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ABSTRACT. The asymptotic behavior of an elastic thin film penalized by a van
der Wals type interfacial energy is investigated when both its thickness and
the magnitude of the additional energy vanish in the limit. Keeping track of
both mid-plane and out of plane deformations (through the introduction of
the Cosserat vector), the resulting behavior strongly depends upon the ratio
between thickness and interfacial energy.

1. INTRODUCTION

Thin films and coatings, which are increasingly used for their outstanding me-
chanical properties, are also the topic of an increasing literature, especially since it
was recognized in [16] that elastic membranes could be derived as variational limits
of 3d elastic energies for domains with a vanishing thickness. That paper paved the
way for many studies that adopt the viewpoint of I'-convergence in dealing with
dimensional reduction.

It is thought that very thin films, in part because of their polycrystalline nature,
are quite sensitive to possible interfacial effects, and this has motivated several stud-
ies that investigate the impact of a van der Waals type interfacial energy on their
behavior. The first such study in the variational framework was conducted in [4].
There, the authors add a fixed interfacial energy of the form fwx(_%’%) |D;jul? dz

to the potential energy fwx(7£ <) W(Du) dz of the thin elastic domain; they ob-
272

tain in the limit a 2d energy density which depends on the deformation u (or rather
Dju, i = 1,2,) of the mid-surface, together with the Cosserat vector b which de-
scribes both transverse shear and normal compression in the thickness (think of the
limit transformation as being of the form u + ¢ [ b(x1, %2, s) ds). Because their
emphasis is on martensitic materials, they obtain that way a thin film which ad-
mits exact energy minimizing interfaces between austenitic and martensitic phases,
whereas the corresponding bulk material must generically finely twin the phases.
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Their analysis does not allow a correlation between the strength of the inter-
facial energy and the thickness of the sample. That issue was subsequently ad-
dressed in [18]. In that paper the interfacial energy is allowed to tend to 0, and
a micro-structural parameter is also added. The author then investigates the dif-
ferent regimes that correspond to the relative strengths of the three vanishing pa-
rameters, the thickness, the strength of the interfacial energy, and the size of the
heterogeneities. The analysis is however restricted to the mid-surface of the film,
or, in other words, the Cosserat vector is a priori minimized out of the computed
energy.

In a different direction, the paper [5] investigates both mid-surface and cross-
sectional behavior in the absence of interfacial energy, but this analysis only ac-
counts for the bending moment — the average of the Cosserat vector through the
cross-section — and it is conjectured that the behavior becomes non-local if the
actual Cosserat vector is kept in the formulation in lieu of its average.

In this work, we propose to introduce interfacial energy as in [4], [18], while track-
ing down the cross-sectional behavior as in [5], but without averaging through the
cross-section. We then exhibit a membrane whose constitutive behavior critically
depends upon the strength of the vanishing interfacial energy.

Specifically, the domain is of the form w x (=35, §), w being its mid-section (a 2d
set) and ¢ its thickness. We add to the elastic energy

/w L W0

€
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an interfacial energy of the form

57/ |D?u|? dx
wx (— )

)

wlo
vl

where D?u is the Hessian matrix associated to the transformation vector u : w x
(=5,5) — R3 and v > 0. It proves to be more convenient to re-scale the resulting
energy minimization problem onto a fixed domain of thickness 2 through a %—
dilation of the transverse variable. The problem, cast in the variational framework,
consists in studying the I'-limit, in an appropriate topology, of

(1.1) /M(

where D, stands for the gradient in the plane of the film, i.e. the differential
operators in (1.1) are defined as

Dy :=(D1,D3), D :=(Di11,D2,D12), Dps:=(Di3,Da3).

1 1 1
{W <Dpu|gD3u) + &7 <D§u|2 + 6—2|Dp3u|2 + €—4|D33u|2)} dz

11
272

If u. is an approximate minimizer of that energy (for adequate boundary conditions
and external forces), then an appropriate topology will keep track of the limits of
both {u.} and {1Dsu.}.

We now give a brief and non-technical description of our main results. In all
cases, provided that the elastic density has polynomial growth — which of course
excludes the setting of hyperelasticity for which W blows up as det Du vanishes —
the limit kinematics is identical as far as the limit of u. is concerned: the limit field
u is independent of the transverse variable x3; it represents the transformation of
the mid-surface of the membrane. In the case v < 2, the interfacial energy is strong
enough to rigidify the cross section (the Cosserat vector is b independent of z3) and
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to decouple the mid-plane deformation from the bending moment (the average of b
over the thickness). Thus, the resulting energy is merely the lower semi-continuous
envelope of fwx(fé,%) W (Dpulb) dz.

If v = 2, then the behavior drastically depends on the form of the Cosserat
vector b. If it is independent of z3, then the resulting energy once again treats Dyu
and b as independent fields and the result is that obtained for v < 2. If b does
depend on z3, then the resulting energy is more involved and we strongly suspect
that it is non local.

When ~ > 2, the interfacial energy is weak, yet the result is still that obtained
for v < 2, with a x3-dependent Cosserat vector; this is a bit surprising and we
cannot explain why it should be so!

The plan of the paper is as follows. Section 2 is devoted to general properties
of the limit energy. In Section 3 we study the I'-convergence of the family of
functionals (1.1) for all v > 0 and characterize the limit energy for v # 2. Section
4 addresses the critical case v = 2.

If the Cosserat vector is x3-independent then we obtain an explicit local integral
representation for the I'-limit. Otherwise, that is when the Cosserat vector is z3-
dependent, the characterization of the I'-limit leads us to the auxiliary functional

n—oo

inf {liminf/ (W (Dpunp by, ) + |ngn|2> dz :
AxI
{u,} ¢ WHY(Q;R?), {b,} C LI (4 R?) with Dsb, € L* (4 R?),
Un — w in WH(Q;R?), b, — b in Lq(Q;R3)}.

We have been unable to obtain a local integral representation for this functional.

Note that, stricto sensu, our results can only be compared to those of [18] in
that, upon minimizing the resulting energy over all admissible Cosserat vectors, we
should recover the results in [18], provided we drop the dependence of the energy
considered in that paper upon the micro-structural parameter. This is the object
of Remark 4.6.

2. PRELIMINARIES

We start with some notation. In the remainder of the paper, w is an open,
bounded, connected subset of R? with Lipschitz boundary, so that, in particular,
all Sobolev extension theorems apply. We define A (w) as the class of all open
subsets of w. Points in w will be designated by z, or zz unless there is some
ambiguity. Also, @' will denote the unit square (—1, )%, while Q := Q' x (=1, 3);
C will denote a generic positive constant, so that e.g. C' = 2C. For any z¥ € R?,

§ > 0, we define Q'(29,8) to be the square z+(—%, $)% We set [ := (—3,1).

Finally, — will denote strong convergence, while — and — will stand for weak
and weak—* convergence, respectively.
For €, 7 > 0 and 1 < ¢ < oo consider the functional

EY : Wh (5 R?) x A (w) — [0, o0
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defined by

B2 i) = [

1
w (Dpu —Dgu) dx
AxI €

1 1
+ 57/ <D12,u|2 + —2|D103u|2 + —4|D33u|2> dxz
AxI € €

if u e W22(Q;R3), and E2(u; A) := oo otherwise. Here
Q:=wxl,
and the elastic energy density W : R3*3 — [0, 0o) satisfies the following hypothesis:
(Hy) W is continuous and there exists C' > 0 such that

1
W(F)> = |F|*=C
(F) > S1F)
for all F € R3x3.

Theorem 2.1 (Compactness). Assume that W satisfies condition (Hy). Let €, —
0% and let {u,} C W22(Q;R?) be such that

sup B (un; Q) < oo.

Then there exist a subsequence {un, }, u € Wi (Q;Rg) , with Dsu =0 L3 a.e. in
Q, and b e L1 (Q;RS) such that

1
(2.1) Up, — u in WH(Q;R?),  ——Dasu,, — b in LY(Q;R?).

Eny,

Moreover if v < 2 then D3b = 0 L3 a.e. in Q, while if v = 2 then D3b € L* (Q;R3).

As a consequence of the the previous theorem, for every 4 > 0 the natural
ambient space for the limit energy is given by

(2.2) V7= {(u,b) € W (4 R?) x L9 (% R?) : Dyu=0L> ae. in Q,
Dsb=0 L% ae. in Qif v <2, Dsbe L? (Q;R?) if v =2}.

In what follows we identify functions u € W14 (Q; R?’) such that Dsu = 0 £3
a.e. in  with functions in W14(w;R3), and, similarly, functions b € L4 (Q;R?’)
such that Dsb =0 £3 a.e. in  with functions in L? (w; R3) .

In view of (2.1) the appropriate notion of I'-convergence in our setting is the
following:

Let &, — 0%. We say that a functional

E7 : V7 x A(w) — [0, 0]
is the I' — liminf of the sequence of functionals {E? } with respect to the weak
convergence in W4 (Q;R?) x L7 (€;R?) if for every (u,b) €V and A € A(w)
E7 (u,b; A) := inf {lim inf BY (un; A) : up € Whe (4 R?), u,, — uin W (Q; R?)

L Dyup —bin L9 (Q;R3)}
n

and we write

E? =T —liminf E7 .

n—oo
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Since EY (un;A) = 00 if uy, ¢ W22 (Q; R3) , it is clear that we may write

E” (u,b; A) = inf {lim inf B2 (un; A) @ up, € W2 (G R?), wp, — win WHY (Q;R?)

n—00

1
—Dsu,, =~ bin L9 (Q;R3) }
En

A standard diagonalization argument, together with the coercivity hypothesis (H;),
yields the following result whose proof we omit. We remark that this argument holds
only for ¢ > 1.

Proposition 2.2. Assume that W satisfies condition (Hy). Then for any open
subset A C w, the functional E” (-, -; A) is sequentially lower semi-continuous with
respect to the weak convergence in W1h4(£; R?) x L1(Q;R?).

Similarly, we say that a functional
E] : V7 x Aw) — [0, 00]

is the I'—lim sup of the sequence of functionals { Y } with respect to the weak-weak
convergence in Wh7 (Q;R?) x L9 (Q;R3) if for every (u,b) €V and A € A(w)

(2.3)
E7(u,b; A) = inf {lim sup B (un; A) : up € W22 (Q;RS) , U, — uin WH (Q;RS)

n—oo

)

iDgun —bin L? (Q;Rg)}

and we write
El =T —limsup E7 .

n—oo
We say that the sequence {E2 } I'-converges to a functional E7 if the ' — lim inf
and I' — lim sup coincide, and we write
E"=T— lim E7 .

n—oo

Definition 2.3. The functional E” is said to be the I'-limit of the family of func-
tionals {E2Y}.~o with respect to weak convergence in W14 (Q;R3) x L4 (Q;R?’) if
for every sequence €, — 07 we have that

E"=T~— lim E7 ,
and we write

E7"=T-lim E7.

e—0

We conclude this section with two results which will be useful in the sequel. For
a proof we refer to [14], [15].

Lemma 2.4 (Decomposition). Let E C RY be a bounded Lebesque measurable set
and let {u,} be a sequence of functions uniformly bounded in LY (E;Rd) ,1<g<
0o. For r > 0 consider the truncation 7, : R — R? defined by

{ z if |zl <,

—r if |z >
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Then there exists a subsequence of {un} (not relabeled) and an increasing sequence
of numbers r, — oo such that the truncated sequence {7, oun} is q-equi-integrable,
and

H{z € E: uy, (x) # (7, ouy,) ()} — 0.

Theorem 2.5. Let 2 C RY be an open bounded set, let 1 < q < oo, and let {u,} C
Wha(Q;R?) be a sequence of fucntions converging weakly in Wh4(Q;R?) to some
function ug € WH4(Q;R?). Then there exists a subsequence {uy, } and a sequence
{vp} € WH(RN;RY) such that {vi} converges to ug weakly in WH4(;RY), vy, =
ug in a neighborhood of 082,

(2.4) Hz € Q: vp(z) # up, (2)} =0 ask — 0

and {|Vv|?} is equi-integrable.

3. '-CONVERGENCE

In this section, under standard ¢-growth and coercivity conditions on W, we
prove that the family of functionals {E2}.~¢ I'-converges to the functional H?
defined as follows: for (u,b) € V¥ and A € A(w)

H7 (u,b, A) := inf {liminf W (Dpuy |bn) do: {un} € WHI(Q;R?),

oo JAXT

{b,} C L4 (Q;R3) s Up — u in WH(Q;R?), b, —bin Lq(Q;R3)}
if v # 2, and

H? (u,b, A) = inf{liminf/ [W (Dt |br ) + \ngnﬂ dz : {u,} © WH(Q;R?),
AxI

{b,} C L (Q;R?) with Dsb, € L* (;R?),
Un — w in WH(Q;R?), b, — b in Lq(Q;RS)}
if v =2.

In the remainder of the paper we assume that condition (H) is strengthened as
follows:

(Hy) W :R3*3 — [0,00) is continuous and there exists C' > 0 such that
1
LIF o <wp <o R
for all F € R3*3.

Theorem 3.1 (I-convergence). Assume that condition (Hy)' is satisfied. Then the
family of functionals {E2}.~o I'-converges to the functional H".

Proof. Fix a sequence €, — 07 and let

E? :=T — liminf 7 .
Lower bound. We claim that
(3.1) E” (u,b; A) > H" (u,b, A)
for all (u,b) € V¥ and A € A(w).
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Fix (u,b) € VY and A € A(w), and consider any sequence {u,} C W22 (Q;R3)
such that u, — w in WH9(Q;R?), L Dgu, — bin LI(Q;R?). If 7 # 2 then

1
liminf EY (un; A) > 1iminf/ w (Dpun —Dgun) dx
n—o00 " n—oo [ayr En
> H" (u,b, A),
while if vy =2

e . 1 1 2
liminf EZ (uy; A) > liminf W | Dpuy | —Dsuy, | + |—Dszuy, dx
n—oo n—oo AxIT En En

ZHQ (U'abaA)a

By taking the infimum over all such sequences {u,,} in both cases we obtain (3.1).
Upper bound. We claim that for every (u,b) € V7 and for all A € A(w)

(3.2) E7 (u,b; A) < W (Dyu|b) d
AxI

if v #£ 2, while
(3.3) E? (u,b; A) < /

AxI
Extend v as a W14 (R3; R3) function with

(W (Dyulb) + |D3b|2) dz.

[ullwro@szs) < Cllullwro@ms)
and Dsu = 0 £3 a.e. in R3. Extend also b as L4 (R3; R3) function with
1B/l Lo R2;r2) < CIb]l La(asra),
and D3b=0 £3 ae. in R? if vy < 2, and D3b € L? (R3;R3) with
[ D3bl| L2 (r2;r2) < Ol D3bl|r2(ore)
if v =2.
Consider a mollifier of the type

@j (x) = %w (%)

J
where §; > 0, and ¢ € C° (R?) with [, ¢ (x) dz = 1. Set

Unj (x) = (u* ;) (T) +en /Oxs (b* ¢;) (T, 8) ds for x € R?.

Since D3 (u * ;) = Dzu*p; = 0 (recall that Dsu = 0 £3 a.e. in R3) it follows that
Dsu,, j = €,b* ¢;, and so for every fixed j

1
E_D3un’j =bx* Pj-

n

Moreover, for i = 1,2,

T3
Diuy; = D; (u* ;) + sn/ (b* D;pj) (zq,s) ds,
0

and so

Ce,,
(3.4) [Ditin,j = Di (ux ¢j)| < == |bl| Lams;r9),
J
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where we have used the fact that, by Holder inequality, for all x € 2 we have
35 0% Digy) @ = | [ 00 Digs (e =)

C
< (161l Lars ) |1 Dii | Lo s 2y < IIme (QR?)-

Hence for every fixed j the sequence {u,, ;} is admissible for EY(ux pj,bxj; A),
and we have
E (ux@j,bxp;; A) < liminf EY (up;; A)
n—oo
: Cen
< lim W | Dpu * @5 + TO(U b, | do
AxI J

n—oo

n—00

. 2 1 1
+ hmll’lf/ EZ (|D§UH)J’ + ) \ngun,j|2 + - D33’U,n7j|2) dzx
AxI €n €n

(3.6) = W (Dpux* ;b ;) d
AxI

.. 2
+hm1nf/A Isz <|D§un7j’ 2 | D, 3un,]| + \Dggun]| ) T,
X

n—oo

where in the last equality we have used Lebesgue Dominated Convergence Theorem
together with the continuity of W. We claim that

. 2 1 1
(3.7 lim ey <|D§un7j| + = |Dypstin 5| + = |D33un,j2> dx =0

if v # 2, while
2) dz

. 2 1 1
(38) 1 [ < (\Dgun,j| - L 1Dt + 2 Dasn,

- / |Dsb # ;] da
AxI
if v =2.
For ¢, k=1,2,
T3
Dikun’j (CL‘) = (Dzu * Dk(,Dj) ($> + En/ (b * Dzk(pj) (xav ) ds,
0
Dysun j (x) = e (b* Drypy) (1),

and so, reasoning as in (3.5),

c Cey
1D30mslle < 5 I1Dptlencamery + g blaconze,

Cen
b q 5
6] || ||L (2 ]RS)

[ Dp3tin,;ll o <
which clearly imply that

. 2 1
lim ey <|D12]un]| + 3 |Dp3un,j|2> dr = 0.

To estimate the last term in (3.7) note that if v < 2 then
D33un7j = Eanb ;= 0
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since D3b =0 L3 a.e. in R3, while if v > 2 then
D33un,j ($) =E&n (b * DB(Pj) ($) >

and so
[ Dsgtn,jll o, < %Ilb\lm(g;n@)-
In turn ’ )
1 1Dssta . < S bl
which yields '
lim ey |D33un7j\2 dr = 0.

Finally, if v = 2 then
D33y, j = €, D3b * @
and thus

. 1 2 2
lim — | D33t ;| dz = |D3b * ;| du.
n—=o0 JaxI €n AxI

Hence (3.7) and (3.8) hold, and by (3.6) we deduce that
EY (ux@j,bxp;; A)

[ Jaxa W Dpux s b x o) de if y # 2,
foI [W(DPU*@ﬂb*‘Pj)JF|D3b*<,0j\2} de ifv=2.

Since u * ¢; — u in WH (Q;R3), b* ; — b in L? (;R?) , and when v = 2 also
D3b* ¢; — Dsbin L4 (Q; R?’) , letting j — oo in the previous inequality and using
Proposition 2.2 and (H;) we obtain (3.2) and (3.3).

Fix (u,b) € V7 and A € A(w) and let {u;} C Wh4(;R3) converge weakly to
w in WHe(Q;R3), and {b;} C LI(Q;R3) converge weakly to b in LI(Q;R?). Using
Proposition 2.2, (3.2) and (3.3) we have that

E” (u,b; A) < liminf E” (uj, b;; A) < liminf W (Dpu; |bj) dz

e J7o0 JAXI
if v # 2, and
j—00
< lim inf/ [W (Dpu; |bj) + ‘DBbj‘2:| d.
)70 JAXI

Taking the infimum over all such sequences {u;} and {b;} yields
E7 (u,b; A) < H (u, b, A)

for all (u,b) € VY and A € A(w). Together with (3.1) this yields

I'- lim B =H".

n—00 "

In turn, given the arbitrariness of the sequence €, — 07, by Definition 2.3 we
obtain that

I'- lim EY =H"

e—0t

and this completes the proof. O
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Thus it remains to identify the functional H”. We consider separately the two
ranges v # 2 and v = 2.

Theorem 3.2 (7 # 2). Assume that v # 2 and that condition (Hy) is satisfied.
Then for all (u,b) € VY and A € A(w)

memaz/ (@3 x C5) W] (Dyu (0 b()) d,

AxI

where (Q3 x Cs) [W] is the cross quasiconvezification-convezification of W,

(Qs x C3) [W] (F|z) := inf{/QW(FwLnga(mHZnLqﬁ(x)) dx
wewg’q(Q;Rg),¢6Lq(Q;R3),/gi)(x) dx:O}
Q

for F € R?*3, » € R3.

Proof. The proof of this result is standard and so we omit it (see e.g. [13]). O
Remark 3.3. Note that if v # 2 then

(3.9) H (u,b, A) :/A , (Q2 x C2) W] (Dyu (2q) |b(2)) dz,

where (Q2 x Cq) [W] is defined as

’

@ O (Fle) smint | [ W (P4 Dyt o+ 0 (0)

P W Q) e L (@) [ 0(oa) dra =0}
o’
for F € R?*3, 2 € R3.

To see this we begin by observing that in the definition of (Qs x C3) [W] (resp.
of (Q2 x C) [W]) Q-periodic functions in Wt (Q;R3) (resp. Q'-periodic func-
tions in Wh4(Q';R?) ) can also be used in lieu of Wol’q(Q;R3) -functions (resp.
Wy (Q';R3)); (see [3], Conjecture 3.7 and Theorem 3.1). Hence

(@s x C3) [W](F2) < (Q2 x Co) [W](F|2).

Conversely, fore > 0 find @, ¢ admissible in the definition of (Q3 x Cs3) [W] (F, z)
and such that

(Qs x C3) W] (F.2) > /QW(F—Fngo(tz—i—qb(x)) do — .
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Then
(Q3 x C3) [W] (Fv Z)

[ (F+ Dyt + o)~ [ o, e0) ) d oy —2

=

Nl

> [ (@2 x Co) W)(Flzta)) dos — =

=

=

> (Qa x C3) [W] <F /_ z(xg)dx3> iy

= (Q2 x Ca) [W] (F|2) — e,

where

1
2

E({E3) =zt (b(you {E3) dYa,
Q/
and where the last inequality holds by Jensen’s inequality, because (Q2 x Co2)[W](F|-)

is convexr and ¢ has zero average over Q. Given the arbitrariness of € we conclude
that

(3.10) (Qs x C3) [W](F|z) = (Q2 x C2) [W](F2),

which, together with previous theorem, yields (3.9) . In particular, if W is indepen-
dent of z then we recover the well known identity

(3.11) QW (F) = QW (F).

4. THE CRITICAL CASE vy = 2

In this section we study the critical case v = 2. We recall that

H? (u,b, A) := inf {liminf/ (W (Dpuy, by, ) + ‘Dan|2) dx :
AxI

{un} C WHI(Q;R?), {b,} C LI (4 R?) with Db, € L* (4 R?),
u, = uwin WHI(QR?), b, — bin LI R?)}
for all (u,b) € V? and A € A (w), where
V2= {(u,b) € WH (4 R?) x L (4 R?) : Dyu=0 L£? ae. in Q,
Dsb e L* ((;R%) }.

We begin by characterizing H? (u, b, A) for functions b which do not depend on 3.
Note that in this case (u,b) € V? may be identified with a function in W19(w; R?) x
L1 (w; RS) .

Theorem 4.1. Assume that condition (H,)' is satisfied. Then for all (u,b) € V?
with D3b =0 L3 a.e. in Q, and for all A € A(w)

2 (0.0, 4) = [ Qo x ) W) Dy 0) o ()
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Proof. 1t is clear

H? (u,b, A) < inf {liminf/ W (Dpun, (24) |br (20)) dzo : {u,} € WH(w; R3),
A

n—oo
{bn} C L? (w;R?’) , Up — u in WHe(w;R?), b, — b in Lq(w;RS)}

since the infimum on the right hand side is taken over a smaller class of sequences
(i.e. those independent of z3). By standard results (see e.g [13]) the right hand
side coincides with

/A (@2 % C2) (W] (Dytt (20) b (7)) e,
and so we have
B2 (05, 4) < [ (Qa x Co) W) (Dyu () o () di

A

On the other hand, since W > (Q3 x C5) [W], by classical lower semicontinuity
results we deduce that

H2(u, b; A) 2/ (Qs % C3) [W] (D (20) |b (20)) da,
A
and now it suffices to recall (3.10). O

When the function b depends on the x3 variable the situation is significantly more
involved, and the representation obtained in Theorem 4.4 below is considerably less
explicit.

For u € Wha(;R?), b € LY (Q;R3) with D3b € L? (Q;R3) and A € A (w) define

F (u,b; A) := / (W (Dyu ) + Dsb?] da
AxI
Similar arguments to those used in the proof of Theorem 4.2 below may be found
in [10], Th. 1 page 24 (see also Chapter 11 in [6] for an alternative proof based on

De Giorgi Slicing Lemma).

Theorem 4.2. Assume that condition (H,)" is satisfied. Then for every (u,b) € V?
the set function H?(u,b;-) is the trace of a Radon measure absolutely continuous
with respect to L2 Lw.

Proof. Step 1: Fix (u,b) € V2. We claim that
(4.1) H?(u,b; Ay) < H?(u,b; Ag) + H?(u, b; Ay \ Ag)

for all Ay, Ag, A3 € A(w), with A3 CC Ay C A;.

Without loss of generality we may assume that the right hand side of the previous
inequality is finite.

Fix n > 0 and find {u,}, {v,} C WH9(Q;R3) converging weakly to u in
Wha(Q;R?) and {b,}, {2} C L7 (4 R?) converging weakly to b in L9(Q;R?)
such that D3b,, D3z, € L? (Q;R3) for all n € N, and

(12) lim F (unbo: (A1 \ 5)) < 2o, b5 Ay \ )+,
(4.3) lim F (vp, 2n; Ag) < Hz(u,b; As) + 1,

(4.4) sup (F (tn, by; (A1 \ A3)) + F (vn, 23 A2)) < 0.
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For every v € Wh4(Q; R?) and z € L? (;R?) with Dz € L? (;R?) and for every
Borel set £ C w define

G(v,z; E) = / (1 + |Dov]? + |2|* + |D32|2) dx.
ExI

Due to the coercivity hypothesis (H;)" and (4.4) we may extract a bounded subse-

quence from the sequence of measures v; := G(Un,,bn;; ) + G(Vn,, bp,; ) restricted

to Ay \ Az converging x-weakly to some Radon measure v defined on A \ As.
Find ¢ > 0 so small such that the set

Sy = {xy € A : dist(z,, A3) = t}
is non empty and v (S;) = 0. For 6 > 0 define
Ls := {x € Ag : dist(zq, S:) < 0}.

Choose ¢ so small that Ls C Ay \A_g Consider a smooth cut-off function s €
C§°(A2;10,1]) such that @5 =1 in

{2o € Ag : dist(zq,043) <t — 6}

and g5 =0 in
{zq € Ag : dist(zq,0A43) > t+ 0},
with
[1Dpps| L= () < C/6.
Define

uj(x) = (1 = @s(za))un,; () + @s(a)vn, (2),
bj(2) := (1 = ¢5(2a))bn; () + ¢5(xa) 2n; (2).
Clearly @; — u in Wh4(Q;R3), b; — b in LI(Q;R?) as j — oc. By the growth

condition (H;)', we have the estimate

F (ﬂjaBﬁAl) < F(un,, by, A1\ As) 4 F(vn,, 20,3 A2)

1
+C (g(unj,bnj;L(;) +G(Un; s 2n;5 Ls) + —/ [, — vn, |7 dx> .
09 Jrsxr

Passing to the limit as j — oo in the previous inequality and using (4.2) and (4.3),
we have

H?(u,b; A1) < H?(u,b; Ay \ Az) + H?(u, b; As) + 20 + Cv(Ls),
and letting § go to zero we obtain
H?(u,b; Ay) < H?(u,b; Ay) + H?(u,b; Ay \ A3) + 20 + Cv(S;)
= H?(u,b; Ag) + H*(u,b; A \ A3) + 21.
It suffices to let n — 0T,
Step 2: In view of (4.1) and (H;)' it follows from standard arguments that the

set function H?(u,b;-) is the trace of a Borel measure (see [2] and Theorem 2.6 in
[7]). Moreover we have

H2(u,b; A) < C [1 + [Dyul? + b7 + | Dsb]?] da,
AxI

and thus H?(u,b;-) is absolutely continuous with respect to £2. O
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As an immediate consequence of the previous theorem we have

) = [ )

A (Ta) dxg,

dH? (u,b;-)
where —arz

is the Radon-Nikodym derivative of H?(u,b;-) with respect to the

2 . . .
Lebesgue measure on R2. In order to identify % we introduce the functional

W : RS x WL R?) — [0, 00)
defined for F € R?*3, b € WH2(I;R?), as follows:

1

W(Eb) = / " | Dsb(as) ? dis

+ inf {/ (W (F + Dyp(z)|b(z3) + 1 (z)) + |Dsp(2)?) da
e LJg
(4.5) @€ WhH(Q;R?), ©(-,z3) Q-periodic for L' a.e. x3,

Y € LYQ;R?), Dsyp € LA(Q;R3), | 9(24,23)drs =0 for L' ae. xj} .
Ql
Note that

VW(ER) = int { /Q (W (F + Daspl) blars) + () + [ Dsb(as) + Dsib()?) de :

o € WH(Q;R?), ¢(-,x3) Q-periodic for £ a.e. x3,
¥ € LY(Q;R?), D3y € L*(Q;R?), (g, 23) dr, = 0 for L' ae. ZE3} )
Q/
Indeed the equality holds because the admissible test functions v satisfy

D3t)(z4,x3) dre = 0 for £ a.e. x3.
Q/

Remark 4.3. W(-,-) is upper semi-continuous on szz’, x WL2(I;R3) equipped
with its strong topology. Indeed, assume that F'j — F and b; — b in Wh2(I;R3)
and consider, for a firted n > 0, @, ¥ such that

W(F,b) +n > / (W(F + Dyplb+ ) + |Dsb + D3y|?) da.
Q

Then @, v are admissible test functions in the definition of W(Fj|b;), so that, in
view of the continuous character of W,

lim sup W(Fj|b;) < limsup/ (W(F; + Dpplb; + ) + |Dsb; + D3v|?) da
Q

:/ (W(F + Dyl + ) + |Dsb + D3y|?) dx
Q
< W(F,b) + 1.

The result is obtained by letting n tend to 0.
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Theorem 4.4. Assume that condition (Hy)' is satisfied. Then for all (u,b) € V?
and A € A(w)

(4.6) H2(u, b A) = /A WD, u(a)|b(a, ) dae,

where W is defined in (4.5).

Proof of the lower bound. Step 1: Let {u,} C Wh(Q;R?) and {b,} C L (Q; R?) with
Dsb,, € L? (;R?) be such that u,, — u in WH9(Q;R3), b, — b in L9(Q;R?), and

(4.7) lim (W (Dpun|bn) + |D3b,|?) do < oo.
=00 J AxT

Apply Lemma 2.4 and Theorem 2.5 to obtain subsequences {uy, }, {b,. }, a sequence
{vg} € WH(R3;R?) and a sequence my, /" oo such that {v;,} converges to u weakly
in Whe(Q; RY),
(4.8) Hz € Q: vp(z) # up, (z) or T, (bn,) (x) # b, ()} — 0 as k — oo,
and {|Dvg|?} and {|7n, (bn,)|?} are equi-integrable. Here

z if |z| < my,

Define zj, := 7, (b, ) and note that

(4.9) / Dazil? da g/ Dby, |2 da.
AxI AxI

Indeed, for £3 a.e. € A x I such that |b,, (x)| > my we have

w2y (1) = mg _ bnk (l‘) bnk (x) z
Doz (o) = (H b, @] Tom, <x>|) Dabu ()

and so

Moreover zp — b in L9(Q;R3). To see this let ¢ € L> (Q;R). Then

/sz(bdx—/gbnk(bdx /{zw&bn‘}(zk—bnk)qbd:c

<6l /{ oy 21+ o)

<206l /{ b |

ny >mk}

< 2[lloe £7 ({1bn] > ma}) 7 1bn, Nl o

q

1 q’
<2l ( ) T

mg

as k — oo because my, — oo and {b,} is bounded in L4 (Q; R?) with ¢ > 1.
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From (4.7) and (4.9)

oo > lim (W(Dpun|bn) + | Dby |?) dx
k—oo Jaxr
(4.10) > lim sup / W (Dpvg|zy) dz + / | D3z |? da
k—o0 {vk=tny, 2k=bn, AxIT

= limsup/ (W(Dpvk\zk) + |D3zk|2) dy,
AxI

k—oo
where in the last equality we have used (4.8), the growth condition (H;)" and the
equi-integrability of {|Vv |7} and {|z|}.
We now invoke De La Vallé-Poussin criterion to find a (non negative) function
® such that

(4.11) lim 2() =00

t—oo ¢
and
{®(|Dug|? + |21]?)} is bounded in L.
By (4.7), (4.9), and extracting a subsequence, if necessary, we may assume that
(4.12) D3z, — Dsbin L?(€;R?)
and that, since

pr = (W(Dug|zr) + \D3Zk|2)/33L(A x 1),
A := (| Dvg|? + |z | ) LP[(A X T)

are bounded sequences of nonnegative finite Radon measures, there exist nonnega-
tive finite Radon measures p, A on A x I such that subsequences of {ux} and {Ax}
— still indexed by k with no loss of generality — satisfy
= A= Xin M (Ax ).
Denote by i and ) the finite Radon measures on A defined as
i(B):=p(Bx1I), XB):=pu(BxI)

for all Borel set B C A. We will show below that the Radon-Nikodym derivative of
[i with respect to the Lebesgue measure on R? satisfies

(4.13)

for £? a.e. every point z, € A.
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Note that if (4.13) holds then from (4.10)

hm (W(Dpun|bn) + ‘D3bn‘2) dﬂf

n—oo AXI

> limsup/ (W(Dyvilze) + | Dszl?) dy
AxIT

k—o0

= limsup py (A x I)

k—oo
dil .
> (4) > / I () dza > / V(D) b, ) i
A dL? A
Taking the infimum over all admissible sequences {u,} and {b,} we obtain
H?(u,b; A) > / W(Dpu(r0)|b(za, ) dTa,
A

which proves the lower bound in (4.6).
Step 2: It can be shown that, up to the extraction of a subsequence

2 (-, w3) = b, 3) in LY(A;R3) for all 23 € T
and for any Borel subset B C A and for all z3 € I.

/ 2k (Ta, 23) drg
B

The proof is standard and for the convenience of the reader the argument is provided
in Lemma 5.1 in the Appendix.

We now address the proof of (4.13).

Since Dzu = 0 £3 a.e. in £, identifying u with a function in W9(w; R3) for £2
a.e. 12€ A we have

. 1 0 0 0\1g _
(14) i /Q o ura) —u(a) Dyt o ) e = 0

sup
k

< 00.

Moreover, viewing b as a Bochner integrable function, that is an element of
L9 (A; L1 (I;R?))
(see [17]), for £% a.e. 22€ A we have

q

1

5_2/ b(wq, 3) dre — b(22, 23)| drs = 0.
Q' (22,,9)

%
(4.15) 612(% .

Fix a point 22€ A which satisfies (4.14), (4.15), and such that
(4.16) b(zl,) e Wh? (I;R?)
and

d—;;(xg) and %(w%) exist and are finite.

We claim that (4.13) holds at z0.
Consider a sequence {4;}, with §; — 0" such that

1 (0(Q(2%,6,)x1)) = A (8 (@' (2°.5) xI)) = 0.
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From the definition of & and A together with that of the Radon-Nikodym derivative
(see e.g. [11], Section 1.6), we obtain

div o0 Q@0 8;) L m(Q'(aR,85) x I)
@(xa)—jg{}o (5]‘)2 : _jlggo (5],)2
1

= lim lim —— / (W (Dpug (x) |21 (z)) + |Dszi () %) dz
i—ook—o0 (05)2 )i (a0 syx1

= lim lim [ (W(Dpvk; (v)|2k; () + [Dszi; () ) dy,

j—o00 k—oo

where for y € @

0 0
Ve(To + 0jYa, Y3) — u(xy,
() o= e o) 2] ) 0 ),
b

and also, for later use,
uo (y) = Dpu(zq) - Ya,  bo (y3) = blxq, y3)-
Similarly,

. MQ0) x (-3.3))
dc? T oo (65)2 j—oo (6)2

1
2/ (| Doy ()| + |2 (2)|") d
Q' (a0.8)x1

= lim lim (| Doy ;19 + |2, 517) dy.

Jj—o00 k—o00

Note that, since vy — u in L(£;R3) and by (4.14), we have

lim lim / [vk,j (y) — uo (y)|* dy
j—00 k—oo Q
1

= lim lim 7/ log(z) — u(2?) — Dpu(a) - (x4 — 2°)|9 dx
g0 k=00 (8;)*71 (a0 5,y w1 !
1
= lim 7/ lu(zq) — w(@®) — Dyu(2?) - (24 — 22)|? dzo = 0.
7= (5;)" Jrag.0) ’

On the other hand, in view of (5.9), for all y3 € I,
1
tin [ oo o = Jim [ (o) o
k—o00 Q' J k—o0 (5].)2 Q'(29,6;)
7
=— b(Za,y3) dTa,
(6,)% Jorwn.5))
and so by (5.7) it follows from Lebesgue’s Dominated Convergence Theorem,

q
dys

/Q 28,5 (Yo, Y3) Yo — bo(y3)

q
d$3.

— / b(Ia,l‘B) dzo — b(Ig,Jjg)
Q' (9,,6;)
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By (4.15) we have

N

lim lim
j—oook—oo [ 1
2

q
/ Zk,j (yom yB) Ay — bO(yS) dys = 0.
Q/

By a standard diagonalization argument, we may extract subsequences v; := vy
and z; := z, ; such that

3sJ

dji .

(.17) 00> ZE(ah) = lim [ (W(Dyvjlz) + |Daz ) dy,

J— Q
(4.18) lim / lv; — uol? dy =0,

J— Q
1 q
(4.19) jlijrolo ) /Q 2 (Yo, Y3) dYa — bo(y3)| dys =0,
-3

and
(4.20) oo > sup/ (| Dv;j|? + |2|") dy.

J JQ

Note that {|Dv;|?} and {|z;]|?} are still equi-integrable in view of (4.11) and (4.20).
Moreover, by applying Theorem 2.5 and reasoning as in (4.10) once more, we can

assume, without loss of generality, that v; = u¢ in a neighborhood of 9Q).
For y € Q

2 (y) = bo(yz) + (Zj (v) —/ 2j(Wa, Y3) dwa) + </ 2j(Wa, Y3) dwe — bo(yg))
Q/ !
=:bo(ys3) + 5 (y) + Zj (y3) ,
and note that
(4.21) / V(Yo Y3) Ay = 0 for all y5 € I.
Q/

It follows that

D31 (Ya» y3) dya = D3 (/ Y (Yo, y3) dya) =0 for all y3 € I.
Q' Q'

In turn

(4.22) / Dy dy > / |Ds (bo + ) [2 dy + 2 / Ds (bo + ;) - D% (s) dy
Q Q Q

— [ 1Da@0-+ ) Pdy+2 [ Dabo- Doz, (u0) d.
Q Q
We claim that
(4.23) z; = 0in W (I;R?).

If the claim holds, then letting j — oo in the previous inequality yields

(4.24) limsup [ |D3z;|*dy > lim sup/ |D3 (b + ;) |* dy.
Q Q

j—o0 Jj—00
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To prove (4.23) note that, up to a subsequence, from (4.17) and (4.19) we may
assume that z; (y3) — 0 for £! a.e. y3 € I and that

sup/ |Dsz;|? dy < oc.
J JQ

Hence by Hoélder Inequality

1 1

2 2
| 1Daz ) Paa <2 [
-2 -2

%
= 2/ ‘ DSZj(womy3)dwa
_% Q'

D3/ Zj(waay?))dwa
Q/

2
+ |D3b0(y3)2] dys

2
+ |D350(y3)21 dys

% ~-
<2 [ | [ 1005500 i + 1Dt e
— L Q/
and so also by (4.16)

1
2
sup/ |Dsz; (y3) |* dys < oo.

JJ=3

By extracting a further subsequnce, if necessary, we have shown (4.23).

Fix ¢ > 0. Since {|Dv;|?} and {]¢;|?} are equi-integrable, there exists L > 1
such that

(4.25) sup

L / W(Dpvj‘b()‘i’?ﬁj)dygé“,
7 J{IDvjl+]bo+v;|>L}

where we have used (H;)" . In view of the uniform continuity of W on Bsys (0, L + 1)
there exists 6 = 0 (¢) € (0, 1) such that

(4.26) W (F) — W (G) < ¢

for all F, G € R®*3 with |[F — G| < § and |F|, |G| < L+ 1.
By (4.23) and Ascoli-Arzeld Theorem Z; — 0 uniformly. Hence for all j suffi-
ciently large ||z, < d, and so by (4.26) we have

/QW(Dpvj|zj) dy = /QW(Dpvj|bo +; + Z) dy

>

/ W (Dpvjlbo + 15 + z;) dy
QN{|Dv;|+|bo+v;|<L}

>

/ W(Dpvj|bo —l—zbj)dy— €
QN{|Dvj|+|bo+4; | <L}

> / W (Dpvjlbo + ¢;) dy — 2e,
Q
where in the last inequality we have used (4.25).
In turn, using also (4.17), (4.24) we have that

dj .
TE (w2 = timsup [ W(Dyuslbo + 00 dy + [ Da(bo )Py -2
J—oo JQ Q
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Since by construction ¢; := v; —uo and 1); are admissible functions in the definition
of W(Dpu(a9)[b(z2,-)) (see (4.21)), it follows that
dju
dc?
and letting ¢ — 07 the proof of (4.13) is complete. O

(za) = W(Dyu(g) b=y, ) — 2,

We now prove the upper bound.

Proof of the upper bound. Fix (u,b) € V2. As usual, we identify u with a function
in Wha (w;Rg).
Step 1: We first prove the upper bound

H?(u,b; A) < /AW(Dpu(xa)\b(xa, ) dxq,

when w = Fz, + ¢ for some F €R3*2, ¢ € R3, and b eW!2 (I;R3). Forn >0
fixed, choose ¢ € WII(Q;R?), ¢ € LUQ:R?), Datp € LA(Q;R?), with (-, x3)
Q'-periodic and fQ' UV(Zw,x3) dre = 0 for all 3, such that

(427) /_5 ‘D3b($3)‘2 drs + /Q (W(F—i— Dptp|b + ’lﬂ) + |D3w|2) dr < W(FU)) +n.

1
2

Extend ¢(-, 23) and (-, x3) periodically with period Q" and for z € ) define
— 1
Un (T, 23) := Fao +c+ ﬁcp(nxa, x3),  bp(xa,x3) := blx3) + Y(nxW, x3).

Then, by Fubini’s Theorem u,, — u in W14(Q; R3), b,, — b in LI(Q;R?). Recalling
the definition of H?(u,b; A), we have

(4.28) H?(u,b; A) < liminf (W (Dpun|by) + |D3by,|?) da.

We now estimate the right hand-side of (4.28). Since, for £! a.e. 23 € I the function
(W (Dpun|bn) + |Dsby,|?) (-, 23) is Q'-periodic, then it converges weakly in L'(A)
to its mean, that is to

/ (W(F + Dpp(@a, 23)[b(23) + ¢ (2a, 23)) + [ D3b(x3) + D3tp(za,73)|?) dza.
Lebesgue’s Dominated Convergence Theorem implies that

lim (W (Dptin|bn) + | Dsby|?) da

_ L‘Q(A)/Q (W(F + Dyplb+ ) + |Dsb + Dstb[?) da,

which, in view of (4.27), (4.28), finally yields
H?(u,b; A) < L2(A)DV(F|b) + 1)
Letting n tend to 0, we conclude
(4.29) H?(u,b; A) < L2(A)W(F|b).
Step 2: Assume now that there exists a partition Ay, ..., Ay of A such that
N

N
(4.30) u(ta) =Y (Fita +ci) xa, (@a), b(x) = bi(ws)xa, (@a),
i=1

i=1
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for some N € N, F; € R3*2 ¢; € R® and b; € W12 (I;R3), i=1,..,N. By (4.29),
foralli=1,...., N,

H2 (Fixa + Ci, bi; Az) S ,62(A1)W(F2|b1)

In view of Theorem 4.2 H?(u,b;-) is a measure, thus

N N
H?(u,b; A) = Y H*(Fiwa + ¢, bis Ai) <Y L2(A)W(F;|bi) = / W(Dqulb) dz,,.
i=1 i=1 A
Step 3: Finally, if (u,b) € V? is of general form, then we observe that there exists a
sequence {b;} as in (4.30) such that b; — b in LI(Q;R?), D3b; —D3b in L*(Q;R?)
(for the convenience of the reader a detailed proof may be found in Lemma 5.2 in
the Appendix).
By further refining, if necessary, the partition of w, it is possible to approximate
u strongly in W1?(w; R3) by piecewise affine functions u; so that {(u;,b;)} satisfies
(4.30).
But H?(-,-; A) is lower semicontinuous, so by the previous inequality,

H?(u,b; A) < liminf H?(u;,b;; A) < liminf/ W(Dyuj|bj) dzy.
A

j—o0 Jj—o00

Since W is upper semi-continuous (see Remark 4.3) by Fatou’s lemma and (H 1)/
we obtain

H2(u, b A) < / W(Doulb) dae.
A
O

Remark 4.5. (i) By the very definition of (Qz x C3) [W] for any F € R?*3
and b € W12(I;R3)

2

(Q3 X 03) [W](F|b($3))d$3 + /§ |D3b(.’1)3)|2 d.’L‘3.

_1
2

W@mz/

1
2

On the other hand, taking ¢ = = 0 in the definition of W(F|b), we get

S|

(F b) S ) W(Flb(I?,)) d$3 +/ . |D3b($3)|2 d$3.

It follows that if W is cross quasiconvez-conver, i.e. if W = (Q3 x Cs) [W],
then

S|

Fw = [ W(F|b(x3))dx3+/_§ | Dab(as)|? das.

1 1
2 2

(ii) In view of (i) we conclude that for all (u,b) € V? and A € A (w)

H (u, b5 A) > /

[ [(@s x Co) W) (Dault) + Db

with equality if W is cross quasiconvex-conver.
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(iii) Note that if we define for F € R?*3 b € Wh2(I;R?)

W(F|b) = inf { /Q (W (F + Dapla)|b(s) + o (2)) + | Datb(2)]?) da -

©, P
0 € WH(Q;R?), (-, x3) Q' -periodic for L' a.e. x3,
Y € LY(Q;R?), D3ty € L*(Q;R?), (2o, x3) dry =0 for LY a.e. :cg} ,
QI
then from the previous theorem we have

Hz(u,b;A):AW(Dau(ma)|b(ma,-))dxa+/

AX

|Dsb|? da,
I

for all (u,b) € V? and A € A(w).
As mentioned in the Introduction, we compare our results with those in [18].

Remark 4.6. Shu’s results extend beyond the identification of the I'-limit with
respect to the weak convergence in W14 (Q;R3) of energies of the type

1 1 1
I (u) := / [W (Dpu—D3u> +k. <|D§u|2 + _2|Dp3u‘2 + _4D33u|2>:| dx,
wx I g e 3

for different regimes of k. and considering even x-dependent bulk energies W in the
context of homogenization. In particular, he showed that

inf {liminf I, (un) : {un} C Wha(;R?), g, — 0T,

= w i WO R} = [ QT (Dyu(2)) do
where for F € R?*3
W(F) := inf W(F|z),
z€R3

i.e. W is the membrane energy density obtained in [16].
In the present work k. := €7 and admissible sequences are additionally con-
strained, in that for fized Cosserat vector b we impose that

1
— Dsu,, — b in LI, R3).

n

To reconcile Shu’s results with Theorem 3.1, we must prove that
i%fH'V(u,b; w) :/ Q2W (Dpu (24)) dzq.
This is confirmed in the proposition below.

Define
B :={be L (%4R?) : Dsb=0 L ae. in Qif y <2, Dgbe L* (AR if y=2}.

Proposition 4.7. Assume that condition (H,)" is satisfied. Then for every u €
Wha (w;RS) and v >0

birgf H" (u,b;w) :/ QW (Dpu (24)) dzq.
eBv w
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Proof. By the definition of H” and standard lower semicontinuity results

H (u,b,w)

> inf {liminf QsW (Dpuy,) dz : {u,} € WHI(Q;R?), u,, — u in Wl’q(Q;R?’)}
Q

n—oo

> /Q Q5T (Dyu () da — /w QT (Dyu (20)) die,

where in the last equality we used formula (3.11) in Remark 3.3.
To prove the converse inequality, and in view of Theorems 3.2 and 4.1, we observe
that

bianw H(u,b;w) <inf {H”(u,b;w) : b€BY, D3b =0}
€

uf / (Qs % C2) W] (Dyit () b (7))

= i
beEL4 (w;R3)

and thus it suffices to show that for every € > 0
(4.31) / QoW (Dpu (z4)) dwy > / (Qa2 x Co) [W] (Dpu (x4) |b(xa)) drg — e

for some b € L9 (w;R?) .
Step 1: Assume first that u is affine with Dyu = F € R?*3, and let ¢ €
(Ol (w;RS) be such that

QW (F) > E%(W)/WW(F—I-DP@ (7a)) dae — 25%@)
1 F €
> LQ—(w)/wW(F'f‘Dp‘p(xaHb(ﬂCa)) dz, — 52—@)

for some b € L1 (w; R3) , where in the last inequality we used the definition of W,
Aumann’s Measurable Selection Theorem, and the coercivity condition in (H;)'.

Writing
b= ﬁzl(w)/wb(ya) dye + (b—ﬁ%(w)/wb(ya) dya>,

it now follows that
QY (F) 2 @ x )W) (F| s [ vl v ) = a5

where we invoke the invariance of domain property for the definition of (Q2 x Cs) [W],
and we conclude (4.31) for affine functions u.
Step 2: Suppose now that u is piecewise affine with

k
Dyu = g Fixwi £? ae. inw,
i=1

for some k € N, F; € R?*3, and some open, mutually disjoint Lipschitz sets w;,
withi=1,... k.
By Step 1 find constant vectors b; € R3 such that

QW (F;) > (Q2 x Co) [W] (Fi |bi) —

L2 (wi)
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foralli=1,... k. Setting
k

b= Zbini e L~ (w;R3) ,
i=1
we deduce (4.31).
Step 3: For a general u € W4 (w; R3) we consider a sequence {u,} of piecewise
affine functions as in Step 2 such that u, — u in W4 (w;RS) . For every n let
{bn} C L™ (w;R?) satisfy
(4.32)

/ QT (Dyun (20)) de > / (Qs % C3) [W] (Dyun () b () de — .

Using (H,)" it is easy to prove that
1 = = (5 =14
=P =< QW (F) <o (1+|F]")
for all F € R?*3 and
1 /= — —
= <|F|q + |z|q) —C<(QxCy)[W](Flz) <C (1 + [P+ w)
for all F € R?*3 and z € R3. Hence by (4.32) the sequence {b,} is bounded
in LY (w;R3) and so, up to the extraction of a subsequence, not relabelled, {b,}
converges weakly in L? (w R3) to some function b. Standard lower semicontinuity
results, together the continuity of QoW ( ) , yield (4.31). O
5. APPENDIX
Lemma 5.1. Let {z,} C LY (Q;R?) and {D3z,} C L? (Q;R?) be such that
(5.1) 2 — bin LY(Q;R3),
(5.2) D3z, — Dsb in L*(Q; R?).
Then, up to the possible extraction of a subsequence,
26 (-, z3) = b(-, x3) in LY(w;R?) for all x5 € T
and for any Borel subset B C w and for all z3 € I.

/ 2k (To, T3) dzg,
B

Proof. Since z;, — b in L(£; R?), by Fubini’s Theorem and Fatou’s Lemma

sup < 00.

k

1
oo > hmmf/ / |2k (To, x3) | deodas > /2 likminf/ |2k (o, 23) |9 daodxs

and so
hmmf/ |2k (2, 23) |9 dee < 00

for £ a.e. x3 € I. Therefore we may may find T3 and a subsequence (not relabelled)
such that

sup/ |2k (Xo, T3) |9 d g < 00, / |b(zq,Ts3) |Tde, < o0,
k JA A
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where in the latter inequality we used again Fubini’s Theorem, and
(5.3) 2u(+,T3) — b(+) in LY(A;R?).
Standard slicing arguments, together with Sobolev Embedding Theorem, yield
(5.4) 2k (Ta, "), b(2a, ) € WH2 (I;R?)
for all k € N and for £2 a.e. =, € A, therefore for all k € N, for £2 a.e. z, € A,
and for all x3 € I there holds
T3

(55) 2k (xavxff») = %k (J)a,fg) =+ B D3Zk7 (xom S) d87

T3

T3
(5.6) b(za,x3) =b(2a,T3) + Dsb (24, s) ds.

T3

By (5.5) and the choice of T3, for any Borel subset B C A and for all x3 € I we
have

(5.7)
/ 2k (T, T3) dzg
B

x3
/ 2k (T, T3) dzg, +/ / Dszy (x4, 8) dzads
B 75 JB
< sup (/ |2; (2, T3) | dg, +/ |D3z; (x) |dx> < 00
i A AxI

Next we claim that b(-) = b(-,@3). To see this, we first observe that by (5.5),
(5.3), and (5.2), for every ¢ € L*> (A4;R) and for all z3 € I

(5.8) lim 2k (To, x3) ¢ (24) dg

k—oo A

:klim {/ 2k (T, T3) & (24) dro + / /Dng Tay 8) O () drads
— 00 A

:/Az(xam(xa) dxa—i—/m /Ang(:va,s)¢(xa) dods.

In turn, for ¢ € L™ (A;R) and ¢ € L™ (I;R), (5.8) implies

/;/ b(%a,x3) ¢ (Ta) ¢ (v3) dradrs

= lim /
k—o0

= lim o (x3) {/A 2k (T, T3) & (4) dzo + / /Dszk (T, 5) @ (z4) dxads] dxs

k—oo J_ 1

2

/é o (x3) UAE(%W( ) daa + / /D3 T 8) b (0) d:cads] dzs,

1
2

/ 2k (T, T3) & (20) @ (x3) dradrs
A

I\?\»—-

=
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where we have used Lebesgue Dominated Convergence Theorem which can be ap-
plied since

‘90(993) {/A 2k (T, T3) & (24) dxg + /f?/ADBZk (Tas 8) @ (T4) da:ads]

< Clple lollosu | 1as (o) o + |
i A A

for £ a.e. x3 € I. By the arbitrariness of ¢ € L (4;R) we conclude that for £2
ae xo, €A

1

2

| D3z (x) | d;v) < 00
xI

b (2a, 3) @ (3) drs = / ’

o (23) {B () + /m Dsb (e, 5) ds] das,

1 1
2 2

which, using now the arbitrariness of ¢ € L™ (I;R) and (5.4), yields
b(za,z3) =b(T4) +/ Dsb (x4, s) ds
T3

for all x3 € I. It now follows from (5.6) that b(z,) = b(z,,T3) for L2 a.e. z, € A.
Hence by (5.6) and (5.8)

(5.9) 2 (-, w3) = b(-,x3) in LY(A;R?) for all 23 € I.
O

Lemma 5.2. Ifb € L7 (;R?) and Dsb € L? (Q;R?) then there exists a sequence
{b;} of the form

Nioo
(5.10) bi(x) = 3 b (x3)x 4 ()

i=1
where N;j € N and bgj) e wh2 (I;R3), i=1,...,Nj, such that b; — b in L? (Q;Rg)
and Dsb; — Dsb in L* (Q; R?).

Proof. Extend b to R3 as follows

b(x) if z € Q,
b(z) = b(za,3) ifz, €wandag > 3,
v b(za,—3%) ifzq €wandas<—1

0 otherwise,

and let p. be a family of standard mollifiers in R?. Clearly p. *b — b in L7 (;R?)
and Ds (p- *b) — Dsb in L? (€;R?), and so it suffices to obtain the desired ap-
proximation result in the case where, in addition, the target b belongs to C> (R?).

For j € N consider a partition of R? into squares { Q;%n}neN of area ]% and define

bj (z) := j2/ b (Yo, 3) dyo for z € Q},, x I.
Qjn

Obviously b; is of the form (5.10), and using the uniform continuity of b and of D3b

on compact sets of R? it is easy to see that b; — b in L? (Q; R?’) and Dsb; — Dsb

in L? (Q; R3). O
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ERRATUM

Theorem 3.1 is true only if v < 2 or if D3b =0 L3 a.e. in Q.
For (u,b) € V7 and A € A(w), set for vy # 2

Hj 5 (u,b, A) := inf {liminf W (Dpun () |bp(2)) da = {u,} € WHI(Q;R?),

n=oo JAxI

{bn} C L4 (Q;R?’) , Up — u in WHI(Q;R?), b, —bin Lq(Q;R3)},

Hj 5 (u,b, A) := inf {lim inf W (Dpun(z4) |bn(2)) da: {u,} € WH(w; R?),

n—oo JAaxr

{bn} C L9 (R, uy, — win WHI(QR?), b, — bin Lq(Q;]R?’)},
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and for v = 2

H2, (u,b, A) == inf {linrg inf /A I [W (Dyin (@) [ba(z)) + |D3bn(a;)|2} dz -
x
{un} c WH(Q;R?), {b,} C LI (4 R?), D3b,, € L? (4 R?),
Up — win WE(Q:R?), by — bin Lq(Q;R3)},
H3 5 (u,b, A) := inf {nnlg inf /A ) [W (Dptin (x0) bn () + |D?,bn(m)|2} dz :
x
{un} € Wh(w; R?), {b,} C L (4 R?), D3b,, € L* (Q;R?)
Up — u in WH4(w;R?), b, — b in Lq(Q;R?’)}.
Theorem 3.1 should read
THEOREM 3.1 Assume that condition (H;)" is satisfied. If the T-limit Ey of the
family of functionals {E7 }.~¢ exists then it satisfies
H;B (u,b, A) < Eg(u,b; A) < H;yg (u,b, A)

for all (u,b) € VY and A € A(w). If v < 2 and, more generally, if D3b = 0 L3 a.e.
in Q, then Fy exists at (u,b, A) and

Eo(u,b; A) = HSW’B (u,b,A).

The lower bound is correct and note that H s (u,b, A) = H"(u,b, A). The
error in the proof of Theorem 3.1 was in finding the upper bound. Indeed, the
estimates involving {u * ¢;,b * ¢;) lead to (3.2) and (3.3) for (u,b, A), and this
analysis relied heavily on the fact that Dsu = 0 £3 a.e. in Q. Therefore, given
(u,b) € V7, A € Aw), if {u;} € WH9(Q;R?) converges weakly to u in Wh4(Q; R3),
and {b;} C L9(%;R3) converges weakly to b in L(Q;R?), we may write

E? (u,b; A) < liminf E” (uj, b;; A) < liminf W (Dpu; |bj) dz

e I JAXTI
if v 2, and
J—00
< liminf [W (Dpuj |bj) + |D3bj|2} o
)70 JAXI

provided (3.2) and (3.3) apply to (u;,b, A), i.e. Du; =0 £3 a.e. in Q. Taking
the infimum over all such sequences {u;} and {b;} yields

EY (u,b; A) < HJ 5 (u,b, A).
It is easy to verify that, when in addition D3b =0 £3 a.e. in €2, then
H;g (u,b, A) = H;S (u, b, A) .



30 IRENE FONSECA, GILLES FRANCFORT, AND GIOVANNI LEONI

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PA
15213, USA
E-mail address: fonseca@andrew.cmu.edu

L.P.M.T.M., UNIVERSITE PARIS-NORD, 93430 VILLETANEUSE, FRANCE
E-mail address: francfor@lpmtm.univ-parisi3.fr

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PA
15213, USA
E-mail address: giovanni@andrew.cmu.edu



