HOMOGENIZATION OF FIBER REINFORCED MICROSTRUCTURES:
THE EXTREMAL CASES
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Abstract. We analyze the asymptotic behavior of the antiplane deforma-
tions of a fragile material reinforced by a reticulated elastic structure. The
microscopic geometry of this material is described by means of two “small”
parameters: the size € of the periodic grid and the ratio  between the thick-
ness of each of the fibers and their period of distribution. We show that
this behavior depends dramatically on the relative size of the parameters.
Indeed, in the two considered cases, i.e., ¢ < ¢ and € > 4§, we obtain two
different limit models: a perfectly elastic model and an elastic model with
macroscopic cracks, respectively.
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1. INTRODUCTION

The aim of this paper is to study the asymptotic behavior of the antiplane deformations of
a fragile material reinforced by a reticulated elastic structure (the dark and the white part
in Figure 1, respectively). This structure is reinforced by thin unbreakable fibers disposed
periodically along two orthogonal directions of the plane. Two parameters are involved:
the size € of the periodic grid and the ratio  between the thickness of each of the fibers
and their period of distribution.

We show how the overall behavior of the structure depends dramatically on the rel-
ative size of the parameters. If j/e — +oo the asymptotic behavior is perfectly elastic
without cracks. Instead, if §/e — 0 we obtain in the limit an elastic material with brittle
macroscopic cracks.

Let © C R? be the reference configuration of the material. Since we are taking into ac-
count the presence of cracks, the natural mathematical setting for our problem is the space
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FI1GURE 1. A representation of the composite material.

GSBV (), introduced by De Giorgi and Ambrosio [10], where the asymptotic behavior
of the composite can be described by the following family of functionals

. /|Vu(x)\2dx+7'(1(5u) it S, O,
u) =< Jo

400 otherwise,

F. (1.1)

where Q. :=QnNe((6,1 —6)?+2Z?%) and § = §(e) € (0,1/2).

The function u denotes the displacement, while its discontinuity set S, represents the
crack. In addition to the volume term, which is the standard elastic energy in the antiplane
case, the expression of the functional F. presents a surface term, which accounts for the
energy needed to open the crack. The set ). represents the soft zone where the crack
could lie while the set £\ Q. represents the unbreakable fibers inside the material.

Our purpose is to determine the [-limit Fjon, of F. and distinguish the different asymp-
totic models according to the limit 9 of §(g)/e. More precisely, we analyze the extremal
cases

¥=4+0c0 and ¥ =0.

In the first case, we show that

Vu(z)|?dz if we HY(Q),
o) | 1vuta) (©)
+00 otherwise.

This functional describes a material without cracks. Indeed, even if at scale € the material
has microscopic cracks, these cannot glue together into a macroscopic one and they have
not effect on the limit, since the elastic fibers well separate the brittle regions.

In the second case we prove that

Fhom (1) = /Q V(@) dz + H (Sy).

This means that, despite the presence of the unbreakable fibers, the collective behavior of
microscopic cracks is equivalent in the limit to a macroscopic crack.

In the intermediate case ¥ € (0,400), under the assumption that the I'-limit has an
integral representation, we obtain that the surface term depends also on the size [u] of the
jump.
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Remark 1.1. Homogenization in SBV setting has been developed in previous works [5, 3.
Anyway, these classical results do not apply to our particular case, because the surface
energy in (1.1) does not satisfy the required hypotheses.

Remark 1.2. Another interesting situation occurs when the parameter § is fixed and
independent of ¢ and the family of functionals has the form

/ V() de + a(e)H (Sy) i S, C Q.
FE(U,) = 0O
400 otherwise,

where a(e) \, 07 as € \, 07. Recently, in [11, 12] a model of damage has been deduced
from this case.

2. PROBLEM SETTING

In the following we assume that € is a bounded open subset of R? with Lipschitz boundary.
We recall here some notation about the space of special functions of bounded variation on
2, briefly SBV(€2), and we refer to [1] for the definitions and the standard theory.

If u e SBV(Q),

Vu is the approximate gradient of w;

Sy is the approximate discontinuity set of w;
v, is the generalized normal to Sy;

ut is the traces of u on both sides of S;

[u] := |ut — u™| is the size of the jump.

The same notations are used when u € GSBV (2), the space of generalized special func-
tions of bounded variation on Q. We recall that GSBV () is made of all measurable
functions u : @ — R such that (uAm)V (—m) € SBV(U) for every m € N and every open
subset U CC €.
Other spaces that we will frequently use are
SBV?*(Q) := {u € SBV(Q) : Vu e L*(Q,R") and H'(S,) < +oo};
Ur(Q) = {u e GSBV(Q)NLP(Q) : Vue L*(Q,R") and H'(S,) < +oo},
where p € [1,+00). It is easy to see that UP(2) N L>=(2) C SBV?2(Q).
We say that a sequence up C SBV?2(Q) converges weakly to some u € SBV?(€)), and
we write u, — u in SBV?(Q), if
ug is bounded in L*°(Q);
uy — u strongly in L'(Q);
Vuy, — Vu weakly in L?(Q, R?);
sup H'(S,,) < +oo.
keN

We define the Mumford-Shah functional M.S : LP(Q2) — [0, +o0] as

2 1 . »
MS(u) = | Ivu@Pde+ (s it wewr@),

+00 otherwise.

We make explicit the dependence on the domain © with the notation MS(-, ).
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Finally, we consider the family of functionals F. : LP(Q)) — [0, 4+oc] defined by

Vu(z)|?dz + HY(S,) if uweUP(Q)and S, C Q.,
r o L] 7 (5.) © o

400 otherwise,

where Q. :=QnNe ((6,1—6)*+2Z?%) and § = 6(c) € (0,1/2).
The goal of this paper is to analyze the I'-limit of the family F. in the space LP(Q2)
endowed with the strong topology. We refer to [4] for the definition and properties of I'-

convergence. In Theorem 4.1 and Theorem 5.1 we show that the I'-limit varies depending
on ¥ := limd(e)/e.

Throughout the paper, given a subset A of R?, we employ the following notations

e Y 4 is the characteristic function of A;
e B,(A):={z eR? : dist(z, A) < n}.

3. A LOWER BOUND ESTIMATE
The aim of this section is to provide a lower bound for the I'-limit of the family F.

Theorem 3.1. Assume Q2 := (—1/2,1/2)% and denote by S' the unitary circle in R2.
Given t > 0 and v € S', we define the function ury 2 — R by

Uty = tX{xEQ :z-v<0}-

Then, for any sequence g N\, 07 and any sequence wy, in LP(Q) such that ur, — ug,
strongly in LP(QY), we have the estimate

lim inf £, (uy) > 107V ¢. (3.1)

In the proof of Theorem 3.1 we will use the following two lemmas. The first is a well
known trick that allows us to modify a sequence u; keeping the limit. The second is an ad
hoc adaptation of the argument used in [9, Subsection 4.2]. For the readers convenience,
we prefer to present here a simplified proof with the suitable modifications.

Lemma 3.2. Let B be a Borel subset of (0,1)% with ¢ := L2(B) > 0 and let g, \, 0F.
Given two sequences uy and vy, in L'(Q) such that up — u and vy, — v strongly in L' (£2),
suppose that

up =vr in By ::Qﬂsk(B+Z2).
Then u = v.

Proof. By the Riemann-Lebesgue lemma, xp, tends to ¢ weakly™ in L°°(€2). Since the
sequence (u — vg)XB, converges in distribution to c(u — v), for any ¢ € C2°(Q2) we have

C/Q o(u —v)dr = /ng(uk — vg)xB,dr = 0.

Since @ is arbitrary and c is strictly positive, we can conclude that v = v. ([l

Patching Lemma. Let U := (0,1) x (—=1/2,1/2). Then for any u € SBV*(U) N L>(U)
with H1(S,) < 1/28, there exists v € SBV?(U) N L*(U) such that

(i) v is constant in (0,1) x (—2/7,2/7);

(i) v =win (0,1) x [(=1/2,-3/7) U (3/7,1/2)];
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(it HUHLoo(U) < HUHLOO(U);
iv) [Vl p2ge) < 10° [Vl g2 gey;
Sy C Su;

Proof. The plan of the proof is the following. In the first step we carry out a suitable
truncation of u so as to control ||u||; . with [[Vul||;;. In the second step we obtain (i)
thank to a simple cut-off argument. We remark that we need the first step because in the
S BV setting Poincaré type inequalities in general do not work.

Step 1: Truncation. Since we are going to use the slicing procedure, we need to fix
the precise representative u* of u as defined in [1, Definition 3.63 and Corollary 3.80]. We
make use of the following notations:
L, :=(0,1) x {r} and L" := {r} x (=1/2,1/2), r e R;
I:={re(5/14,3/7) : Ly NSy =D};
J:={re(=3/7,-5/4) : L, N Sy» = O};
H:={re(0,1): L'NSy = 0};
osc,(u*) :=supy, u* —infz, u* the oscillation of u* along L,, r € (—1/2,1/2);
osc”(u*) := supy, u* — infr u* the oscillation of v* along L", r € (0,1).

We have £Y(I), £1(J) and £'(H) > 1/28. Moreover, by [1, Theorems 3.28, 3.107 and
3.108], for £! a.e. r € I u*(-,r) is absolutely continuous with derivative given £ a.e. by

Op,u*(+,7). Then

1
osc, (u*) g/ |0z, u* (x1,7)| dq
0
and so, integrating over I, we obtain [; osc,(u*)dr < [Vull L1 (r2)- By the Mean Value
Theorem, there exists r; € (5/14,3/7) such that
0s¢py (u*) < 28|Vul| 1y 2y -

Similarly, it is possible to prove that there exist ro € (—3/7,—5/4) and r3 € (0,1) such
that oscy, (u*) and osc”(u*) are smaller than 28 [|Vul| 11y g2).-

Since L := L,, U L., U L™ is a connected set, if my+ := (sup; u* + inf; u*)/2, we have
that
|u*(z) — myr| < ey for Hlae. z € L,

where cy= 1= 42| Vul| 11 g g2y
In this way we can truncate the function w* on (0,1) X [rg, 71| (the light grey part of
Figure 2) without generate new fracture along L,, and L,:

[ A (mys + cy)] V (myr — cyx)  in (0,1) X [ro, 1]

u in (0,1) x [(~1/2,7) U (r1, 1/2)].
Obviously w satisfies (ii)-(vi).
Step 2: Cut-Off. Let ¢ € C'((1/2,1/2),[0,1]) be a cut-off function such that

L if t € (—2/7,2/7)
P(t) :== 1 ifte(-1/2,-5/14) U (5/14,1/2),
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FIGURE 2 FI1GURE 3

and |¢ (t)| < 15. If we define the function v on U as v(z) := ¢(x2)[w(x) — myx] + My-,
by construction v satisfies (i)-(iii), (v) and (vi). In particular v is constant on (0,1) X
(—2/7,2/7) (the light grey part of Figure 3).

Let U := (0,1) x [(=5/14, —2/7) U (2/7,5/14)]. Since Vv = ¢Vw + ¢'(w — my-) and

[ (w — me)

< 630 |Vl 1 rey < 630 [Vl o pe)

| o) < 15s%p |w — |

we have that v satisfies also (iv):
IVl 2 g2y < 631 (| VUl 2 gey -

g

Proof of Theorem 3.1. Let © := liminfy, F;, (ug). If © is finite, we can assume uy €
UP(Q) and MS(uy) bounded. By truncating wuy between 0 and ¢, we can also assume
ur, € SBV?(2) N L>(Q) and [kl oo () Pounded. Thanks to the compactness result in
SBV () stated in [1, Theorem 4.8], we have that uy, converges weakly to ut, in SBV?(Q)
and limg M S(ug) = 6.

The plan of the proof is to handily modify both u and wui keeping a control on the
energies. We split the argument in two steps. We assume initially that

e, ! is an even integer. (3.2)
Step 1: Symmetrization. With suitable ninety degree rotations, we can suppose that
v = (cos~y,siny) with v € [r/4,3n/4]. Starting from u; we will construct a new sequence

u”™ having more symmetry and converging to a function »*¥™ with an horizontal crack.
We fix a small > 0 and we choose a sequence my in N such that my ~ +00 and

mk/ |u — ug|P de < n. (3.3)
Q
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For any integer j € {—6];1, e ,5,;1 — 1} we consider in SBV?(£2,R?) the functional

Ff(v(l),v@)) = MS(UQ),X;-C) + mk/ ‘v(l) - v(2)|pdaz,
Xk
J

where X]’? denotes the vertical strip (jer/2, (j + 1)ex/2) x (—=1/2,1/2).
For any k£ € N let ji be an integer realizing

F]]Z(u,uk) = min{FJk(u,uk) D j € {—5;1, . ,5;1 — 1}}
and let u;”™ (resp. wy) be the extension of ug|yr (resp. ugy|yr ) to Q obtained with
J J

k k
horizontal reflections. Notice that S,svm C e, ((0k,1 — 0x)* + Z*) and that

ug(x) = up(xy + e, v2) Vo € Q and Vk € N. (3.4)

Ut,v

] o
] e} o
e | i

] O O
] o

] O 7O
T ] v o] o e
] O O O

FIGURE 4

Obviously we have M.S(wy, ) = MS(ut,,2). Moreover, from the minimality on X Jkk
we deduce that
MS(w?™, Q) < MS(ug, Q) + 1.
Since wy, and u;”™ are also bounded in L*°(2), thanks again to the compactness result in
SBV (), there exist w and u*¥™ in SBV?2(Q) such that (up to subsequences not relabeled)
wp — w and u’™ — w¥™ weakly in SV B?(2). Again from the minimality on X, }’fk and
(3.3), we deduce that

p
21615{7”’6 [Jwr — “ZymHLP(Q)} < oo

and therefore w = u®¥™. Let now g : (—1/2,1/2) — (—1/2,1/2) be a Lipschitz map
such that Grafgy = S,,. The oscillation of g; is bounded by e/ |cosvy| and therefore
(up to subsequences not relabeled) g converges uniformly to a certain constant 3. If
v € (n/4,37/4), then § € (—1/2,1/2). Instead, if v = w/4 or 3n/4, with the previous
construction we could have § = £1/2. To avoid this possibility, when v = 7/4 or 37/4 we
change a little the construction of u;*™. Recalling that ;' is an even integer, we choose
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the vertical strips X]]Ag only in (—=1/4,1/4) x (—=1/2,1/2) so that § € (=1/4,1/4). In this
case we get

MS(u™, Q) < 2M S (ug, ) + 2.
Given £ > 0, for k sufficiently large

() 0 ifze(—1/2,1/2) x [B+&,1/2)
wi(x) =
* toifwe(-1/2,1/2) x (-1/2,5 - ¢,
therefore u™™ = tx(_1/2,1/2)x(~1/2,8)-
Step 2: Regularization. Here the idea is to smooth u;”" on those cubes where Sysvm
is “small” by using the Patching Lemma.
For any i,j € I, := {—6];1/2, e ,6,;1/2 — 1} we define the following sets:
o Qij = ek(0,1)% + (icg, jer) ;
o Qi = ep ((0,1) x (1/14,13/14)) + (ieg, jer) ;
* Q;; =¢r((0,1) x (3/14,11/14)) + (icy, jer);
o 7= (0,1) x (jer, (G + 1)e)
Notice that by the periodicity property (3.4), if
H(Syevm N Qi) < ex/28 (3.5)

for a certain (i,j), then Hl(Suzym N Qn;) < €x/28 for all h € Iy, i.e., condition (3.5)
is satisfied by all the cubes in the strip 7j. Let Jj be the set of the indices j € {1 —
s,;l, . ,e,;l — 2} such that all the cubes in the strips Tj_1, T} and T4 satisfy (3.5).

FIGURE 5 FIGURE 6

By a rescaling argument, thanks to the Patching Lemma, inside at every cube @Q; ;
satisfying (3.5), we can change u;”™ on Q; ; so that it becomes smooth (because constant)

in Q;: j (see Figure 5). We remark in particular that by keeping the periodic condition (3.4),
we did not created new cracks along the vertical boundary of the cubes @; ;. Moreover,

since the sequence is unchanged on Q; ; \ @, ;, by Lemma 3.2 the limit remains u*¥™.

1,57
To erase the crack also in Q;; \ Q;: ; for i € Ji, we proceed in a similar way, by using
the Patching Lemma to modify u; so that it becomes constant on the light grey part of
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Figures 6 and 7. We denote Ureg the sequence obtained regularizing Usy through the
k k

above two modifications. By construction ’U/Teg converges weakly to u’Y in SB 2 Q y
Y k g \ V

Su;;eg Cep ((6k7 1-— 6k)2 + Z2) and

MS(u;?,Q) < 10°MS(u"™, Q).

Moreover, for any j € Jj, the function u; " belongs to H'(T}) and it is constant along the
horizontal boundary of the strip 7.

Let now v, € H'(Q) be a function with zero average such that Vo, = Vu; on the
strips 1 when j € Jj, and Vv, = 0 otherwise. Up to a subsequence, v}, converges weakly
to a certain v in H'(2). We denote by 1y, := u;Y — vy, the sequence obtained by flattening
u,” on the strips T}, j € Jy. We have that @ converges weakly to @ := u¥™ — v in

SBV?(Q). Moreover Sz = Sysym and [i] =t on Sj.

FIGURE 7 FIGURE 8

Let mi = minJy (resp. mj := max.J;) and c. (resp. ci) be the constant value

of @i on xo = exmi (resp. o = epmi). Since T C (—=1/2,1/2) x (=1/2,8) (resp.
T2 © (-1/2,1/2) x (B,1/2)) for k sufficiently large, we have |¢} — c}| > t/2. Consider
now the set

Up = |J U r[((0,65) U (1 = 68, 1)) x (0,1)] + (iex, jex),

iely jelt
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where J¢ := {j € Iy : j & Jx and m} < j < mi}. The set Uy is constituted by the
vertical frame of the cubes belonging at the strips T}, j € Ji (the dark grey vertical zones
of Figure 8).

Denoted by nj the number of strips T; where the cubes Q;; do not satisfy (3.5), we
trivially have the estimate Hl(Sﬂk) > 28ny. Moreover, noted that Jg has at most 3ny
elements, since |ci —C,lﬁ‘ > t/2 and 4y is constant on the strips T; when j € Jj, by
comparing  with the affine junction on Uy (the lower volume energy configuration on

Uk), we get
912
/ |uk| de > —.
Uy 6n

Gathering all the previous estimates, we obtain

1
@+77>11m1nf MS( Q) > 0 lim inf M S(u, 7, Q)

k——+oco 2 kHJroo
_6 _

1079 0t
lim inf M S (1, Q) > lim inf(— + 28nk) > 1075V,
k—+o00 k—+oo \ 6Ny

10
>

where the last inequality is obtained by minimizing with respect to ni. Being n > 0
arbitrary, the previous inequality gives estimate (3.1).

In order to remove assumption (3.2) we consider, for k£ € N, the largest even integer my
such that my < 6];1. Let s := mper. We define 1y : 2 — R by

() = ug(sk ) //k-

Since sy, converges to 1, we have that 4 tends to w, strongly in LP(Q2). Moreover
Sa, C m;l ((5k, 1—6)%+ ZQ) and limg 0pmyp = ¥. By applying the previous result we
get

l];mian(uk) > hmmf spM S (1) > 1076V ¢,

O

Remark 3.3. Given a sequence g5 \, 07, by a well known compactness argument (see
[4, Proposition 2.14]), there exists a subsequence ex; such that F, I'-converges to some
functional F' : LP(Q2) — [0, +oc]. When ¥ € (0,+00), it is proved in [8] that the functional
F admits an integral representation: there exists a Borel function g : [0, +00) x St —
[0,400) such that

/\Vu(x)]zdm—i-/ g([ul, v)H' if weUr(),
Q

u

F(u) =
400 otherwise.

Estimate (3.1) shows that g = g(¢,v) effectively depends on the variable ¢. In fact, fixed
v € S! and denoted by [ the length of Suy,, for t sufficiently large we have

g(t, )l = Flug,) > 107Vt > g(1,v)l.
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4. THE PERFECTLY ELASTIC CASE

The main result of the present section is the following.

Theorem 4.1. Let F. be defined as in (2.1). If 9 = +oo, then the family F. T-converges
to

u) = /Q]Vu(x)\de if u€ HY(Q),

+00 otherwise.

Fhom(

Proof. Let e \, 07 and let u;, be a sequence in UP(Q2) such that uy tends to u strongly
in LP(Q) and limsupy, Fy, (uy) is finite. We want to show that u € H'(2). We start by
assuming in addition that
sup [|u || oo () < 400 (4.1)
keN

and, consequently, u, € SBV?2(2)NL>(Q2). Thanks to the compactness result in SBV (£2)
stated in [1, Theorem 4.8], we have that u € SBV?(Q) and u converges weakly to u in
SBV?2(§). To prove that u ¢ SBV?(2)\ H!(Q) we proceed by contradiction, by assuming
that
HY(S,) > 0.

The idea is to carry out a blow up around a suitable jump point of u, so to be in position
to use Theorem 3.1.

Since the sequence of measures H* LS% is bounded, up to a subsequence (not relabeled)
we have that

e = H? [$.,— # weakly™ in the sense of measures

for some finite non-negative Radon measure p. For any x € £ we define

B
[(x) := limsup M
r—0t r
By applying [1, Theorem 2.56], if I(z) = +o0o on a Borel set B with H'(B) > 0, then
necessarily u(B) = +o00, in contradiction with u(2) < +oo. Therefore [(z) < 400 for
Hla.e. z € Q.

Let T be an approximate jump point for u such that I(Z) < +oo holds. Given r > 0
sufficiently small so that B,(Z) is included in €, we define on By(0) the following real
functions
K () = uk (T + ra);

"(

u
u"(x) = u(T + rax);

=g

‘= X{x€B1(0) : z-vy(T)<0}+

With respect the strong topology of LP(B1(0)), we have that uj, tends to u” as k /" 400
and (see [1, Remark 3.72]) u” tends to @ as r \, 07. Moreover we have that

B.(3
lim MS(uf, B1(0)) = / \Vu(z)|? de + w
k—4o00 B (%) T

Let r;, N\, 0" be a sequence such that I(Z) is the limit of u(B,,(Z))/rp for h / +oo.
Setted dy, := d(ex), by applying a diagonalization argument (see [2, Corollary 1.18]) to the
double indexed sequence (u}", MS(u;", B1(0)), (Si—ﬁh), we can find a sequence h " +o0

such that
T‘hk e . 8]{)

uy, F =, MS(u;h’“,Bl(O))—»l(E) and

\, 0.

kT hy
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Notice that the last condition implies also that & := ep/rp, \, 0t.
Let Q := (—1/2,1/2)% and let V be the set of vertices of (0,1)?. Chosen for any k € N
a point Ty in QN ep(V + Z?) with minimal distance from T, we define @y, : Q — R by

T—T
g () ==, * <x— k)
Thy

The definition of uy is well posed: (T — Ty)/ry, tends to zero as k ,/ +oo and so,
for k sufficiently large, the cube with side rj, centered in Zj is included in Brhk (T).

Moreover, we have that u; tends to @ strongly in LP(€2), M S(4y, ) remains bounded and
S C ((5k, 1—6)%+ Z2). Then, since limy, dx /€ = +00, we have a contradiction with
estimate (3.1).

In order to remove assumption (4.1) we consider, for m € N, the truncations of the
functions u and uy:

o up = (ug Am)V (=m);
o v = (uAm)V (—m).

By applying the previous result, we have u™ € H'(2). Moreover
™| o) + VU™ |2 p2) < léglf;f(uuzlum(ﬂ) + IV | 22 r2))
< gffg(uukum(g) + [ Vurll 2o rey) < +oo.

As Q has Lipschitz boundary, H'HLI’(Q) + HV'HLQ(Q’RQ) is an equivalent norm in H!(f2) and

therefore, up to a subsequence, u™ is weakly convergent in H'(Q2) to some @ € H(Q).
Since u™ converges pointwise a.e. to 4, necessarily u = . O

5. THE BRITTLE CASE
The main result of the present section is the following.

Theorem 5.1. Let F. be defined as in (2.1). If ¥ = 0, then the family F. T-converges
to MS.

We shall use the following two lemmas about SBV functions. The first is an extension
result, while the second is an approximation argument.

Lemma 5.2. (See [6, Theorem 3.1]). Let U C R? be a bounded open set and assume
that Q CC U. Then there ezists a constant b = b(Q,U) > 0 and an extension operator
T :SBVQ) N L®(Q) — SBVXU)N L>®(U) such that
(i) Tu =wu a.e. in€;
(1) [Tull poo(ry < 0 lluell poo (5
(iii) MS(Tu,U) <bMS(u,S).

Lemma 5.3. (See [7, Corollary 3.11]). Let U C R? be a bounded open set with Lipschitz
boundary and let v € SBV2(U) N L>®(U). For every n > 0, there ewists a function
ve SBVAU)N L>®(U) such that

(i) Sy is essentially closed, i.e., H(S, \ Sy) = 0;

(ii) Sy coincides with the intersection of U with the union of a finite number of disjoint
segments;
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(iii) v € WH(U \ S,);

(i) fu = oll ey < 0

(V) [[Vu = Vol 2 p2) <5
(Vi) ‘Hl(su) - HI(SU)‘ <.

Within this section, we shall use the compact notation W(U) to denote the space of all
measurable functions for which conditions (i), (ii), (iii) hold.

Proof of Theorem /.1. The liminf inequality is a straight consequence of [1, Theorem 4.36],
so we only need to construct a recovery sequence uy for any u € UP(£2). Thanks to a
truncation argument we can suppose that u € SBV?2(Q) N L>(Q2). Moreover, fixed a
small > 0, thanks to Lemmas 5.2 and 5.3, we can suppose that u is the restriction to
Q2 of a function v € W(By,(€2)). Accordingly to the definition of W(By,(f2)), there exist
St ..., St disjoint segments such that Uli:1 St =8,.

Let g, \, 07 and let &y := d(ex). To construct a recovery sequence uy the idea is to
smooth the function w in the unbreakable zone Q \ ., . To obtain this easily, we would
need that the extreme points of S, do not fall in Q \ ., and that large vertical (resp.
horizontal) portions of S, do not fall in B, s, (exZ x R) (resp. Be,s5, (R x e4Z)). We can
obviate with a shift of u. Let w := v]Bn(Q). Since 0, \, 07, we can find a sequence t; \, 0T
in [0,7) such that

e the extreme points of Sy, + (t1,t1) are in ex((6, 1 — 6x)% + Z2);

e if S%is a vertical segment, then Be,y (Si + (tk,tk)) N Be,s,. (ekZ x R) = O;

e if S% is an horizontal segment, then B, (Si + (tk,tk)) N Bes, (R x e, Z) = O.
We define wy,(x) := v(x + (tg, tx)) for x € B,(Q).

€N~

. N
/ ~
N
~
N

FIGURE 9

Since the function v| Boy(Q)\Be, n(So) has Lipschitz constant bounded from above by
Ek v

65;1 HVUHLOO(BQ,,(Q) R2)> with ¢ depending only on 1, we can find a Lipschitz extension
vy, to Bay,(2) satisfying
c

IVl oo (B, () R2) < - IVll oo (B, () R2) -
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Now we can obtain a recovery sequence uy for u by modifying the functions wy on
Be, n(Sw,) N(Q2\ Q) (the grey zones in Figure 9) in the following way:

g (z) = vk(z + (t, ) if @ € Beyy(Su) N (2 Q)
* . wi () otherwise.

Note that ug could present an additional fracture with respect to wy|q along Be, 5 (Sw, ) N
Q N eg (O(0k, 1 — 6x)* + Z?) (the vertical and horizontal boundary of the grey zones in
Figure 9).

By noting that Be,,(S") N Be,,(S") = @ if i # h and k is large enough, in the rest of
the proof we can assume for simplicity that ¢ = 1. Let v € [0,7) be the angle formed by
S1 with a horizontal line and let I be the length of S*.

Since S! intersects both R x €47 and €7 x R at most [e,;l]l times, we have the following
estimates:

£ (Ben(Su) N (2N 22,)) < cxnl b
H (Bey n(Swy) N QN e (0(0k, 1 — 0p)? + Z%)) < 2c1m1,

where

1 1 .
+ 5 5 otherwise.

{1 if y=0orm7/2
Cc1 ‘=

|cos ]
Therefore uy, tends to u strongly in LP(€)) and

lligmsup F., (ug) < MS(u) +nl(c*? HVUH%OO(B%(QLRQ) +2¢1) = MS(u) + 2¢1m 1.
— 400

Being 1 > 0 arbitrary, the previous inequality completes the proof.
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