Q, let
(Us, un)o () ::/Z/lgnun(x,y) dy.
Q

Using the triangle inequality, together with the inequality (p + ¢)* < 2(p* + ¢?), we get
s, 1 — wnl[z2 < 20Us, un — Us,un)qllze + 2]un — Us, un)olz2- (3.6)

where the norm is _the L2(2; L?(Q;RM)) norm. We estimate the latter term on the
right-hand side of (@) We split the integral as

/ lup — Us, un)g|*dr = / [un — Us, un)q|*dr + / lu, — a|*dz.
Q Qsp,

Q\Qs,,

Using the unfolding operator similarly to Remark @, and since Us, [(Us, un) o] = Us, un)o,
we get

/Q |Un — (uanun)Q|2d.T S ||u§nun - (u5nu”)Q||%2(Q;L2(Q;RM)) + /Q\Q ’un - CL|2d.T. (37)
67L

Now, we estimate the first term on the right-hand side of (@) By the Poincaré-Wirtinger
inequality in the y-variable, for each x € (), we can estimate

/ |Z/{5nun — (U5nun)Q|2 dy S O/ ]Vyu5nun|2 dy.
Q Q

Integrating over ) we get the bound
s, — Us, tn) QN F20.120mary) < ClIVyls, |72, 2( Qv o)) (3.8)

Thus, from (@), (@), and (@), we deduce ()

Step 2. We now prove (@) and (@) Since, sup,, ||un |l < 400, we get

/ up — af’dz < CQ\ Q.| < O35,
Q\Qs,,
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Combining (@) together with (), and that 9, < &, we achieve (@)

52 2 1
\Us,, 1w — 'LLnHL2(Q;L2(Q;RM)) <C (—n + (5n> < Cogp.

n

In view of (@), we conclude that

on \ 2
||L{5nun - UnHLZ(Q;LQ(Q;RJ\/I))||vun”L2(Q;RN><M) S C (E_) .

n

g

3.2. Definition and properties of the auxiliary cell problem. In this section, we
study an auxiliary_cell problem that will be invoked in the proof of the liminf inequality
(see Proposition @)

Definition 3.3. Define the function W7 : RM — [0, 00) as

W)= inf [ WGz o) dy

where the admissible set A, is given by
Ay = {w € L(Q;RM) nWy*(QRM) : |9l oo (giary <,

8122 @) | Vel 2guasary < 57
We prove some properties of the function W".

Theorem 3.4 (Properties of W7). The followings hold:
(1) For every z € RM | the infimum problem defining W"(z) admits a minimizer;
(2) W™ is continuous;
(3) W(z2) =0 <= z € {a,b};

(4) For each = € RM W7 (z) converges increasingly to
Whom(z) = / W(y,Z) dy7
Q
as n — 0. Moreover, W" converges uniformly to Wyom on every compact set.

Proof. Step 1. We prove (1). Fix z € RM. Let {¢,}, be an infimizing sequence for
W7(2). Since sup,, ||t |lsc < 7, up to a subsequence (not relableled), we have that ¢, = ¢
for some ¢ € L>®(Q;RM), and, in turn, ¢, — ¢ in L*(Q;RM). This is not enough to
conclude by using the lower semicontinuity of the integral functional. We need to improve
the convergence. To do that, we now consider two cases.

Case 1. Suppose ¥ # 0. Using the constraints satisfied by each v,,’s, we get

: . 5n? 5n?
limsup ||V || 2gray < limsup < :
n—o0 noo [Unllrzmny = (19l L2i@uman

where the last step is obtained by the fact that

19l 2(@irary < lir{gio{}f [nllL2(Qmr)-
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Thus, we deduce that {1,}, is bounded in W'?(Q;RM). By the Rellich-Kondrachov
Theorem, we get that ¢, — 1 strongly in L*(Q;RM), and weakly in WHP(Q; RM) for
all p € [1,2]. In particular, by the compactness of the trace operator, we note that
¥ € Wy?(Q; RM). We conclude that ¢ € A, because

1] L2 (@) [ VY || p2(@urrey < (hggolf WnHm(Q;RM))(h}ng}f IVl L2 (@)

< Hminf || 22 @uean [[Vn | 2@y < 517

Case 2. Now we consider the case in which ) = 0. Note that if
lim inf ||v¢n||L2(Q;RM) < 400,
n—oo
we can argue as in the previous case, by taking a subsequence bounded in W12(Q; RM).
We now consider the case in which
h}}i}%}.}f ||an||L2(Q;]RM) = +o00.
We have

2

=0.

on
limsup ||Yn || r20rmy < lim sup
n—00 || ||L (@RY) n—oo |van||L2(Q;RM)

Thus, in both cases we achieve that ¢, — v strongly in L*(Q; R™) and ¢ € A,. We then
conclude by using the Dominated Convergence Theorem (thanks to the upper bound on

W ) and the uniform continuity of W on B(0, |z| + 1) that

i [ Wy, =+ duly)) dy = /Q Wy, + ¢(y)) dy.

n—oo
Q

Step 2. We establish (2). Let {2,}, C R? be such that z, — 2. We first prove that
W"(z) < liminf W"(z,).
n—oo
Using Step 1, for each n € N there exists 1, € A, such that

Wi(z,) = /Q W (g 20+ n(y)) dy.

and clearly,

W) < [ W+ 6a(0) dy (3.9)
Q
for all n € N. Since ||¢n || (@) < 1 for all n € N, we have that
Tt (W (g, 20+ 60 (0) = W2+ 6] =0, (3.10)

for all y € Q). Using (@), (), the upper bound on W , we can apply Dominated

Convergence Theorem to conclude that

W"(z) < liminf / Wy, zn + ¥n(y)) dy = liminf W7(z,),
Q

n—oo n—oo
as desired.

In order to establish the other inequality, let ¢ € A, be such that

W (z) = /Q Wy, = + o(y)) dy.
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Then, for each n € N, we get

Wi(z,) < / Wy, 20+ (y) d
/Wy,z+w dy+/|vvy,zn+wn<>> Wy, =+ nly))] dy
< Wz /rWy,znwn()) Wy, =+ buly))] dy.

Thus, by (), we get the opposite inequality.

Step 3. We prove (3). This follows directly from the fact that W > 0, that (see )
W(x,z) =0 if and only if z € {a,b}, and that ¢ = 0 on JQ in the sense of traces.

Step 4. We prove (4). Let m; < m5. Then, A, C A,,, and thus W™ (z) > W™(z) for
all z € RM. Let {n,}, with , — 0 as n — oco. For each n € N, let ¢, € A, be a
solution for the minimizing problem defining W (z). We claim that v,, — 0 strongly in
L% Indeed, since |1, || 1< (Q:RM) < n,, we get the claim. Similar to the previous proofs,
the upper bound on W [W4) allows us to apply Dominated Convergence Theorem to
prove that W7(z) — Wyom(2) as 7 — 0. Since the sequence is increasing, we can apply
Dini’s Theorem and get that the convergence is uniform on compact sets. Il

3.3. Properties of distances with degenerate metrics. In this section we study the
properties of the metrics

dy(p,q) = inf{/ 2/ W (y(8)) |7 (t)|dt : v € Lipz([—1,1; RM), v(=1) = p, 7(1)=q},

where the space Lipz([—1,1]; RM) is introduced in Definition @
In particular, we are interested in their behavior as 7 — 0. We first state some properties

that are easy to establish.

Lemma 3.5. For p,q € RM, define

do(p,q) == sup d,(p, q).

n>0

Then
(1) dy is a metric on RM;
(2) For each p,q € RM, it holds lim, o d,(p, q) = do(p, q).
(3) dy < dpom where

dhom(p7 Q) = inf {/ 2 V Whom |'Y |dt ’7 ) b, 7(1) - q} :

v€Lipz ([~ 1,1];RM)

Proof. Step 1. We first prove that dy is a metric on RM. Since each d, is a metric on
RM | we get that do(p,q) > 0 for all p,q € R™, and that do(p, q) = 0 if and only if p = ¢.
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We now prove the triangle inequality. Let p,q,r € R™. Then, invoking the triangle
inequality for each d,,, we get

do(p,q) = Sup dy(p, q) < supld,(p,r) + d,(r,q)]
n n

< su]é) d,(p,r) +supd,(r,q) = do(p,7) + do(1,q),
n> n

as desired.

Step 2. For 0 < 1, < 12, by Theorem @ we have that W™ (z) > W™ (z), for all 2 € RM.
Thus, for each p,q € R, the supremum in the definition of dy(p, q) is actually a limit.
Step 3. This follows directly from Theorem @ as W < Whom.- Ul

The existence of minimizing geodesics has already been established in [33] for each n
(see Proposition @(a)) Therefore, for each > 0 we have v, € Lipz([0, 1]; R™) with
Yy(—=1) = a, 7,(1) = b such that

1
0y = dyfa,b) = / 23 /W) .
-1

For notational convenience, we also define

oo == supd,(a,b).
n>0

We now investigate the behavior of minimizing curves ;.

Lemma 3.6. Let {n,}, be an infinitesimal sequence, and for each n € N let , be a
geodesics for d,, (a,b). Then, (up to a subsequence, not relabeled) there exists a curve
Y0 € Lipz([—1,1]; RM) such that

lim sup dO(fynn (t)v 70<t)) = 07

N0 te[—1,1]

and 7o(—1) = a, (1) =b.

Proof. We apply the Ascoli-Arzela Theorem.

Step 1. We first prove equiboundedness with respect to the metric dy. We claim that
there exists M > 0 such that

(Y (£) : t € [=1,1]} C Byy(a, M),
for all n € N. We start by showing that there exists M > 0 such that
{f)/nn<t> tte [_17 1]} - B(07M)7
for all n € N, where B(0, M) is the Euclidean ball. Indeed, note that
dnn ((I, b) S dhom(a: b), (311)

independent of n. Since W grows linearly at infinity (see ), we get that there exists
R > 0 such that
W (2) > Cl(dpom(a, b))?|2], (3.12)

for all |z| > R, where the constant C' > 0 is independent of n and of z € RM. Let

M > max{|al,|b|, R}. Assume that there exists t, € [—1,1] such that |y, (t,)| > 2M.
Since the curve 7, is continuous and v, (—1),7,(1) € B(0, M), by the choice of M, it is
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possible to find t}(M) < t, < t§(M) such that |y, (t)| > M for all t € [t}(M),t5(M)],
and |y, (t7(M))| = |y (t5(M))| = M. Then, by using (B.12), we get

%@@=2KNMWWM%@W
ty (M)

> Cdpom(a,b)V'M 7 (8)] i

£t (M)
Z thom(aa b>M3/27

where in the third step we used the choice of ¢7(M) and t§(M). This contradicts ()
for M large enough.

We now conclude this step as follows. Using the upper bound of dy by djom and choosing
the straight line path between the point a and the termination point (denoted by L),
we can compute

sup do(a, v, (1)) < sup drom(@, vy, () < sup 2l () — / S Woom (Lo
te[—1,1] te[—1,1] te[—1,1]

using the continuity of v/Wyom and the boundedness of =, (¢) in the Euclidean ball
B(0, M), we can establish the uniform boundedness in the dy metric

{7 (1) = £ € [0,1]} C Bay(a, 4llv/ Whom|| o< (80,00 (| M + [al)).
We conclude by setting M =1+ 4V Whomll o< (50,00 (1M | + |al).

Step 2. We now prove the equicontinuity of the sequence with respect to the metric d.
As in [33, Proof of Theroem 2.6}, for any n € N we rescale the curve v, to a curve (that
with an abuse of notation we still denote by) ~,, : [-1, 1] in such a way that

O- mn
2\/W77n 777 |777u 77 ,

for all t € [—1,1]. Let ty > t;. Then,

()20, (02) = [ 23/ W i, 0D (e = T2 = 1) < Plta— 1)

Therefore, we get that

g
do (Y, (t1)5 Yy (2)) < 5‘](@ —t1) + ||y, — dollco,

where the last norm is the uniform norm in the space B(0, M) x B(0, M). Note that by

definition of dy, and by using Dini’s Theorem on the compact space B(0, M) x B(0, M),
we get that

lim ||d,,, — dolloc = 0
n—oo

Fix € > 0, choose n € N such that

€
I, = dollo < 5.
and let -
50 =
00

Then, for every n > n, it holds
do (VY (t1): 1na (t2)) < €,
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whenever |ty — t;| < . For each n = 1,...,n, using the equiboundedness and uniform
continuity of v, , let 6, > 0 be such that

do(Vy (t1), Y (t2)) < €
whenever |ty — t1| < §,. Define
0= min{50, (51, R ,dﬁ}.

This proves that the sequence {7,, }nen is equicontinuous.

Step 3. Applying the Ascoli-Arzela Theorem, we get the existence of a subsequence and
of a curve g : [—1,1] — RM to which the subsequence converges uniformly with respect
to the metric dg.

Step 4. We now prove that vy € Lipz([—1, 1]; RM). This follows directly from the fact
that, given any r > 0, there exists m, > 0 such that

inf { W (z) : 2 € R\ (B(a,r) U B(b,)) } > m,,

for all n € N. Indeed, this can be deduced by using the uniform convergence of W to
Whom, together with the fact that Wy, only vanishes at a and b. |

Now we are ready to prove the main result of this section.

Proposition 3.7. Let v € Lipz([—1,1];RM) be the curve given by Lemma . Then,

it holds
do(a,b) = hm 2\/ 1(y0)|vo|dt = sup/ 27/ W(v0) |70l dt.

Proof. By definition, we have

dy(a,b) / 2¢/ W1 (70) 70 dt,

thus taking the limit as n — 0, and recalling that n — W"(z) is monotone for each

2z € RM we get
iota,0) < im [ 2T

n—0

Now we prove the converse inequality. Usmg Proposition @ E) and the fact that vy €
LlpZ([_L 1]7 RM)7 we get

/gwmmmmhimm

Fix an arbitrary finite partition {¢;};, of [~1.1]. Use the triangle inequality and the
definition of dy to get

dy(o(tr), Y0 (tkr1)) < dy(v(tr), Y0 () + di (v () Yo (1)) + dy(o(tr)s 1 (trt1))
< do((te), Y0(tr)) + dy(V(te), Yo (trs1)) + do(yo(tr), Yy (trsa))-

Fix j € N. In view of the uniform convergence given by Lemma @, we can find 7y(j, m)
such that for all n < 17y we have

1
sup d t),v(t)) < —.
o (0)20(0) < 5
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Thus, we can bound the total sum over the partition using the uniform convergence
estimate for all n < ng by

> ult) s 1)) D)2 (b)) 5 = L) + = = dyfa,b) 4 =
k=1 k=1

Taking a supremum over all possible finite partitions, we have

1

[ 2/l = L) < dyfat)+
—1

and we conclude taking the limit as 7 — 0 and then j — oo. ]

4. LIMINF INEQUALITY

The goal of this section is to prove the following result.

Theorem 4.1. Let {u,}, C WH(Q;RM) be such that u, — u € BV (;{a,b}) strongly
in L*(Q; RM). Then,
liminf &, (u,) > Ex(u).

n—oo

Note that this proposition is weaker than the liminf inequality, since we are assuming
the limiting function to be in BV (Q; {a,b}), and not just in L*(Q; {a,b}). We will prove
in the next section that this is sufficient. The reason why we_are first proving the above
result is that, in the proof of the compactness (see Theorem [1.4), we will use arguments
that are the core of the idea to prove the above result. Thus, we opt by presenting them
first here.

Without loss of generality, in what follows we assume that

lléI_ligf Enluy) = 7}1_I>IOIO Enluy,) < 0.

Step 1: Reduction In this step, we show that it suffices to prove Theorem @ for wu,,
uniformly bounded in L, and W being linear outside a ball. Let M > R, where R > 0
is the constant given in (W3) m Let ¢y 1 [0,4+00) — [0, 1] be a smooth function such that

Yy =1 on [0, M], Yy =0 for t > 2M.
Define
W (2, 2) = s DW (. 2) + (1= (el .
and

~ 1~
En(v) ::/ {—WM <£,v(m)) —|—5n|Vv(x)]2} dz.
Q LEn 571
We claim the following. Assume that for all v € BV (Q; {a, b}) it holds

Exo(v) < liminf Enlvn), (4.1)
whenever {v,}, C W12(Q;RM) with ||v,||r~ < 2M is such that v, — v strongly in
LY(Q; RM). Then, Theorem @ holds.

Indeed, let {u,}, € Wh2(Q;RM) be such that u, — u € BV(Q;{a,b}) strongly in
LY(Q; RM). Let

Up = 75Muna
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where Topu, is the truncation of v (see Definition @) We observe that
nh—{{olo |tn — vnl| L1 (@rMy = 0. (4.2)
Indeed, let
A, ={reQ : |u,(x)] >2M}.
By Chebyshev’s inequality, we get
LN(A)<L/ | de < 22 [ w (Z0,) de<ollc (4.3)
"= oM Ann - 2M Jq 5, " - 2M " )

where in the second inequality we used the fact that M > R; together with and
in the last inequality we are using that the sequence has bounded energy. Invoking the
triangle inequality and convexity, we obtain by (.3)

et — vl reon :/ luy, — v, da

n

< (/A |y | do + 2MLN(AR))

S CMgna
This proves (@)

Therefore, by (@) we get _
Eoo(u) <liminf &, (vy,),

n—oo
and to conclude, we claim that for all n € N

En(vn) < Enluy).

Indeed, note that WM /vsatisﬁes , , and . Thus, , the definition of v,

and the definition of W;, yield

WM (z,v,(2)) < WM (2, u,(2)) < W(z, un),
for almost all z € 2, and all z € RM,
This, together with Lemma @, yields

/Q [iWM (%,vn(x)) + 8n|an(:c)|21 da < En(un),

En

and thus the desired conclusion.

In the rest of this section, we will therefore assume that

sup HunHLoo(Q;RM) < M, (4.4)

neN
for some M > R.

Step 2: Slicing For each n € N and n > 0, let
fg(l‘, Z/) = 7:7(u5nun(x7y) - un(x))v

where the truncation operator 7, is with respect to the variable y. We want use a De
Giorgi’s slicing type of argument to modify f7 to make it vanish on 2 x 9Q).

For k € N\ {0}, let (see Figure m)

1 2
Sy = {y cqQ : % < dist(y, 0Q) < E}’
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Q

FIGURE 1. The construction of the sets (Jr, and Si, where the cut-off
function ¢, equals one, and transition from one to zero, respectively.

and
2 .
Qr = {y €qQ T < dist(y, 8@)} :
Let ¢y, : @ — [0, 1] be a smooth function with 0 < ¢ < 1 such that

Y =1 1n Q, Y =0o0n Q\ (Qr USk), IVY][Le@) < k.
Define
un (@, y) = Y (y) 7 (2, ).

Theorem 4.2. There exists a sequence {kl!(x)}, with x — kl(x) measurable, such that

lim £(xz) = 400
n—oo

for almost every x € 2,

1
hgl—igp /Qm dr =0, (4.5)
and with v} == v}, ., it holds
%
lim sup &, (u,,) > lim sup / 2 {/ Wy, un, +v)) dy| |Vuy,| de. (4.6)
n—00 n—00 Q Q

Moreover, for almost every x € ), we have the estimate

[|op (, ')“LQ(Q;RM)“vaZ(xv ')||L2(Q;]RM) < 4772 + 77|\Vyu6nun($a ')”L2(Q;RNXM)- (4.7)

The proof of the above theorem requires some preliminary results. First, we claim that,
for almost all z € €2, it holds that

v & (@ ) Lo (@irary < 1, (4.8)
for all n € N, and that
nh_{lolo ||”Z,k(33, M2y = nll_{go 117 (@, )l L2 @irary = 0. (4.9)
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Indeed, the first estimate is direct from the definition of the function UZJC together with
the fact that the cut-off function is bounded above by one. To see (4.9), we observe that
(@) and the definition of f gives that

T (| £l 22 @iy = lm ([Us, wn — Unl|72(6, 12y = O-

In particular, this implies by taking a subsequence without relabeling that the following
pointwise convergence holds for LNa.e. z €

nlggo Hfg(ff, ')”LZ(Q;RM) = 0.
Thus, (@) follows from the fact that the cut-off function is bounded above by one.

We can compute

1
/ 2 [/ Wy, un + v, 1) dy} |Vu,| dx
Q Q

§/2[/ Wy, un + £, dyr\Vun!dw
Q Q

" / 2 / W(y,un>dy] V| de
Q Q\Qk(z)

N|=

+/2 Wy, un + vy 4. (2,y)) dy
o /S

= I+ I, + I11,. (4.10)

We will estimate the three integrals separately.

1
2

|Vu,| dx

Lemma 4.3 (Estimate for I,,). It holds

%
lim sup /2 {/ Wy, u, + f1) dy} |Vu,| dx
Q Q

n—00

n—oo

>
< limsup /2 {/ W (y,Us, uy,) dy} |Vu,| dz.
Q Q
Proof. Write

/2 [ [ W+ T = ) dy] |Vl do
Q Q

%
§/2[/ Wy, Us, un) dy} V| d
Q Q
%
—i—/?[ Wy, un + Tpy(Us, un, — uy)) dy|  |Vu,| de,  (4.11)
Q Qi (z)

where
Q@) ={y € Q : [Us,un(z,y) — un(x)| > n}.
By Chebyshev inequality, we have

1 1
LYQn () < ) /Q [Us, 1 (2, y) — un(2)* dy = ?Il%nun(x, ) = (@) 72 gmar)- (4.12)
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Using , (@), and (1.12) we get
1
2
LU W+ Tt =) | 90 e
Q LJQl(x)
C 1
< S [ 2N@U)HT o) o
n Jo
CM N n 1
< FHE (Q1(2))2 || 20 )| Vi || L2 (0 rv 1)

= —2||Z/{6nun - Un||L2(Q;L2(Q;RJW))||vun||L2(Q;RN><M)

where we used Holder and estimate (@) Since ¢,, < &, in view of ()this gives

n—oo

%
lim sup / 2 [/ Wy, wy + Tpy(Us, un, — y)) dy] |\Vu,| dr
Q Q

%
< limsup /2 {/ W (y,Us, un) dy} |Vu,| dz.
Q Q

n—oo
O
Now, we estimate I1,,.
Lemma 4.4 (Estimate for 11,). Assume that
1
lim su dx = 0. 4.13
i /an(af)sn (4.13)
Then,
lim 11, =0.
n—o0

Proof. Using and the fact that ||u,||. < M (recall (@)) for all n € N, we get

|2
Q

/ Wy, uy,) dy] |Vu,| dr < CM/ LYQ\ Q)2 [Vt doe
Q\Qky, () Q

1

< Cot [Vl ( /Q EN(Q\an(@)dfv) |

where the last step follows from Holder inequality. Using estimate (@) together with
the fact that

C
N ) < :
we get
1 >
11, <C / dx} )
Thanks to (4.13), we conclude. O

We finally estimate /11, by employing a similar strategy.
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Lemma 4.5 (Estimate for I11,,). Assume that

lim sup / ! dx = 0. (4.14)
Q

n—00 kn(x)gn

Then,
lim 111, =0.

n—oo

Proof. Using and the fact that [[u, +v) ;[|cc < M +n for alln € N (see (@)(@)),

we get

[NIE

/ 2 [ Wy, un + vy, (2, 9)) dy
Q Skn(a)

V| dz < Cyry / LY (St () ? | V| da.
Q

Applying Holder inequality, we get

1
2

]I[n S CMm”VunH[;(Q) (/ [,N(Skn(x))dx>
Q

and since

by () and (@) we conclude. d

We are now in position to prove the main theorem of this step.

Proof of Theorem @ Part 1. Define

M@:Lw<wpme

Observe that k, > 1 is an integer for all z € Q, and that the function z +— k,(x)
is Lebesgue measurable, as it is the composition of an upper semicontinuous function
(hence Borel measurable) and a Lebesgue measurable function. Furthermore, by (4.9) we
have that the denominator converges to zero, and thus k, — oo as n — oo. Moreover, in
view of the definition of f7 and (@), we have

1 1 On
| 2 g o < st =t By < O

Thus, using that 9, < ¢,, we deduce that

li / ! d 0
1111 Su — axr = V.
n—)oop Q kn(x)en

Part_2. We now prove the energy estimate . From (), together with Lemmas @, @,
and we get the desired estimate

lim sup / 2 {/ Wy, u, +v)) dy] |Vu,| dx
Q Q

n—o0

%
< limsup /2 {/ W (y,Us, un) dy} |Vu,| dx
Q Q

n—o0

< limsup &, (u,)

n—o0
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Part 3. Finally, we establish the bound (@) Note that
Vol |? = Vi, [+ @)V [ 12 < 20k0(0)| S+ IV, [117),
and thus
IV 0l (2, )| 2@mary < V2 [kn(@) | f2(x, )| 2@many + 1V £ (@, )l 2o -
Since
||UZ||L2(Q;RM) < ||fg||L2(Q;RM)>
we obtain
[vn (@, M 2@y | Vyvn (@, ) || 2 (@urany
< \/§ [kn(x)Hfg(x? ')H%Q(Q;RM) + ”fg(x’ ')HLQ(Q;RM)Hvyf:Z(xa ')||L2(Q;RM)]
< \/5 [27}2 + TIHVyuénun(% ')HLQ(Q;RM)] )

where in the last step we used Lemma @, (@), and the definition of k,. This concludes
the proof of the slicing theorem. O

We now continue with the proof of Theorem @
Step 3: Passing to Limit. Using Theorem , we get that, for all » > 0, it holds

3
liminf &, (u,,) > liminf / 2 {/ Wy, u, + v)) dy} |Vu,| dz.
Q Q

n—0o0 n—oo

We now want to pass to the limit in the above inequality as n — oo, replacing W by
W, Observe that v'(x,-) might not satisfy, for a.e x € Q, the required bound to be an
admissible competitor for the minimization problem defining W7"7. Thus, we reason as
follows. Define

Q= {r € Q: ||V,Us,un(x, )| 20mM) < 0}

Then, for each z € 27, we have that v]!(z,-) € A, (see Definition B.3). We can estimate
%
lim inf / 2 {/ Wy, u, + v)) dy} |Vu,| dx > lim inf / 2/ Wn(uy,)|Vu,| dx
> lim inf / 2/ Wn(uy,)|Vu,| de — limsup / 2/ Wn(uy,)|Vu,| dz.
Q o\Qn

n—oo n—o00

We claim that

lim sup / 2/ Wn(uy,)|Vu,| de = 0.
o\Qp

n—oo

Indeed, by Chebyshev’s inequality we have that

1
YO\ < = [ 19U, g o
Q

and thus, by (@) we get
52
LY\ Q) < =~ 4.15
@\ < - (.15
Using the upper bound on u,, (see (@)), we obtain

/ 2 /W) [Vun| d < Cigy / V| de,
o\l Q1

2\
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and applying Hélder and () we infer from (Ell) that
On
| 2V V] do < Cary £ 90|Vt ) < a2

which proves the claim because §,, < &,,.

Therefore, for all n > 0 we have that

liminf &, (u,) > liminf / 2/ Wn(u,)|Vu,| dz. (4.16)
Q

n—oo n—oo

We specifically note that up to this point, we have not used the convergence of {u,},
in any way. Now we do so, and by virtue of "classical” results on the Modica-Mortola
functional (see [20, Theorem 3.4]), we get that

JLIIOLO En(uy) > opPer({u = a}), (4.17)

where
1
o= min{ [ 9Tl 7 € Lip (=11 RY) (1) = 0,51 = b}
-1
Step 3: Concluding the Arguments We send n — 0 in () Recall that

Ohom = Mmin {/1 2/ Whom(7)1Y]dt = v € Lipz([-1,1];R),7(=1) = a, v(1) = b} :

We claim the following.

Proposition 4.6. Let

o = lim o, = sup o,.

Then 0o = Ohom-

Proof. Note that o, is increasing, and thus the limit exists.
By Theorem @, for every n > 0, 0,) < 0nom, and this establishes the inequality o9 < opom.

We prove the converse inequality. Proposition @ gives us that oy is the distance between
a and b in a certain metric dy, and that there exists 7 € C°([—1, 1]; R*) such that

1
oo = sup/ 24/ W (50) |70 dt- (4.18)

>0 J -1

Without loss of generality, due to parameterization invariance we can assume that the
Y0(t) = a if and only if ¢ = —1, and that ~o(¢) = b if and only if ¢ = 1. For j € N\ {0},
define

T ={te[-1,1] : y(t) & B(a,1/j) },
T, ={te[-1,1] : w(t) € B(b,1/5) },
and
T, L1\ (T UTY)

Let
L= [ |v@)]dt < oco.
i
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By Theorem @, we have uniform convergence of W" ot Wiy, on compact sets. Let (7;);
be a decreasing sequence such that

1
an - W om S A .
IV vV Whomllooy 2L,
for all n < n;, where K C RM is a compact set such that v(¢) € K for all ¢ € [-1,1].
We observe that

e [ 12¢Wwa|dt
E/szmwardt
Z/TjQ\/mhéldt—?/Tj
> [ 2ol - 5

Taking j — oo and using Monotone Convergence Theorem together with (4.18), we
conclude. N

VW (30) = v/ Whom(0)| 15l

5. COMPACTNESS

In this section prove Theorem @

Proof of Theorem . Let {uy,}, C WH2(Q; RM) be such that

sup &, (uy,) = C' < o0.
neN

By (4.16), we obtain the uniform bound without using any information about the con-

vergence:
sup/ 2/ Wn(u,)|Vuy,| de < C
n Jo

Since W has two wells a,b, we can apply arguments in [20] to extract a subsequence
such that u, — u € BV(Q;{a,b}) strongly in L'.

g

6. LIMSUP INEQUALITY

The main result of this section is the construction of a recovery sequence.

Theorem 6.1. Given u € BV (Q;{a,b}), there exists a sequence {u,}, C W12(Q;RM)
with u, — u strongly in L*(Q;RM), such that
limsup &, (u,) < Exo(u).

n—o0

The proof of the limsup inequality requires two technical results that are well known
to the experts. For the reader’s convenience, we state them in here. The first is an
approximation result, stating that C? sets are dense both in configuration and in energy.
This result is contained in the proof of [[7, Lemma 3.1].

Proposition 6.2. Let E C ) be a set with finite perimeter. Then, there exists a sequence
of sets {Ep}n, where each E, C Q) satisfies
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e OE, NQ is of class C?;
e HN-1 00N OE,) =0,
such that £, — E with respect to the L' topology, and
lim Ey(uy) = Exl(u),
n—oo
where u, == 1g, , and u = 1g.
The next result ensures that, up to a small error, it is possible to reparametrize a curve
in such a way that the energy functional is hounded by the limiting energy. This was
originally used in the article by Modica (see [28, Proof of Proposition 2]). Here we give
the version used in [[16, Lemma 4.5], since it clearly states the estimates that we will need.
Note that none of the assumptions on W required in [16] are actually used, other than

continuity in the second variable. Moreover, the lower bound for 7 follows easily from
the definition of 7 given in the proof of the result.

Lemma 6.3. Fiz A >0, ¢ > 0. Let v € C'([-1,1;RM), with y(—1) = a, y(1) = b, and
v (s) # 0 for all s € (—1,1). Then, there exist T > 0, and C > 0, with

1
€
CeSTS—/ ~'(t)| dt,

VA 71| (®)

and g € C'((—7,7);[—1,1]) such that
2 = AWz (g(1))
O = an )
forallt € (—7,7), g(—7) = —1, g(1) =1, and

/_T EWhom (v(g())) + <]y (g(t) I? (g’(t))ﬂ dt
< [ 2/ s + 23 [ s)las.

We are now in position to prove the existence of a recovery sequence.

Proof of Theorem . Let A :={u=a}.

Step 1. Using Proposition @ and a diagonalization argument, we note that it suf-
fices to prove the result for v € BV(€;{a,b}) such that dA N Q is of class C?, and
HN"LOANOIN) = 0.

Step 2. Let u € BV (Q;{a,b}) be as in Step 1. Fix n > 0. Let v € C'([-1, 1]; RY) with
v(—=1) = a, and (1) = b, be such that

/ngaawmwwwus@m+n (6.1)

Without loss of generality, we can assume that +/(s) # 0 for all s € (=1,1). For each
n €N, let 7, > 0, and g, € C*([0, 7,,]; RM) be those given by Lemma [.3 relative to the

choice of )
n
£:=€np, A== 6.2
(L(’y)) (62
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Q

0A

FIGURE 2. The two different scales ¢,, and 6,,.

where .
Liy) = / Iy (8)] ds < oo.
-1

Let dist(-,0A) : RY — R be the signed distance function from 9A. Note that dist(-, 0A)
is of class C, since OA is of class C?. For n € N, define

b dist(z,0A) > 1,
U () = { v (gn(dist(z,04))) |dist(z,0A)| < 7, (6.3)
a dist(z,0A) < —7,,.

We claim that the sequence {u,}, satisfies the required properties, up to an error 7.
Observe that each u, € W12(Q;RM). Moreover, by using the fact that 7, — 0 as
n — oo, we have that u, — u strongly in L'(Q; RM).

We prove the convergence of the energies. Define
A, ={x € Q : |dist(z,04)] < 1.},

and note that
|A,| < HNTH0A)T,. (6.4)

For each n € N, consider the set of indexes
I,={ieN:z+6,0QCA,, 2z € (5nZN},
B,={ieN:z+86Q0NA,#0, 2 € 5,Z I\ I,.
Let K, := #1,, and observe that

-1
A 65

An = U (Zz + 671@) U Rna

1€,

Write

where
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Then,
where C'y > 0 is a constant depending on JA.

Step 3. We claim that there exists a dimensional constant C'y > 0 such that

in(e) — ()] < (O 22 ) (6.7)

n

for all z € 2,4+ 6,Q, and all n € N, and ¢ € I,,, where w, : [0,00) — [0, 00) is the modulus
of continuity of . Indeed,

|un(2) = un(2i)] = |7 (gn(dist(z, 0A))) — 7 (gn(dist(zi, 0A)))]
< w, (gn(|d18t($ 0A) — dist(zi,ﬁA)D)

1
<wn (o)
< Wry (CN(;_”> )

where in the second step we used the fact that |g/,| < C/e,.

Step 4. We claim that

L 7 (- 0(0) ) = Wi (0) | o

By using the unfolding operator restricted to A,,, we get

/nW(éx—n,un(x)) dx /zmw/ W (y, Us, up dyda:+/ ( )) dx
J.

_5NZ/Wy,un(zz+5ny dy + W< )) dx.

lim
n—oo

=0.

Thus, we can write

/An {W (%,un(x)) . Whom(un(x))] dz

_ i[ / Wy, n (2 + 6y)) dy — Whom(un<zz>>}

5 { | Wi (@) dm}

i=1

N / n [W (%““’) - Whom(un(rc»} dx

= JI+ 2+ T (6.8)

We now estimate the three terms J!, J2, and J3 separately. Since 7 is continuous on a

n’ n?

compact set, we note that by definition of the recovery sequence

sup ||un ||z < M < o0, (6.9)
neN
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This implies that

| Tal < C|R.| < Cdy, (6.10)

where in the last inequality we used (@)

Now we estimate J2. Let wyom be a modulus of continuity of Wiy, in B(0, M), where
M > 0 is the constant in (@O) Then,

[ Jal =

L W) = Wi ()
i—y Ziton

< / hom ([t (25) — tn()])

S Kndﬁwhom (w'y (ONg_n>)

< CepWhom (w7 (Cth_n)) , (6.11)

where in the previous to last inequality we used Step 3, while in the last inequality we
used (@) together with (p.5).

Finally, we estimate .J!. Using the definition of Wiy, we write

/ W (y, un(2zi + 0,y)) dy — Whom (un(z;)) = / (W (y, un(2i + 0ny)) — Wy, un(z))] dy.
Q Q

Thus, using a similar argument to that in (), we obtain

|J < Cepww <wv (C’Né—”>> : (6.12)

En

where wy is a modulus of continuity of W in B(0, M), where M > 0 is the constant in

69
Combining (blj) (kﬁlﬂ)(bld), we get

L/Anw ;—n,un(x)> — Whom (un()) dx

€n

1
< — (Il + 172l + 1721)

o (s0(€5)) remm (+ () +2)

0, (6.13)

IN

4

as n — oo, where in the last step we used the fact that 9, < ¢,, together with
limy 0wy () = limy_y0 Whom (t) = 0.
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Step 5. Using Step 4, and the coarea formula (see [, Theorem 2.93 and Remark 2.94]),
we get that

1
imsup () = timsup [ |20 (£, ) 46V | do
Q

n—o00 n—00 En 571

1
< lim sup / {;Whom(un)ﬂLgnyvun‘Q] dx
Q

e [ ] () Wt o

1
= lim sup / L—Whom(un)vLanunF] dx
Q

n—o0 n

+ lim sup

n—oo

—timsup [ [ L0 (00(60) + ey (9 5]

CHN M {w € Q : dist(x, 0A) = s}) ds
<limsup sup HY'({z € Q: dist(x,0A) = s})-

n—o0 [s|<Tn

[0 + ot s

—Tn n

<limsup sup HY'({z € Q: dist(x,0A) = s})-

n—oo |5‘§Tn

S HN_l(aA) [Uhom + 377]7

where the last inequality follows from (), together with (@), Lemma @, and the
fact that, since 0A is of class C?, it holds

lirr(l)HN_l({x € O : dist(z,0A) = s}) = HVH(0A).

Since i > 0 is arbitrary, we conclude. O

7. THE MASS CONSTRAINED FUNCTIONAL

As it is usually the case, the strategy of the proof for the Gamma-limit in the uncon-
strained case is stable enough to be used for the mass constrained functional, with minor
changes. The liminf inequality follows from exactly the same proof. What needs to be
checked is that, in the construction of the recovery sequence, it is possible to adjust the
mass of the sets constructed in the proof of Proposition 6.1. There are some standard
ways to do that, which can be found in the paper by Fonseca and Tartar (see [20]), and in
the paper by Ishige (see [24], see also [[7]). However, such strategies are heavily based on
the assumption that potential W enjoys regularity that we do not require in this paper.
Here, we use a different argument that does not require such assumption.

Lemma 7.1. Fizm € (0,(92]). Let u € BV (Q;{a,b}) with [{u = a}| = m. Then, there
exists a sequence {u,}, C W12(Q; RM) with u,, — u strongly in L*(;RM) such that

limsup &, (1) < Exo(u),

n—oo

where é\n and goo are defined in Definition .
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Proof. We show how to modify Proposition @ and the definition of the function w,, in
Step 2 of the proof of Proposition @ in order to get the recovery sequence satisfying the
mass constraint.

Step 1. Let F = {u = a}. Let {E,}, be the sequence provided by Proposition @
We would like to modify this in such a way that the required mass constraint is satisfied.
The strategy we use is a variant of an idea by Ryan Murray.

Let xg, 21 € Q) be points of density one and zero for E, respectively. i.e.,

lim —|E N B(zy,7) =1 and lim —'E N B(zo, 7)) =0.
r—0 |B(x1,'r’)| r—0 ’B(xojr)’

Then, there exists R > 0 such that
4 |B(@1,7)] | B(wo, )] 4

for all » < R. Without loss of generality, up to decreasing the value of R > 0, we can
assume that B(zq,7) N B(zg,r) = 0. For r < R, let
E, = EU B(x1,7) \ Blxo, 7).
Note that
121(1) |P(E,;Q) — P(E;Q)| =0, Ilg, — ]].EHLl(Q) =0.

Let {F}, be the sequence of sets given by Proposition @ relative to E,. Then, for n
large, we get that

|P(F7;Q) — P(E; Q)| <r, 11er — Ler |l <7

Since such sets F) are obtained with the standard procedure of mollification of the char-
acteristic function of E,., and by taking a super level set, we get that there exists n € N

such that
A NN
B (1:0, (g) T) CQ\E; and B (3:1, (g) r) C Fy,

for all n > n. Now, assume that |F| < m. Let s, > 0 be such that |F|+|B(0, s,,)| = m.

We claim that
AN
n < = )
5 (5) .

for all n > n. Indeed, for n large enough, using (@) it holds that
3
|Br| = |E] < |B(z1,7)]-

Therefore, considering the set

F;; = F?ZUB(:UOaSn%

we get that |ﬁﬂ = m, for all n > n. Using a diagonal argument, we obtain the desired
conclusion. A similar argument is used to fix the mass in the case where |F)’| > m. This
sequence satisfies the required properties.
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Step 2. It can be shown that, for each n € N, there exists v,, € R such that the function

b dist(x,0A) > 7,,
Up(z) = < v (gn(dist(z,0A) +v,)) |dist(x, 0A)| < 7,
a dist(x,0A) < —7p.

is such that
/ up () de = ma + (1 —m)b.
Q

Using the fact that v, — 0 as n — o0, it is possible to check that all of the steps in the
proof of Proposition EI can be carried out in a similar way. This allows to conclude. U
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