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Two-dimensional (2D) electronic materials are of significant technological interest due to their exceptional
properties and broad applicability in engineering. The transition from nanoscale physics, that dictates their stable
configurations, to macroscopic engineering applications requires the use of multiscale methods to systematically
capture their electronic properties at larger scales. A key challenge in coarse-graining is the rapid and near-periodic
variation of the charge density, which exhibits significant spatial oscillations at the atomic scale. Therefore, the
polarization density field — the first moment of the charge density over the periodic unit cell — is used as a
multiscale mediator that enables efficient coarse-graining by exploiting the almost-periodic nature of the variation.
Unlike the highly oscillatory charge density, the polarization varies over lengthscales that are much larger than the
atomic, making it suitable for continuum modeling.

In this paper, we investigate the electrostatic potential arising from the charge distribution of 2D materials.
Specifically, we consider a sequence of problems wherein the underlying lattice spacing vanishes and thus obtain
the continuum limit. We consider 3 distinct limits: where the thickness is much smaller than, comparable to,
and much larger than the in-plane lattice spacing. These limiting procedures provide the homogenized potential
expressed in terms of the boundary charge and dipole distribution, subject to the appropriate boundary conditions
that are also obtained through the limit process. Further, we demonstrate that despite the intrinsic non-uniqueness
in the definition of polarization, accounting for the boundary charges ensures that the total electrostatic potential,
the associated electric field, and the corresponding energy of the homogenized system are uniquely determined.

1. Introduction

Two-dimensional (2D) materials have been the focus of significant interest since the isolation of graphene in 2004 [Gerl0].
These materials exhibit unique electronic, mechanical, and optical properties, making them highly promising for a wide range of
technological applications. In particular, 2D materials are being explored for energy-harvesting devices such as flexoelectric and
piezoelectric nanogenerators [WWL™ 14, [LPC™ 17], triboelectric nanogenerators [ZLW 15, PARCL " 23| IGKK ™ 22], actuation
systems [WHZ™ 16]], piezotronics [WWW 13| XZF " 15, [PWZ™ 13|ZZCP21]], and non-volatile random-access memory [WWZ " 23].
Moreover, these materials hold great promise for exhibiting strong flexoelectric responses due to their ability to sustain large strain
gradients through bending deformations [LDW " 24, [SS23]]. These materials have been utilized in a diverse range of applications,
including but not limited to flexible electronics, optoelectronic devices, field-effect transistors (FETs), sensors, ultrafast lasers,
batteries, and supercapacitors [GRV 20, [KIM 23| LAT6, LTY"23]. A notable aspect of two-dimensional (2D) materials is their
ability to exhibit large strain gradients, which can induce significant flexoelectric responses. From an application perspective,
these materials hold considerable promise for the development of advanced sensors and energy harvesting devices.

The functional response of these materials (also for bulk 3D materials) at the continuum lengthscale is typically described by
the polarization, which serves as a multiscale mediator that captures key aspects of the atomic-scale charge distribution [JM94}
Xia03| JBD23, IMKD23| TWSKO02, [GMS21, [GD21}, [GD20, MD14, [CDZ" 09, BBC20, [ABC08} [Shad4, [GD20, [GD21l, [GDdP22|
SWBD?24]. The role of polarization in piezoelectric and ferroelectric phenomena has been the focus of extensive research: e.g., in
bulk ferroelectrics [IK21}ICGK24, TVNK?20, KTK22,IWK17]; in fundamental studies of polarization [Tag87}|Tagg86, TVVT13[;in
phase-transforming settings [BNJJ19, JST0, NPB ™ 18, ISRD 24, [JJ21}ICCI™ 11]; in functional composites [NKPV20, BDM " 13,
NPV12[]; through continuum phase-field modeling [RC23| [WLC21| [ZWC22 |Che08| LZY ™16, ZPT ™| PWWCI7, WC24]; in
low-dimensional nanostructures [ZGDY19, TDK ™20, TMKD23| JBD23]; in biomembranes [Stel8, MK24b, MK24al|; and
flexoelectricity [LS13LWYS19,[KS16, APM™ 14| [AAT3] [CAS21].

An important issue is that the polarization, defined as the dipole moment per unit cell, is inherently non-unique due to the
arbitrary choice of the unit cell. Consequently, different selections of the unit cell yield distinct dipole moments (including
reversing direction). Since polarization serves as a fundamental multiscale descriptor of the electronic behavior in continuum
models, its non-uniqueness poses challenges to the consistency of continuum models. Various approaches have been proposed
to address this issue. A widely adopted framework within the physics community is the Modern Theory of Polarization
[RVO7, [Van18, IKSV93| [VKS93], which introduces an alternative definition of polarization through the change in the Berry phase
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of the wavefunction during an adiabatic process. The central assertion is that, while polarization itself is non-unique, the change
in polarization is uniquely defined modulo a polarization quantum. The assumption of adiabaticity implies that eigenstates
remain unchanged throughout the transition, allowing one to obtain an expression for the electric current using the eigenstates at
equilibrium. This approach circumvents the issue of non-uniqueness inherent in defining polarization as the dipole moment per
unit cell. By expressing polarization in terms of its change rather than its absolute value, this approach ensures well-defined values
modulo the polarization quantum. An alternative approach, popular in the continuum mechanics community, defines polarization
as the energy conjugate to the electric field [TouS6]. Both, by definition, yield unique values.

In prior work [Sen22| ISWBD| ISWBD24], we addressed the non-uniqueness in polarization from a classical perspective (dipole
moment per unit cell definition). We demonstrated that for every choice of polarization, there exists a corresponding surface
charge density. Different choices of polarization in the bulk produce different choices of surface charge density on the boundary.
Together, these quantities compensate each other to yield unique potentials, fields, and energies. We showed in [SWBD24] how
the different definitions of polarization were connected.

Contributions of this work. This work aims to derive a series of polarization theorems for two-dimensional (2D) materials. We
consider the electrostatic (Poisson) equation for a charge distribution supported on a thin film, and analyze the limit of vanishing
thickness and lattice spacing. Previously, we addressed the non-uniqueness of polarization for 3D materials [SWBD24, |Sen22]],
by examining a sequence of Poisson equations associated with a corresponding sequence of charge distributions defined on a
lattice. By appropriately scaling the charge distribution, we derived a homogenized Poisson equation posed with respect to the
polarization. Analyzing this limit provides a resolution to the issue of polarization non-uniqueness.

In this paper, we follow a similar approach to investigate the non-uniqueness of polarization. Given two scaling parameters
— [ for the lattice and h for the thickness — we explore different asymptotic regimes: (i) | < h — 0, (ii)) [ = h — 0, and (iii)
h <« 1 — 0. We demonstrate that, in the limit, the surface charge compensates for the tangential polarization []_1 while the normal
polarization gives rise to a double-layer potential. The homogenized or coarse-grained problem enables us to replace the full
problem real problem with its homogenized limit which is significantly more tractable for analysis and numerical approximation
given that the polarization varies on scales much larger than atomic.

The sequence of Poisson equations that we analyze are:
—A@ == ﬂ IL — in RB
l,h NG QX( h,h) (11)

Dy p(r) =0 as|r| — oo,
where the charge distribution is parameterized by [ and h. We are interested in the limit that [, h — 0. Since these parameters can
vary independently, we aim to investigate different asymptotic regimes based on the relative scaling of [ and h.
PLh
lh

In the limit [ < h — 0, with p; ;, = , the asymptotic behavior of (I.T) is characterized by the following limit:

— A, (q _ divs (Jopp)

7 )]lg—f—]lag(d-l-pp'n) in R3
0

(1.2)
Po(r) =0 as |r| = .

where divs is the surface divergence, Jy is the surface Jacobian associated with the manifold (2, p,, is the tangential or planar
polarization, ¢ is the free charge, o is the surface charge distribution and n is normal to 02 and tangent to 2.

In the limit h < I — 0, with p; j, = %, the asymptotic behavior of (I.1) is characterized by the following limit:
0lg
—Ady = in R?
0=q+psp, - I (1.3)

Po(r) =0 as |r| — .

where ¢ is the free charge and ps is the normal polarization. Here v is the direction normal to the manifold.

! In the more general case where free charge is present (lack of charge-neutral unit cells), the free charge serves to compensate for the non-uniqueness in
polarization.



Finally, in the limit & ~ ol — 0, with p; = l%l the corresponding limit of (I.T)) is given by:
divg (Jop ) ol
APy =a|qg— ———"PL ) 1o +a’ps——— +1ggpa (o +p, -n) inR>
0 (q To Q b3 o o0 ( b, ) (14)

Go(r) =0 as|r| — oo.

where divg is the surface divergence, Jj is the surface Jacobian associated with the manifold {2, Dy is the tangential polarization,
ps is the normal polarization, g is the free charge, o is the surface charge, n is normal to 92 and tangent to {2 and v is the normal
to £2.

The results can be understood by observing that the normal component of the polarization remains uniquely defined and
contributes to the formation of a double-layer potential, whereas the tangential component, along with the free charge, compensates
for the surface charge distribution. Free charge typically arises in scenarios where there is a deviation from charge-neutral unit cells.
Consequently, in cases where no free charge is present, the surface charge compensates for the non-uniqueness of polarization in
the bulk. This distinction arises from the inherent non-uniqueness in the choice of the unit cell within the plane.

Organization. This paper is organized as follows. In Section 2] we summarize the notation and fundamental definitions used
throughout the paper. In Section [3] we present a heuristic understanding of the results in this paper. The problem is formulated in
Sectiond] Section 5| presents the homogenization theorem [5.T| that serves as a key component in the derivation of our main results.
The proof of theorem [5.1]is divided into three parts one for each asymptotic regime. We address [ < h in Section[5.A] [ ~ h in
[5.BJand h < I in Section[5.C} We discuss the resolution of the non-uniqueness of the polarization field in Section[6] Appendix [A]
provides the derivation of the double layer potential.

2. Notation

We first present a summary of all the notations used throughout the paper for the readers to refer to:

*Z The set of integers.

*R The set of real numbers. Further, R+ and R represent the strictly positive and strictly negative subset.
« R" R xR xR x...x R. The cartesian product of n copies of the set of real numbers R.

* C"(X,Y) The space of continuous functions f : X — Y with continuous first r derivatives.

* Co(X,Y) The space of compactly supported continuous functions f : X — Y.

* {} The null set.

cP®Q Minkowski sum of two sets P,@Q C R™ as {w € R"|3p € P,q € @ such that w = p + ¢}.

* B} (x) Ball of radius r centered at x in dimension n.

L Denotes scaled unit cell of dimensions IxI.

= lD|l=1 A unit cell.

« T(IO) The set of all [ x [ cells contained in 7' C R?.

o [A Denotes scaled partial unit cell.

e A= ZA‘ ,—; A rescaled partial unit cell.

« T(A) The set of all /A in T' C R

L) Denotes the parametric map.

o L A lattice constructed from the basis lattice vectors {e;}7_;.

o IL Lattice constructed from lattice vectors {le;}?.

LA An indexing set for the scaling parameter [ (or k), with inf Z = 0.

o |- The notation is context-dependent and represents distinct mathematical concepts accordingly (Cardinality of

a set, Lebesgue measure of a set, and absolute value).

In this paper, vectors in R? and R? will be represented using boldface notation. We frequently consider the decomposition
R3 = R? x R to distinguish between in-plane and out-of-plane components. The in-plane (tangential) components will be
indicated by the subscript p, while the out-of-plane component will be denoted by the subscript 3. To maintain clarity, we refrain
from using boldface for vectors in general spaces.

To rigorously define the two-dimensional (2D) manifold (2 and the charge distribution localized in its vicinity, we consider {2
as a submanifold of R®. There exists a parametric mapping v : R® — R? satisfying ¢)(T x (—h,h)) = 2 x (—h, h), where
T C R? represents a reference domain in the parameter space. We denote vectors in the physical space R? by 7 and those in the
parameterization space R® by a, such that the relation r = 1() holds. Additionally, we impose 1)(T x {0}) = {2, ensuring that
the reference configuration is mapped onto the manifold. To formalize this further, we define ¢ = |, as the restriction of
to the plane x3 = 0. The Jacobian associated with 1) will be denoted as J, while the Jacobian associated with )y will be denoted
Jo. We denote n as the tangent vector on {2, normal to 02, while v is the normal to 2.



The surface divergence on the manifold (2 is denoted by divg, while the divergence in the parameter space is denoted by div.
Additionally, the notation div,, is employed to indicate the divergence restricted to the reference domain 7". Subscripts are explicitly
included when differentiating the Green’s function to clarify the variable with respect to which differentiation is performed, given
its dependence on two arguments. In particular, the subscript =’ designates the three-dimensional gradient with respect to the
second argument of the Green’s function, whereas the subscript w;, denotes the projection of this gradient onto the plane x3 = 0.

To facilitate the derivation of the polarization theorem, we introduce some notations. Prior to this, we provide a concise review
of the relevant mathematical definitions necessary for the subsequent analysis.

Definition 1. C"-Diffeomorphism: Let U,V C R" be open sets. A map ¢ € C"(U, V) is called a C"-diffeomorphism iff:
1) ¢ is bijective,
i) o~ € C"(V,U).

O

Definition 2. k-dimensional submanifold of R": Let1 < k < n — 1. A subset M C R" is a k-dimensional submanifold of R™
if, for each = € M, there exists a neighborhood U of x in R™ and a map ¢ : U — R" such that:

) ¢ : U — ¢(U) is a diffeomorphism,

i) g(MNU)=¢U)N{z eR" | 241 =+ = x, = 0}.

O

Remark 2.1. Intuitively speaking, a manifold is a set that can be locally flattened. Practitioners of continuum mechanics may think
of a diffeomorphism as the deformation map that maps the reference configuration to the deformed configuration. In this paper,
we are interested in 2D manifolds, so one may think of a 2D manifold as the deformed configuration of a flat reference surface. [

Definition 3. Local Parameterization: Let M/ be a submanifold of R™ and y € M. A local parameterization of M at y is a map
¥V = R" with¢p(x) € M forall z € V, where V C R” is open. The parameterization must satisfy:
i) 0 € Vand¢(0) =y,
ii) There exists a neighborhood U of y in R™ such that ¢) : V' — U N M is bijective,
iii) =1 : U N M — V is continuous,
iv) The derivative Di)(x) has full rank & forall z € V.

O

Theorem 2.1. Multivariable substitution theorem
Let M be a k-dimensional submanifold on R". V C R* and U C R" open with 1) : V. — M N\ U a parameterization of M. If
f: M — Ris a continuous function such that supp(f) C U, then we have

/Mde: /V (f 0 ) () /det (Dy Dyop) @.1)

where dS denotes the surface measure, following the convention that integrals over n-dimensional spaces are typically regarded
as volume integrals, while those over lower-dimensional subsets are interpreted as surface integrals. O

We now provide a brief introduction to the characteristic function. These will be used in writing the homogenized solutions.
Given any domain 2 C R?, the characteristic function 1 (z) is defined as:

1 [0
Lo(e) = {0’ v ; o 22)

We now introduce the distributional derivative of the characteristic function:
Ol g(x) of () / of (z) 3
—~dx = — 1 de = — d \4 C (R 2.3
/R?’ f(w) 8V r /]R3 Q(w) 81/ * 9] 8V ) f < 0 ( >7 ( )

where v : 2 — R? denotes a vector field.
For the purpose of our analysis, we will set v as the unit normal vector to a manifold £2 C R®. To this end, we define,

Olo(x) _ . <lln(fc)—ﬂn<w>> , 2.4)

ov t—0 t



where 2, = {x — vit|x € 2}.

To rigorously define a polarization distribution, it is essential to identify regions over which homogenization can be performed.
Since the charge distribution undergoes scaling, these regions must be scaled accordingly. A natural and mathematically consistent
choice is to consider regions forming a periodic tessellation of T C R?, as this ensures that the scaling behavior follows directly
from their geometric structure. The construction of a periodic tessellation requires three fundamental components: a reference
origin, a periodic lattice, and a fundamental domain.

Having chosen an origin for our coordinate system, we define a lattice £ using two arbitrary basis vectors ey, e; € R?, which
generate our lattice on 7:

2
L= {Zniei | nl,n2 € Z} . 2.5)
1

A lattice structure 1/(£) on the manifold {2 can be constructed by applying the mapping v to the lattice £. The scaled version
of this lattice, obtained by introducing a scaling factor [ € (0, 1], is given by:

2
L= {Z n'le; | nt,n* € Z} . (2.6)
1

The corresponding scaled lattice ¢ (IL) is obtained accordingly.

Subsequently, we introduce the set of admissible unit cells and their associated corner mappings, collectively denoted as AC.

To this end, we select a reference unit cell ' € R? and a vector f € R? satisfying the following conditions:

1. [0 is measurable in the sense of 2D Lebesgue measures,

2L R*= | Jio(feld),

icll

3.Foralli A7 ell,i® (Ifol)nje (If ®ll) =1},
where the first condition guarantees the well-posedness of the polarization and charge distribution, while the subsequent two
conditions ensure that the unit cell forms a periodic tessellation of R2. In the above, @ denotes the Minkowski sum (see notation
summary list at the beginning of this section).

For the unit cell and corner map, we choose (I, f) € AC and define the scaled unit cell as IJ := [f @ I, with the
corresponding corner map given by &, ; := % + [ f, where ¢ € [.L. The subscript p is used to denote planar, ie, x, € T.. The
corner map establishes an association between each position vector and a reference point within the unit cell to which it belongs.
For clarity, the subscript [ will be omitted when there is no risk of ambiguity. The corresponding unit cells on the manifold are
defined as v (10). Note that ¢)({J) is dependent on the mapping 1), as the positioning of the unit cell dictates its image under .

Partial unit cells /A on T are unit cells which are not entirely contained in 7"

Z,®lA ={z,0!0NT |2, cllLand 2, IONT" # {}}. 2.7)
We define T'(IJ) as the collection of full unit cells:
o) :={z,el0|2,cll,z,®!0CT}.
Similarly, the collection of partial unit cells is denoted by T'(1A) and defined as:
T(IA) ={z,!0NT |z, eIONT"# {}}.

We can define 2(I0) = «(T(10)) and 2(1A) = (T(1A)).

Remark 2.2. Each of the terms defined above holds independently of the parameterization chosen for (2. If two parametric maps
T — Qand ¢’ : T' — (2 exist, there also exist lattices [£ and L' such that (T NIL) = ' (T NIL). O

3. Heuristics

In this section, we analyze the case of a flat manifold, which offers the advantage of eliminating curvature effects, thereby enabling
a more tractable and straightforward analysis. Moreover, we employ a less rigorous approach by deriving several key results,
including scaling behavior, through the application of a Taylor series expansion. Given that we are working with a flat manifold, we
do not differentiate between the parameterization space and the real space. Additionally, due to the flat nature of the manifold, unit
cells within the bulk are inherently charge neutral. Consequently, we do not consider the presence of free charge in this section.

Consider a sequence of charge distributions {p; n}in : 2, — R, where [ and h are parameters that go to zero. Here,
2, = 2 x (—h, h) denotes the support of the charge distribution, with £2 C R?. The charge distribution is assumed to be locally



l-periodic, with the additional condition that it remains charge-neutral within each unit cell. Our objective is to investigate the
thin-film limit of the potential generated by these charge distributions. Given that the problem involves two scaling parameters, we
will analyze different asymptotic regimes for the charge density, focusing on the relationship between [ and h.

The potential generated by this charge distribution is given by

_Aél,h = PlL,h in Rg

3.D
Gy, =0 as|z| = oo,
The solution to (3.I) is given by the convolution against the Green’s function,
@l}h(:li) = G(a:, a:’)phh(a:') dx’ 3.2)

On

We proceed by decomposing the integral in (3.2)) into a sum of integrals over individual unit cells, utilizing the corner map to
facilitate this process. Specifically, we employ the substitution &’ = &;, + Iy’ 4 hz'es, where &, € (2, y' € [J, and e3 denotes
the unit vector perpendicular to both &), and 3.

1
dsl,h(w) = Z l2h/ / G(oc, Ii; + ly’ + hz’eg)pg7h(§:; + ly’ + hz’eg) dy/ dZ/
& (D) 1
3.3)

+ Z I’h // (z, &), + Iy’ + h2'es)pin(Z;, + 1y’ + h2'es) dy’ d2’
&,€02(4)

We are interested in the potential away from the domain. Thus, the Green’s function should be smooth there. Taylor expanding
the Green’s function

Gz, &), +ly' + hi'es) = G(z,2}) + (Iy' + h2'es) - Vo Gz, &) + O(1,1h, h?). (3.4)
Substituting (3.4) into (3-3)),
1
Dy p(x) = Z l2hG(sc,:?:;)/ / pin(E, + 1y’ + hz'es) dy' dz2’
#,en(0) uJ/-1
1
+ Z PhV o G(x, &),) / / (ly' + hz'es) prn(E, + 1y’ + h2'es) dy’ d2’ (3.5)
& e(0) /-1
+ Z PhG(z, &, / / piu(E, + 1y’ + hz'es) dy' dz2’
&7,€02(4)

Now using charge neutrality, we can get rid of the first term. We define the inplane and out of plane dipole moment as

()= Y PVuaG(x, &) (hip,,,(&)) + h*psin(@,)es) + > 1G(x,&))lhoyn (&), 3.6)

& e(0) @e0(A)

where we defined

Pp,zh // yplh :E +ly' + he es) dy’ d2’
P31 (E // zpin (&, + 1y’ + h2'es) dy’ d2’ (3.7)
on(@ // pun(& +ly + hi'es) dy’ d’

We can approximate 3=, - o) 1? with [, da;, and Y arcqa)l with Jo, dSz;, where &, — x, in the limit of [ — 0. We



can thus approximate the answer with this,
Dy p(x) ’f:z/ Az, Vo Gz, ;) - (hlp, (%)) + h*ps.in(x))es) +/ dSz: G(z, ;) lhoy (),
2 an

3A. CaselLh<!l—0

For this limit to make sense, we consider the scaling, p; j, = P

lh

Pp,zh // ylh
. Pih, .
pan@n = [ [ 2

orn(Zp) / / pllhh p +ly + hzes) dy dz = L(wp)
1

pp,z,h(i"p)
lh

+ly+ hzeg) dy dz =

+ly + hzez) dy dz = p?’%}pr)

Substituting into (3.8), we get

. h . .
Dy p(x / de, Ve Gz, x,) - (pm,h(w;,) + Zp37l7h($;)€3> + dSwLG(w,w;)al,h(ac’p),
EYe)

Setting h/l — 0,
Do(x) = / dz), Vo G(z, ) - P,(x),) —I—/ A8z G(z,2,,)5(2),),
7 002

where we used the fact that the polarization is in plane to replace the gradient with its tangential counterpart.
We can now perform by-parts to obtain

Py () = Y da), G (@, z),) divy (=P, (x},)) + o dSa, Gz, @) (6(x}) + Py (x),) - 1)

=/J,2 e, G (@, @) (= div, By (x;,) + Loo(a(zy,) + by(x;,) - 1))

where 7 is tangent to {2 and normal to 0f2.

—~Ady(x) = —div, p,1lo + log (6 + P, -7n) inR?

Po(x) =0 as |z| — oo,

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Since the potential converges weakly, the left-hand side of (3.13)) is uniquely determined. Consequently, the right-hand side
must also be unique in a pointwise sense. It follows that the divergence of the polarization field is uniquely determined within
the bulk, whereas the surface charge density o is effectively compensated by the term p,, - n. Hence, it can be concluded that
the non-uniqueness inherent in the tangential component of the polarization field is offset by the corresponding surface charge

distribution.

3.B. Casell.l< h—0

For this limit to make sense, we consider the scaling, p; , = pl’;

h

pplh / / Yy h2
. PLh
pan@n = [ [ 2

pp,l h( )
h?

»+ly+hzesz)dydz =

+ly + hzez) dy dz = pig’l’h(mp)

h2
orn(Zp) / / pllhh (Tp + ly + hzes) dydzfa”zi(;p)
1

(3.14)



Substituting into (3.8), we get

l I
Dy p(x) ~ /Q da, Vo Gz, x),) - (hpplh( )+ pan(x),)e ) +/80 dS%G(a:,ac;)Eal,h(w;), (3.15)

Setting [/h — 0,

0G(z, ;)

Po(x) = / ——ps(x;,) da),, (3.16)
o Oy

which is called the electric double layer potential and is associated with the potential [CHOS]] generated by two layers of charge

distribution of opposite sign and scaled magnitude brought close together. This is the dipole limit for a sheet of charge. The PDE

corresponding to (3.16) is given by (see Appendix [A]for details and derivation):

) dé .
Ady(x) = pg(wp)ln(wp);Tx;) in R? (3.17)

Po(x) =0 as |z| — oo,

Given that @ is unique, it follows that p3 must also be uniquely determined. Consequently, the normal component of the
polarization field is uniquely defined. This observation is consistent with the fact that the choice of unit cell is constrained to lie
within the plane.

3.C. Casell.h~1—0
For this case, we set h = [ in (3.8):

le(a}) ~ /Q dLE Vm/G(w €T ) (l pplh( )+l pglh( )83) +/89 dSm/ G(a: xr )l Ulh( ) (318)

If we choose the scaling to be p; = lp2 , then from (3.7)), we get

17 D , (Zp)
Py (&) // Y (y + 1y + hzes) dy dz = =P
T
p3.1(&p) / / mp+ly+hze3) dy dz = w (3.19)

/ / (@p + ly + hzes) dy dz = Ul(l:;p)

Substituting (3.19) into (3.18) and taking the limit of { — 0

0
Do(x) = / da), <V%G(az,w;) py(x),) + ax/G(w,:B;)ﬁg(w;)) +/ dSgz G(z,,)5(x,),
17} 3 00 (3.20)

o - . _ 0 -
= /Q da;,G(x, x),) (— div, p,(z),) + Lon(d(x)) + p,(z;,) - 1)) + @G(%w;)pg(w;)

Therefore, the in-plane bound charge remains uniquely defined, and any non-uniqueness in the tangential component of the
polarization field is compensated by the surface charge distribution. The final term, which cannot be integrated, represents the
electrostatic double-layer potential and has been previously addressed in the asymptotic regime [ < h — 0 as demonstrated in
(3:B). Consequently, the partial differential equation, by analogy with (3-13)) and (3:17), is as follows:

.. U ~ dé(x3) .
—Ady(x) = — div, p, 1o + lag (a + D, n) — pg(wp)]lg(wp)%;’) in R3 G

Po(x) =0 as |z| — oo,
4. Formulation

For two-dimensional (2D) materials such as graphene, which consist of a single atomic layer, all atoms are confined to a 2D plane,
forming a hexagonal lattice. The electronic charge distribution, however, is not restricted to this plane. For atomic configurations



constrained to a 2D manifold £2 C R3, the charge distribution can be considered localized in the vicinity of the manifold. Near the
boundary of the manifold {2, the charge distribution is expected to concentrate along the corresponding curve.

One may assume that the support of the charge distribution is given by 2 & Bg, where & denotes the Minkowski sum, and
B3 represents a ball of radius % in R?. For simplicity, we approximate the support £2 @ Bj by (2 @ B?) x (—h, h). Here, B}
denotes a ball of radius A in R?. For / small, we may replace £2 & B3 with (2 (renamed £2) and denote the support of the charge
distribution as {2, = £2 x (—h, h). The advantage of this formulation is that the charge distribution is now defined over a thin
film. This corresponds to the well-known thin film limit setup in mechanics [JW98| IKS05||AR9S. [FIMO2]].

Extending this framework to 2D materials consisting of multiple atomic layers necessitates the identification of a representative
manifold for the 2D material. This manifold may correspond to an actual atomic plane or a fictitious surface. The charge
distribution is then modeled as being supported in a neighborhood of this manifold, denoted as {2;,, analogous to the previously
described case. The non-uniqueness in the choice of manifold will not affect the final answer.

Due to the electrostatic attraction between positive and negative charges, materials tend to exhibit charge redistribution, with
negative charge accumulating around positively charged atomic sites, thereby screening the net Coulombic force. In 3D materials,
this phenomenon gives rise to a condition of charge neutrality within each unit cell. The net charge, which characterizes the
electronic properties of the material, comprises both positive and negative contributions within each unit cell. As a result, the
net charge distribution inherently exhibits rapid spatial variations at the microscopic scale. The dipole moment per unit cell,
representing the first-order approximation to the electronic degrees of freedom, varies over macroscopic length scales, making it
an ideal continuum descriptor for the electronic behavior of the material. This serves as the fundamental quantity of interest in our
analysis.

For 2D materials, the unit cell is inherently two-dimensional and is defined within the plane of the chosen manifold {2, with
atomic positions characterized by a motif. To define polarization, it is necessary to construct a 3D composite unit cell (normal to
the manifold) for the computation of the dipole moment. Additionally, this composite unit cell must satisfy charge neutrality. For
flat 2D materials, this condition is typically well satisfied due to in-plane periodicity, which ensures that charge neutrality within a
composite unit cell inherently leads to charge neutrality in the bulk. For arbitrarily deformed 2D materials, defining a composite
unit cell normal to the surface leads to non-uniform unit cells, complicating this approach. However, since the parameterization
space is flat, the definition of composite unit cells within this space remains straightforward.

Consider a flat 2D material that undergoes deformation from a flat initial to a curved final configuration described by the
mapping x : {250 — {25. While (2}, ¢ represents the equilibrium configuration of the electronic charge in which unit cells satisfy
charge neutrality, this property does not necessarily hold for the deformed configuration (2;,. In response to the deformation, the
electronic charge will redistribute to attain a new equilibrium state. Since Poisson’s equation is formulated with respect to the
deformed configuration, our analysis begins from this configuration. Consequently, when this manifold is mapped to a planar
domain, T}, = ¢! (£21,), the unit cells in T" no longer satisfy charge neutrality due to charge redistribution. Although the material
as a whole remains charge neutral, individual unit cells need not maintain charge neutrality. To this end we define free charge.

Definition 4. free charge of order «, 8: For a charge distribution {p; 1, }1 », we define the homogenized free charge of order o,
at a point «,, € {2 is defined as:

1 1
o) (a0 0) (@) = o [ [ (o) (@, + 1y + hies) dy. as @
—1
O
where Jy = \/det(Dvyd D) is the surface Jacobian for the manifold (2.

Remark 4.1. 1t is crucial to distinguish between the deformation map , which induces a redistribution of charge, and the
parameterization map 1)~ !, which maps the deformed configuration to 7" without altering the charge distribution. This distinction
arises because  represents a physical transformation, whereas )~ ' is a mathematical construct introduced for convenience. The
charge redistribution resulting from  is governed by quantum mechanical principles and is inherently tied to the equilibrium
configuration in the deformed configuration. As a consequence, the free charge density ¢; 5, in Definition (@) cannot be determined
from the reference configuration but must instead be derived from the deformed configuration. If y represents an extension, the
deviation from charge neutrality in the unit cells is expected to be of the order [*. Conversely, if x involves bending, the deviation
from charge neutrality in the unit cells is anticipated to be of the order h”. O

We are now in a position to formulate the problem statement. Consider a sequence of charge distributions {p; , }1 hez, x7, €
C(2,,R), where Z; and Z, are indexing sets for [ and h, respectively. Here, {2, = {2 x (—h, h) represents the support of the
charge distribution, with £2 C R® a 2D manifold. The charge distribution has free charge (Deﬁnition due to curvature effects.

We consider the following sequence of Poisson equations:

_A@lﬁh = PlL,h in RS

“4.2)
P15 =0 as|x| — oo,



10

Our objective is to analyze both the continuum limit (vanishing lattice spacing) and the thin film limit of the potential induced
by these charges. With two scaling parameters, we examine various asymptotic regimes of the charge density as / and / approach
zero. We consider the following asymptotic regimes: | < h — 0, ~ h — 0,and h < | — 0.

The solution to @.2) is given by the convolution of the charge against the Green’s function,

Dy p(r) = /Q G(r,r)pip(r') dr', (4.3)

where G(r,r") := 1/|r — r'| is the free space Green’s function.
Since the Green’s function associated with (3.1)) remains fixed, we can employ the weak convergence of p; 5, to derive a

homogenized potential @,hﬂ Our primary interest lies in analyzing the behavior of the potential in regions away from the manifold
(2. In these regions, dipoles and effective charges become evident.

5. Homogenized Potential

In this section, we derive the homogenized potential for the three limits: [ << A — 0,1l =~ h — 0, and h < | — 0. We divide the
derivation for each into subsections. The starting point of our analysis is (#.3)). For the different cases, to derive a well-defined
problem, we will have to scale the charge distribution. The choice of scaling the charge distribution will differ for each asymptotic
regime.

Theorem 5.1. Let {p;,} C C(£2,,R) denote a sequence of charge distributions, where {2 is a two-dimensional manifold
embedded in R?, and 2, = 2 x (—h, h) represents the extended support of the charge distribution. Then, the following limits
are satisfied:

1. Suppose 7 — 0asl,h — 0. Consider the sequence of Poisson equations:

in R?

—AP;p, = pll;lh 1o

@lyh =0 as |’I’| — OQ.

h

5.1

If pi1, contains free charge of order (1,0), then the limit as l,h — 0 of (5.1)) is given by the following partial differential
equation:

di Ji
—Ady = (q— WSE(@) 1o+ 1sq (U+pp~n) in R?

(5.2)

@y =0 as|r| = oo,

where divg denotes the surface divergence operator on the manifold §2, Jy is the Jacobian associated with surface integration
over (2 (see Theorem2.1|for its explicit form), p,, denotes the tangential component of the polarization field, q represents
the free charge density of order (1,0), n denotes the outward-pointing unit normal vector to the boundary 02 lying within
the tangent plane to {2, and o denotes the surface charge density.

2. Suppose 7 — « finite, as I, h — 0. Consider the sequence of Poisson equations:

Pl . 3
AP, =1 R
L=t (5.3)
@, =0 as|r| — oo.

If i1, possesses free charge of order (0,1) or (1,0), then the limiting behavior as | — 0 of (5.3) is governed by the
following partial differential equation:

01
1o — a2p3—yg + lypa (0 +D,- n) inR3

d (5.4)

—Ady =« (q - 7

Do =0 as |r| = .

2 The product of weak and strong convergence results in weak convergence.
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where divg denotes the surface divergence operator on the manifold §2, Jy is the Jacobian associated with surface integration
over {2 (see Theoremor its explicit form), p,, denotes the tangential component of the polarization, ps represents the
normal component of the polarization, q refers to the free charge of order (0,1) or (1,0), o denotes the surface charge
distribution, n is the limiting vector of tangents to {2 normal to 0(2, and v is the unit normal vector to the manifold (2.

l
3. Suppose 7 — 0asl,h — 0. Consider the sequence of Poisson equations:

Pl . 3
—AP; = —1 R
L=z 1 (5.5)
@, =0 as|r| — oo.

If pi1, contains a free charge of order (0, 1), then the limit as |, h — 0 of (5.3) results in the following partial differential
equation:

g . 4
o "B (5.6)
Po(r) =0 as |r| = oo,

—APy = q—p3

where ps denotes the normal polarization, q represents the free charge of order (0, 1), and v denotes the unit normal vector
to the manifold (.

In the preceding theorem, the solutions to the original PDEs converge weakly to the solutions of the corresponding homogenized
limiting PDEs. Additionally, 91, /0v represents the derivative of the characteristic function in the normal direction, as elaborated
in Appendix [A] In what follows, we provide a rigorous proof of Theorem [5.1] structuring the exposition such that each subpart of
the theorem is addressed in a dedicated section to ensure clarity and comprehensiveness.

5.A. Proof of Theorem 1)

Proof. Utilizing the Green’s function, the potential @, ;, in (3.I)) can be expressed as:

Bun(r) = / G, 7)) 5.7)
N

By transforming into the parameter space and applying Theorem [2.1] equation (5.7) simplifies to:

@uon@= [ G L) 6 g, 68)

T'x(—h,h)

where J () = |detDv)(x)| = \/det(DYT D), T x (—h,h) = 1 (2;,) =~ (22 x (=h, h)).
G =

For brevity, we define the following composite variables; 517 n = (Prp o),
these composite variables (5.8) takes the form

G o and pyp, = (p1,p © ¥). With respect to

~ ~ x’
@l’h(w> = . G(le,wl>pl’};}(1 )
h

J(z') dz’ (5.9
We now decompose the integral in (3.9) over the domain 7" into the disjoint regions in 7'(0J) U T'(A). This is achieved by

applying the corner map substitution:
T =2, +ly+ hzes, (5.10)

where x,, € T" denotes the projection of  onto 7'. The normal direction ej is scaled by h, yielding = x,, + r3e3 = x, + hzes.
The corner map &,, (see Section[2) enables us to express x, = &, + ly with y € 0.
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- (@, +1 + hZ'e
Dy p(x Z l2// G:ca: + 1y’ —i—hze)p”( ? Z'es) ( +1ly' + hi'es) dy’ d
&, eT(0)

5.11
+ Z // Gz, & »H 1Y +hZ'es)pin(@, + 1y + hi'es) (&, + 1y’ + h2'es) dy' d2 -11)

x! ET(A)

=term I + term II

We aim to homogenize the potential away from 7'. Since the Green’s function is smooth away from (2, it admits a Taylor series
expansion. Using the condition of total derivative, we can rewrite the first term in (5.11)),

term I = l2/ /

-G — (ly’ + h7'es) - Vo Gz, &
( ) ( Y z 63) (:B :Bp) /+ hZ/63|/3l¢h(33/)J(fBl) dy' d

5 ly + ho'es)| C
+ > G // plh z') dy’ d/
& eT(0)
+ Z Vo G(x // < zeg>ﬁz,h(m’)J(w/)dy’dz’.
& eT(0)

(5.12)

The second term is a free charge of order 1, 0 (see definition[d). The third term gives us polarization. We rewrite the above as

— G(z, &) — (ly' +hi'es) Vo G(2,3))

1= 2 / ~ ! / / I
term Z l / / g + hes| ly' + 7 es|pin(x’)J(z") dy’ dz
&,eT(0)
h .
+ Z PG, &) qin(&),)Jo(&),) + Z PV G, &) - <th( p) T lpslh( ») 3> Jo(@,),
&,eT (D) &,eT(0)
(5.13)
where we defined
Jo (@)D 1 (2, // Y pun (&), + 1y’ + he'es) J (&), + Iy’ + h2'es) dy' d2’
(5.14)
Jo(& )P3lh // Zplhw +ly’ +hzeg)J(w + 1y’ + hi'e3) dy’ d7/,

where Jy = y/det(Dyd D)) is the Jacobian for the integration on the manifold 2. Since r & 2, G(r,r’) does not contain
a singularity. Thus, G has the required smoothness for us to compute derivatives. Noting that i/l — 0 in this limit, the term
y' + (h/1)2'es — y' a finite limit. Since G is differentiable, the first term converges to zero from the definition of the derivative.
Further, note that p; ;, and J are bounded and ZT(D) 2 - fT dac;,. Thus, the limit of the first term is zero. Taking the limit
h,l — 0, we get

termIn—)/T(C:’(:n,:c;)q( )+Vm/G(ww) py(x )) Jo(2;,) dz,, (5.15)

where in the limit the normal polarization ps disappears and &, — x, giving us an integral over 7.



Similarly, using the conditions of continuity, we can rewrite the second term in (3.11)) as

1
term I = Z l/ / {é(m,ﬁi; + 1y’ + hz'es) — G(x, :&;)} pun(x)J(2') dy’ d2’
#rer(a) YAYL

1
+ E lé(x, (i:;)) / / ﬁl’h(ﬁilp —+ ly/ + hzleg)J(Zi?; —+ l/y/ + hz/ES) dy/ dZ/.
~/ AJ—-1
azpeT(A)

From continuity, the first term in (5:16) vanishes in the limit. The 3 7 )l =[5 dSa .
We define

1
Jo(@)5(&)) = / / Pun(@, + 1y + he'es) (@, + Iy + ho'es) dy d2'.
AJ-
Taking the limit of [, h — 0, we get
term 11 — - G(x, )5 (x;,) Jo(x;,) dSu .

Putting (5.13) and (3.18)) together, we get

$o(z) = /T (é(m,m;)q(w;)+v%é(m,x;). i)p(x;,)) To(a) dz), + | Gz, 2))5(@)) Jo(x)) dSa,

13

(5.16)

(5.17)

(5.18)

_ [ Gaa) <~<m;>_din§J?f’f)(““5)))>Jo<m;> dz,+ [ Gla.a)) (3(x}) + b, (@)) - ) Jo(a)) S,
T o\ orT

= [ G a) ()~ DR g i 4wl ) ) dota) az,
T J()(:Iip)

where 1 is the normal to 07
We can now transform the integral back into real space to get

&(r) = /QG(T‘,’I‘/) <Q(’l‘/) - W + Log (o(r') + p, (1) n)) dr’,

where divg is the surface divergence and n is the limit of tangents to {2 normal to 9f2.
The above is the solution to the following PDE

Jo

Py =0 as |r| = oco.

— AP, = <q—dlvs(w> 1o+ 1p0 (0 +p,-n) inR?

which is the result in (3.2).

5.B. Proof of Theorem 2)

Proof. Making use of the Green’s function, we can write @ 5, in (3.3) as:

&y(r) = /ﬂ G(r,r')%(r’) dr’
Transforming into the parameter space and utilizing theorem [2.1] we simplify equation (5.22)) to obtain:

@on)@ = [ G GELIICH)

2 J(z') d’,
Tx(—h,h)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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where J(x) = |detDi(x)|, T x (—h,h) = " 1(2,) =: ¥~ (2 x (—=h, h)). Since we are interested in h/l — «, we can
replace h with al.

For brevity, we define the following composite variables; &; = (& 0 1)), G = G o ¢ and j; = (p1 o ¥). With respect to these
composite variables (5.23) takes the form

&)(z) = / Gz, 2')? l(f')J(a;’) da’ (5.24)
Tx(—al,al) l

We now decompose the integral in (5.24)) over the domain T into the disjoint regions in T'(CJ) U T'(A). This is achieved by
applying the corner map substitution:

T ==x,+ly+alzes, (5.25)

where x,, € T denotes the projection of « onto 7. The normal direction e3 is scaled by h = al, yielding = x, + r3e3 =
x, + alzes. The corner map &, (see Section enables us to express T, = &, + ly with y € [.

Using (5.25),

+ly' +al
12// Gwm +ly' + alz'e;)a @, yl aze3)J( +1ly' +alz'e3) dy' d7’

&,eT ()

Py(x)

& (5.26)
+ l G Ly 4 al es)ap(a), + 1y’ + alZ'es)(x), + 1y’ + ol es) dy’ d2’

eT(A

term I + term II

We aim to homogenize the potential away from 7". Since the Green’s function is smooth away from (2, it admits a Taylor series
expansion. Using the condition of total derivative, we can rewrite the first term in (5.26),

term [ = Z 12//

&,eT (1)

+ Z 2G ;)/D/_lapl(lml)t](m’)dy’dz’

&7,€T(0)

— G(zm,&]) — (ly' + alZe3) - Vo Gz, &)
[ly’ + alz'es|

ly' + az'eslap (2')J(z) dy' d2’

+ Z ’hV G (x // "+aZes)ap(x)J (') dy d2’.

& eT(0)
(5.27)

The second term is a free charge of order (1,0) or (0, 1) (see definition . The third term gives us polarization. We rewrite the
above as

-G ly +alz VG
term I = 12// (@,2,) /(y ,a “es) (. &) ly' + az'es|ap(z')J (x') dy' d2’
66T (@) lly’ + alz'es]

+ Z PG, &) aq (&) Jo(&]) + Z PV Gz, &) - (ap,,(&),) + o*psi(&))es) Jo(&),),

&,eT(0) &, eT(0)
(5.28)
where we defined
Jo(@,,)D, (& // Y p(E, + 1y + alz'es)J (&), + 1y’ + alz’es) dy’ d2/,
(5.29)
Jo(2,,)p3,(Z // 2oy, + 1y’ + alz'es)J (&), + 1y’ + alz'es) dy’ d2/,

where Jy = \/det(Dyd Diy) is the Jacobian associated with integration on the manifold 2. Since r & 2, G(r, ') does not
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contain a singularity. Thus, G has the required smoothness for us to compute derivatives. Since G is differentiable, the first term
converges to zero from the definition of the derivative. Further, note that gy and J are bounded and 3 7 I? — [} daj,. Thus,

the limit of the first term is zero. Taking the limit [ — 0, we get

. 0 = . .
term I > / ( ade)) + VarGla, o) )ap,(e)) + o’ <m,w;>p3<w;>> Jo(&)) daz),
Similarly, using the conditions of continuity, we can rewrite the second term in (5.26)) as

term IT = l/ / (x, 2, +1y" + alz'es) — é(m,ﬁ:;)} ap(x)J(x") dy’ d’
&,€T(A)

+ Z Gz, &), // api(, + 1y + ol e3)J (&, + 1y + alz'ez) dy' dz'.
& €T(A)

From continuity, the first term in (3:31) vanishes in the limit. The 3 7 )0+ [5; dSz; . We define
1
Jo(2,,)5(x),) = / / pu(E, + 1y +alz'es) ] (), + 1y + alzes) dy' d2'.
AJ-1
Taking the limit of [ — 0, we get

term 1T — é(:c,:c;)a&(ac;),]o(x;) dSz; .
oT

Putting (5.30) and (3.33)) together, we get
Po(z) = /T (é(ﬂ%l‘;)a@(mé)) + Vo, Gz, @) - ap,(a),) + QZT%G(% 3’3;)153(1'})) Jo(z;,) da,

+ G(CII CEp) ( )J()( ) dSw;)

— /Té(wvw;) (a@(w;) o diVP (JOO‘TN)p(wP))> JO(CB/ ) 4 QQMﬁg,(wl )JO(w’) dwl

To(@)) P A p)J0\%p

+ . Gz, x))a (5(x)) + P, () - 7) Jo(a),) dSay

= /T(?(m,a:;) (afi— aw + lora (6 + P, -7 )) Jo(xy,) + QQM%(“}/)JO(??I) dz;

Ji 0 6@‘% p p p?
where 72 is normal to 7.
We can now transform the integral back into real space to get

d Ji !
/ G(r,r’' <aq (r') — IVSS oP) + Loga (o(r') +p,(r') - n)) + QQWI%(T/) dr’,
0

where divg is the surface divergence and n is the limit of tangents to {2 normal to Jf2.

The above is the solution to the following PDE

diVs (Jopp)

—Ady =« (q — 7

ol .
)Ilg—apga +Ilaga(a+pp ) in R?
®y =0 as|r| — oco.

which is the result in (5.4).

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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5.C. Proof of Theorem 3)
Proof. Making use of the Green’s function, we can write @; 5, in (2.3) as:

B u(r) = | G(r, r’)pfll’; (r') dr’ (5.37)
(9]

Transforming into the parameter space and utilizing theorem [2.1] we simplify equation (5.37) to obtain:

@uen@= [ awEue) P ) i, 639

where J(z) = |detDy()|, T x (—h,h) =~ (2) = ¢ (2 x (=h, h))._
For brevity, we define the following composite variables; @, 5, = (P, 0 ), G = G o and p; 5, = (p1,, © ¥). With respect to
these composite variables (5.38)) takes the form

< _ A / ﬁl,h(m/) / /
Dy p(x) = Gz, z')—5—J(z') dz (5.39)
Tx(—h,h) h
We now decompose the integral in (5.39) over the domain 7 into the disjoint regions in 7'(CJ) U T'(A). This is achieved by
applying the corner map substitution:
T =x, +ly+ hzes, (5.40)

where x,, € T denotes the projection of « onto 7'. The normal direction e is scaled by h, yielding * = x, + zze3 = , + hzes.
The corner map &, (see Section enables us to express T, = &, + ly with y € [.

Using (540).

(2 + 1y +h
Py ( Z ZQ// Gz, &, + 1y +hi'e )p“( ;L/ “'es) J(&, + 1y’ + hz'es) dy' dz’
&,eT(0)

5.41
+ Z l—// (x, &), + 1y’ + h2'es)pin(@, + 1y + hz'es) (@, + 1y + hz'es) dy' d2’ G4D

&,€T(A)
= term I + term II
Observe that the sum over T'(A) is of order [ /h, which vanishes in the limit as | — 0. Consequently, our focus shifts to term I.

The objective is to homogenize the potential away from 7. Since the Green’s function remains smooth in regions away from (2, it
admits a Taylor series expansion. By leveraging the condition of total differentiability, we can reformulate the first term in (5.47),

- G(z,#),) — (ly' + h'es) - Vo G(, 3),)
term I = Z lz// l \fy +2es|pin(x)J(z) dy’ d2’
[ly’ + hz'es|
&, eT(0)
1 ~ /
+ Z Gz, &) / / L’hlgw )J(w’) dy’ dz’
&eT (D) uJ/-1
e
+ Z I’V G, &) - // <hy'+z’eg> pup(x)J(z') dy' d2'.
&,eT(0) uJ/-1

(5.42)

The second term is a free charge of order (0, 1) (see definition . The third term gives us polarization. We rewrite the above as

term I = Z 12//

— G(z,2;,) — (ly' + h'es) - Vo G,

)] \fy + 2'es|pin(x’)J(2) dy’ d2’

5, €T(0) [ly" + hz'es|
. I )
+ Y PG, &))an(@))Jo(@,) + Y PVaG(x,d))- (hpp,z (&) + Dan(Z )63> Jo(Z),),
&,eT(0) & eT(0)

(5.43)
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where we defined

1

Jo(@,)Dy 10 (2),) = / / Y pin(&, + 1y’ + h2'es) (@, + 1y’ + h2'es) dy' 42/,
OJ-1

| (5.44)

Jo(@,,)p3,.n(2;,) = / / 2 pin(&), + ly' + h2'es)J (&), + ly' + hz'es) dy' 42/,
OJ-1

where Jy = /D D)y is the Jacobian corresponding to the integration on the manifold (2. Since r ¢ 2, G(r, ') does not
contain a singularity. Thus, G has the required smoothness for us to compute derivatives. Noting that [/h — 0 in this limit, the
term (I/h)y’ + 2'e3 — 2’ a finite limit. Since G is differentiable, the first term converges to zero from the definition of the
derivative. Further, note that 4, , and J are bounded and } 7. ) I? — [, da,,. Thus, the limit of the first term is zero. Taking
the limit h, ! — 0, we get

term I — / (G(m, x)q(x;,) + ;é(m,w;)ﬁg(:ﬁ’p)) Jo(x,) d),, (5.45)
T 3

where in the limit the tangential polarization p,, disappears and &,, — x, giving us an integral over 7". Notice that we cannot
integrate out the derivative. The derivative of the Green’s function is commonly known as the double-layer potential. This
potential arises when we consider the dipole limit for charge surfaces.

Using (5.43), we can write the potential as

- - 3 9 - }
o(e) = [ (Gaapita)) + 5 Glo (e} ) ol o) (546
We can now transform the integral back into real space to get

o(r) = [ Glr)ar') + oGl palr!) ar (5.47)
0 1%

where v/ is the normal to the surface.
The first part is the free charge, while the second part is the double-layer potential. From the discussion in Appendix [A] we see
that we can rewrite the above as

o . s
g, NR (5.48)
Po(r) =0 as |r| = oo,

—APy =q—ps3

which is (5.6). O

6. Non-uniqueness of the Polarization Field

The polarization, defined as the dipole moment per unit volume, is inherently non-unique. Addressing this non-uniqueness in the
polarization distribution requires careful consideration of the arbitrariness in the choice of the unit cell. The formulation of the
problem allows for flexibility in selecting the origin O, the lattice £, the manifold {2 (see discussion on multi-lattice structures in
Section , and the shape of the unit cell OJ. We collectively denote this set of choices by the tuple (O, £, £2,00).

We consider Theorem (5.1))(2), as it represents the most general case, which, under appropriate conditions, reduces to Theorem
(G-I)(1) and (3). Let {p;,5} denote a sequence of charge distributions. The free charge, polarization, and total surface charge
corresponding to a given choice of parameters (O, £, £2,J) are denoted by ¢ : 2 = R, p: 2 — R3, and o + p, n:002 =R,
respectively. If, instead, an alternative tuple (O, £, £2, ) were selected, the corresponding free charge, polarization, and total
surface charge would be represented as ¢ : 2 — R, p : 2 — R3, and ¢ + p, -1 : 02 — R, respectively. In general, these
quantities are expected to differ. B B B

We assert that, although ¢, p,,, ps, and o are not uniquely defined, the potential obtained from the homogenized problem
(3-4) remains unique. Here, the polarization has been decomposed into its tangential and normal components. To establish this
claim, we observe that the sequence of potentials {®; 5, } converges weakly to &(. The potentials &; j, satisfy Poisson’s equation
for the charge distribution {p; 1, }. Since the limiting equations are derived directly from the original charge distribution {p; 1},
the resulting homogenized equation, corresponding to a given choice of domain, lattice, and unit cell, is uniquely determined.
Consequently, the associated homogenized potential for this choice is also uniquely defined.

Now, consider an alternative selection of the domain, origin, lattice, and unit cell. The sequence of potentials {®; 5} continues
to satisfy Poisson’s equation for the same charge distribution {p; , } while being subject to identical boundary conditions. By the
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uniqueness of weak convergence, the limiting homogenized potential remains invariant under these choices, thereby establishing
that the homogenized potential is independent of the specific selection.

Since Py is uniquely determined, it follows from (5.4) that the quantities ag — adivg (Jopp) /Jo — a®p301/0v and
ao + ap, - n are uniquely defined and remain independent of the choice of unit cells. Consequently, the non-uniqueness in
the tangential component of the polarization is precisely compensated by the surface charge density, ensuring that the resulting
potential remains well-defined. For a fixed manifold {2, corresponding to a mono-layer 2D material, the normal component of the
polarization is uniquely determined.

Most dielectric materials, including piezoelectric and flexoelectric materials, function as insulators and generally do not contain
free charge. In such cases, deviations from charge-neutral unit cells are of higher order, ensuring that the free charge of order (1, 0)
or (0, 1) is zero. Consequently, from the preceding analysis, it follows that the expressions —« divg (Jopp) /Jo — a*p3dlq/0v
and a(o + Dy n) are uniquely determined and remain independent of the specific choice of unit cells. Furthermore, the influence
of curvature is limited to modifying the bound charge term (— div p). Therefore, the non-uniqueness in the polarization field
is effectively compensated by the surface charge distribution, collectively ensuring the uniqueness of the resulting electrostatic
potential, associated fields, and energies.
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A. The Double-Layer Potential

We investigate the problem of a double-layer potential with the objective of deriving the associated partial differential equation
(PDE). We begin by analyzing the case of a flat manifold, which provides a foundational understanding, and then extend our
analysis to the more general setting of an arbitrary curved surface.

Consider the following Poisson’s equation

—Ad(z) = o(x)1o(x)p) (

Pi(x) =0 as x| — oo,

6(x3) — 0(w3 + t)) i R3

t (A1)

where 2 C R?, and = = x, + r3es, with ¢, € {2 representing the planar component of = and x3 representing its normal
component. Our focus is on analyzing the behavior of the system as ¢ — 0.

The physical interpretation of the above result, as discussed in [Fol20]], is that it represents the limit as ¢ — 0 of the potential
induced by a charge distribution with density +o(x;) on £2, in conjunction with a charge distribution of density —}o () on the
parallel surface 2, = {2 @ (—tes). This is the dipole limit for a sheet of charge.

The solution for finite ¢ is given by convolution against the Green’s function:

dx’

Pul®@) = /RS G(z,z')p(z') da’ = /()G(:c,m;)g(fp) da’ — /Q G, — teg)g(f”)

:/ (G(ww;) - Gz, —t63)> o) da'.
2

t p

(A2)

where for &’ € (2, we have set &’ = :c; — tes. Making this substitution, we get
If we now take the limit as t — 0, we get

Bo(x) = /Q li (G(m’mp) — G, - te?’)) o(a)) da’ = /Q 0@, @) ) da (A3)

t P o, P

We now take the limit of the right-hand side of (AT) to get

90(@s) 41 g
O0xs (A4)
Po(x) =0 as |x| — co.

AQjO(m) = U(wp)]lﬂ(wp)

From uniqueness, the solution of (Ad) is (A3).
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We now extend our analysis to the case of general manifolds. Consider the following partial differential equation:

lo(r) —1g, (7“)) RS
t

—Ady(r) = o(r) (

Pi(r) =0 as |r| — oo,

(A5)

where (2, = {r — vt|r € 2}, where v is normal to (2.
The solution to the above is given by

Dy(r) = % </Q G(r,r)o(r') dr’' — /Qt G(r,r")o(r') dr’) (A6)

Transforming to parameter space using (2.1)),

Q

i@ =1 ( [ Gearo@) @) ao - [ G2l (@) ')
_ /T <G(m,m;)c;t(m,m;teg)> (I da,

where in the first line, we have set &, = (¥, 0v), G = (G o)) and & = (0 01)), while for the second line, we used the substitution
x' = x), + x3€3.
Taking the limit as ¢ — 0, we get

(AT)

- G (x, )
T 3
Transforming back into real space,
oG (r,r")

@0 = /Q TU(T’/) d’f’l (A9)

We now take the limit ¢ — 0 of (A3)
0lg
Ady(r) = in R?
o(r) = o(r) 5 in (AL0)

Py(r) =0 as |r| — oo,

By the uniqueness of solutions, the solution to (AT0) is given by (A9).

Remark A.1. As a consistency check, we observe that setting {2 = w x {0} results in 1o = 1,119y = 1,,0(x3). This is the same
setting as the flat case discussed earlier. [
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