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Accretion and ablation, i.e. the addition and removal of mass at the surface, is important in a
wide range of physical processes including solidification, growth of biological tissues, environmental
processes, and additive manufacturing. The description of accretion requires the addition of new
continuum particles to the body, and is therefore challenging for standard continuum formulations for
solids that require a reference configuration. Recent work has proposed an Eulerian approach to this
problem, enabling the side-stepping of the issue of constructing the reference configuration. However,
this raises the complementary challenge of determining the stress response of the solid, which typically
requires the deformation gradient that is not immediately available in the Eulerian formulation. To
resolve this, the approach introduced the elastic deformation as an additional kinematic descriptor
of the added material, and its evolution has been shown to be governed by a transport equation. In
this work, the method of characteristics is applied to solve concrete simplified problems motivated
by biomechanics and manufacturing. Specifically, (1) for a problem with both ablation and accretion
in a fixed domain, and (2) for a problem with a time-varying domain, the closed-form solution is
obtained in the Eulerian framework using the method of characteristics without explicit construction
of the reference configuration.

1. Introduction

Accretion or surface growth involves the addition of mass at the boundary of a body. In a continuum
setting, this requires the introduction of new material particles to the body [SDM™82], and poses unusual
challenges. Surface growth occurs in a range of settings including in biological tissue [Tab93], planetary
formation [BG63, IKBWSO0S]], solidification and casting processes [SST98], etching process in silicon wafers
[RHOO], additive manufacturing processes [Dro98], construction of masonry structures [BG12], and cell
motility via assembly and disassembly of Actin networks [PH10].

The addition and removal of material points in surface growth causes difficulties in the usual procedure
of defining a fixed set of points as the reference configuration. Dealing with this in linear elasticity is
somewhat easier [O004, BG12| Nau94, KBWOS, IBG63]]. However, in nonlinear descriptions of surface
growth, the definition of the reference configuration is more subtle. Pioneering work by Skalak, Hoger, and
co-workers provided a systematic approach to study the kinematics of surface growth [SDM ™82, [SFH97].
However, these studies did not consider deformation, and assumed that the body was rigid. Recent work
has extended these ideas to account for deformation and stress [SY 170, [SSSY20,SY 19, TCA16,/AAACI19,
AAC20, APT20, vSAAGC20, ZT17,[TZ19]. These studies used a Lagrangian formulation, i.e., roughly the
kinematic description is based on reference particles in an evolving reference configuration.

To avoid the difficulties of dealing with an evolving reference configuration, our previous work [NWD21]]
developed an Eulerian description of surface growth. This has the advantage that we do not need to explicitly
calculate the reference configuration, e.g. [Clal3}|Clal9,|[EZSC20]. On the other hand, in a solid, the stress
response requires knowledge of the deformation gradient F', and the latter is not straightforward to calculate
in an Eulerian setting. Prior work, notably [LWO1, [KNO9, [KRN12], have developed approaches to find the
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deformation gradient in an Eulerian setting; specifically, [LWO1]] uses an evolution equation for F' that does
not require explicit calculation of the reference configuration.

While the Eulerian approach works well for the standard setting of a fixed set of material particles without
growth, there is the challenge of defining the reference state and kinematic information of the added material
particles during surface growth. Specifically, the specification of F' for the added material must ensure
that kinematic compatibility is not violated. To avoid dealing with the issue of kinematic compatibility, we
introduced two additional kinematic descriptors: the relaxed zero-stress deformation Fi.¢;,, and the elastic
deformation F,. These are related to the deformation gradient through the relation F, = FFr_ellax. They
enable us to eliminate F' — as well as Fi.¢;,,, using that it is transported with the material particles — and
thereby formulate a model that is posed in terms of F., as the sole kinematic descriptor for the stress response.

The evolution of F is governed by a transport equation, and transparently handles both accretion and
ablation: accretion corresponds to inflow, and requires the specification of boundary conditions, while
ablation corresponds to outflow and requires no boundary conditions. Further, F; has no requirements of
kinematic compatibility, enabling a simple and direct approach to the specification of boundary conditions.
The boundary conditions are specified in terms of F, for the added particles, which is directly and solely
related to their given stress state. We can think of F; and F)..;,, as providing a mechanism for the added
material to define its own reference configuration that satisfies kinematic compatibility.

We apply this formulation to examine two simplified concrete problems of recent interest. In the first
problem, motivated by the assembly and disassembly of actin micro-filaments during polymerization and
depolymerization on a spherical bead [PLCCOI, NGF'00], and building on the model of this phenomenon
from [TCA16], we examine simultaneous accretion at the fixed inner surface and ablation at the time-
dependent outer surface of a hollow sphere. In the second problem, motivated by the wound roll process
of additive manufacturing which has been applied to processes ranging from the packaging of flexible films
in paper and magnetic tape industries [Yag80] to tissue engineered blood vessels [KMD™09], we study the
deformation and stress distribution when stress-free particles are deposited at the outer layer of a hollow
cylinder with a time-dependent pressure applied at the inner surface. We solve these problems in closed-form
with the method of characteristics, using that the evolution of F. is governed by a transport equation.

Organization. Section 2| summarizes the approach proposed in [NWD21]]. We start with a discussion on
balance laws and jump / boundary conditions, using the view of surface growth as a localized source on the
growing surface. We then turn to the kinematics of the deformation in the Eulerian setting with accretion.
Sections[3]and ] solve specific examples of (1) simultaneous accretion at the fixed inner surface and ablation
at the time-dependent outer surface of a hollow sphere, (2) accretion on the outer surface of a long hollow
cylinder with a time-dependent pressure applied at the inner surface. We used the method of characteristics
to solve the transport equation that governs the evolution of the elastic deformation.

2. Physical model and governing equations

Notation. The motion is denoted by = x/(X, t), where X is the location in the reference configuration of
a point that is currently at the spatial location . Also, the inverse of the motion x ! (x, t) maps the current
spatial location of a particle at x to the location X in the reference configuration. The deformation gradient

ox(X,t
is F = M For short, we write F'(x,t) = F(x (X, t),1).
Because most of our work is in the Eulerian setting, all differential operators (e.g. V,div) imply

derivatives with respect to x, except where explicitly stated. Similarly, the argument of various field
quantities will implicitly be x, except where explicitly stated.

2.A. Balance laws

Following [NWD21]], we model surface growth through the introduction of sources that are localized on the
growing surface. The source terms can be understood as a coarse-grained approach to treat the complex



process of growth without considering the fine details of the processes in the ambient environment outside
the growing body; the growth is defined only in terms of net mass and linear momentum transfer. To define
the source terms, we specify the rate of mass addition per unit area, M; and the vectorial rate of linear
momentum addition per unit area, P. We can then infer the velocity (or specific momentum) of the added

material at the instant of attachment, v, := P /M and the mass density, p := Accretion is modeled

VoM
by M > 0 and ablation by M < 0. We assume that the added particles do not carry angular momentum
such as due to individual particle spins, i.e., there is no source of angular momentum due to growth.

The source terms appear in the jump conditions that represent the balances of mass and momentum at

the growing surface:

Mass: [p(V, —v) -n] =M (2.1)
Momentum: [pv((V, — v) - n)] + [on] = M7, (2.2)

We have used the jump operator [-] to denote the difference between the limits when approaching the surface
of discontinuity from either side; V}, is the velocity of the surface; and 7 is the surface normal.

We make the assumption that the ambient environment outside of the growing body has a negligible
effect on the mechanics of the body. This leads to the significant simplification that the domain of the
problem now involves only the solid body, and the jump conditions become boundary conditions:

M
Mass: p(V, —v) - n=M <+<— V,-n=v-n+— (2.3)
p

Momentum: pv((V, —v) -n)+on—t, = Mv, <<= on=M(v,—v)+1t (2.4)

where % is the traction due to the external forces at the boundary of the growing body. We further assume
that the inertial terms pv((V, — v) - n) and Mw, are negligible compared to o. Then, (2.4) reduces to
on = tb.

The balance laws in the bulk are standard

Mass: % +div(pv) =0 (2.5)
Momentum: %(pv) + div(pv ® v) = pb + div(o) (2.6)

where o is the Cauchy stress; p is the mass density; v is the particle velocity; b is the body force; ¢ is
the traction vector due to the external forces at the boundary of the growing body; and V}, is the boundary
velocity. From (2.3), the boundary velocity V; has contributions from M /p and v (Figure|[I).

2.B. Kinematics

The stress response of the material generally requires knowledge of the deformation gradient F' =

Ox(X,t) _ (8X_1(:n,t) !

X 3 ; we notice that it requires knowledge of the motion or its inverse. However,
T

we adapt the approach from [LWO1]] that formulates the evolution of F' without requiring us to solve for the
deformation map.
We can write the material time derivative of F' as:
OF(X,t) 0 Ix(X,1) 0 0r Ov  Ov oz

o ol 0X  0X o oX owox (VO EF=EF=VeFE 2D

1 The balance of angular momentum provides only the standard result that the Cauchy stress must be symmetric.
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Figure 1. A schematic of the evolution of a growing body in a small interval of time A¢. The spatial location of the
growing boundary depends on the growth velocity and the continuum particle velocity at the boundary.

where g represents the material time derivative of a quantity g. It follows that the evolution of F’ satisfies
the transport equation:

OF (x,1)
ot

While this equation preserves the kinematic compatibility of F' for a fixed set of material particles, the
setting of surface growth requires imposing boundary conditions — corresponding to the deformation state
of the added material — that must also be consistent with kinematic compatibility. Assume that the stress
state of the added particles is given to be o*. Denote the stress response function of the added particles
by & (-), and assume for simplicity and without loss of generality that 6(I) = 0. We notice immediately
that o* = & (F'); assuming for simplicity that the stress response is invertibl implies that F = 6! (%)
is completely determined at the time of attachment. Since o™ is specified independently of the state of the
body, this could potentially violate kinematic compatibility at the time of attachment.

We therefore introduce two additional kinematic descriptors: Fi..;,, that quantifies the relaxed (i.e.,
zero stress) shape of the added particles; and F, := FFr_ellam that quantifies the elastic deformatio We
highlight that neither F, nor F..,, need satisfy any requirements of kinematic compatibility. We next
redefine the stress response function to be (g) — &(gFr’ellax). We have the obvious interpretation of F,
as the part of F' that causes stress, i.e. o = & (F.). This corresponds to redefining the reference of the
added material. Prior to attachment, the deformation state is irrelevant, and post-attachment deformation
is governed by the standard equations of continuum mechanics. For an unattached particle, the reference
can be changed in arbitrary ways and, in particular, it can be changed to ensure that we satisfy kinematic
compatibility. In this regard, we highlight that the stress state o™ of the added material is a well-defined and
physically-meaningful quantity, whereas the deformation can be chosen for convenience by appropriately
defining the reference at the time of attachment.

Substituting F' = F_F,..jq, in (2.8), we find:

OF,.(x,t)
ot

+(v-V)F = (Vu)F (2.8)

+ (v-V)F, = (Vo) F, (2.9)

Frelax

“V)F,cjqz = 0;
5 T V)Fa

We have assumed that F}..;,,. is constant in time for each material particle, i.e.,
[NWD21]] discusses the more general case where F..j,, can evolve in time.

2 The stress response can be invertible only up to a rotation, but we can make any convenient choice for the unconstrained rotation.
3 These kinematic quantities are very similar to those proposed in in surface growth by [SY 19, ZT17, [TZ19], and builds on ideas

from the bulk setting that go back many decades [SY17al|Gar(9].



To compute the stress response of the body, we only need to know Fp, so we solve only (2.9). This is
a transport equation, and requires boundary conditions only at inflow boundaries [Ira09], i.e., where the
velocity v is inwards with respect to the moving boundary. Using the given stress state o™ of the added
particles, we specify F, = &_1(0*) at the accretion boundaries. While F, has 9 components that must
be prescribed at the inflow boundary, we highlight that F, is prescribed by the stress only up to a free
rotation. Loosely, the stress provides a prescription of only 6 components, broadly similar to the approach
by Truskinovsky [IZ19}ZT17] that projects stresses.

No boundary condition on F are needed for the ablation boundaries [Tra09].

Remark 2.1 (Properties of the Evolution Equation). The form of (2.9) suggests the method of characteristics.
Introducing the parametric variable I, we can write the solution of this PDE system through the solution of
the following ODEs:

dt
=L =0=0 = t=i (2.10)
d .
d? =, wl=0)=c, =123 @2.11)
(delz)zg _ 6% (Fo)kj, (Fe)ij (xr(= cx),l = t(= 0)) = initial or boundary condition 1,5,k=1,2,3
Tk
(2.12)
in a fixed Cartesian basis, and we have used index notation with implied summation.
The equations of the characteristic curves are defined by (2.10) and 2.11):
& = (£1(1,c1,c,c3), 821, 1, c2, ¢3), 23(1, €1, €2, ¢3), 1(1)) (2.13)

and (2.12) governs the behavior of F, along the characteristic curves.

Remark 2.2 (Pathlines of the motion). Comparing the transport equation with the transport equation
of X! provided in [KNO9], the characteristic lines of both equations are the same and the characteristic
curves of the latter are the pathlines of the motion. Therefore, the characteristic curves of are the
pathlines of the motion. We will use this property together with (2.3)) in the following examples to determine
the shape of the body.

2.C. Summary of the Proposed Approach

Our approach requires the solution of the balances of mass and momentum, and the transport of the elastic
deformation. In summary, we solve the 3 coupled equations given by:

—pdivo
a|? 1. .
— v p =< —dive(F,) (2.14)
dt F P
€ (Vv)F,

d . . .
where T is the material time derivative.

3. A hollow sphere with accretion at the inner and ablation at the outer surface

In this section, we consider a hollow sphere with accretion and ablation. The accretion occurs on the inner
fixed boundary and the ablation occurs on the outer boundary simultaneously. This example is motivated
by the assembly and disassembly of actin micro-filaments during polymerization and depolymerization on

a spherical bead [PLCCO1, NGF"00], and builds on the model of this phenomenon proposed by [TCAT6].
While we find the general solution, in the special case that there is no initial body, our solution reduces
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Figure 2. Schematic view of the hollow spherical body with accretion at inner fixed radius and ablation at the outer
time dependent radius

to that studied in [TCA16l, where it was solved using a Lagrangian approach with a 4-d manifold as the
reference configuration.

For the stress response, we use an incompressible Neo-Hookean form:

oW (F)

oF

where p is the pressure and W is the stored energy density function. We note that the incompressible
assumption violates the invertibility assumption of the stress-response function. For this particular problem,
we do not use this assumption, and in the general setting, it is sufficient to have invertibility for the part of
the stress derived from .

The schematic view of the problem is depicted in Figure[2] We denote quantities related to the inner and
outer surfaces using the subscript 0 and 1 respectively. We work in the spherical coordinate system:

&(F) = —pI + FT (3.1)

. oxr 1oz 1 Oz

=9 T 90 %7 rsind 09 (5-2)

3.A. Boundary and Initial Conditions

The inner radius is fixed and is equal to 7, which means that the boundary velocity V3o in (2.3) is equal
to zero. Particles with given time-dependent velocity ©,, = —Zo(t)é,, (Zy < 0, Zo(0) = 0) approach
the body at the inner surface and attach to it. Therefore, My = —pZo(t) > 0. Then, using (2.3), it is
clear that the normal velocity of the material particles right after attachment at » = rg is equal to Zg(t), ie.

v = —Zo(t)ér. This will provide a boundary condition for computing the velocity field later on.

Also, mass is removed from the outer surface with the ablation rate M7 < 0. In the treadmilling regime,
the boundary velocity is zero and the geometry of the body is constant, consequently M; = —pv(r =
ri(t)) - €.

The outer boundary is traction-free.



M .
These velocity relations correspond to those in [TCA16]. However, they obtain =0 = —Zp and

My =7 (t) < 0 using a sophisticated coupled analysis based on diffusion and kinetics; here, we will
simply assume them as given.

We next turn to the deformation and stress states of the added particles. Since the added particles are
composed of the same material as the body, they have the same stress response. We assume that no tractions
are imposed on the inner surface and the attaching particles are stress-free, up to an interior hydrostatic
pressure pg that must be determined, i.e., o(r = r9) = —poI. From the assumption of incompressibility, we
can choose F, = F = F,.,, = I. The outer boundary is an outflow boundary and requires no boundary
condition on F.

Finally, for the initial conditions, we use F. thatis consistent with the boundary conditions and equilibrium
equation.

3.B. Reduced Governing Equations
As the accretion velocity is radial and there is no shear traction, we assume that the motion is independent
of # and ¢. The velocity v then simplifies to:

v =uv.(rt)é, (3.3)

Based on the definition of the problem, the governing equations (2.14) together with the stress response (3.1
for a Neo-Hookean incompressible body reduce to the following :

0 2
div(v) = 22+ 20— 0 onrg <1 < 1i(t) (3.4)
or r
M. )
voé =0 =—Zyt), Vi=0 atr=rg (3.5)
p
M, . ) .
7 =Z1(t) atr=ri(t) = V& =v.(r=r1t)+ Z1(t) (3.6)
0 2
div(o) = < ;M + —(opr — 099)> é =0 onrg<r<rt) (3.7
r r
t,=0 atr=r(t) (3.8)
Doy g
9 Fe,, Fe, Fe, ) Fe,, Fe,, Fe, or " Fe,, Fe, Fe,
a Feer Feee F69¢ + UTE Feer Feae F60¢ = 0 TT 0 Feer Feee F€9¢ (3'9)
Fey Feyo Feyy Fey Feyg Feyy 0o o & Fey Feyo Feyy
T
F.(r,t =0) given, Fe(r=ro,t)=1 (3.10)
o(F,)=—pI+ GFeFeT, @ is the shear modulus (3.11)

3.C. Solution
Using the boundary condition (3.3)), the continuity equation (3.4) gives us the velocity field:
2

v=—7-Le, (3.12)
T
We next notice that we can write (3.9) as:
0
It iy =rr,rf,ro
0 0 A|F 0, A o
& + /UTE €i; — - v

r .
— otherwise



These differential equations are homogeneous, i.e. no source term on the right, and therefore those com-
ponents with zero initial and boundary conditions remain zero during the growth process. Hence, the
off-diagonal components of F are zero throughout the growth process, assuming that Fy is diagonal at the
initial time. We can then represent F, as:

F, = FerTér®ér+FeMé9®ég—|—Fe¢¢é¢®é¢ (3.13)

The evolution equation (3.9) and the initial (assuming Fe,,(t = 0) = F¢,,(t = 0)) and boundary
conditions (3.10) are the same for F.,, and I, as we would expect from spherical symmetry, so we solve
only for F,,,. Thus, only two of the nine scalar equations for the components of F, are independent and

non-trivial. Finally, after substituting the velocity (3.12)), we obtain two decoupled equations:

OF.,, ,130F, .71}
ot~ A2, = 2hngten G119
OF, . 12 OF, g

3.C.1. The Characteristic Curves

To solve (3.14) and (3.15)), we use the method of characteristics, similar to the discussion in remark
because of the convective nature of the equations. The parametric representation of the characteristic lines
for both of these equations is:

dt -
dr . 7"(2) ~3 N2

where [ is the parametric variable along the characteristic curves.

Assuming that all the characteristic curves start from ¢t = 0, we have for all curves that Cy = 0 and t=1,
although the information about F, might be provided at the middle of the curve (at the attachment time 7 of
each particle). However, different characteristic curves have different initial locations #(I = 0), so C is the
quantity that differentiates characteristic curves. For the special case of constant Zy, different characteristic
curves are plotted in Figure[3] The information about Fy is carried along these characteristic curves which
are also pathlines of the motion.

Instead of distinguishing different characteristic curves by their intersection with the line ¢ = 0, one
could alternatively determine them by their attachment time 7 to the body. In other words, assuming that
all characteristic curves start from r = rg at [ = 0, then C = 'rg’ for all characteristic curves but they are
distinguished by parameter Cy which is the attachment time 7 that was defined by [SFH97|| and [TCA16].
We note that the extrapolation of characteristic curves to the ¢ = 0 axis and representing them by the
attachment time 7 provides a 4-d manifold that is denoted the “placement map” in [TCA16]. In the case
that there is no initial body at ¢ = 0 and all the particles were added to the body via accretion, these two
choices of distinguishing characteristic curves are equivalent from the continuum mechanics perspective.
However, if there is a stressed or an unstressed initial body at ¢ = 0 with accretion and ablation occurring
at its boundaries, the approach of using the attachment time cannot as easily predict the deformation of
the body during the growth process. In other words, there is no distinction between the particles that were
initially in the body (i.e., with 7 = 0) at different radial locations, so their motion can only be considered as
a rigid body motion at any later time as in [SEH97] or it needs extra effort.

The information about F, is carried along these characteristic curves. It can be seen from figure |3|that,
based on the origin of each curve, they may carry either initial condition or boundary condition information.
So the space-time domain splits into two regions: (1) the region influenced by the initial condition (green
region), and (2) the region influenced by the boundary condition (non-green region). The deformation
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Figure 3. Characteristic curves which convect initial and boundary deformation through out the space-time domain.
(1) The solid non-bold curves are the characteristic curves, (2) the bold black curve distinguishes the initial body
(green region) from the added particles (non-green region), and is also the outer radius when there is no ablation and
no initial body, (3) the black dashed curve shows the outer radius in the case of no ablation and existence of an initial
body, (4) the gray shaded area shows the body when there is ablation and no initial body, and (5) the gray dot-dash
curve shows the outer radius in the case of both ablation and existence of the initial body.

gradient is affected by the initial condition in the lower region of the black bold curve (information comes
from the line ¢ = 0), and by the boundary condition in the upper region of the black bold curve (information

. T
comes from the line — = 1).
o
Each characteristic curve in the lower region shows the location of a particle which was at specific

non-dimensional radius — at ¢ = 0. Similarly, each characteristic curve in the upper region shows the
ro

location of a particle which was added to the body at time 7; the non-dimensional time 207 s given by
ro
the intersection of the characteristic curve with the line — = 1. It should be noted that these pathlines show

the motion of the particles inside the growing body, so :ﬁey are only valid within the growing body though
we have extended them outside the body. The time-dependent geometry of the growing body depends on
the initial shape of the body and the boundary velocity; the latter depends on the rate of accretion or ablation
and the particle velocity at the boundary, or it might be given as in the case of the inner fixed boundary.

When there is no ablation (M; = 0) and the growth starts from a substrate with radius 7, i.e. there is no
body at ¢ = 0, the black solid bold curve in figure 3|shows the outer radius of the body at each time because
only the motion of the particles at the outer boundary determines the velocity and location of the boundary.
Then, the time-dependent growing body is a hollow sphere with a constant non-dimensional inner radius of
one and non-dimensional outer radius given by the black solid bold curve. The distinguishing constant C
in (3.17) for the outer radius in the special case of no ablation and no initial body is obtained by substituting
7 =rg,t=1=0and solving for C'1, which gives

3 =1y — 38 Zo(t) (3.18)
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This is the equation of the black solid bold curve.

However, if there exists an initial body with inner and outer radius ¢ and (¢ = 0), and there is no
ablation, the outer radius of the hollow sphere is defined by the characteristic line that was at r = r1(t = 0)
at ¢ = 0 (dashed bold black curve). For the general case with ablation and an initial body, the outer radius
of the growing body (denoted by 71 (¢) in this problem) increases, but at a smaller rate than the case with no
ablation, and the rate depends directly on the given function Zi. In this case, the outer radius is depicted
(schematically) by the dot-dash gray curve in figure[3] If this radius reaches a steady-state constant value,
the body will be “treadmilling” [TCA16].

Finally, we consider the case when there is ablation but no initial body, following [TCA16]. The non-

t .
dimensional outer radius of rl—() which depends on Z; is shown (schematically) by the solid gray curve
7o
and the growing body is shown by the gray area in figure 3] As the inner radius is fixed, the lower limit of
the growing body is the vertical line at non-dimensional radius T 1, and the upper limit of the area is

To
(& (t)

0
in this case is only affected by the boundary conditions, since there can be no initial conditions absent an
initial body.

the non-dimensional outer radius

at each time (the gray curve). As can be seen from the figure, F,

3.C.2. Evolution of the deformation gradient

To compute the nonzero components of deformation gradient, we consider the scalar equations (3.14) and
(3.15)) separately as their right hand sides are different.

Solving (3.14)) for F.,,. The differential equation of F, . along characteristic curves which is parametrized
with [ is:

dFe,. 13
e 9z 10 p
di Op3ter
Combining this with (3.17) gives:
dF., __,dr o f(C) _ f (7 3Z0r)
F, r " r2 r2

Err

The unknown function f is the constant of integration which is different for each characteristic curve, and
it is a function of C; which distinguishes different characteristic curves. It is to be determined using initial
and boundary conditions. Consider the initial condition of F¢,, (r,t = 0) = F,, (r), so f is as follows for
the region influenced by the initial condition:

F

€rrg

=10 o @ = a¥R, @)

The boundary condition is also Fe,_ . (r = r9,t) = 1, so f is as follows for the region influenced by the
boundary condition:

f (’I“S + 3Z0(t)r8)

2
0

1= f(x) = const. = r%

The function f is constant because the argument depends on ¢ but it is equal to constant value 7“8.
Putting these together, we have:

(r3 4 BZorg)gFeMO ((r3 + 3207“8)%)
Ferr (T7 t) = TQ

2
(r—o) if %>y — 3r3Zo(t)
,

it 3 <rd—3riZ(t)
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Therefore, in the problem defined in [TCA16] where there is no body at initial state but there is ablation at
2
the outer surface, F, . is (@) at all times. O

Err
T

Solving (3.15)) for Fe,,. The differential equation for F,,, along the characteristic curves which are
parametrized by [ is:

dr, . 7"8
“a ~ G0 e
Combining this with (3.17) gives:
dF, dr
- £06 — — = F.,,=rg(C1)=rg (r3 + 3Z07“8)

€00

The unknown function g is the constant of integration which is different for each characteristic curve, so
it is a function of C; which distinguishes different characteristic curves. Using the initial condition of

Feyy(r,t = 0) = Fe, (r) and boundary condition, similar to the approach used in computing F,,, we
have:
1
PFep, (2 +3Z013)1)
o i if 75 < rd — 3r27(t)
Feyy(r,t) = (r3 +3Zord)3

r if 73 > 7’3 — 31"8Z0(t)

7o
For the problem defined in [TCAl6l, F,, is i at all times. ]

70

3.D. Solution for the special case with no initial body and with ablation at the outer surface

For the example defined in [TCAI16]] where there is no initial body and 7> > 7"8 — 37“8 Zy(t), our calculation
of F, is:

F, = (T)QéT®ér+;(é9®ég+é¢®é¢) (3.19)
As the process of addition of material is smooth, there is no jump in traction boundary conditions to
change F¢ instantaneously, and the added particles and the traction boundary condition are in equilibrium.
Therefore, Frejqr = 1.

Our calculation of F' matches with that computed in [TCA16]; a superficial difference is that they
represent the deformation gradient in the mixed basis with the first leg in the current and the second leg in
the reference. Further, our calculation of the equations of motion (characteristic curves) derived in (3.17)
matches with the current location of particles that was added to the body at time ¢¢(Z) derived in [TCAI6]
with Cy = 73 +3r3 Z, where t((Z) is the attachment time of a particle that was at location Z in the reference
configuration at the time of attachment. Therefore, essentially, both Z and 7#(I = 0) are the same and the
unit vectors in r and Z direction are identical. Further, the problem is independent of 6 and ¢ and the
coordinates are orthonormal, hence the coordinate vectors defined here and [TCA16] are the same, implying
that the representations of F' are also identical.

Finally, substituting (3.19) in (3.11)), the Cauchy stress tensor is:

4 2
o= (G(m) —p) ér e+ (G (T> —p) (€9 @ &g+ ey @ &)
r To
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To determine the unknown Lagrange multiplier function p, the balance of linear momentum (3.7) and the
boundary condition (3.8)) are used. Thus, the stress field in the growing body is:

(-G ) () - ()]
(0 G)) -6

which agrees with the Cauchy stress tensor derived in [TCA16].

o A A
5_ e X e+

(g ® €9+ é¢ & é¢) (3.20)

4. A hollow cylinder with accretion at the outer surface

In the previous example, accretion occurred at a surface with a known location. Here we will consider the
case that accretion occurs at an unknown time-dependent surface. Specifically, we consider a long hollow
cylinder made of a general incompressible material with time-dependent inner and outer radii, and accretion
occurring on the outer surface and traction applied on the inner surface. The formulation is motivated by
the wound roll process of additive manufacturing which has been applied to processes ranging from the
packaging of flexible films in paper and magnetic tape industries [[Yag80] to tissue engineered blood vessels
[KMD™09]. The stress response corresponds to an incompressible neo-Hookean material as in (3.1).

We assume that we can neglect the end effects and assume plain strain. Therefore, we use a 2-d polar
coordinate system:

. ox

€, —

5 égZ%%, 4.1

This problem was solved in [SY 17b]] using a geometrical Lagrangian approach with two different choices
of metric for the initial and added parts of the body. We discuss below that the choice of the growth velocity
does not change the Eulerian formulation, but it can make the Lagrangian formulation more complicated as
the time of attachment has to be related to the location in the reference configuration. We also show that one
can solve an Eulerian growth process using the evolution of inverse of the motion via the method discussed
in [KNO9J, rather than computing the deformation gradient directly using (2.9).

4.A. Boundary and Initial Conditions

We denote the time-dependent inner and outer radii by r;,(¢) and 74, (), their initial values by r;,(t =
0) = Ry and 74, (t = 0) = Ry, and the radial velocities by 74, and 7+, respectively.

The body is initially stress-free, and an internal pressure of p;(t) (p;(t = 0) = 0) applies a traction at the
inner time-dependent surface of the cylinder, shown in figure {4

There is no ablation, and the accretion occurs only at the outer surface. The mass rate of growth M at
the outer surface per unit area is equal to pu,(t). The added particles are stress-free and the growing surface
is traction-free. We aim to find the time-dependent geometry of the body, i.e. the expression for r;,,(¢) and
Tout(t), and the stress distribution in the body.

4.B. Reduced Governing Equations

From the symmetry of the problem, we assume that no quantities of interest depend on 6, and that the
velocity v is radial and can be written v = v,.(r,t)é,. Therefore, the governing equations (2.14)) together
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Accretion with mass
rate per unit area of

Figure 4. Schematic view of the very long hollow cylinder body with outer accretion, the gray body is initial body and
the dashed lines show the time-dependent boundary of the growing body

with (3.1)), written in the coordinate system defined in (4.1)), reduces to the following:

. v, (%%
div(v) = 5 + = 0 on 7ip(t) <7 < 7Tou(t) 4.2)
Tout = Vb - €p = Up(1 = Toue(t), 1) +ug(t) at r=reu(t) 4.3)
Tin = V- €, = 0p(1r = 1rin(t),t) at r=rp(t) 4.4)
rr ]- ~
div(e) = <8§ + —(opr — 099)> e =0 on ry(t) <r <reu(t) 4.5)
r r
t,=0 at 7 ="ruu(t) (4.6)
ty =pi(t)é, at r=ry(t) 4.7)
o [F,. F o [F.. F Our F. F
- Err €ro + - — Err ero | ar |: Err 61'0:| 48
8t |:F60'r F€99:| ! ar |:F69'r F699:| O & Fee'r FBGO ( )
r
F.=Tatt=0, Ry <r <Ry, and F.=1Tatr=ryu(t) (4.9)
F,
&(F,) = —pI + aWi()FeT =|-p+ 2128—W I+ 28—WF6FZ - 28—W(FGFET)—1,
OF, 0l ol 0l 4.10)
tr(B,)? — tr(B2) '

where [} = tr(B.) and Iy = are invariants of B, = FeFeT

2

As the initial and inlet boundary conditions of F, are consistent, there is no jump in traction boundary
conditions to change F, instantly. Also, the added particles and the traction boundary conditions have
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consistent stresses. So, we also keep the boundary and initial conditions for F' equal to I and the relaxed
shape of the added particles is equal to their shape at the time of attachment, then Fi..;,, = I.

4.C. Solution
The solution of the continuity equation (#.2)) using the boundary condition of [#.4) is:

v= "N 6 4.11)
T

and 7, (t) and consequently 7, (t) will be computed later. Substituting this in (4.3, we obtain a differential
equation that can be later solved for the outer radius:

TinTin = ToutTout — Touttg(t), ~ With 76y (t = 0) = Ry and r4,(t = 0) = Ry 4.12)

Similar to the previous example, Vv is diagonal, so the four PDEs for the evolution of the components of
F, are decoupled and homogeneous. As both the boundary and initial conditions for F, are identity, the
off-diagonal components of F, remain zero during the growth process. Using and (.11)), the evolution
equations for the diagonal components of F are:

OF, err . Tin oF,

. Ti

5 Fin a;’” = —rm%FeM (4.13)
OF. - OF ;

8;90 T‘in% 0;90 _ fin%Fege (4.14)

We solve these using the method of characteristics, similar to the previous example. The parametric equation
of the characteristic curves are:

de .

dr Tin

_— = = 4.1
a -y (4.16)

As in the previous example, we assume that all the characteristic curves start at ¢ = 0, so {(I = 0) =
0 = Cp = 0 for all characteristic curves. Further, substituting dl = d¢ in {.16) and using the identity

. 1 A - .
TinTin = 5 ET?"’ the function 7() along the characteristic curves is:

rar=G2)dt = 20+ = () “.17)
The integration constant C distinguishes different characteristic curves. Obviously, the pathline with
(1 = 0 shows the location of the inner boundary. However, the equation of r;,(¢) has not been computed
yet, and will be done further below using the traction boundary conditions. Further, given 7;,(t), we can
compute 7o, (t) using (@.12)). Figure [5|shows a schematic view of the pathlines and body shape.

We can also substitute for 7,7, in from (@.12) to find the equation for the characteristic curves:

(1)
(1) + Co = 2 (B(1)) — 2 / g (O)rous (2) dt 4.18)
0

where Cs is a constant of integration, and is different for different characteristic curves.
Using (@.13)) and @.14), F,, and F,,, along the characteristic curves are governed by:

dFe,. . T dF, . T
d; = _Tin%Ferra delee = rin%Fegg
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Combining this with (4.17)), the general form of F,., and Fyy are:

*(l, O)Fe,, = 1(C) (4.19)
Fe@@ _
fa.oy ~ 2l (4.20)

where g; and g9 are constants of integration which are different for each characteristic line. Therefore g;
and go are functions of either C; or C3, depending on whether we use or (4.18) to distinguish the
different characteristic curves.

1

1

1 : 1.2 : 4 1.5

Ry

Figure 5. Schematic view of pathlines of the motion in space-time. The outer radius is marked by the bold dot-dash
line, and the inner radius by the solid bold line; the time-dependent growing body lies between these radii. The
characteristic curve starting at 7 = Ry att = 0 is shown by the solid bold line. The colors mark the space-time regions
corresponding to the initial body and the accreted mass.

Considering the characteristic curve starting at 7 = R at t = 0 (marked by a dashed bold line in figure
[5), we substitute (r = Ry, 1 = 0) to find Cy in @I7), and hence the equation of this characteristic curve is:

R} — R =, (t()) — 7, (1) 4.21)

where r%l (1) is the function 7 for this specific characteristic curve. This curve divides the body into two
regions. As can be seen graphically from figure[5] the characteristic curves to the left of this specific curve
(green region) originate from the line ¢ = 0; therefore, this part of the body is governed by the initial
conditions of the body. On the other hand, the characteristic curves to the right of this specific curve (red
region) originate from the outer boundary; therefore, this part of the body is governed by the boundary
condition on the outer surface. Consequently, F, and o behave differently in each of these regions, and they
need to be treated separately.
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4.C.1. The region that was initially in the body
Considering the region that formed part of the initial body, the characteristic curves from (4 can be used
to substitute C' in (@.19) and (@.20) to find the general forms of F, . and F,

399
PFe,, (7, 1) = g1(C1) = g1(rp, (£) — 7%) (4.22)

= g2(Ch) = ga(r2, (£) — 7?) (4.23)

Using the initial condition of F, = F,,, = 1 att = 0 to compute g; and go, and substituting #* and  with

r and ¢, we can find F, in this region:

60

\/Rz—r +r2

F, = €y R €y 4.24)

\/R2—7’ t) + 72

Using ([@.17)), for a particle that was initially (I = 0) at R, the spatial location at any later time ¢ is:

PR30 - R = R L)+ =R (4.25)
So, we can write F as:
R, . R R
Fe:—e,«®er+169®69
r R

We notice that this agrees with [SY17/b], because the initial body is stress-free, and hence the initial
configuration is also the reference configuration for this part of the body.
Substituting F, from (4.24)) into (4.10), the Cauchy stress tensor in this region is:

o +28W L r? +28W RZ —r2 (t) +r? 6 @e
o p 8[2 Rg—r ()+T’2 6[1 r2 " "

2@V (1 Ba @ Y oW r’ ép® é
P ol r2 oI \ R3 —r? () + 1?2 0 o

To compute the unknown pressure field p, we use (4.5)) and the appropriate boundary condition (4.7):

(4.26)

ooy 1 B
ar + ;(0'7"7" - 099) =0=
0ope 2 (OW WY [1*— (B2 —12,(t) +r2)°
_Z + ~— 4.27)
or on 0l (R3—r2,(t)+7r2)r
B 2r 8W+3W 1_(R0—7“()+T)
S RE-r2(t)+r2\0L @ OL ré
As o, is a function of r and ¢, we have:
" 2r ow oW (RZ — 12 (t) +1%)?
= 1— dr + h(t
on= | o lm=rmre (ot ) ( = rn
Using the boundary condition (4.7), h(t) is equal to —p;(t), thus:
" 2r ow oW (RZ — 72 (t) +1%)?
= —pilt 1— in dr (428
on =00+ [ |t (on o) ( 2 roe
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And,

r

p(r,t) =pi(t) — /r;@) [32 =y @X + g‘:) (1 (RS - r?r;gt) +r2)2>] dr

,OW RZ — 12 (1) + r? oW r?
1-— +2
812 7”2 8[1 RQ — ’r ( ) + 72

Using p from (@.29) in (4.26) gives the complete Cauchy stress tensor in this region of the body.

To compare this result with [SY17bl], we need to write (4.28) based on the reference configuration and
in Lagrangian form. Using (#.25)), we have  dr = R dR, and substituting this relation in (4.28), we can
write o, in the following form that agrees with [SY17bl].

Rro /oW ow R*
rr — —Pi = | 57 - 1——
=m0 [ G+ 5) (1235 o

4.C.2. The region that is added to the body via growth process

(4.29)

In the region that is governed by the outer boundary conditions, it is more convenient to use {.18)) to
compute the characteristic curves as it involves the outer part of the body, in contrast to (4.17). So, for C' we
use C5 in (@.19) and @.20). Hence, the general forms of F¢  and F,

00

t
PR, (7, 1) = g1(C2) = g1 ( () =72 =2 / Ug ()T out(t) dt) (4.30)
0
E., (7,1 . ¢
M?ET) = 92(C2) = g2 < St () — 2/ g ()7 out (1) dt) (4.31)
0
Using the boundary condition from (4.9) at r = r,,(t), we have:
. t
Tout(t) = g1 2/ Ug(£)rout (t) dt (4.32)
0
1 t
~ =0 —2/ Ug(£)rout (t) dt (4.33)
Tout(t) 0

To compute F,,, and F,,,, we need to know the functions g; and go when their arguments are r2,,(t) —
t

=2 / g(t)rout (t) dt. Using @.18) for a particle that is initially at the outer radius of Ry, substituting

(r =rout(t =0) = Ry, t = 0), the constant C5 for this characteristic curve is computed to be zero. Hence,
another form of 7, (1) from @.21) is as follows:

t
72 (1) = r2,,(0) — 2 /0 g ()t (£) 4.34)

The schematic sketch of 7z, () is the bold dashed line, and 7o,(¢) is the bold dotted dashed line in figure[3]
Further, for a particle that is at 7 = r,,(7) at t = 7, substituting (r = rou:(t = 7),t = 7), the constant
T

Cyis =2 / Ug(t)rout(t) dt. Thus, the pathline of a particle that attaches to the body at the outer radius

0
Tout(T) (at time ¢ = 7) at any time after the attachment time ¢ > 7 is:

i T
rgut(f) — 2/ g (t)rout(t) dt = 72— 2/ g () rous(t) dt (4.35)
0 0
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Using this equation and boundary conditions (4.32)) and (4.33)), we get:
A t T
@) =7 =2 [ ag(t)ra(t) dt = -2 [ uy(Oron(t) dt = (4.36)
0 0

PFor (0) = g1 (r?m(f) -t | o) dt) — g (—2 / g (1) rous(t) dt) -

4.37)
F., (7& o t T 1
Feo .8 _ o (12,68~ 72— 2 / g (E)rout (t) dt | = g2 <—2 / g (E)rout (£) dt) _
r 0 0 Tout(T)
(4.38)
So, the deformation gradient in this region is:
Aot
oot oo v T e e, (4.39)
T Tout (T (7, 1))

Now, we need to compute 7 for a given spatial location r at given time ¢. Substituting (4.35) into (4.34), the
following relation implicitly provides an equation to compute 7 for a particle that is at the spatial radius 7 at
time ¢t with 7, (t) <7 < rout(t):

#2(1) = 1%1 +2 /T Ug () roue(t) dt (4.40)
0

The (as yet unknown) functions 7, (%) and 7, are required apply this equation to compute 7. The functions
rout(t) and 7g, are related to each other by [#.34), so indeed we have only one unknown function. For
now, we will continue with these unknown functions, and they will be computed using the traction boundary
conditions below.

Although we want to compute 7 for a known spatial location r at known time ¢ because of the Eulerian
approach, [SY17b] used a similar equation to compute the unknown location  at known time ¢ of a particle
that has reference position R in the Lagrangian approach. In that approach, one needs to also know the
relation between 7 and R as the attachment time affects the current location of the body, and the integral
in the last term of the above equation is written with respect to dR in [SY17bl]. For simplicity, [SY17b]

. - R
assume that u,(t) is constant and equal to g, and then 7 = !

. In general, the relation between 7 to

R is more complicated. The Eulerian approach does not refer tg (%he reference configuration explicitly, and
hence the choice of u4(t) does not affect the formulation of the problem.

We notice that we could alternatively find F¢ from (4.39) using the following argument. The boundary
condition for this region is that the particles are added to the body at the outer surface with radius of rout(f)
without experiencing any deformation, i.e. F, = I. In the other words, F,_ = F,,, = 1 at the attachment
radius of the particle r = 7g4qch (7, f); this is different for each characteristic curve. Also, we know that

Fe@&

along pathlines, 7F¢, . and
7

are constants and equal to g;(C32) and g2(C?2), respectively. Using the

boundary condition, 7qqch (7, 1) = g1(Co) = , and we can then write F, in this region as:

92(C2)

A~

Tattach(r ) A A r ~ «
7’6r Ke+—egR ey

F.=
r Tattach (T7 t)

And obviously the attachment radius of each particle is the outer radius of the body at the time of attachment
T, 8O Tattach (T, 1) = Tout(7); @.40) gives us an equation to compute 7.



19

Now that F, is known (#.39), we can compute the Cauchy stress using (4.10):

ow r? oW (r2,,(7)
— | — 27 1_ 2 out Ar A'r
7=l () 2 () e

(
oW r2,(7T) oW r? .
N 9 1 — _ou 22— [ —
+ [ P+ 0l ( 72 ) " ohL (rgut(7)>] e

To find the unknown pressure field p, we use (@.5)) to compute o.,:

e [ o] = [ [y (2 0) (0

1 1

(4.41)

Using traction continuity at the interface between the initial and added material (located at 7'g, ), we have

for o, and the function h(t):
2r ow oW (RE —r2 (t) +1r?)?
h(t) = —p;(t 1— in d
( ) b ( ) + /rm(t) |:R(% — T?n(t) + r2 <811 + 8[2) ( r4 "

r(Ry,b) % oW oW (R§ —r3,(t) +r?)?
e = — Dilt 1- : o
o p()—i-/”n(t) |:R3—T‘Z-2n(t)+7“2 (811 + 8[2) < ré >:| dr+

" 2r ow oW rd (1)
/T(Rht) [T?mt(T) <311 " 312) <1_ r ﬂ &

We note that 7, (t), rou:(t) and 7g, are as yet unknown functions. Based on (.12) and {.21)), these
functions are not independent, and we can write both 7, and 74,:(t) in terms of 7, (¢). Another boundary
condition is that the outer surface r = 74, (¢) is stress-free. We therefore get the following equation for
computing these three (non-independent) unknown functions:

) o oW oW (R% — 12 (t) 4 r2)?
. _ 1— 0 mn
pilt) /rm(t) [R(Q)—T?n(t) +1r? <311 i 512) < r >] v

rout) T2 QW OW T'out(T)
+ +  —l )} dr
/T(R1,t) |:Tgut(7-) <611 312) ( ré

This is in agreement with [SY17b].

T(R1 ,t)

(4.42)

4.D. Computing the deformation gradient using inverse of the motion

An alternative Eulerian approach to find F is to work with the inverse of the motion & = &,.é, + £»éy and
(@43) provided in [KNOY]; once we have &, we can compute F using F = (V£)™'. And we note that as
Frelaac =1, Fe =F.

o -1
’(;t +(v-V)x =0 (4.43)
From symmetry, we have £y = const.. For &,, we have:
&y . Tin 0§
in— = 4.44
ot i r Or 0 (444)

which is the r—component of (4.43)), after substituting the velocity field from {.1T).

Using the method of characteristics, the characteristic curves are the same as those from (4.17) and
@.18). However, as the right side of the above equation is zero, it means that &, is constant along the
characteristics, giving:

& =g(0) = g1 (r7,(t) = %) = go <r§ut(t) — 2 -9 /0 g (1) out () dt) (4.45)
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We can then compute F' in the initial region:

%, - 1
F=(ve)'=|0 .| = —2rgi(m) (4.46)
O >0
r g1(m) ]2 (12

This region is influenced by the initial condition, which is F' = I. Also, the intersection between the line
t = 0 and a characteristic curve that passes through 7 at time ¢ is R (the initial location of the particle), so:

-1
RE—R)=R=g(m)=+/R2—m = g¢j(m)=——ux= 4.47
gl( 0 ) gl( ) 0 gl( ) 2\/@ ( )

Therefore, the explicit expression for F' is:

VES )+
= r

F
0

0
, (4.48)
2

which is, as expected, identical to (#.24).
In the region governed by the boundary condition, we have from (@.43) that £, = ¢2(C2). Combined
with the boundary condition F' = I at r = 7, (t), we have:

1
F— | —2rgs(m)

3 O

(4.49)

g2(m) 1 .= (r2uc G721 =2 f3 g (B)rous(t) dt)

i
At = 14, (t), we have Fyg = 1, 50 7ot () = g2 <—2/ Ug ()T out (1) dt). Using (4.35):
0

A

B (o502 hantorontr ) = 92 (2 [ 5070880 ) = (6.0

Now, we need g5(m) to define F' completely; however, the general form of go(m) is not readily available
. (1)
to differentiate. We only know that go(m) = 70w (7) at m = 72,,(£(1)) — #2 — 2/ Ug(t)rout (t) dt.
0

Therefore, we consider g’ (m) as an unknown function, and apply the boundary condition F.. = 1 atr = 7y
to compute gh(m) directly:

/ i ) ¢ B 1
— 2rg) <_2/0 g (1) out (1) dt) =1= g, (—2/0 g ()7 out () dt) = 2 ® =

. R R (1) Ny T - 1
92 (Tgut(ta)) - T2 - 2/(; U’g(t)rout(t) dt) =gy <—2/0 Ug(t)’f'out<t) dt) = =

=275yt (T)

Tout (T)
T

FTT’:

Therefore, F' in the region governed by the boundary conditioned region is:

Tout (T) 0
F = r r (4.50)

Tout (T)
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which is identical to (.39).
Instead of using the initial condition on F', we could use that the region governed by the initial condition
is initially stress-free to set £, = R, and use this to compute the function g; (C) in the initially existing body:

g1(B} — R = R= & = q1(Co) = \/ B} — r2, (1) — 2

However, in the region governed by the boundary condition, converting the boundary condition on F' to
a boundary condition on &, requires the initial location of the added particles, and hence has the same
difficulty as computing the reference configuration. This is the reason that we compute F' using (2.8) rather
than through computing the inverse of the motion using {.43).

5. Discussion

In this paper, we model the surface growth of solid bodies using an Eulerian approach. An important
advantage of this approach is that we do not need to explicitly compute the time-evolving reference config-
uration. On the other hand, to obtain the stress, we need to solve for the deformation gradient which is not
straightforward in the Eulerian setting. This is addressed by introducing the elastic deformation field and
the associated transport equation that governs its evolution. To solve this time-dependent transport equation,
we use the method of characteristics that enables us to find closed-form solutions in two examples with
spherical and cylindrical symmetry with free boundaries.

The primary motivation for formulating the Eulerian approach is to enable future work on numerical
solutions. A potential advantage of Eulerian methods that have been developed in the fluid-structure
interaction (FSI) literature (e.g. [SITT11]) is that we can solve such problems on a fixed mesh for an
evolving body, rather than an evolving reference configuration and deforming mesh that needs to be updated
or re-meshed frequently. A numerical scheme would enable the careful study of various interesting systems
identified recently, e.g. [ZT17, [ZT18,TZ19] that focus on the problem of near-net-shape manufacturing in
the presence of incompatibility and residual stress, as well as [SG18]] that discusses incompatibility in both
surface and bulk growth.

An important challenge in the Eulerian formulation is to know the location of the boundaries to be able
to apply the boundary conditions. We refer to the brief discussion in Section 3.3.1 of [NWD?21]], as well as
[KRN12, [KN0O9], and notice that the velocity field can be used to locate the boundary of the body for the
parts of the boundary without growth, we follow the characteristic lines of particles located on the boundary;
for the parts with growth, we use (2.3) together with the pathlines to determine the location of the growing
boundaries.

Briefly, we also highlight that bulk growth has received much attention, e.g. using growth tensors
[RHM94, ICS14, RC17, |Gar09], geometrical approaches [Yav10|], and mixture theory [HRO2]. A key
difference between bulk and surface growth is that the former can typically be studied by assuming that the
set of the material points is unchanged, and that growth occurs through a change in the referential density
due to a distributed mass source.
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