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Abstract

The asymptotic behavior of an anisotropic Cahn-Hilliard functional with
prescribed mass and Dirichlet boundary condition is studied when the
parameter € that determines the width of the transition layers tends to
zero. The double-well potential is assumed to be even and equal to |s—1|®
near s = 1, with 1 < f < 2. The first order term in the asymptotic
development by I'-convergence is well-known, and is related to a suitable
anisotropic perimeter of the interface. Here it is shown that, under these
assumptions, the second order term is zero, which gives an estimate on
the rate of convergence of the minimum values.
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1 Introduction

In this paper we study the second order term in the asymptotic development by
I'-convergence for the anisotropic Cahn-Hilliard functional (see, e.g., [20], [15],
[21], [26], [14], [6], [4])

W, (u) = /Q (W (u(2)) + 28 (Vu (2))) dr, (1.1)



where €2 is a bounded open set in R™, n > 2, with Lipschitz boundary. Here

W : R — [0,+00) is an even function of class C* such that W (s) = 0 if and

only if s = £1, with W(s) = |s — 1|® near s = 1 for some 1 < 8 < 2, and

® : R™ — [0, +00) is convex, even, and positively homogeneous of degree one.
We impose a mass constraint and a boundary condition:

ue H (Q), /Qu(ac)dgc:m7 and w=1on 09, (1.2)

where m is a prescribed constant satisfying the inequalities
— Q| <m < |Q]. (1.3)

Given a sequence of functionals F. : X — (—00, 00| defined on a metric space

X, we write F, RNy AONT; {F.} T-converges to F(*), as ¢ — 0+, with respect to
the metric topology of X. We recall the notion of asymptotic development by
I'-convergence of order k:

F. L p( 4 e oy hp®) +0(€k)

if . 5 F and ‘
Fs(zfl) —infyx FG-1) £> F(z)
€
for i =1,...,k, where F{* := F. (see [2], [3], [8, Section 1.10]).
For the sequence of functionals (1.1) we take X := L' (Q) and we set
W (u) := 400 if (1.2) is not satisfied. The zero order term is

Fa(i) =

(1.4)

WO (1) = /Q W (u(z)) da

if the mass constraint in (1.2) is satisfied and W) (u) := 400 otherwise. The
I-liminf inequality is a consequence of Fatou’s Lemma. The I'-limsup inequality
is straightforward.

Note that infx W = 0 and the minimizers are given by all functions of the
form ug := 1 — 2xg, where F is an arbitrary measurable subset of §2 satisfying
the volume constraint
9 —m

2
which is equivalent to the mass constraint in (1.2) for ug. Here, and in what
follows, x g is the characteristic function of E defined by xg := 1 on F and
Xg:=0o0n Q\ F

To study the first order term for (1.1), we introduce the rescaled functionals
defined by

Bl =

=:Vin, (1.5)

Fe (u) == /Q <1W (u(x)) +e®* (Vu (m))) dx

3

if (1.2) is satisfied. We extend F. to L' (Q) by setting F. (u) := +oo0 if (1.2) is
not satisfied.



By adapting well-known arguments developed in [4], [6], [20], [21], [26], it
can be shown (see Theorem 2.1 below) that the first order term W) for (1.1),
which by (1.4) coincides with the I-limit of {F.}, is given by

Fo (u) := cw Po (E) (1.6)
if
u=ug:=1-2xg, ECQ, P(E)<+4oo, and |E|=V,,, (1.7)

while Fo (u) := +o0 if (1.7) is not satisfied. Here

cw = 2/_1 VW (s)ds (1.8)

and Pg is the ®-perimeter, defined for every £ C R™ with finite perimeter by

Py (E) = /Q*E@(VE(Q;)) aH (), (1.9)

where 0*F is the reduced boundary of F, vg is the measure theoretic outer
unit normal of E, and H"~! is the (n — 1)-dimensional Hausdorff measure.
Observe that in contrast with the results in the literature just quoted, due to
the boundary condition in (1.2) in (1.6) we obtain the full ®-perimeter of F as
opposed to the relative ®-perimeter of E in ).

The main goal of this paper is to study the second order term W for (1.1).
Under some additional assumptions on © and W (see (2.2), (2.3), (2.20), and
(2.21) in Section 2), we prove that W) (u) = 0 if u is a minimizer of Fy and
W® (u) = 400 otherwise. The second assertion is trivial. By (1.4) the first
assertion amounts to proving the following properties:

(a) (IP-liminf inequality) for every sequence {u.} C H! () satisfying (1.2)
and converging strongly in L*(2) to a minimizer uy of Fo, we have

lim inf e (ue) = Fo (uo)
e—0+ £

> 0; (1.10)
(b) (I-limsup inequality) for every minimizer ug of Fy there exists a sequence
{uc} € H'(Q) converging strongly to ug in L'(Q), satisfying (1.2) and

such that P P
lim sup e (ue) = Fo (wo)

e—0+ €

<0. (1.11)

By standard properties of I'-convergence the inequalities (a) and (b) imply
that
min F. = min Fy + 0(6) =cw P(I)(EO) + 0(6) R

where Fj is a minimizer of Pg under the constraint (1.7), which gives

min W. = ecy Po(Ep) + o(e?).



A similar problem was studied in [3] for the single-well potential W (s) = s

without imposing the mass constraint and assuming a strictly positive boundary
condition g. This forces a transition near 9€) and leads to a second order term
W® in the asymptotic expansion of the form 3 [, g2K dH"~!, where K is the
mean curvature of 9€).

We conclude by discussing our hypotheses. The assumption that W is even
is used in a crucial way to cancel many terms in the estimates due to symmetry
arguments. The hypothesis that W (s) = |s—1|® near s = 1 forsome 1 < 8 < 2is
also important. Indeed, in the case § = 2 and without assuming the boundary
condition in (1.2), it can be shown that the second order term W) in the
asymptotic expansion may be different from zero (see [18]).

Finally, we observe that the case n = 1 is completely different, since the
minimizers of Pg under the constraint (1.7) are intervals and so the geometry
plays no role. However, different nontrivial issues have been addressed (see, e.g.,
in [5] and [9], and also [2]).

2 Preliminaries

Let W : R — R be a double well potential of class C* such that W > 0 and
W (s) =0 if and only if s = £1. Assume, in addition, that

W(s) =W (-s), (2.1)

W'(s) >0 fors>1,
lim inf W'(s) > 0,

s——+o0

and that there exist two constants 0 < a < 1 and 1 < 8 < 2 such that
W(s)=|s—1" forl—a<s<l+4a. (2.4)

Let z be the unique global solution with values in [—1,1] of the Cauchy
problem
2'(t) =W (2(t)), =z(0)=0. (2.5)

A rescaled version of this function will play an important role in the construction

of the recovery sequence (see (4.3)) for the I'-limsup inequality (1.11) . For this

reason, the function z will be called the “optimal profile” of the phase transition.
For —1 < 2z (t) < 1 we obtain, by integration,

z(t) dS
o VW(s)

It follows that z is odd and z(¢) = 1 for all ¢ > 7y, where

t:

(2.6)



which is finite thanks to (2.4) since § < 2. Moreover —1 < z(¢) < 1 for
—Tw <t <Tw.

Define .
- / (W (0 + 12 9 de . (2.7)
Note that by (2.5) we have
W (2 (t)) dt:/ 12 (87 dt = %W (2.8)

therefore (1.8) holds. It can be shown that for every b > 7y the function z is
the unique solution of the minimum problem

b
. / 2
ds = . 2.
O [ b (W(w (s)) + [’ (5)| ) s = cw (2.9)

Let & : R — R, n > 2, be convex, even, and positively homogeneous of
degree one, such that
o €] < @ (§) < O [¢] (2.10)

for all £ € R™ and for some Cg > c¢g > 0, where || is the Euclidean norm in R™.
The polar function ®° is defined by

for every n € R™. It turns out that ®° is convex, even, positively homogeneous
of degree one on R™ (see [24]), and

O(VP° (n))=1 forae neR™. (2.11)

Moreover, it satisfies the inequalities

1
c

1
— | < ®° () <
Ca In| < @°(n) < " In|

for every n € R".
The ball with respect to the norm ®° centered at xy € R™ and with radius
p > 0 is denoted by

Bfo(xo) ={z eR": ®°(z —x9) < p} , (2.12)
Observe that

’BSO(IO)‘ = Kkop",

Ps (B;bo(xo)) =nrep" ', (2.13)



where Pg is the ®-perimeter introduced in (1.9), and
K = ‘Bl °(0)‘ . (2.14)
It is easy to check (see, e.g., [1, 12]) that for every measurable function w :
[0, R] — [0, +00] we have
R

/ w (®° (x — xp)) do = nmp/ w(p) p"tdp, (2.15)
BE°(z0) 0

Moreover, if +w is nondecreasing and the composite function v(z) := w(®°(z —
7)) belongs to H' (B%’L.O(xo)), then (see (2.11))

® (Vo (z)) = +u' (9° (z — x0)) for a.e. x € B (x) - (2.16)

The geometry of the minimizers of Py in RV with prescribed volume V' > 0
is well-known. Indeed, it was established in [12] and [13] (see also [27], [28],
[29]) that the minimum of the problem

min {Pg (F) : E C R" with finite perimeter, |E| =V}

is attained by all balls (2.12) centered at an arbitrary point zp € R™ and with
radius p > 0 chosen so that |Bg’o(x0)| = V. These balls are called Wulff sets for
the ®-perimeter after the pioneering work of Wulff [30].

Let 2 be a bounded open set of R" with Lipschitz boundary, let m € R be
a constant satisfying (1.3), and let V;,, be defined by (1.5).

We are interested in the minimum problem

min {Pg (E) : E set of finite perimeter, E C Q, |E| =V,,} . (2.17)

Let r» > 0 be such that |B;}’°(0)| =V, that is,

r o= (IQI _m)l/n, (2.18)

2%@

which gives
m = |Q] - 2ker™ = |0 —Q‘Bfo(o)‘. (2.19)

A minimizer of (2.17) is attained at any Wulff set B®°(z) contained in ,
provided there is at least one. For this reason we assume that there exists
Yo €  such that

B (yo) C Q. (2.20)

Our results are strongly hinged on this assumption.
We observe that there exists a Wulff set contained in 2 provided that m is
close to |€2|, which corresponds to V,,, and r sufficiently small.



For technical reasons, related to the proof of the I'-limsup inequality, we
further assume that, whenever BX“(z) € Q for € Q, then there exist y € Q
and § > 0 with

B (x) C Bys(y) € Q. (2.21)

Given ¢ > 0, we define

£ (u) :—/Q<1W(u (2)) + e®? (Vu(x))) do (2.22)

€

for u € H' (). Some arguments in what follows will require a localization of
this energy, i.e., for every bounded open set A of R™ with Lipschitz boundary
and for every € > 0, we define

1
& (u, A) = / (&:W (u(x)) +e®? (Vu (m))) dx (2.23)
A
if ue H' (A) and & (u, A) := +oo if u € L' (A) \ H' (A). Note that & (-,Q) =
& (+) as defined in (2.22).
Consider the constrained functionals defined on L*(§2) by

+00 otherwise

Fe(u) == {gs (u) if u satisfies (1.2),

and

.7:0 (u) =

{CW P (E) if u satisfies (1.7), (2.24)

+00 otherwise,

where ¢y is defined in (2.7). It is important to observe that in (2.24) the ®-
perimeter Pg (F) is defined by integrating over all the reduced boundary 0*FE
of F and not only on QN J*E, i.e., we consider the ®-perimeter in R™ and not
the relative ®-perimeter in (2.

A minimizer of F; is a function of the form ugp =1 —2xg,, where Ey C Q is
a minimizer of (2.17). Hence, Ey has the form B2 (z¢), with B®"(x0) C Q and
r defined by (2.18). Then (2.13) gives

Po (Eo) = Pa (B?"(xo)) = nkgr"L. (2.25)
We now state the main result of this section.

Theorem 2.1 The family {F.} T-converges in L' () to Fy.

If the boundary condition v = 1 on 952 is omitted and Pg (E) is replaced by
by Py (E,Q) == [ 5.5 ® (ve) dH™ !, this result has been established in [20],
[21], [26] for the isotropic scalar-valued case, in [14] for the isotropic vector-
valued case, in [6], [23] for the anistropic, scalar-valued case, and in [4] for the
anisotropic, vector-valued case (see also [7]). In the proof below we show how
to take into account the boundary condition.



Proof of Theorem 2.1. Similarly to (2.22) and (2.23), we localize (2.24) as
Eo (u, A) :=cw Po (E, A)

if
u=1-—2xg, with E C A with finite perimeter in A, (2.26)

where

Po (E,A) = /AOB*EQ) (ve(x)) dH™ (x)

is the the relative ®-perimeter of F in A. We extend & (-, A) to L' (A) by
setting & (u, A) := +o0 if (2.26) is not satisfied. By [6, Theorem 3.5(i)] the
family {&. (-, A)} T-converges in L (A) to & (-, A).

Fix a sequence € — 01 and define

o =T- likrggf};k and FJ :=TI-limsup 7, .

k—oc0

We prove that Fy < F). Let u € L' (Q) be such that F (u) < +o0c. Then there
exists a sequence {u} converging to u strongly in L' (Q) and such that
likminf}'sk (ug) = F) (u) < +00.
— 00

Passing to a subsequence, not relabeled, we may assume that the liminf is a
limit and that F., (uy) < +oc for every k. By (1.2) we have that uy € H' (Q),
Jour (z) dz = m, and up = 1 on IN. Fix a bounded open set A of R" with
Lipschitz boundary such that @ C A, and extend uj and v to A by setting
up =u=1o0n A\ Q. Then uy € H' (A) and {uy} converges to u strongly in
L' (A). Hence, by [6, Theorem 3.5(i)],

&o (u, A) < klim &, (up, A) < 400. (2.27)
—00

Therefore, there exists a set £ C A with finite perimeter such that u =1—2xg
in A. Since v = 1 in A\ Q, it follows that £ C Q up to a set of measure
zero. Hence, & (u, A) = Pg (E,A) = Pg (E) = Fo(u). On the other hand,
&, (up, A) = F., (ug), since W (ug) = W (1) = 0 and ®2 (Vuy,) = ®2 (0) =0 in
A\ Q. Together with (2.27), this shows that

Fo(u) < liminf Fo, (ur) = F (u) -
—00

This concludes the proof of the inequality Fo < F.

We now prove that Fj < Fy. Let u € L' (Q) be such that Fy (u) < +oo.
By (1.7) there exists a set F C Q with finite perimeter such that u = 1 — 2xg.
Since Q has a Lipschitz boundary, there exists a sequence of sets {E;} of finite
perimeter such that xg, — xg in L' (Q), Pe (E;) — Pe (E), E; CC Q, and
|E;| = |E| for every j. One way to construct {E;} is to consider a sequence
{r;} of retractions r; : R"* — R™ of class C' such that supp (r; —id) cC R",
rj—id = 0in C} (R™;R™), and r; () C Q, where id is the identity map (for the



existence of these retractions see, e.g., [11, Proposition 1.2]). For j large enough
r; is invertible and r;l —id = 0in C} (R™;R™). It suffices to take E; :=r; (E).

Let u; := 1 — 2xp,. Since Py (F;,Q) = Pg (F);), we have & (u;,Q) =
Ps (E;). By [6, Theorem 3.5(ii)| for every j there exists a sequence {u?} con-

verging to u; in L' (Q) such that

Ps (Ej) = & (uj, Q) = limsup &, (uf, Q) and / u;‘f () de =m. (2.28)
k—oo Q
Since E; CC £, the construction used in [6, Theorem 3.5(ii)| allows us to
deduce that uf € H'(Q) and that it is possible to assume u% = 1 on 9Q.
Hence, &, (uf,Q) = F., (u}), so that (2.28) gives

P (E;) > limsup F, (uf) > F (uj)

k—o0

Letting j — oo and using the lower semicontinuity of F{y and the fact that
Ps (Ej) — Pg (E), we obtain Fy(u) = P (E) > F{ (u), which shows that
Fo > ]:6/. ]

3 The Liminf Inequality

By (2.24) and (2.25), the I'-liminf inequality (1.10) is a consequence of the
following theorem.

Theorem 3.1 Let {u.} be a sequence of functions satisfying (1.2) and converg-
ing strongly in L'(Q) to a minimizer ug = 1 — 2xg, of Fo. Then

& (ue) — nkgewr™ !
lim inf
e—0+ g

>0. (3.1)

Proof. We begin by giving an outline of the proof. The first step is to replace
ue by a minimizer 4. of an auxiliary energy where we relax the mass constraint
in (1.2) with an integral inequality. The advantage in doing this is that we can
use a truncation argument to prove that @, < 1 in 2. This allows us to use a
convex symmetrization argument to reduce the energy by replacing 4. with a
“radial” function ,, i.e., a function of the form . (z) = W, (®° (x)) defined on
the ball B2(0) with the same volume as Q.

To be precise, W, is defined as a “radial” minimizer of a problem in B}%O(O)
with a suitable inequality constraint on the mass. The one-dimensional function
w, satisfies an Euler-Lagrange equation with a Lagrange multiplier A such that
eXe = 0 as € = 0+. The choice of the inequality constraint allows us to prove
that A > 0, which will be important in what follows.

To estimate the energy of w. it is convenient to consider the change of
variables p = r + €t, where 7 is defined in (2.18), and to introduce the function
w. (t) == We(r +et) for =2 <t < £=C Now the context of our problem has



been reduced to a simpler one-dimensional setting. Indeed, it turns out that to
prove (3.1) it is enough to show that
H.(w.) — cppr™t
lim inf e (we) W

>0
e—0+ 5 -

, (3.2)

where the functional

R—r

M, (w) = /_: (W (w (0) + ! () -+ 2t)" "t (3.3)

does not contain singular terms in e.

The proof of (3.2) is based on several delicate estimates on w.. We first
show that w. vanishes at a point é., with €6, — 0 as ¢ — 0+, and introduce
the shifted function w, () := we (t + d.). Then we prove that w. — z in H\ ,
where z is the “optimal profile” introduced in (2.5), and that \. — (n — 1)ew
as ¢ = 0+. Next we derive some technical estimates on w. using arguments
from the theory of ordinary differential equations, which rely on the fact that
we(0) = 0. These estimates allow us to show that liminf. §. > 0 and to finally
prove (3.2).

We divide the proof into a series of steps.

Step 1. Here we replace us by a minimizer u. of an auziliary energy where we
relax the mass constraint in (1.2) with an integral inequality.
To be precise, we introduce the functional F, defined by

Fe (u) ==& (u)

ue H (Q), /u(ac)dgcgm7 and u=1on 909. (3.4)
Q

We extend F. to L' () by setting F. (u) := 400 if (3.4) is not satisfied. Then,
reasoning as in Theorem 2.1, we can show that the I'-limit of {F.} is the func-
tional Fy defined by

.7:0 (u) = Cw Pq) (E)
if
u=1-2xg, ECQ, P(FE)<+4oco, and u(z) de <m, (3.5)
Q
while Fp (u) := +oo if (3.5) is not satisfied.
Let @, be a minimizer of F., whose existence can be justified by the Direct
Method of the Calculus of Variations. Then
]:—8 (as) <& (ue) . (3.6)

Note that, by standard properties of I'-convergence, we have that the sequence

{F-(it.)} is bounded (3.7)

10



and {@.} converges strongly in L' () to ug = 1 — 2xg,, where Ej satisfies
P (Eo) < Po(E) for every set E C Q with finite perimeter and such that
2] —m
2

<|E|.
We claim that
[ —m
2

Since the ball B®°(yo) introduced in (2.20) is contained in € and satisfies
lQlT_m = ‘Bf’ O(yo)

— By . (3.8)

, we have
Po (Eo) < Po (B?"(yo)) . (3.9)

Let p > r be such that |Ey| = {Bg’o(yo)|. Then for every F' C R" with finite
perimeter and with |F| = |Ep|, by the minimality of the Wulff shape in R™ (see
[12]) it follows

P (BY (1)) < Pa (F) . (3.10)

From (2.13), (3.9), and (3.10) we obtain Pg (Ey) < Pg (F') for every ' C R"
with finite perimeter and with |F'| = |Ep|. Since the Wulff sets are the unique
minimizers of Py in R™ under the volume constraint (see [13]), there exists
xo € 2 such that Ey = Bg’o(mo). By (2.13) and (3.9) it follows that p = r and
that (3.8) holds.

Next we prove that 4. < 1 a.e. in Q. Let w; := min {@.,1}. Assume, by
contradiction, that [{@. > 1}| > 0. Since W (1) =0 and W (s) > 0 for s > 1 by
(2.2) and (2.4), we have that W (u; (z)) < W (@c (x)) for a.e. z € Q, and the
inequality is strict for a.e. x € {G. > 1}. This implies that

/QW(U1 (2)) dx</QW(€LE (z)) dz .

Since Vu; = Vi, a.e. on {. <1} and Vu; =0 a.e. on {@. > 1}, we have also
O (Vuy (2)) < @ (Vi (z)) for a.e. x € Q, which implies

/Qqﬂ (Vuy (z)) dxg/CI)Q (Vi (2)) dx.

Q

Noting that u; satisfies (3.4), the previous inequalities give F. (u;) < Fe (iic),
which contradicts the minimality of @.. This proves that 4. <1 a.e. in Q.

Step 2. In this step we use “convexr” rearrangements to replace t. by a “radial”
function ., i.e., a function depending on x only through ®°(z).
Define 9 := 1 — @i, € H} () and observe that

E. (126):/9(11/[/(1—65(@)4—5(1)2 (V5. @;))) iz

3

11



Since ¥, > 0, we define the “convex” rearrangement v: of . as the unique
function of the form
vl (z) =0 (9° (2)) , (3.11)

with 7. : Rt — R¥ nonincreasing and continuous from the right, and such that
[{Te > t}| = |{vf > t}] for every t > 0. It can be shown that

/ ) W (1 —vi(x)) das:/W(l—f)g(x)) dx ,
BE°(0) Q

where |Bgo(0)| = |Q)]. The Polya-Szego principle, which holds also for “convex”
rearrangements (see [1, Theorem 3.1]), gives v* € H{ (Bg (0)) and

/ | 0}(Vul(a) do < / B (Vi (x)) da.
BE°(0) Q

Therefore, we deduce that
E.(1— vt BY (0)) < F () - (3.12)
Let 1. be a minimizer of & (-, By (0)) among all functions w € H* (BE"(0))
satisfying

u(z)de<m and wuw=1ondBy (0).
B3(0)

By (3.12) we have
E(e, BE(0)) < £.(1 —vr, BE(0)) < F- (@ic) - (3.13)

Reasoning as in Step 1, with F. replaced by 55(',B§° (0)), we may assume
that
b =1 - 2xpeeg in L' (BR (0)) , (3.14)

where r is given by (2.18).

Using a symmetrization argument similar to the one above (see (3.11) and
(3.12)), we can assume that there exists a function w, : R — R, nondecreas-
ing and continuous from the right, such that

e (x) = we (2° (2)) - (3.15)

By (2.16) and (3.11) we have ® (Vi (z)) = @. (®° (z)) for a.e. = € B (0),
and so (2.15) yields

R
&l BY O) =nva [ (20 @) + e (0 ) . (310)

Step 3. In this step we prove some elementary properties of the one-dimen-
sional function W, introduced in (3.15).

12



By the minimality of ., restricting our attention to functions of the form
w o ®° and using (2.15) and (2.16), we deduce that @, is a minimizer of

. (w) := / ’ (iw<w<p>> el <p>2) o ldp (3.17)

among all functions w € HyL_

(0, R) subject to the constraints

R R
[ 1wl o o< oo, wm) =1, s [Cwio) ot <. (318)
0 0

Note that if w satisfies the first two conditions in (3.18) then

R

lw (p)| < 1+/ lw' (o) do

p

hence R
wp) ot < [ o) 0"
p
By Holder’s inequality we obtain

1/2

lw(p) p" 1| < R*1 4+ (T)l/z (/ORIw’ (0)20"_1da> ;

w(p)p™ ' is bounded in (0, R). (3.19)

This implies that the integral in the last inequality in (3.18) is well defined.
Reasoning by truncation as at the end of Step 1, we can prove that

hence

we (p) <1 for0<p<R. (3.20)

Using the equalities w. = W o ®° and xpgsog) = Xjo,r) © D%, by (3.14) we
obtain that
w. = 1—2xp0,) inL'(0,R).

Since each w. is nondecreasing, it follows that there is pointwise convergence at
every p, with the possible exceptions of 0 and r. In particular, we have

_ -1 if0<p<r,
ws(p)%{ 1 ifr<p<R, (3.21)

where the case p = R can be obtained by (3.20). In turn, for every 0 < py < R
the sequence
{w.} is bounded in L*>([pg, R]). (3.22)

Step 4. Here we derive the Fuler—Lagrange equation for w., and we prove that
the corresponding Lagrange multipliers A\ satisfy

lim el =0. (3.23)
e—0+
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We claim that w. € C? (0, R) and satisfies the Euler-Lagrange equation

—oew! (o) - 2(";”%; (6) + W' (T(p)) = e <0 (3.24)

for some constant A. > 0. To see this, let ¢ € C2° (0, R) be nonnegative. For
t > 0 the function w. — ty fulfills (3.18), and so

gs (wa) S ga (wa - t(ﬂ) .

Thus the derivative of the function ¢t — G. (W, — tp) is greater than or equal to
0 at t = 0. This gives

/R (1 ! (— — / n—1
W (@:(p) ¢ (p) + 2e W2 (p) ¢ (p)> p" " dp <0 (3.25)
0

for all nonnegative ¢ € C° (0,R), which shows that —2e (w. (p) p”_l)/ +
LW’ (w.(p)) p"~* is nonpositive in the sense of distributions.

On the other hand, if we consider ¢ € C¢° (0, R) such that fOR W (p) p"tdp =
0, then W, + ty satisfies (3.18) for all ¢t € R, and so

R 1
/ (W’ (@.(p)) & (p) + 2, () o/ <p>) S ldp=0  (3.26)

3

for all ¢ € C° (0, R) with fORdJ (p) p"~Ldp = 0. We now use a classical argu-
ment (see, e.g., [17, Lemma 7.3]) to show that (3.26) implies that there exists a
constant A\, such that

22 (@, () ") + W () " = A (320

in the sense of distributions in (0, R).

Fix p; € C (0, R) with fOR o1 (p) p"~tdp = 1. Given ¢ € C (0, R), we
can write ¢ = cpop1 + ¥, where ¢, = fORgp(p) p"Ldp and ¥ € C (0, R)
satisfies fORw (p) p"~tdp = 0. Hence, using (3.26), we obtain

/OR <1W' (@ (p)) ¢ (p) + 26, (p) ¢’ (p)> P dp = =) /ORw(p) p"dp,

I3

where

R
doim = [ (W @) ) 2T A ) o (329

€
This concludes the proof of (3.27).
By (3.25) it follows that A. > 0. Using the facts that W is of class C! and
that w, is bounded on [pg, R] for every 0 < po < R by (3.19), we deduce that
w. € C%(0, R) and that (3.24) and (3.27) are satisfied pointwise.

14



Next we prove (3.23). By (3.28),

R R
el = —/O W' (@ (p)) 1 (p) p"’ldp—/o 22w (p) ¢y (p) p"~Hdp.

Since ¢ has compact support in (0, R), the first integral tends to zero in view
of (2.1), (2.4), (3.21), and (3.22), while the second integral goes to zero since
the sequence {e[w.|?>p" "'} is bounded in L'(0, R) by (3.7), (3.13), and (3.16).
This concludes the proof of (3.23).

Step 5. Here we prove that for € > 0 small enough

1/(B-1)
infw, > —1— (Eg) , (3.29)
where 1 < § < 2 is the constant in (2.4).
Integrating (3.27) gives
w (p2) py =" =L (p1) Py
1 P2 1 ! (= n—1 n—1
=5 —W'(w. (p)) " + Aep dp (3.30)
€Jp \€

for 0 < p1 < p2 < R. Since we (p) < 1 for every 0 < p < R by (3.20), and
W’ (s) <0 for s <—1by (2.1) and (2.2), the integral

/OR <1W' (@ (p) "~ + /\spnl) dp

5
is well-defined as an element of R U {—o0}. We claim that

. — n—1 __
Jim @ (p) "7 =0. (3.31)
First, we observe that the limit exists in RU{+4o00} by (3.30). If it were different
from zero, then there would exist ¢y > 0 and po > 0 such that [@. (p)| > ¢ /p"*
for 0 < p < pg. It would follow that

R Po - d
2 n- p
/O [w'(p)|” p"~dp > 03/0 P

which would contradict the first inequality in (3.18) since n > 2. This gives
(3.31).
To prove (3.29) we first show that

liminf infw, > —1. (3.32)
e—0+

It is enough to prove an estimate from below for those ¢ such that infw, < —1.
We claim that for those ¢,

lim sup (W' (w. (p)) + €Xe) > 0. (3.33)
p—0+

15



If not, (3.30) and (3.31) imply that w. (p) p"~! < 0 for p > 0 small enough,
and this violates the fact that w. is nondecreasing. This proves (3.33), which
implies that, for infw, < —1, we have

W' (infw.) +eXe >0, (3.34)

where W’/(—o00) denotes the limsup of W(s) as s - —o0.
Since W'(s) < 0 for every —oo < s < —1, by (2.1), (2.2), and (2.3), inequality
(3.32) follows from (3.23).
By (2.1), (2.4), (3.32), and (3.34), if £ > 0 is small enough and infw, < —1
we have
B(—infw. — 1) <en..

This proves (3.29).

Step 6. In this step we consider the change of variables p = r + et, we define
we (t) = We(r +et) for =2 <t < £=2 and we derive the one-dimensional
formulation (3.2) of the problem in terms of the new energy H. introduced in
(3.3).

Note that w, (RE_T) = 1 and w, is nondecreasing. By (3.29), for € > 0 small

enough we have
A /(B-1)
inwaZ—l—(EB> .

In particular, using also (3.20) and (3.23), for all € > 0 sufficiently small we get

—2<w.(t)<1 (3.35)

for all -2 <t < Bor
Moreover by (3 24) w, satisfies the Euler—Lagrange equation

—2uw! (t)—2(n—1)¢ (t 1 + W (we (1)) = —eXe <0, (3.36)

/
E
+
and by (3.18),

R—r

/ T () (et e < T (3.37)
_r P
Observe that, setting
-1 ift<o0,
wo (t) := { 1 ift>0 (3.38)
we have
R—r R—r

/,vi wo (t) (7“+€t)"_1dt=/0 E (r+et)"‘1dt—/0 (r+et)" " dt

o3

R—r 1 1 m

— ey — ey = o (R -2 =

< ne NKGE
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where the last equality follows from (2.19), taking into account the fact that
KeR™ = ’BﬁO(O)‘ = |Q|. Thus, (3.37) is equivalent to
Ror
/ (wo (£) — wo (£)) (r + )"V dt < 0. (3.39)
The minimality of w. for G. and a change of variables show that w. is a
minimizer of the functional 7. defined in (3.3) over all w € HL_(—%, =) n
H! (0, %) satisfying w (R_T) =1 and

€

R—r

/ T (W) —wo (1) (r+ )"V dt < 0. (3.40)

z
€

By (3.6), (3.12), (3.13), (3.16), and (3.17) we have

S R :
He (ws) =G, (we) = ke 55(“’573}2 (O)) < nke € (Ua) < .

Therefore, in order to prove (3.1) it is enough to show that (3.2) holds.

Step 7. Here we prove that the function w. obtained in the previous step
vanishes at a point ., and that

lim &6, =0. (3.41)

e—0t

Let z be the function defined by (2.5). We claim that w = z satisfies (3.40)
for all € > 0 sufficiently small. Since z(t) = wo(t) for |t| > mw, (3.40) reduces to

/TW (z(t) —wo (1) (r+et)" " dt <0

o
for all € > 0 sufficiently small, or, equivalently,
0

/OTW (z(t) —wo (1)) (r+et)" " dt < —/ (2 (t) — wo (£) (r + et)" " dt.

—Tw

Using the fact that z — wg is odd, a change of variables on the right-hand side
leads to

T™W TW
/ (2 (t) —wo (1)) (r +et)" " dt < / (2 (t) —wo (1) (r —et)" " dt,
0 0
which follows from the fact that z (t) — wp (t) < 0 for all 0 < t < 7. Hence, z
satisfies (3.40) for all £ > 0 sufficiently small and so, by the minimality of w,,

we have H. (w:) < Hc (2).
Moreover, by (2.7),

M () = /TW (W (= () + 12 @) (r 2" at

_ / (W) 1 OF) a0 () = ™ 40 ()
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where we have used the fact

T™W

/_TW (W (z(t) +12 (t)|2)tdt —0,

since W is even and z is odd. It follows that

He (we) < He (2) =cwr™ '+ 0 (%) .

(3.42)
Fix 0 <ry <7 <ry < R. Then w.(r1) — —1 and wc(r2) — 1 by (3.21),
g

and so w. (u) — —1 and w, (%) — 1 as e — 0T. Since w, is continuous,
for all e sufficiently small there exists 6. € (==, 2~

= ) such that
we (0:) =0.

Then ry —r < ed. <1y —r all € sufficiently small. Hence,

rp —r < liminfed. < limsuped, < rg —r.
e—0t

e—=0t

Letting 71 — r~ and ro — r™, we conclude that (3.41) holds.
Step 8. Define

We () = we (t+6.) for —L—6. <t < Br 6, (3.43)
In this step we prove that
W. — 2z strongly in  H' (—b,b) (3.44)
for every b > 0, where z is the “optimal profile” introduced in (2.5).
Fix 0 <r <r,ro < R—r, and b > 7y, where 7y is given in (2.6). By

(3.41), for all € > 0 sufficiently small so that [§.| < min{Z="t, B=r=r2} py
(3.17), (3.41), and (3.42) we obtain
ewr™ 140 (62) > He (we)

_ /6(S (W (= (9)) + [0 (9)7) (r + 5+ 25)" " ds
> /_Ll (W (e (5)) + [ ()7 (1 + &5 + 0.)" " ds
> /bb (W (. (s)) + |’ (s)|2) (r+es+e6.)" " ds
so by (3.45),

Fix 0 < n < r. Again by (3.41), |es — ed.| < n for all ¢ sufficiently small, and

(3.45)

cwr = (- [ bb (W (e (9) + [t (5)°) ds.

18



Since . (0) = 0, it follows that for all e sufficiently small the sequence {u.} is
bounded in H' (—b,b), and thus, up to a subsequence not relabeled, it converges
weakly in H' (—b,b) and uniformly to some function w € H* (—b,b). It follows
by Fatou’s Lemma and the weak sequential lower semicontinuity of the L? norm
that

ewr™ 4 > (r— )" lmsup / b (W (e () + 1 (5)°) ds

e—0t J—b

> (r —n)" " liminf /b (W (e (8)) + |l (s)|2> ds (3.46)

e—=0t J_p
> -0 [ bb (W (@ (5)) + [ (5)]°) ds.

Letting n — 0% gives

cw > / bb (W (@ (s)) + 1 (5)°) ds
b

> i w ")) ds =
_weHl(f?é?,w(O):0[b< (w(s)) + |w' (s)] ) s =cw,

where we have used (2.9). Since w (0) = 0, from the uniqueness of the minimizer
it follows that @ = z. Hence, the entire sequence {w.} weakly converges to z in
H'(=b,b), and by (3.46),

b

ew = Tim [ (W (e () + [l (5)°) ds:/bb (W) +12 @) ds,

e—0t J

which implies that

b b
lim/ |’ (s)\2 dSZ/ \Z/(5)|2 ds,

e—=0t ) b

and, in turn, (3.44) holds.

Step 9. Here we prove that the sequence of Lagrange multipliers A. found in
Step 4 converges to Ao := (n — 1)ew, where ey is defined in (2.7).

Note that a similar result was obtained in [19] in the case of a mass equality
constraint.

Since W, (—mw) — —1 and W, () — 1~ by (3.44), there exists a sequence
{¢.} of positive numbers converging to 0 such that 1 + w. (—mw) < (. and
1 —w. (tw) < ¢ for every € > 0. Then for £ > 0 small enough
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/TW (W (e (8)) + |l (5)|2) (r+es+20.)" L ds

>2(r —erw 4+ e6.)" " /TW ( W (e (s))wl (s)) ds

rw
wE(TW)
=2(r —erw +ed:)""! VW (0)do
We (—Tw )
1
> 2(r —erw 4+ €6.)" / VW (o) do
-1
! —1+¢
=3 VW (o) do — 3" VW (o) do .
17(5 —1

By (2.4) we have

VW= [

1-¢e 1-¢. 0 2+ 8

€

CE
(1- 0)5/2 do = / P12 ds = Lgmﬁ)/z

and, similarly,

/1+45 W (o) do = LC(H@/Q-
-1 2487

In conclusion,

/TW (W (e (8)) + e (5)|2) (r+es—+eo.)" "ds

—Tw

> ewr™ ™ — O (emw —e6.) — LM (2+8)/2
- £ 2 + 5 £ :
Fix 0 < 7 <7 < re < R. Using (3.45) and the previous inequality, we find that

r2

/T 5 (W (e (8)) + |0 (3)|2) (r+es+e6.)" " "ds

+ / (W (3 () + 4 (9)]7) ( + 25+ c6)" " ds (3.47)
<O (62) + O (etw —€de) + £C(2+B)/2 =:7..
> € 2+B € €
Note that, by (3.41),
lim 7. =0. (3.48)
e—0+

Fix 0 <rf <rpand 0 <7 <75 < ry. We claim that there exist a. €
(—r1/e,—ry/e) and b, € (r3/e,72/€) such that

W (e (ac)) + |L (ac))* < crene and W (i (be)) + |l (be)]” < cene (3.49)
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for some appropriate constants ¢; = ¢ (r7,71) > 0 and ¢3 = c2 (15,72) > 0,
independent of . To prove the existence of a., assume by contradiction that

W (e (s)) + @ (s)]* > crene

for all s € (f’;—l, 7%) By (3.41), |6 < 1 (r — ry) for all € sufficiently small,
and so, by (3.47),

e = /:W (W (e (5)) + [l (5)|2) (r+es+ed.)" " ds

*
_

> [ (W o)+l (9F) e+ i) ds

1
e

nfl(

> e (r—rp +ede) r1—17)

r—r\" "
-
e ("5) a-r),

which is a contradiction, provided we take

2n—1

c1 > — .
(r—r)" " (1 —17)

This proves the existence of a.. The proof of the existence of b. is similar, and
we omit it.
By (3.36), w,. satisfies the Euler-Lagrange equation

W (s)

2w (s) — 2 (n— 1) ——=-"
e () e(n )T+€S—|—€5€

+ W (we (s)) = —ee .
Multiplying the previous equation by w. (s) gives

. 2
WL (s)]

_ e T ~/
Tt es 1 eo. exew, (s) . (3.50)

!
(= 1L () + W (1 (5))) =26 (n—1)
Upon integration between a. and b, we get

— @ (b)) + W (e (b)) + |l (ac)|* = W (i (az))
be W' (s 2
— 2 (n— 1)/ % ds — X (. (b.) — 1. (az)) .

€

Since a. € (—r1/e,—r/e) and be € (r5/e,ro/e) it follows from (3.21) and the
monotonicity of W, that @, (a.) — —1 and . (b:) — 1. Dividing the previous
identity by e and letting ¢ — 0T, by (3.49) we get

lim (2 (n—1) /ba HLAC . >\5> —0. (3.51)

s 0t . r+es+ed.
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Observe that by (3.47),

b oy 2 b
c 1 § _
/ |w5 (3)| ds S n/ "lZ); (8)|2 (T+€S+€§g)n 1 ds
e T €5+ e0e (r+ede)” Jry

Tle
< - =
= (r+ed)"”

— 0

where the convergence to zero follows from (3.41) and (3.48). Similarly,

—Tw ol 2
LG R S
u r+es+ed, (r—ry +¢ede)

€

These inequalities, together with (3.44) and (3.51), imply that

lim A\. =Xg:=2(n—1) /TW |2’ (s)|2 ds=(n—-1)cew, (3.52)

e—0t —Tw

where in the last equality we have used (2.8).
Step 10. We claim that there exist two constants a1 > 0 and ¢; > 0 such that
W, (—Tw — are) < —1+ cye/? (3.53)

for all € > 0 sufficiently small.
Let b. be the number given in (3.49) and let ¢ < b.. Integrating (3.50)
between ¢t and b. and using (3.35) and (3.52) gives

— [ (b)]® + W (1 (be)) + |l (£)]° — W (e (¢))

b . 2
© g (s)] - .
= — — >
2e (n 1)/t T+ es - el ds — eXe (e (be) — W, (t)) ce

for some constant ¢ > 0 independent of . In view of (3.49), by taking ¢ > 0
larger, if necessary, we have

[l (O > W (e (1)) — ce.
Since w. is nondecreasing, we obtain that
we (1) 2 V(W (e (t)) — ee)t

Using the fact that W is continuous and vanishes only at s = 1, we find a
constant p > 0 such that

W(s)>p for —1+a<s<1l-a, (3.54)

where a is the constant in (2.4). Therefore, if ce < u and (ca)l/ﬂ < a we deduce
from (2.4) that W(s) > ce for —1 + (05)1/5 < s < 0. This implies

Wl (t) = W (e (t)) — ce.
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for every —Z — 4. <t <0 such that —1 + (cs)l/ﬁ < e (1) <0.
Since . (0) = 0, it follows upon integration

0 1 0 1
—tg/ - ds< - ds< 4+,
s) —ce

we (1) \/W —1+(c5)1/ﬂ w (S) — CE

where the last inequality is a consequence of (2.4). Observe that this inequality
provides a bound on all those t such that —1 + (cg)l/B < . (t) < 0. Therefore,

there exists a largest ¢. such that —Z — 4§, <t. <0 and w. (t.) = -1+ (Cé‘)l/ﬂ.
Then

0 1
—t. < / - s
,1+(55)1/5 w (8) — CE

Tita 1 0 1
= —ds+ ——ds. 3.55
/_1+(c.e)1/f3 V(s+1)F —ce —1qa /W (s) —ce (8:55)

The change of variables o := (s + 1)” — ¢z yields

—1+a 1 1 aﬁ—cs 1
1 B ds = 8 1/2 1-1/8 do
“14(ce)/f /(s +1)P —ce 0 ol/2 (o + ce)

1 “lre g

where the last equality follows from direct computation, taking into account
(2.4).
By (3.54) there exists a constant L > 0 such that

| 1 1
VW (s)—n  W(s)

for m-1+a<s<1l-—aandfor0<n<pu/2
From (3.55), (3.56), and (3.57) we get

< Ly (3.57)

+ Lce = 1w + Lee,

where the equality follows from (2.6). Since W is nondecreasing, we obtain

e (—7w — Leg) < e (t.) = —1 + (ce)™?, which gives (3.53) with a; := Le and
. 1/8

C1 :=¢C .

Step 11. Let 1 < a < 2 be defined by

s +I18-

[SJ[°]
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We claim there exist two constants as > 0 and cy > 0 such that
We (Tw + aze) > 1 — coe® (3.58)
for all € > 0 sufficiently small.

Since w. (B~ —§.) = 1, integrating (3.50)
obtain

Wl (1) = W (e (£) + eAe (1 — e (1))

ol (B2 — 6.) " + 22 ( 1)/RET6£ LAC
= |l (8= — n— —=7 _ds
eN e ¢ ' r+es+ed.

Hence, by (3.52)

[l (8)] > W (e (t)) — ce (1 — e (1))

for all € > 0 sufficiently small and for some constant ¢ > 0 independent of e.
Since . is nondecreasing, we deduce that

0L (t) 2V (Wae (1)) — ce(1 — (1)) -

For ¢ > 0 sufficiently small, we have that 0 < . (¢) < 1. Since w, (0) = 0, it
follows upon integration

We (t) dS
0 VW (s) —ce(1—s))*+ .

Let v := min{2(5—1), 1}. Note that o =
(W (s) —ce (1 —5)")" for 0 < s <1, hence

i<

ﬁ. Then (W (s) —ce (1 —s))" >

We (t) ds
0 VW (s) —ce(1 —s)7)+

By (3.54) when ce < p we have W (s) —ces(1—3s)” > 0for 0 < s < 1—a.
Moreover, if (c£)® < a we obtain W (s) = (1 —s)” for 1 —a < s <1 — (c£)* by
(2.4).

Using the facts that w.(0) = 0 and . ( = ) =1, there exists 0 < t. <
% — d. such that w. (t.) =1 — (ce)“. Then for ¢ sufficiently small

t<

1-a 1—(ce)
d d
i +/ —= . (3.59)
0 VW(s)—ce(l—=35)" Jica (1—5)" (1—s)87 —ce

24



Consider the change of variables o := (1 — s)ﬁf7 — ce. Then (o + ca)l/(ﬁfw) =
1—s,and since 2—-26+~v<0and g8 —~v >0,

/1 (ce)® ds
1-a (1 — 3)7/2 (1 —§)B=7 —ce

IN

IN
Q Q

a + CE)(2—23+’Y)/(25—2’)’) o2 4o

/ 5 (2-26847)/(28-23) 5-1/2 g,y

ds
T 2o 6 N /1_a W(s) (3.60)

where the last inequality follows from direct computation, taking into account
(2.4).

From (3.57), (3.59), and (3.60) we obtain that for € > 0 small enough we
have

1
ds
< ———=+ Lce = Tw + Lce,
/0 VW (s)
where the equality is a consequence of (2.6). Since w, is nondecreasing, it follows
that w. (tw + Lce) > e (t.) = 1 — (ce)®. This concludes the proof of (3.58)
with as := Lc and ¢y := c®.

Step 12. Let 6. be the constant introduced in Step 7 and let wy be the function
introduced in (3.38). We claim that

R—r
€

lim inf (we (t) —wo (1)) (r+et)" " dt > 0. (3.61)
e20F Josotrw

Since w, is nondecreasing and w. (0 + 7w + age) > 1 — c2e® by (3.58), we
have w.(t) > 1 — coe® > 0 for every t > 6. + Tw + aze. This implies that

R—r

= 1 e +Tw +aze L
/ (we (t) —wp (t)) (r+et)" ™" dt = / (we (t) —wp (t)) (r +et)" ™" dt
é 3

et+Tw etTW

(6e+7w +aze) 1 E_r 1
+ / (we () + 1) (r+et)" " dt + / (we (t) = 1) (r+et)" " dt
5 ©

- +Tw taze c+Twtaze)™
« Rir n—1 a—1 Rn — T"
> —coe (r +et) T dt+ 0(e) > —ce® T —— + 0(e),, (3.62)
(5 +7'W)+ n

where we used (3.41) together with the inequality

Oe+Tw +ace
/ (we (t) —wo (1)) (r + {—:t)n_1 dt > =3 (r+e(|0c| + Tw + a25))n_1 ase ,
)

e+Tw
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which follows from (3.35).
Since o > 1, inequality (3.62) yields (3.61).

Step 13. We claim that
liminf o, > 0. (3.63)
e—=0+

Assume, by contradiction, that there exists a sequence ¢; — 0+ such that
dc; — 0o for some Jg satisfying —oco < dp < 0. This implies, in particular, that
de;, — mw < 0 for j large enough. By (3.29) it follows that

O —Tw be;—Tw
[ e, 0 = wo () (4 2507t = [ (i, 0+ 1) (4 250

T T

- i, 1/(B=1) B 65»2_6)/(’8_1))\;/([3_1)7'"
> 3 -
Since 1 < 8 < 2, by (3.52) we obtain

ne;j B/ (B-1)p,

6EV7TW
li_rninf/ ’ (we, (t) —wo (t)) (r+e;t)" 1dt > 0.

j—o0 r

B

This inequality, together with (3.39) and (3.61), implies that

O ;+Tw L
lim sup/ (we, (t) —wo () (r+e;t)" " dt <0.
5

Jj—oo o TTW

Changing variables, we get

T™W
lim sup/ (e, (t) —wo (t+6c,)) (r+et+ z—:jéej)nfl dt <0.

Jj—o0 —Tw

Since £;0.;, — 0 by (3.41), we conclude that

lim sup / " (e, (t) —wo (t+0c,)) dt <0. (3.64)

j—ro0 —Tw

Using the fact that w., — z strongly in H'(—7yw,7w), from the previous in-
equality we obtain

TW .
/ (2 (t) —wo(t+00)) dt <0, (3.65)

—Tw

where §g := max{dy, —mw }. Indeed, if 5o > —7y we pass to the limit in (3.64).
If —0co < §p < —7w we use also the equalities wg(t + dg) = wo(t + dg) = —1 for
t € [-Tw, Tw] in the case o < —7my. The case o = —oo is similar. Since

/ z(t) dt=0 and / wo(t + 8o) dt = 25y,

—Tw —Tw
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from (3.65) we obtain 28, > 0, which contradicts the inequality §, < 0. This
completes the proof of (3.63).

Step 14. We conclude the proof of the theorem by showing that (3.2) holds.
Let a; and ag be the constants given in (3.57) and (3.58). By (3.3),(3.41),
and (3.43) we have

det+Tw taze 9 1
Holwo) > | (W (e (1) + [, (D7) ( -+ )" d
de—Tw —aie

-/ " (s +

—TwW —Qa1€&

@' (s)|2) (rtes+es.)" Yds  (3.66)

> I} +el? 46612 +el?,

where
Tw +aze
[l gt / W (@ (5)) [ (s)] ds.
—Tw —Qa1€
2 n—2 Twaze < </ 2
e (n—1)r (W (= (5)) + 2t (5) ) s ds,
—Tw —Q1€&
3 _— Tw +az¢e 3 , 9
ID:=n-1r (W(ws(s))+|ws(5)| ) ds,
—Tw —Q1¢€
4 = n—=1\ 1 h ho1
IE = h £ Jh,Ea
h=2
with

To estimate I we use (1.8) to write

We (Tw +aze)
Il = 27’”71/ VW (0)do

€

We (—Tw —ai€)

We (—Tw —ai€) 1
=cpr™ =2 [ /W (0)do — 27"} / VW (0)do. (3.67)
—1

We (Tw +aze)
By (2.4) and (3.53) we have

wa(fwaalE 714’6161/[3
27’"71/ W (o) do < 27’"71/ VW (0)do

-1 -1
1/8

_ 27"”71 /616 Sﬁ/Q ds = k_lg(ﬁ+2)/(2[3) 7
0
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where ky := ﬁwﬂcgﬁn)/z

such that

. Similarly, by (3.58) we can find a constant ks > 0

1
/ JW (o) do < ko B+2/28)
e (Tw +aze)

We

where we have used the fact that o > 1/5.
Therefore (3.67) gives

I > et — ke (PH2/(26) (3.68)

where ]CQ = kl + kg.
By (2.7), (3.35), and (3.44) we have

lim 22 =(n—1) r"_Q/_T::V(W (=(5)) + |2/ (9)*) sds = 0, (3.69)
lim 2P =(n 1) r”_2/_::/(W (=(5)) + |2/ (9))ds = (n — D) ewr™ 2, (3.70)

where to obtain the second equality in (3.69) we have used the fact that z is
odd and W is even .

Moreover, Jp, . > 0 if h is even, while if h is odd by Fatou’s Lemma, (3.44),
and (3.63) we obtain

liminf Jy, . > /
e—0+ ’

—Tw

™W

(W (2(s)) + |z’(s)|2) shds =0,

and the integral is zero because z is odd and W is even. Hence,

lim inf I*>0. (3.71)
£—

From (3.66) and (3.68) we obtain

He(w.) — cwr™t
€

Since 1 < 8 < 2, using (3.63), (3.69), (3.70), and (3.71) we conclude that (3.2)
holds. m

> —koe®=A/CH L 12 L5 13 + T2

4 The Limsup Inequality

In this section we prove the following theorem.

Theorem 4.1 Let Ey be a solution to the minimum problem (2.17) and let
ug :=1—2xg,. Then there exists a sequence {u.} C H' () converging to ug
strongly in L*(Q) and satisfying (1.2) such that

1

. Ee (ue) — nkgpewr™™
lim sup

<0. (4.1)
e—0+ 3
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Note that by (2.25) the inequality (4.1) is equivalent to (1.11).
Proof. As observed in in Section 2, the set Ey has the form B®"(z(), with
B®*(z0) € Q and 7 defined by (2.18). We recall that by hypothesis (2.21) there
exist yo € Q and § > 0 satisfying B2 (x0) C Bﬁg (vo) C 2

We claim that ®° (xg —yo) < 6. If ®° (z¢ — yo) = 0 then the inequality is
trivial. If not, let {\z} be an increasing sequence converging to r/®° (z¢ — yo).
Since zg + Ag (o — yo) € Bf’o(mo), we have xg + A\, (zg — yo) € Bf:(;(yo), hence
(T4 X)) @° (20 —yo) < r +d. Passing to the limit as k — 400, we obtain
®° (g — yo) + 7 < r + 4, which implies ®° (z9 — yo) < 6.

Since ®° is convex and positively homogeneous of degree one, it is subaddi-
tive and so the previous inequality gives

ngt(s(ﬂﬁo +t(yo — o)) C nga(yo) cQ (4.2)

for every 0 <t < 1.
Let z be the function defined by (2.5). We recall that z is odd, |z(¢)| < 1 for
every t € R, and z(t) = 1 if t > 7y, where Ty is defined by (2.6). Let

. () ::Z(@O(x—mo—sz(yo—mo))—r) for x € Q, (4.3)

where v := 7y /8. Then 4. € H' (Q) and 4. — ug = 1 — 2xgae(,,) strongly in
LY(€). Since 4. =1 on Q\Bf’_:ww(xo + &7 (Yo — x0)), it follows from (4.2) that
e = 1 on 0N for ¢ > 0 sufficiently small.

Observe that . may not satisfy the mass constraint in (1.2), and so we
estimate the possible error

We ::/ﬁs(x)dx—m.
Q

Using the fact that 4. = —1 on B?;TW(QL‘O + &7 (yo — x0)), by (2.14) and (2.15)
we get

We = ‘Q \ B;"I:isrw(xo +ey (yO - l‘o))‘ - ‘BELOETW(‘/EO + ey (yO - .’EO))‘

r+eTw
+TLK<1>/ z (27) o ldp—m
T

—ETW
™W

= Q| -m — ke <(7“ +erw)" + (r—emw)" — ns/

—Tw

2(t) (r+et)" ! dt) .

Since z is odd, by (2.19) there exists a constant M > 0 such that
|we| < Me? (4.4)

for € > 0 sufficiently small.
We now correct 4. in order to satisfy the mass constraint in (1.2). We fix
p € C* (R™) with support contained in B;I’/OQ(xo) and

/ngp(a:)dmzl, (4.5)
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and we define
e (1) 1= 1, () — wep (z) . (4.6)
Taking into account the definition of w., we find that by (4.5), u. satisfies
the mass constraint in (1.2). Since B;I)/OQ(xo) C ij”w(xo +ev (Yo — x0)), the
support of ¢ is contained in {G. = —1}. Hence u. still satisfies the boundary
condition in (1.2) for € > 0 sufficiently small, and

Wues(zx)) dx = Wt (x)) dx W(—1—w.p(x))dx
L (e () Amin (2(2) +Amu ( o))

= [ W(te(x))dx+ | W(—1—wep(z))dz,
Q Q

where the last equality follows from the fact that W(—1) = 0. Since the supports
of Vi and Vy are disjoint, the previous equality implies that

Ee (ua) =& (as) +& (_1 - ws@) . (4'7)
By (2.16), (4.3), and (4.6) we have

O°(x — x9 — &7 (Yo — x0)) 7’)
€

® (Vi (0) = 2+

3

for a.e. € Q. Since z(t) = 1 for &t > 7y, by (2.15) and by the equality
W (£1) = 0 we obtain

r4+eTw

Ei) =20 | (W () + [ (#2)) o
R [ :W (W @)+ 12 OF) ¢+t de (4.8)

= nkgewr" ' + O(e?),
where we used the change of variables ¢t = £ :" and (2.7), and in the last equality
we used (2.7), taking into account once again the fact that ¢ — (W (2 (¢)) +
|2/ ()]}t is odd.
On the other hand, by (2.4) and (2.10),

B
E (-1 —wep) < %/ lo|? da + Cﬂps\wg|2/ V| de . (4.9)
Q Q
From (4.7), (4.8) and (4.9) we get

E. (ue) — nkgewr™ !

13
_ Jwel? Bz + Colw.l? | |Vol2dz + 0O
S 5 Q|S0| x4 Co|we| Q| el dz+O(e) .

Recalling that 8 > 1, from (4.4) we obtain (4.1). m
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