EXACT SOLUTIONS FOR THE DENOISING PROBLEM OF
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ABSTRACT. In this paper we provide a method to compute explicitly
the solution of the total variation denoising problem with a L? fidelity
term, where p > 1, for piecewise constant data in dimension one.

1. INTRODUCTION

The images and the signals we use in everyday life are not perfect. Exter-
nal conditions, other then defects or limitations of the instruments we use to
obtain them, affect the quality of the acquired data. Thus, it is important
to be able to recover the clean object in the best possible way, i.e., with
optimal fidelity. If we denote it by w and the acquired, corrupted signal by
f, it is usually assumed that the two are related as':

f=Au+n, (1)

where A is a bounded linear operator representing the blurring effect and n
is the random noise. One of the aims of image reconstruction is to deblurring
and denoising f in order to recover u (see [8, 22]).

Here we are interested in the denoising problem, i.e., when the operator A
is the identity and we have to remove the noise. Problem (1) is, in general,
ill-posed (in the sense of Hadamard) and thus we need to regularize it (see
[1, 44]). A widely used variational technique for this purpose was introduced
by Rudin, Osher and Fatemi in [42], where they proposed to recover u in an
open set  C RY via the minimization problem

min | Dul|(£2), (2)
uEBV(Q), [lu—f|I3 ;=02

for some fixed o > 0, where f is suppose to be in L?(Q) and |Du|(Q2) denotes
the total variation of the function w in €. The choice of BV (Q) as the
functional space where to perform the minimization is motivated by the fact
that it permits the presence of discontinuities in the solutions, i.e., the sharp
edges of the objects in the image (actually, it can be shown that, in general,
real images are not of bounded variation (see [30])). Problem (2) has been
shown to be equivalent to the following penalized minimum problem (known

as the total variation denoising model with L? fidelity term)

. 2

Lo [ Dul () + Allu = fll72(0) - (3)
for some Lagrange multiplier A > 0 (see [17]). Today’s literature on the
study of problem (3) is extensive, and here we limit ourselves to recall that:

lWe do not want to be precise here.
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properties of the solutions have been studied, for instance, in [2, 3, 4, 9, 10,
14, 15, 20, 23, 26, 28, 31, 35, 41, 45, 46|, the analysis of variants of (3) that
use the generalized total variation have been performed in [11, 12, 38, 40,
39], anisotropic models are undertaken in [24, 27, 29, 34|, while the effects
of considering high-order models have been investigated in [19, 21, 25, 32,
39]. Finally, other variants of (2) have been addressed in [6, 7, 37|, and
algorithmic considerations may be found in [13, 16, 18, 36].

In this paper we study the one dimensional case where f is a piecewise
constant function and we generalize the L? fidelity term as an LP fidelity
term, with p € [1,00), i.e., we consider the minimum problem

where  := (a,b) C R and
G(u) 1= [Dul(Q) + Al — I (5)

for a given initial piecewise constant data f. In the case p > 1 we are able
to provide an analytic method to find the exact solution of (4).

The principal obs0,-bvtruction in obtaining an analytic method to com-
pute (one) solution of the problem (4) in the case p = 1 is that explicit
computations are difficult to perform, analytically, in the case p # 2. Thus,
albeit we know that the solution u? of (4) for a fixed A and corresponding to
the LP fidelity term, for p > 1, will converge to a solution u' of (4) for the
same ), but with L' fidelity term, we cannot obtain it as an explicit limit of
such solutions. Nevertheless, a finer analysis of the behavior of the solution
for p > 1 is currently under investigation.

Our result extends the one obtained by Strong and Chan in [43], where
they are able to obtain the exact solution for large A in the case of a noisy

I

2. SETTINGS

In this section we review the basic definitions of one dimensional functions
of bounded variation. For more details, see |5, 33|. Here a,b € R and a < b.

Definition 2.1. Let u : (a,b) — R. The pointwise variation of u in (a,b) is
defined as

n—1
pV (u;a,b) := sup { Z lu(zigr) —u(z)| ta<zp < - <z, < b} :
i=1

Definition 2.2. For u € L*((a,b)) its total variation in (a,b) is given by

Dul((@.) =suw { [ ude ;o€ C((@,h),lol < 1}

If |Dul((a,b)) < oo, we say that u belongs to the space BV ((a,b)) of func-
tions of bounded variation in (a,b).

The relation among the above objects is given by the following result.
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Theorem 2.3. Let u € L'((a,b)) and define the essential variation of u as
eV(u;a,b) :=inf{pV(v;a,b) : v=u L' —a.e. in (a,b)}.
The above infimum is achieved and it coincides with ]Du\((a, b))

The above result allows us to single out some well behaving representative
of a BV function.

Definition 2.4. Let u € BV ((a,b)). Any v with v = u L'-a.e. in (a, b) such
that pV (v a,b) = eV (u;a,b) = |Dul((a,b)) is called a good representative of
u.

3. THE GENERAL STRUCTURE OF THE SOLUTIONS

We start by proving that a solution to the minimum problem (4) needs to
have the same structure asf, i.e., it has to be a piecewise constant function
with its jump set contained in the jump set of f. In higher dimension, the
inclusion? J, C Jy is well known (see [14] and [45]) in the case p > 1, while
it is not always true if p = 1 (see [20] and [28]). The following result has
been proved, with a different argument, in [12].

Theorem 3.1. Let f € L'((a,b)) and let u € BV ((a,b)) be a solution of
(4). If f is constant in (¢,d) C (a,b), then u is constant in (c,d).

Proof. Let u € BV((a, b)) and suppose it is a good representative such that
u(c) = lim wu(y), u(d) = lim u(y).
y—c— y—dt+

Define the function

- { u in (a,b)\(c,d),

YTt oin(e,d),
where t := fcd u. We claim that
F(u) < F(u),

where equality holds if and only if w =t in (¢, d). We show that the above
inequality holds separately for each term of the energy. The fact that the
fidelity term decreases is due to Jensen’s inequality. Indeed, by recalling that
f is constant on (c,d), say f = f in (c,d), we have that

(][ wdy—7[ ‘\][ f)dy\psfru@)—f\pdy,

and, by integrating both sides on (¢, d), we obtain

/rt—f|pdm</ fuz) — FP de,

where the equality case holds if and only if w =t in (¢, d).
We now consider the total variation term. We have that

|Dal([e, d]) = |u(c) — ] + |u(d) — ],

2With J, we denote the jump set of u € BV ()
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Suppose, without loss of generality, that u(c) < u(d). We will consider three
cases: t € [u(c),u(d)], t < u(c) and t > u(d). In the first one, we simply
notice that
1D@([e, ) = u(d) - u(c) < |Dul([c, )
If ¢ < wu(c), then there exists = € [c,d) such that u(z) <t.
|Dul([e,d]) = (u(e) — u(@)) + (u(d) — u(z)) = (u(c) —t) + (u(d) —t)
= |Dul([c, d]).

The case t > max{u(c),u(d)} can be treated similarly. This concludes the
proof. O

Thus,

The above result allows us to get the structure of minimizers of problem
(4) in the case in which f is a piecewise constant function.

Corollary 3.2. Let f be a piecewise constant function in (a,b), i.e.,

k
$) :ZfiX(xi_l,xi)(x)7 fz e R.
=1

Then any solution u of the minimum problem (4) is of the form

k
— Z ui X(wi_l,wi) (:C) ) (6)
i=1

for some (Ui)§:1 C R, not necessarily distinct from each other.
In particular, a function u of the form (6) is a solution of (4) if and only
U= (uy,...,u;) € R¥ is a solution of the minimum problem

z1}161]%1c G(v), (7)

where G : R¥ = R is the function defined as

Gv) = Zm v ﬂHZL\fZ vil?, (8)

=2

with v = (v1,..., V).

Thus, hereafter we will concentrate on the study of the minimum problem
(7). The issue in finding minimizers of G is that the functional has some
regions where it is not differentiable (due to the first summation), and so,
albeit it is convex (strictly, if p > 1), minimizers cannot be found directly
as critical points. The aim of this paper is to provide a method to overcome
this difficulty.

The cases p = 1 and p > 1 turn out to be quite different. Heuristically, the
difference lies in the fact that, in the first case, the two terms of the energy
are of the same order while, for p > 1, the fidelity term is of higher order than
the total variation one. This leads to very different behavior of the solutions.
A first difference between the two cases is the lack of uniqueness in the case
p =1 (see Proposition 4.1). However, in this regime it is possible to obtain a
more rigid structure result for a particular solution of the minimum problem
forp=1.
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Corollary 3.3. For p = 1, there exists a solution u of the problem (7) such
that w; € {f1,..., fx} for everyi=1,... k.

Proof. For any given a pair of functions s; : {2,...,k} — {0,1} and s :
{1,...,k} — {0,1} consider the set As, s, C R¥ such that
k k
G(u) =Y (=D u; —uin) + 2 Y Li(=1)2O(f; —w),  (9)
=2 1=1

for all u € A, 5,. We note that A, 5, could be empty. Then

min G = min min G|A .
Rk 31752 ASl,Sz 51"5‘2

If u € As, s,, then (9) can be written as
G(u) =03 u+ 0™, (10)

for some ¢"*? € R and vy""*? € R¥, hence for any s; and so, the function G

restricted to A, s, is always minimized by a vector of the form

Ui = fo(i) s
for some function o : {1,...,k} — {1,...,k}. This concludes the proof. O

The above result allows us to select a particular solution for the minimum
problem in the case p = 1.

Definition 3.4. We will denote by u* a solution of the minimum problem
(7) corresponding to the value A\. This will be the solution, if p > 1, while,
for p = 1, it will be understood as a solution whose structure is those given
by the previous result.

Remark 3.5. It is easy to see that u; € [min f, max f] for every solution w.

In the rest of this section we want to understand the behavior of the
solution w* in the limiting cases for A, i.e., when A\ < 1 and when A > 1.
In the first case the predominant term of the energy is given by the total
variation, thus we expect u* to minimizes it.

Lemma 3.6. Fixzp > 1, positive numbers (Li)f:1 and two constants m < M.
Then, there exists a constant A\ > 0, depending only on p, (Li)le, m and M
with the following property: for any piecewise constant function f such that
f € [m, M] and any X € (0, \], we have that v is constant.

In particular, if p > 1 then there exists ¢ € R such that uf‘ = c for all
A€ (0,N and alli=1,... k.

Proof. We first treat the case p > 1. Assume u* is not constant and let i €
{1,...,k} be such that u} = min{u?‘ cj=1,...,k}. Let r ;= inf{j < :
us = u; for all j < s <i}andlet ¢t :=sup{j > : us = u; for all i <s < j}.
By hypothesis, either > 1 or t < k. Consider, for ¢ > 0, the vector u¢ € R*
defined as u5 :=u; + € for j =r,...,t and uj := ui‘ for all the other j’s.

Then, recalling that u; € [m, M] for all j =1,...,k, we have that
ey __ A
L G) - G
e—0t €

=a —i—p)\(—l)SiLi\ui — fi‘pil

<a+p\(M —m)P~! max L;, (11)

i=1,..k
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where a € {—1, -2} (in particular, a = —1if r =1 ort =k and a = —2
otherwise), and s; € {0,1}. Let
. 1

A= .
p(M — m)P~lmax; L;

If A < A, from (11) we get that G(uf) < G(u*). This means that u* has
to be constant for A < X. Moreover, it is easy to see that the function G
restricted to the set {(u1,...,u;) € R¥ : uy = -+ = u} admits a unique
minimizer, that is independent of \.

We now have to prove that v is constant. Assume that ul’\ = ¢ for for all
A€ (0,\) and all i = 1,...,k. Let ¢ € R* be the vector given by ¢ := c.
Then G\(c) < Gx(v) for all v € R¥ with v # ¢ and all A € (0, \), where the
subscript A is to underline the dependence of G on A. By letting A A, we
get Gy (c) < Gx(v) for all v € R¥ and thus u* = .

Let us now treat the case p = 1. Suppose that u* is not constant. Recalling
that u? € {f1,..., fx}, we have that

|Du|(9) > min |f; = fi-1-
On the other hand, for any function v such that v = ¢ € [min f, max f] in
(a,b), it holds that
G(v) < Ak(max L;)(M —m).

Set
- min; | f; — fi1

 k(max; L;)(M —m)

For A < X the above estimates show that u* must be constant.

Finally, in order to prove that also u” is constant, we reason as follows:
we know that u* = & for A € (0,\), for some ¢\ = (cy,...,cy) € R¥. Take
An ' A Since ¢y, € [min f,max f], up to a not relabelled subsequence
we have that ¢y, — ¢. We conclude that G5((c,...,¢)) < G5(v) for all
v € RF. O

We now consider the case A > 1. Since
ALilu} = filP < G(u?) < G(f) < oo,
we know that
ut = f as A — 00. (12)

The following results underline a first important difference between the cases
p=1and p > 1. Indeed, if p =1 the limit (12) is reached for A < co, while
if p > 1 only asymptotically.

Lemma 3.7. Letp > 1 and assume [ is not constant. Then v € (min f, max f)

for all X > 0. In particular, f can never be a solution of the minimum prob-
lem.

Proof. We first prove that u* cannot achieve the value min f. Assume that

u? = min f for some i € {1,...,k}. Let r <1i < s be such that u; = u; for
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all j =r,...,s. Consider, for ¢ > 0, the vector u® € R¥ given by us = u?‘—f—g
for j=r,...,s and uj := u;‘ for all other j’s. Then
. G) —G(u) > N1
lim ————=a—pA\» Li(fj—u)’"" <0,
e PAY Lilhy = )

where a € {—1,—2}. This is in contradiction with the minimality of u?.
With a similar argument it is possible to show that u does not achieve the
value max f. O

Lemma 3.8. Let p = 1. Then there exists A > 0 such that for all X > X the
solution of the minimum problem (7) is unique and is given by f itself.

Proof. Suppose that there exists a sequence \; — oo for which uj‘j % f; for
all j’s (this is possible, since k is finite). By recalling that u?j e{fi, s frxh

setting
L a)
" ming L; ming |f; — fi—1]’
we have, for \; > A, that
G(UAJ') > )\jLi|uj\j — fz’ > G(f)»

contradicting the minimality of u™. O

4. EXPLICIT SOLUTIONS IN A SIMPLE CASE

Here we study the case in which we have just two grey levels, i.e., k = 2.
This analysis will underline some important features of the cases p = 1 and
p> 1.

Proposition 4.1. Let fi < fo. Then the solutions u* of the minimum
problem (7) in the case p =1 are the following:

o if L1 > Lo, set )\%p .= L. Then

=L
u} =uy = fi for X < AL,
u} = frud € [fi.fo]  for A=A,
up = fi,uy = fo for A > AL,

o if Ly = Lo, set AL := L% Then

ut € [f1, fol,up > wa for X <AL,

ud = fr,uy = fo for A > AL
o if L1 < Lo, set )\1T = L% Then
ut = up = fo for A < AL,

ui\e[flvfﬂaué\:fQ fOT')\:)\%—‘,

u{‘:fl,uﬁ‘:fg for)\>)\%p,
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Proof. 1t is easy to see that we must have f1 < u; < us < fo. Thus, we
consider the region
T::{(Ul,ug)eRQ D fi<u <ua < fo}, (13)
and we rewrite the function G in T as
G(u) = [AL1 — Huy + [1 = ALgJug + A[foLo — fila] = vy - u+cx.

When minimizing G in 7, we can drop the term ¢). Then, the minimizers,

according to the position of the vector ﬁj—i‘ (well defined for all \’s, except in
1

the case L1 = Ly and \ = L—l), are the following;:

fi fa

f2

N

FIGURE 1. On the left it is displayed where the (renormal-
ized) vector vy can vary: from v; for A = 0 up tp (asymptot-
ically) v := arctan % On the left the triangle where the
vector u can vary.

Thus, by simply studying the sign of the components of vy, we obtain the
desired result. Notice that the non uniqueness happens only when the vector
vy is orthogonal to {x =y} C R2. O

In the case p > 1 the landscape of the solutions is quite different.
Proposition 4.2. Let fi < fo and let p > 1. Define
1 1
p o LLP 4Ly
T p LiLy(fo — f1)P!

The solution u of the minimum problem (7) is the following:

° for)\g)f}
_1 _1
Ly L
’UJ{\:U%: Ll Lfl'f_ L2 Lf?a (14)
Lf71 +L571 Lf71 _|_L571
. f07")\>>\§
1 1
= fi+——, uy = fo— ——. (15)

(pALy)?-1 (pALg)P—1
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Proof. Recalling that fi < uy; < ue < fa, we just have to consider the region
T defined in (13) and to rewrite the function G in that region as

G(u1,u2) = uz —uy + ALy (ur — f1)P + ALa(f2 — u2)?.
The critical point of G is given by
1 1

up = fi + ———, uy = fo — ———,
(PALy)P—1 (pPAL2)»—1

and it belongs to the interior of 7T, i.e., ui\ < u%, only for A > )\Z%. Since G
is strictly convex, this critical value turns out to be the global minimum of
G for A > M. In the case A < M., the minimum point has to be on 97.
Instead of performing all the computations for finding the minimum point in
all of the three edges of T and to compare them, we will use the following
argument based on the continuity of the minimum u* with respect to A (see
Lemma 5.1), i.e., we invoke the fact that the function A\ — u? is continuous.
Notice that for A N\, A}, we have

Uy — (ﬂ7a)7
where
_1 _1
B Lp71 Lp71
b= it f,
Lf71 +L571 Lf71 +L571

is independent of X\. By using the continuity of the solution, we can conclude
that, for A < A%, the solution of the minimum problem is given by (@, ). O

Remark 4.3. We remark a couple of facts:

(1) we have that A, — A as p — 17 (in each of the cases for the
definition of the second one). Indeed, suppose that L; < Lo. Then,

1 1

= “T\p—1
lim M. = lim (Li "+ L3 )
p—1t T p—1+ L1Ly

1
1 L\ \"!
= — i 1 “
L1p3?+< +’<L2> )

1
Li\¢
tl — 1
og [<L2> +

Similar reasonings lead to the claimed result in the other two cases.
In particular, notice that A, > AL.

1
= — =\

L,
= — 11m ex
P I,

L1 t—o+

(2) The solutions that converge to a solution for p = 1, as p \ 1.
Indeed, suppose A > )\%ﬂ, Then for p sufficiently close to 1, from the
above bullet point, we have that A > /\’}. Thus, the solution of the
minimum problem for p is given by (15). In this case, it is easy to see
that the solution converges to (f1, f2), as p \, 1. In the case A < AL,
we can assume as above that p is so close to 1 that the solution of
the minimum problem for p is given by (14).
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If Ly > Lo, then

Lf?l = 1 —1 as
T = 1 ) p—1,
LV 4 L (%) |
=1
=
jZ 1= L — 0, asp— 1.
Lt 4Lt (%) 1

In the case L1 = Lo, both coefficients are equal to %

Finally, in the case A = AL, since N> A we have that the
solution of the minimum problem is given by (14). The result follows
by arguing as before.

5. THE BEHAVIOR OF THE SOLUTION FOR p > 1

In this section we will describe a method to obtain ezplicitly the solution u*

in the case p > 1. This analytic method will be derived by using qualitative
properties of the solution.

We start by proving a continuity property of the solution u* with respect
to A.

Lemma 5.1. Let p > 1. Then X\ — u* is continuous.

Proof. Fix A > 0 and let A\, — X. Then G(u*) < G(v) for all v € R¥
where equality holds if and only if v = u**. Since |[u*| < VE|max; fi|, up
to a (not relabeled) subsequence, we have that u*» — ©. Then, by using the
continuity of G in both v and \, we have that G(7) < G(v) for all v € R¥. By
the uniqueness of the solution, we deduce that o = u*, and that u* — u?
for all sequences A\, — A. O

We now prove several properties that will be used to deduce the behavior
of the solution u* when \ varies. Albeit some of the following results can
be stated in a more inclusive way, we prefer to consider each single case
separately since they are useful to describe the qualitative behavior of the
solution when no analytic computations can be done (i.e., when p # 2).

Lemma 5.2. Let p > 1. Then, the following properties hold true:

(i) Assume that, for A € (A1, \2), there exists a function \ — @ such
that, for some r > 0,

U S N W
Uy = U = 00 = Wip, = U,

A o A A o A
up g < U< UL 0T UT > US> UL

Yitr+1

N

_———————
—_——————
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Then @ is the solution of
i+r
min E Ljle— f;]P.
c€(up 1,upy 1) j=i

A

In particular, u” is constant in (A1, A2).

(i) Assume that, for X € (A1, Xa), there exists a function X\ — @ such
that, for some r > 0,

N S N W\
Uy = U = 0 = Wigy = U,

A A A

A ! a
i
_—

)
i+r+1

—_——————— -
_——————— 4

Then X — @ is increasing.
In particular, in the case r = 0, we have

A

(iii) Assume that, for X\ € (A1, \2), there exists a function A\ — u* such

that, for some r > 0,

U U U
Ui = Ujyq = 0 = Uppp = U7,
A A Y
Ui q s Ujypqq > U
—
Loy
: | +r+1
uy o A |
: u :
] |
1 1
1 1
1 '

Then X — @’ is decreasing.
In particular, in the case r = 0, we have

A 2 11
J— . pP—
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(iv) Assume that, for X\ € (A1, \a), there exists a function \ — 4 such
that, for some r > 0,

D N N W)
uy = uy = =up =u",
A
Up g < U™
: : | L
l 1 1 1 1 A
| | | L u),
1
| | I L
! 1 ' ! 1

Then X — @ is increasing.
In particular, in the case r = 0, we have

dos ()
o pALy '

(v) Assume that, for X € (A1, \2), there exists a function X — @ such
that, for some r >0,

AN D WY
Uy = U =" = U = U,

A =
Upyq > U™

A
ur—l—l

“— 2

Then A — @ is decreasing.
In particular, in the case r = 0, we have

des )
T ALy '

(vi) Assume that, for X\ € (A1, \a), there exists a function \ — @ such
that, for some r >0,
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A
uk—’l‘—l A

Then X — @’ is decreasing.
In particular, in the case r = 0, we have

1\t
ut =5t ()

(vii) Assume that, for A € (A1, \a), there ewists a function X — @ such
that, for some r > 0,

A N WD}
'U,k_T = = ’LLk =u,
=
Up_,_q < U,
A
Up—p—1
e |

———————— 4
—_————————

Then X — @ is increasing.
In particular, in the case r = 0, we have

1

Uﬁsz—<p)\Lk)pll

Proof. We start by proving property (i). Suppose that uf‘_l <t < “f\+r+1'
In the other case we argue in a similar way. By hypothesis, the vector u*
minimizes the function G in the set

{(ula-'wuk)eRk:Uifl<Ui:"':Ui+r<Ui+r+1}a

and in this set, the function G can be written as

i+r
G(U) = G(U1 ey Ui—1, Uidr 41, - ..,Uk) + AZIJ]MTL_ f]’p
j=i
By keeping w1, ...,u;—1 and U;yp41, ..., ug fixed, the claim follows by mini-

mizing the above quantity with respect to u.

Since all the other properties can be proved with an argument whose
general lines are the same, we just prove property (ii), leaving the details of
the others proofs to the reader.
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In the hypothesis of (ii), it holds that u* is a minimum of G in the set

{(u17~--7uk)€Rk:ui—17ui+r+1 <Uj == Uigr } e

Restricted to this set, the function G can be written as

i+r
G(U) = G(Ul sy Ui—1, Uitr41, - - 'auk) +2u+ )\ZLJ|a - f]|p
j=i
So, for A € (A1, A2) and uy ..., Ui 1, Uisri1,...,u; fixed, @* is the minimum

of the strictly convex function
i+r
H(c):=2c+A)_ Ljle— f;I

j=i

in the set (max{u,u?,,}, max f).

To study the minimum of H, we can assume without loss of generality
that f; < fix1 < -+ < fitr. Indeed, we notice that the order of the f;’s
doesn’t matter. Moreover, in the case in which f, = f, for some p # ¢,
we can simply collect the two terms in a single one and use L, + L, as a
corresponding factor in the above summation. We now want to prove that
A — @ is decreasing. Note that the function H can be written as

i+r
—20+)\ZL (c—=fi)P+A Z P =: Hpy(c),
j=m+1
ifce(fm,fm+1],forsomeme{i,...,i—i—r—l}, and

i+

0)=2c+A> Li(c— )",
=i

if ¢ € [fiyr,max f). Consider the function H,, in the interval (fp, fim+1)-
We have that

m i+r
H,(c)=2+pA|> Lilc— ;)" = Y Li(fi— o
j=i j=m+1

Here H], (c) = 0 has a solution only if the term in the parenthesis is negative
and if so, the let A\ — ¢* be such a solution. It is easy to see that this
function is regular in (fy,, fmi1). By differentiating the expression H! (c*)
with respect to A, we obtain

i+

ZL (c—f)P = D Ly
j=m+1
d)\ i+r
+)\— ZL =2+ > L 2| =0.

j=m+1

Thus, by recalling that the term in the first parenthesis is negative, we get
% < 0, as desired.
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In the case in which the minimum of the function H is reached at a point
¢ = fm+1, we simply consider the function H,, and we apply the argument
above.

Finally, the same reasoning applies when ¢ € [f;4,, max f). O

We are now in position to prove the fundamental result we will use to
develop our strategy for finding the solution.

Theorem 5.3. For each i =1,...,k — 1 there exists \; € (0,00) such that
uf‘ = “z{\+1 for A < )\, while uz)‘ #* “z/‘\+1 for A > A\

Proof. Step 1. We claim that if u} = U§+1 for some X > 0, then u} = ud
for all A € (0, ] Indeed, let

A:=min{ A : uf =, foall e[\,

)

and assume that A > 0. By continuity of A — u” there exists ¢ > 0 such
that u} # u,; for A € (A — ¢, A). Consider the case in which u} < u? ; in
(A — €, ) (the other case can be treated similarly).

If i = 1, then property (v) of Lemma 5.2 tells us that A — uf‘ is decreasing
in (A — ¢, A), and thus it is not possible to have u} = u? ;.

If ¢ > 1, we can focus, without loss of generality, only on the following two
cases: ug\_l > u;\ and uf‘_l < u;\ in (5\ — 5,5\).

In the first case, we get a contradiction since by property (iii) of Lemma

5.2, the map A — uf‘ is decreasing in (A —¢, \) and thus, as above, we cannot

A A
have uj' = ug, ;.

In the other case, we have u} ; < u} < u}; in (A —¢,A). By using
property (i) of Lemma 5.2, we see that this is possible only if u? = f; for all

A € (A —¢,)). This yields the desired contradiction.

Step 2. Let us define
Ai=max{ A : uf =, forall p <A},

(2

Step 1 and the continuity of A — u* ensure that ); is well defined. Moreover,
by Lemma 3.6, we also get that \; > 0 for all ¢ =4,...,k — 1. Finally, the
fact that u* — f as A — oo, tells us that \; < oo for all 4 = 1,..., k — 1.
This concludes the proof. U

Remark 5.4. By direct inspection of the proof of property (ii) of Proposition
5.2, we see that the function A — wu?* is continuous. Moreover, we can also
say that it is smooth for all A € (0,00)\ S, where S := {\,..., A1} UT,
where the \;’s are given by Theorem 5.3, and T := {pi,...,ur} where
pi = inf{\ : u} = f;}.

Finally, we derive another consequence of Lemma 5.2, that will ensure
that the solution is monotone where f is, and with the same monotonicity.

Proposition 5.5. Suppose that f; < fit1 < -+ < fitr. Then the solution
u of the minimum problem (7) is such that u; < ujpq1 < -+ < Ujgp.
In particular, it has the following structure:
o if u; > fiqr, then uj = u; forall j =i,...,i+1,
o if uiy, < fi, then uj = uiqy forall j =i,...,i+1,
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e otherwise, u is of the form
Uq fO?”j:’i,...,jl,
Uj; = fj fO?”j:jl—i-l,...,jg—l,
Ujrr  forj=jo,... .k,
for some f;, < u; < fj41 and fj, < Uipr < fio41, where iy < ia.
Proof. Step 1. We claim that u; < wip1 < -+ < Ujgp.
Suppose that u;_; > u; for some j € {i +1,...,i+r}. We have to treat
three cases: uj < f;, u; = fj and u; > f;.
In the first case, we get a contradiction with the minimality of u* since it
is easy to see that
G(uf,. .. ,uj‘,l,uﬁ‘ + ¢, u?‘H, ) < Gut),

for € > 0 small.
Now, suppose u; > f; and that u; > ;1. Then, for ¢ > 0 small,

G(u?, ... ,u?_l,uj)-‘ - 6,u§‘+1’ L) < G,

yielding the desired contradiction.

Finally, we can treat all the remaining cases (namely u; = f; or u; >
fj and wjp1 > wu;) simultaneously as follows: let j, € {i,...,j} be the
minimum index r such that u, > u,41. In both cases we have u;,, > fj...
and thus,

A A A A A
G(ul""’ujm—l’ujm _87Ujm+17...,uk) < G(u )7

for € > 0 small.

Step 2. Using Step 1, we have that

i+r
A A A A
Z [uj —ujq| = uiy, —ui
j=i+1
Since this value is invariant under modification of uj‘ forj =i+1,...,i4+r—1,

if we keep u; and w;, fixed, the minimality of v implies that
i+r i+r

Dl = Sl =min} i — fil”,
Jj=t Jj=t

where
A= {(Vigts - Vigr—1) € RTT2 0y <y <vr < vt < upgg )
This proves the second part of the statement of the proposition. O

Finally, thanks to the above properties, we can now provide a method to
compute explicitly the solution u* to the minimum problem (4) in the case
p> 1.

A method for finding the solution. The idea is the following: we
know that u* — f as A = oo. Thus, for A > 1, u # v, and
Uiyt — Ui fiy1 — fi
i1 —wi|  [fivr = fil 7
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foralli=1,...,k—1.

By Theorem 5.3, once u # uf‘ﬂ, for some A, the same holds true for
all bigger values of A\. Moreover, thanks to Lemma 5.2, if u is close to f;,
then we can also assert uz’\ > fi, uz’\ < fi, or u;\ = fi;. Thus, we are able to
determine §;,¢; € {0,1} for which

k k .
Gu?) =Y (=1)%(ud —uy) + A Y Li((=1)"(fi — )", (16)
=2 =1
for all A > 1. In particular, (16) holds for all A > max{ A,..., \x—1 }, where
the \;’s are the ones given by Theorem 5.3, and the problem is solved for
A > 1, by simply computing the critical points of (16).

We now let A decrease. Eventually, a critical event will happen, that is

either A = \; for some 1%, or O'i)‘ will change, where

e oA
N { 0 if u' = f;,
;= u}—fi .
otherwise .
i — fil

Such a critical event will determine a change in the values of s and ¢t for
which
k k
Gu?) = Gy ylu) := Z(—l)si(ui —ui_1) + )\ZLi((—l)ti(fi —w))’,
i=2 i=1
where s;,t; € {0,1}. Notice that each G, is differentiable. Let us recall
that, if A = A; for some ¢, by Theorem 5.3 we know that, for A < \;, we will
have uf‘ = ug\H. So, for A < \;, we will have to consider the functional G
restricted to the subspace {u; = u;+1}. Again, solutions are found as critical
points of the function under consideration.

Example. To understand better the above strategy, we provide an ex-
ample. We will treat the case p = 2, where explicit analytic computations
can be made.

Suppose that k = 6, take L1 = L3 = Ly = 1 and Ly = Ly = Lg = 2.
Consider the initial data f given by f1 =2, fo =1, f3 =3, f1 =25, f5 =6,
fe = 4.

Js

—_—
|

f6

Ja
f3

fi
f2

FIGURE 2. The initial data f.
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For A > 1, we know that we have to consider the following functional
G (u1,u2, u3, g, us, ug) = u1 — 2ug + 2us — ug + A\[(2 —u1)? + 2(1 — ug)?
+ Jug — 3|* + 2ug — 5° + (6 — us)” + 2(ug — 4)*].

In particular, we obtain that the solution u” is given by

1 1
ui\::2—ﬁ, ué\:zl—}—ﬁ, ug‘::?)7
1 1
uy =5, ué::G—X, ué‘:zél—i—ﬁ.
for A > 1.
5
Ja 3
S N 7 » Ug
o S8
f3 fe
A
fl A\ Uz
: uy
Voo N
uy

f2

FIGURE 3. The behavior of the solution for A > 1 for A decreasing.

The first critical event happens for A = 1, when u? = uy and u} = u3.
For smaller values of A, we have to consider the functional
G(Ul, Vg, U3, 1)4) =203 —v1 — U4+ )\[ (2 - 1)1)2 + 2(1}1 — 1)2 + ’1)3 — 3‘2
+2(5 —v3)? + (6 — v3)% 4 2(vy — 4)?].

Here, the solution is given by

A._ 4 1 A._ 4 1 A
A._16 _ 1 A._16 _ 1 A 1
uy =3 3x ug =3 3x Uug .—4+4)\.
I5
Ja | :
u
N hY el o}
ui‘ Ug
f3 fe
A
fi A usz
u
A2
A
Uy

FIGURE 4. The behavior of the solution for A € (%, 1] for A decreasing.
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Then, for A = % we have that ug = ug. Hence, the new functional we

have to consider is
G(Ul, V9, U3) =wv3 — v+ )\[ (2 — ’U1)2 + 2(U1 — 1)2 + ”Ug — 3‘2
+2(5 —v3)% 4 (6 — v3)? + 2(v3 — 4)?].

h
| Ja | | 2
hé W Je
f1 ) u
A
" 2

FIGURE 5. The behavior of the solution for A € (, 1—10, 1%] for A decreasing.

The solution is now

A._ 4 1 A._ 4 1 A
ul.—g—i-a, u2.—§+6j\, U3.—3,

A 16 _ 1 Ao 16 _ 1 Ao 16 _ 1
Uy =3 ~ &x> Us =3 ~ x> Ug =3 ~ Bx-

A
Notice that for A = % we have ui\ = f1. Thus, for A < i, we have to
consider the functional

G(v1,v2,v3) :=v3 —v1 + A[(v1 — 2)2 +2(v — 1)2 + |vg — 3|2
+2(5 — v3)2 4 (6 — v3)? + 2(v3 — 4)?].

Hence, the solution remains equal to the previous ones. For A\ = % we get

uj = u3. Then we consider the functional

G(Ul, UQ) = V9 — V1 + )\[ (2 — ’U1)2 + 2(U1 — 1)2 + ”Ug — 3‘2
+2(5 — v2)? + (6 — v2)? + 2(va — 4)?].

f5
fa | 5
ug
R
U Us
up ) /3 * fe
fi u3

FIGURE 6. The behavior of the solution for A € (%z, %0] for A decreasing.
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Such a functional is minimized by

AT, 1 AT 1 AT 1
ur =g +35, uy =1+ sx u3z =g+ g5
A._24 1 A._24 1 A._24 1
Ug*=F —Toa> U =7%F “1tox> Y- =5 T Ton
Finally, for A < % we have that the solution is given by
31
u = uy = uy = u) = ud = uy =
J5
Ja f i
) B Jo
A Py
Uy us Ug

FIGURE 7. The behavior of the solution for A < %.

Remark 5.6. The previous example allows us to identify some properties
of the solution u™:

(1) it is not true that if uz)‘ = f;, then uf‘ = f; for all A > X,
(2) the function A ~ u is not monotone in general. Nevertheless, a
change in the monotonicity can happen only if A = A; or A = \;_1,
Remark 5.7. As we saw in the example, the value of X for which the solution
u? is such that u)} # ug\H for all 4 = 1,...,k — 1, can be determined a
posteriort.

Remark 5.8. Let us denote by u™P the solution of problem (7) correspond-
ing to p and \. Albeit we know that, for every \ fixed, u™? — v as p \, 1,
where v is a solution of the problem (7) corresponding to A and p = 1, we
cannot apply directly our method to find v, since analytic computations are
difficult to perform in the case p € (1,2). Nevertheless, a finer analysis of the
behavior of the solution u*P for p € (1,2) is currently under investigation.
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