EXPONENTIALLY MIXING FLOWS WITH SLOW ENHANCED
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ABSTRACT. Consider a passive scalar which is advected by an incompressible
flow u and has small molecular diffusivity x. Previous results show that if u
is exponentially mixing and C!, then the dissipation time is O(|logx|?). We
produce a family of incompressible flows which are C° and exponentially mixing,
uniformly in k; however have a dissipation time of order 1/x (i.e. exhibits no
enhanced dissipation). We also estimate the dissipation time of mixing flows,
and obtain improved bounds in terms of the mixing rate with explicit constants,
and allow for a time inhomogeneous mixing rate which is typical for random
constructions of mixing flows.

1. Introduction

1.1. Main result. The aim of this paper is to produce an example of an incom-
pressible flow which mixes exponentially but does not enhance dissipation. We begin
by stating our results. Following this, we will survey the literature and place our
work in the context of existing results.

Let k > 0, u = u” be a (possibly time and x dependent) divergence-free vector
field on the d-dimensional torus, and let #* solve the advection diffusion equation

(1.1) 80" +u” - V0" — kAP =0.

Our interest is in understanding the asymptotic behavior of the dissipation time
tais = tais(u, k) as k — 0. Recall the dissipation time [FW03,FNWO04] is a measure
of the rate at which solutions to (1.1) converge to their equilibrium state and
is defined to be the smallest time after which mean-zero solutions to (1.1) are
guaranteed to dissipate half of their initial L? energy. Since the flows we consider
are time-inhomogeneous,

tdis (U7 'ka) d:ef sup tflis (U, H) )
s>0

where for every s > 0, t3;,(u, k) is defined by

of . : 05
t5 (Ut k) = mf{t >0 ‘ for every 07 € L?, we have ||0%, |12 < %} .
Here the space L2 C L?(T?) is the space of mean-zero square integrable functions
on the torus T¢. Moreover, the function % in the in the infimum above is a solution

to (1.1) with initial data 0%, specified at time s.
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Using the Poincaré inequality, V - u* = 0, and that 6 € L? quickly shows that
the dissipation time is always bounded above by
log 2
/\1,% ’
where \; is the smallest nonzero eigenvalue of the negative Laplacian. In many
physical situations, however, it is observed that the dissipation time is much smaller
than the upper bound in (1.2); see [CZCIM24] for a review of the relevant literature.
This phenomenon is called enhanced dissipation, and occurs, for example, when u"
is mixing. In fact, if u* is C' and exponentially miring uniformly in x then tqi <
C|log k|? (see Corollary 1.5, below). The aim of this paper is to produce an example
of flows that are C° and exponentially mixing uniformly in s but do not exhibit
enhanced dissipation — that is they saturate the bound (1.2). (The flows we construct
are in fact smooth, but higher norms are not bounded uniformly in x.) Explicitly,
we prove the following theorem.

(1.2) tais(u™, k) <

Theorem 1.1. For every sufficiently small k > 0, there exists an incompressible

velocity field u™ (which will be constructed explicitly in Section 3, below) such that

the following hold:

(1) (Uniform L*™ boundedness) There exists constants C, F' that are independent
of k such that for all kK > 0

K K F
[u™ | Lo ([0,00)x12) < C and  |[u"[] Loo ([0,00);01 (1)) < — (1.3)

(2) (Exponential mixing) There exists constants D, > 0 (independent of k) such
that for all sufficiently small k > 0, every solution to the transport equation

Orp+u-Vo=0, (1.4)
with, initial data ¢g € H' satisfies the mizing bound for all n,m € 2N
I6mnllirs < Dm? + 1) exp(~1n) [l (1.5)

(3) (No enhanced dissipation) For all sufficiently small k > 0, and for all s > 0,
the dissipation time satisfies the lower bound

taum) > < (1.6
Remark 1.2. We note that our main mixing estimate (1.5) is somewhat non-standard
in two distinct ways. The first is that the estimate is only given on times s, ¢ € 2N.
For a uniformly Lipschitz velocity field, a statement of mixing on times s,¢ € 2N is
equivalent to a statement for times s,t € [0,00) using the standard estimates for
the fluctuation of the H! and H~! norms of the solution to (1.4), paying only an
additional prefactor constant.
In our setting we do not have uniform-in-x bounds on the Lipschitz norm of
u, and so (1.5) does not immediately imply a similar estimate for all s,¢ € [0, 00).
However, using the construction of u* (specifically, using the shear structure) and
the Lipschitz norm bound in (1.3) and the integer time mixing bound (1.5), we can
readily deduce the mixing bound
2
(1.7) lptssll -1 < %exp(—mt)”%”m for all s,t € [0, 00), .
We note that (1.7) has a x-dependent pre-factor, it is unimportant in the study of
enhanced dissipation as it only enters logarithmically (see Corollary 1.5, below).
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The second way in which our main mixing estimate (1.5) differs from the usual
statement of mixing is the lack of initial time homogeneity: the prefactor constant
depends on the initial time m. This is however a feature of all currently known
smooth mixing flows and a consequence of their random construction, and is discussed
further in Section 1.2, below.

The main idea behind the construction is to alternate randomly shifted horizontal
and vertical shears, inspired by the construction of Pierrehumbert [Pie94]. In order
to ensure that these flows do not enhance dissipation (in the sense of (1.6)), we
choose shear profiles with amplitude 1 that oscillate on scales of order . Based on
energy estimates we show that any such flow can not enhance dissipation in the
sense of (1.6).

Proving the k-independent exponential mixing bound (1.5) is more delicate. Ex-
isting methods verify Harris conditions for the two point chain [BBPS21,BCZG23],
and then use a Borel-Cantelli argument as in [DKKO04] to prove almost sure exponen-
tial mixing. The Harris conditions require a Lyapunov function, which is typically
produced using a version of Furstenberg’s criterion [Fur63]. This can not be used in
our situation because this approach will only yield a k-dependent Lyapunov function,
and a x-dependent Lyapunov exponent, resulting in an exponential mixing estimate
like (1.5) where the constant v; depends on k in an uncontrolled manner. This is
not suitable as it will not address sharpness of dissipation time bounds (described in
Section 1.4, below). Moreover, if v; vanishes fast with & the dissipation time lower
bound (1.6) is not surprising, nullifying main point of Theorem 1.1.

We will instead prove Theorem 1.1 by constructing a x-independent Lyapunov
function explicitly (see Section 3, below). Following this, existing methods [DKKO04]
can be used to prove almost sure exponential mixing as in (1.5) with a s-independent
(deterministic) rate constant y;, and a k-dependent (random) prefactor D,. Using
the fact that the distribution of u is stationary, and that moments of D,; are bounded
uniformly in x we will show the exponential mixing bound (1.5).

1.2. Time inhomogeneous mixing. Let us further discuss the lack of time
homogeneity in our main mixing result (1.5). We first introduce our definition of
a mixing rate. Let h: [0,00)? — (0,00) be a function such that for every s, the
function ¢ — h(s,t) is decreasing and vanishes at infinity. We say the velocity field u
is mizing with rate h if for every s,t > 0, and every ¢, € H', the solution to (1.4)
with 4" = u and initial data ¢ at time s satisfies the mixing bound

(1.8) [@stiller— < ls, )| dslar -

We say that the mixing is time homogeneous if h(s,t) is independent of s. We say u
is exponentially mizing if the mixing rate is of the form h(s,t) = D(s)e™ "t for some
function D that only depends on the initial time s.

We remark that in context of dynamical systems, the velocity field u is time-
independent, in which case the mixing is time homogeneous “for free”. In the
time dependent setting, the mixing rate generically has a nontrivial dependence on
the initial time s. In fact, surveying some of the myriad mixing examples so far
constructed— [YZ17,ACM19,EZ19,BBPS22, MHSW22 ,BCZG23,CZNF24, ELM25]—
only [MHSW22, ELM25], built using deterministic tools and explicitly time periodic,
have a mixing rate that is both time homogeneous, and exponentially decaying.
Interestingly, these examples are only Lipschitz regular, and consequently the
following problem remains open.
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Problem 1.1. Construct u € L>([0,00), C1*(T%)) for some o > 0, which has a time-
homogeneous exponential mixing rate h(s,t) = De™ 7 for some constants D < oo
and v > 0 that are independent of s and t.

We note that the random constructions of exponential mixers [BBPS22, BCZG23,
CZNF24] only state exponential mixing for s = 0: that is they only state a mixing
result for initial data specified at time s = 0. For initial data specified at an arbitrary
time s > 0, it is natural to expect that the mixing rate h(s,t) has some dependence
on s. Indeed, on any time interval, there is a small probability that the mixing
is highly ineffective, and so on large time intervals we must pick up some periods
where the mixing is less effective.

However, as their random constructions are time stationary in law, one can use a
Borel-Cantelli type argument to prove exponential mixing for all initial times s > 0,
at the cost of an s-dependent prefactor. We use this argument in Section 2.2, below,
to derive our mixing estimate (1.5). The same argument gives a generalization of
main result of [CIS25], which we now state.

Proposition 1.3. Suppose the flow of u generates a random dynamical system
that satisfies Assumptions 2.1-2.4 of [CIS25]. Additionally, suppose the law of u
1s stationary in time. There exists a random D > 1, and deterministic v > 0 such
that we have the almost sure mizing bound (1.8) with

(1.9) h(s,t) = D(1+ s?)e .

Moreover, for every q < oo, a > 0, and all sufficiently small k > 0, there exists a

random D, > 1 and finite constants D, (independent of k,a), Cy (independent

of q, k) such that for every s,t >0, 05 € LY the solution to (1.1) with initial data O

at time s satisfies

CaDy (1 +s*)e™
et

~yt
(1.10) 10544l < 16512

Clearly Proposition 1.3 implies the dissipation time bound

D, (1 2 _
tiis < 1H<M) and EDZ . < Dq’
K )

but does not imply a bound on tg;s.

1.3. Enhanced dissipation. Given a velocity field is mixing with time-homogeneous
rate h(s,t) = h(t), existing results [Fen19,F119,CZDE20] provide an upper bound for
the dissipation time. However no such bound has been given in the setting of time-
inhomogeneous mixing, which appears naturally in the random mixing constructions.
A refinement of these results, with explicit constants, a better dependence on the
mixing rate, and accounting for non-homogeneity in the initial time is given below.

The central refinement is given by the following proposition, which gives that on
a shorter time scale (|log x| for exponentially mixing flows) we get some dissipation
(|log %|~'/? much for exponentially mixing flows). It is then by iterating this result
that we bound the dissipation time and deal with the time-inhomogeneity.

Proposition 1.4. For all k > 0,0y € Lo, if 0 is the solution (1.1) with incom-
pressible velocity field u with mixing rate h(s,t), then

ol < V1= Agllfol 22,
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where
H(T)= sup h(s,t)
0<s<T /3T
7o = inf {t € [2,00) : t 2H(t) < 25(||Vul| g + 1)r},
: ,
215(||Vu||L<t>f>w + )7

def
A, =

A careful iteration of the above gives the following after some computation.

Corollary 1.5. Suppose u € L>([0,00); W>(T%)) is an incompressible velocity
field with mizing rate h(s,t) < D(1+ sP)e™ " for some p € [0,00). Then for all
k>0,

tass (u, ) < 22(|Vul|zge, +1):

4
: <1 +224(§) (IVullzg, +1) +

The proof of these results will be given in Section 5.

(log D)2 + |log x|?
v? '

1.4. Sharpness of dissipation time bounds. As a consequence of Theorem 1.1,
we can address (though not completely resolve) a gap between the heuristically
expected bounds on the dissipation time and the rigorously provable bounds given
by Corollary 1.5. Of the exponential mixing examples, the dissipation times
for [BBPS21,CIS25, ELM25] are known. Interestingly, in each case the dissipation
time is t3;, &~ |log |, which is a stronger bound than the bound given by Corollary 1.5:
9., < Cllog k|?>. Moreover, a compelling heuristic argument (which we explain in
Section 1.5, below) suggests that flows which are sufficiently regular (uniformly
in k) and are mixing with rate h(s,t) = De™"* should in fact generically satisfy the
stronger dissipation time bound

(1.11) e (0%, ) < i’log(W)‘,

k2to
for any § > 0.

Theorem 1.1 can be used to show that the gap between the provable bound of
Corollary 1.5 and the expected bound (1.11) may not be closable. To explain this,
let {u"} be the family of flows from Theorem 1.1. Rescale time by a factor of &,
and set

v (z) = eul(x) where e = k.
Clearly, the velocity field v* satisfies the x-uniform C! bound
[0 (0.00)xre) S OV and supl[v®|l L= jo.00pc1rty) < F,

for some constants C, F' independent of k. The velocity field v* is still exponentially
mixing; however, due to the time rescaling the mixing rate is now x dependent.
That is, every solution to the transport equation (1.4) (with drift v*, instead of u")
satisfies the mixing bound

(1.12) pell -1 (ray < Dexp(—vt) ol where 7, = y1v/k.
Finally, we note that the time rescaling gives
. 1 w6 ¢ O
(113) tdis(’U ,KJ) = gtdis(us,ﬁf) > ? = E .
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Using (1.12) we see that the right hand side of (1.11) is only of order 1/y/k (up to a
logarithmic factor), which is an order of magnitude smaller than the right hand side
of (1.13). Thus, this gives a family of exponentially mixing flows v* which are C!
bounded (uniformly in ) for which the stronger bound (1.11) can not hold.

We note that the above isn’t a proof that Corollary 1.5 is sharp as our example is
a k-dependent family. Even though these flows are C'' bounded uniformly in &, our
construction does not allow us to find one, k-independent, velocity field for which
we have a matching lower bound to Corollary 1.5.

1.5. Literature review. We now survey the literature and place our results in
the context of existing results. Enhanced dissipation is a phenomenon that can
be observed in every day life: pour some cream in your coffee. If left alone, it
will take hours to mix. Stir it a little and it mixes right away. This effect arises
due to the interaction between the advection (stirring) and diffusion, and it plays
an important role in many applications concerning hydrodynamic stability and
turbulence and occurs on scales ranging from microfluidics to the meteorological
and cosmological [LTD11, Thil2, Are84,SSA04].

To describe this mathematically, let u be the velocity field of the ambient in-
compressible fluid and p* denote the concentration of a passively advected solute
with molecular diffusivity x > 0. The evolution of p” is governed by the advection
diffusion equation

(1.14) Op™ +u-Vp¥ —kAp® =0.

For simplicity, in this paper we only consider (1.14) with periodic boundary condi-
tions on the d-dimensional torus T¢.

If the ambient fluid is incompressible, the velocity field u is divergence-free
(i.e. V-u = 0). In this case, an elementary energy estimate and the Poincaré
inequality shows that the L? distance of the concentration from the equilibrium
distribution decreases at most exponentially with a rate proportional to x, and
yields the dissipation time bound (1.2).

This, however, is a very crude upper bound and completely neglects the effect
of the advection. In practice, the advection term typically causes filamentation
and moves mass towards small scales. Since the diffusion term xAp" damps small
scales faster, the combined effect of advection and diffusion should lead to faster
convergence of pf to its equilibrium state as ¢t — co. This phenomenon is known as
enhanced dissipation and has been observed in many situations.

One indication of enhanced dissipation is when tgis(u, k) = 0(1/k), and has
been studied by several authors. Seminal work of Constantin et al. [CKRZ08]
(see also [Z1al0,KSZ08]) shows that if u is time independent, then stqg;s(k) — 0 if
and only if u - V has no eigenfunctions in H'. For shear flows, the classical work
of Kelvin [Kel87] shows tqis(k) = k~“ for some a < 1. There are now several
results studying enhanced dissipation in more generality and for nonlinear equations
(see [FNWO04,BCZ17,Weil9, CZD21, ABN22, FSW22, FMN23, CZG23, CH23, FHX23,
Sei23,1723, TZ25]).

Of particular interest is the connection between mizing and enhanced dissipation,
which has been studied and quantified in [Fen19, F119, FFIT20, CZDE20, CZCIM24].
In particular, it is known that for exponentially mixing flows, we have tgis(k) <
C|log k|?, as stated in Corollary 1.5. The main result of this paper (Theorem 1.1)
produces a family of x-dependent incompressible vector fields u" which are C°
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bounded and exponentially mixing uniformly in s, however are not dissipation
enhancing (i.e. saturate (1.2)).

Another point of interest is optimality of the dissipation time bound for mixing
flows (Corollary 1.5). In particular, if u is C' and exponentially mixing, it is
not known if the O(|log x|?) bound given by Corollary 1.5 is sharp. Indeed, to
the best of our knowledge, for all known examples of exponentially mixing flows
where the dissipation time can be computed, it is bounded by O(]log x|). These
examples include toral automorphisms [FNW04, F119], stochastically forced Navier—
Stokes equations [BBPS21], expanding Bernoulli maps [ILN24], alternating shear
flows [ELM25], contact Anosov flows [TZ25], Pierrehumbert flows [CIS25]. The
last reference [CIS25] in fact shows that if u is generated by a random dynamical
system that satisfies certain Harris conditions, then the dissipation time is bounded
by O(Jlog k|). These Harris conditions also imply almost sure exponential mixing,
and so [CIS25] provides a large class of flows (including Pierrehumbert flows) which
are exponentially mixing and enjoy an O(|log k|) dissipation time bound.

A heuristic explanation for the O(|log k|) dissipation time bound is as follows.
The SDE associated with (1.1) is

(1.15) AXF = uy(XF) dt + v/2k dW,

where W is a standard d-dimensional Brownian motion. Note that when x = 0,
the process XY is simply the deterministic flow of the vector field w. Thus, if u
is exponentially mixing with rate hy = De™"? then the mix norm decay (1.8) is
equivalent to

(1.16) o X2 -1 < De |||z for all test functions ¢ € H'(T?).

Since the noise is stationary, ergodic and homogeneous, it is reasonable to expect
that the mixing estimate (1.16) persists for small x > 0. That is, for all k > 0 we
still expect to have the almost sure mixing bound

(1.17) ¢ o XE| -1 < Die"t|¢||gr  for all test functions ¢ € H*(T9).

and some k-independent constants Dp, 1. Proving this rigorously is open (see
Question 1.9 in [CIS25]). However, if u satisfies either the stochastic Navier—Stokes
equations, or certain Harris conditions, it is possible to show [BBPS21, CIS25] both
exponential mixing as in (1.16) and uniform in x exponential mixing as in (1.17)
for all small k.

Now if the uniform mixing estimate (1.17) holds, then the Kolmogorov backward
equation, parabolic regularity, and the fact that ||[E¢ o X[ ||g-1 < E||¢p o Xf||g-1
can be used to obtain a fast decay estimate for solutions to (1.14). Indeed following
the proof of Theorem 1.1 in [CIS25] shows that for every a > 0, there exists a
constant C, = Cy(u) > 0 such that every solution of (1.14) satisfies

c.,D
St gy~ gl where p= [ pdo.
Td

L18) o~ plle < 27
K2

This immediately implies the dissipation time bound (1.11).

The long time decay of solutions to (1.14) provides another interesting avenue
for study. In turbulence theory [Bat59] identified a length scale at which the effects
of advection and diffusion balance. At this scale k||Vp"|| 2 becomes independent
of k and pff — p at a rate that is independent of the diffusivity (see [Thil2, MD18]).
This is reflected in (1.18), which provides a k-independent decay rate for large time.
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Notice that this k-independent rate can not be obtained with knowledge of the
dissipation time alone. To the best of our knowledge, there are no continuous time
deterministic examples that exhibit this k-independent long time decay rate.

On a different note, if w is regular, and uniformly bounded in time, then we must
have tgis(u, k) = O(|log k) (see for instance [MD18,Po096, BBPS21,Sei22]). When u
is irregular, this is no longer the case and one can even have tqis(k) = O(1) as k — 0.
This is known as anomalous dissipation and was predicted in certain turbulent
regimes Obukhov and Corrsin [Obu49, Cor51]. Examples of this were constructed
recently in [DE1J22, CCS22, AV23, BCCT24, BJW24, EL24,JS24, HCR25].

Finally we mention that the dissipation time tg;s is dual to the L? mizing time.
The mixing time of various Markov processes has been an active area of study for
decades [CLP99,Dia09,LP17]. One relevant discrete result is [CD20], where the
authors study the mixing time of a random walk with deterministic jumps specified
by a bijection. Two other relevant are [DFY20, CFIN23] where the authors use a
measure preserving drift to accelerate convergence of an Ornstein—Ullenbeck process.

Plan of this paper. In Section 2.1 we describe the construction of the velocity
field v and prove Theorem 1.1 and Proposition 1.3 modulo two results. The first
(Lemma 2.1) asserts exponential mixing of u® with rate h(t) = D,e~ 7!, where v,
is independent of k, and D, is k-dependent and random, but has a k-independent
moment bound. The second (Proposition 2.2) asserts that no enhanced dissipation
occurs for any velocity fields for which ||u”|jy-1.00 < O(k). Most of the paper
is devoted to the proof of Lemma 2.1 and is presented in Section 3. The main
ingredient of the proof is verifying Harris conditions with a controlled x-dependence.
In Section 4 we use energy methods to prove a lower bound on the dissipation
time (Proposition 2.2). Finally in Section 5 we prove Corollary 1.5. While the
Corollary 1.5 itself is only a small improvement of existing results, the proof we
present is much shorter and simpler.

2. Proof of Theorem 1.1

2.1. Construction of u”. In this section, our aim is to describe the velocity field
u® which satisfies the properties of Theorem 1.1. We let the torus T? be the
square [0, 27]? with opposite sides identified. Define

-T2

For time 0 < t < 1, we will choose u” so that it consists of N, horizontal shears
supported on intervals of size 27 /N,. Each shear will be translated by a random
phase shift with distribution Unif ([0, 7/N,]). For time 1 < ¢ < 2, we will choose u"
by the same construction, but using vertical shears instead of horizontal ones, and
independent random shifts. For ¢ > 2 we will repeat this construction, alternating
between horizontal and vertical shears, and choosing independent random phase
shifts at each step.

To define the shears at each step, we consider an amplitude A > 0, and a
(piecewise) C? profile ¢: [0,2r] — R. For each time m € N, and each i €
{0,1,...,2N,, — 1}, we choose o!" to be independent phase shifts with distribution

o)t~ Unif([;—i,ﬂiTtl)D .
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Define ¢,; to be the rescaled profile defined by

(2.1) () = p(Nyz).
We will chose the velocity field in Theorem 1.1 to be
2N, —1
A( Z gpn(xg—afn))el te2n,2n+1),
P def =0
22) w0 ={ =

A( > SOK(-ﬁl—OéiQnJrl))eQ te2n+1,2n+2).

Here e, ey are the standard basis vectors in R2. Theorem 1.1 will be proved by
showing that with positive probability, a choice of the random phase shifts a]* will
yield (1.5).

For technical reasons we will assume ¢ satisfies the following properties
(A1) The set {¢’ = 0} is finite, and {¢’ =0} N {¢” =0} = 0.
(A2) The set {¢” = 0} is finite, and {¢” = 0} N {¢"”" =0} = 0.

2.2. Proof of Theorem 1.1. We will prove Theorem 1.1 in two steps. First we will
show that the velocity field defined in (2.2) is almost surely exponentially mixing and
satisfies (1.5) with m = 0 and a random D, that depends on x, and a deterministic
constant ~y; that is independent of . This is our first lemma.

Lemma 2.1. Fiz ¢ < oo, and let u” be as in (2.2). For all sufficiently large A,
there exists a (deterministic) constant y1 > 0 such that the following holds. For all
sufficiently small k > 0, there exists a random D,; > 0 such that every solution to
the transport equation (1.4) with initial data ¢g € H* satisfies the mizing bound for
all n € 2N

(2.3) [¢nllrr-1+ < Dwexp(—y1n)lIdolla -

Moreover, there exists a finite deterministic constant Dq, that is independent of k,
such that

(2.4) ED! < D,.

Next we will prove a general result that shows that if u* is O(k) in W= then
enhanced dissipation can not occur.

Proposition 2.2. Suppose u” is a family of velocity fields such that there exists
a d X d skew-symmetric matriz valued function H* such that

(2.5) up =V -H and ||H"||L~ < Cok,
for some constant Cy. Then for every s > 0 we have

C log(4/3) 1
(2.6) tais(u™, k) = ?1 , where Ch= min{%, 8703} .

Momentarily postponing the proofs of Lemma 2.1 and Proposition 2.2 we prove
Theorem 1.1. We introduce the following notation.

Definition 2.3. For 0 < s < t, k > 0, and a flow u: [0,00) x T? — R?, let

T L? — L? be the solution operator to the advection diffusion equation (1.1).
def

That is, if 6, € L?, then 6; = 7."0, is the unique solution to (1.1) with initial
data 6, at time s.
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Proof of Theorem 1.1. Step 1: We note that by the definition of u* (2.2), each
To € [Niﬁz, Nim(z + 1)] can be hit by horizontal shears of phase shifts a;_s, a;—1, and
a; at time [2n,2n + 1). This property directly implies

[ Lo (0,00 xTa]) < BA[[@lloo and  [[u"]| o< (0,00),01(Te)) < BAN]¢'[loo
proving (1.3).

Step 2: To prove exponential mixing with a k-independent rate, we use Lemma 2.1
with ¢ = 1, together with the time stationarity of the law of the velocity field u",
we see that for m,n € 2N

%0 50 =
E||Tum,n+m||H1~>H_1 = E”mn ||H1—>H—1 < Die n

Then define
Ko Z Z e%(n_m)/Q”Tr:#ﬁOHHlﬁH*l 7
me2N ne2N,
n>m+4log(:1b+2)
and note
1
—v1(n—m)/2

(2.7) EK< Y S emlim <CZW<C<OO.

me2N ne2N, me2N
n>m-+4 log(;rlb+2)

Now, for any m,n € 2N such that 0 <m <nand n > m + 471_1 log(m + 2), we
must have
HT,,:::,ZOHHI_>H71 < Ken(n=—m)/2

On the other hand if m < n < m + 471_1 log(m + 2), then
||7;x7'°ﬁ0”H1_>H71 <1< g2 log(m+2) ,—y1(n—m)/2 < (m+ 2)26—71(71—7@/2.
Thus in any case, we have that for any m,n € 2N,0 < m < n,
| To il 1 < (K + (m+2)%)e /2,

Replacing vy, with 71/2, using (2.7) and Chebychev’s inequality will show (1.5) for
some k-independent constant D.

Step 3: Finally, to estimate ||u"||y7—1,. we note that for ¢ € [0,1) we have

No—1 ,
i
uf:VJ‘H where H(x):AZ/O <pm<nyifoz?)dy.
i=0 r
Since the support of at most three terms in the sum intersect, we have

(2.1)
[ug [w-1.00 < [[H][Loe < 3Allpullr < 3Ak|ellL1-

The same bound is true for ¢ > 1. Using this in Proposition 2.2 immediately
implies (1.6). O

For completeness, we also include a proof of Proposition 1.3.

Proof of Proposition 1.3. Lemma 3.3 in [CIS25] shows that (1.9) holds with s = 0.
Now the same argument used in the proof of Theorem 1.1 will show (1.9) for
all s > 0.

The enhanced dissipation estimate (1.10) is proved similarly. Indeed Lemma 3.3
in fact shows that for any ¢ < oo and sufficiently small x > 0, the flow of the
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SDE (1.15) is almost surely exponentially mixing with rate h(0,t) = D, e~ 7"
Here D, , depends on «, but has a ¢g-th moment that is bounded uniformly in .
Now the Borel-Cantelli like argument used in the proof of Theorem 1.1 can be
repeated to show the flow of the SDE (1.15) is exponentially mixing, with rate

h(s,t) = CDy (1 + s%)e 7",
Following the proof of Theorem 1.1 in [CIS25] will yield (1.10) as desired. O

We prove Lemma 2.1 in Section 3 and Proposition 2.2 in Section 4.

3. Exponential mixing of " (Lemma 2.1)

We will prove u” is exponentially mixing by verifying the conditions of a Harris
theorem. Once these conditions are verified, we use the Harris theorem to prove
geometric ergodicity of the two point chain. Then a result of [DKKO04] will show
that the flows u” are almost surely exponentially mixing. This general principle is
well-known and has been used in several recent papers [BBPS21, BCZG23, CIS25].

The main difficulty in our situation is verifying the conditions of the Harris
theorem. This typically requires finding a small set and a Lyapunov function.
Existing methods [BBPS21, BCZG23] prove the existence of a Lyapunov function
non-constructively using Furstenberg’s criterion. This can not be used in our
situation as it will only prove exponential mixing where the rate constants depend
on x in an uncontrolled manner. Instead, we will provide an explicit Lyapunov
function that is independent of k, allowing us to obtain (1.5) with k-independent
constants D, ;.

3.1. Notation and preliminaries. We define the flow map ®* : [0, 00) x T? — T2,
corresponding to the velocity field u* (2.2), as the solution to the ODE
O, ®f (x) = u(t, D7 (x)),
Of(x) ==x.
Notice (®%),en is a T2-valued random dynamical system (RDS). Let (P%),en denote
the n-step transition probability
Pri(z,A) = P[®5, () € A], A€ B(T?).
The two-point RDS &%) : [0, 00) x T>(?) — T2 is defined by
o (e, y) = (B (2), 2} (1)

where T>(®) = (T2 x T2) — A and A = {(z,y) € T? | z = y}. We use (P,T’(Q))neN
to denote the transition probabilities for the two point chain. Explicitly,

PrO((z,y), A) 2 P57 (z,y) € 4],  AeB(T>®).

n

3.2. The Harris conditions. We first use a Harris theorem to prove geometric
ergodicity of the two point chain, for which we need a Lyapunov function and a small
set condition. As mentioned earlier, the Lyapunov function is usually produced
using non-constructive arguments using Furstenberg’s criterion, in a manner that
the k-dependence is unknown. We avoid this issue by explicitly producing a s-
independent Lyapunov function. Explicitly, given p > 0 we define the Lyapunov
function V': T2 — [1,00) by

(3.1) Vix,y) =f |z —y|F where |z — Y| ef max{d(z1,y1),d(z2,y2)} -
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Here we used the convention that z = (x1,72) € T?, y = (y1,%2) € T?, and d(-,-)
denotes the distance function on T'. We will now show that V satisfies a Foster—
Lyapunov drift condition with a x-dependent additive constant and a small set
condition with a k-dependent minorizing measure. Nevertheless, we will ensure
the multiplicative constants are independent of k, which will lead to the proof of
Lemma 2.1.

Lemma 3.1 (Harris conditions). There exists constants p € (0, 1—12), a,v € (0,1),
and K1 > 0 such that for all sufficiently small k > 0 the following hold.

(1) The function V defined by (3.1) satisfies the Foster—Lyapunov drift condition

" o K
P, @y <MV +K,, where K, £ T; . (3.2)
K
(2) There exists R, > 2K,,/(1 —m1), and a probability measure v, such that
inf P;’(z)(x, ) = av.(). (3.3)

{V<R.}

Lemma 3.1 immediately yields Lemma 2.1 using established methods, and we
outline the proof in Section 3.5 below. The bulk of this section is devoted to
checking (3.2) and (3.3).

3.3. The near diagonal Foster—Lyapunov drift condition. We now prove that
the function V' defined in (3.1) satisfies the Foster—Lyapunov drift condition (3.2)
near the diagonal. We will shortly see that this leads to (3.2) everywhere by
introducing an additive constant.

Lemma 3.2 (Near diagonal drift condition). There ezists k-independent constants
p € (0,%), v € (0,1), and s. > 0 such that for all sufficiently small k, the
function V' defined in (3.1) satisfies

(3.4) POV <AV, on A(;‘ ) .

K

Here, A(a) = {(w, @) € T>® | |w — D] < a} is a neighborhood of the diagonal
with width a.

Proof. For 0 <t < 1, the velocity u” is a horizontal shear, and so

(7)) (2) = (21 — t¥f (2), 22)

where
2N, —1
(35) ) ALY pu(r2—al)).
=0

and of are as in (2.2). Hence
V(@) "Ml <1+ [[9fllor <1+ 3AN,[pller -
The second inequality above is true because for any o, at most 3 terms in (3.5) are
nonzero. Repeating this once more we obtain
(10AN,[lelen) 2|z = yloo < [5(2) = @5 (Y)]o,  V(z,y) € TP

provided & is sufficiently small. Combined with (3.1) this implies

def

(3.6) V(®5(z), ®5(y)) < CA>V (x,y), where A, = AN, .
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Let s, be a small positive number, that will be chosen later. Fix (x,y) € A(s./Ny),
and split the proof into the following cases.

Case I: |x2 —Y2| 2 1 — y1|. Assume that 0 < 23 <y2 < 5. The other case with

O<m < - <y2 < ” is similar, the only difference being that we need to use
one more 1ndependent phase shift.

We first let E be the event that |(®F(z) — ®F(y)) - e1] < 2|2 — y2|. We use
triangle inequality and divide by A, |zs — 72| to see that

ECFZ {|f(<1) +£(GQ) + f(G)] < j} :

where
1 o0
(3.7  f(s)= m(@' * L[_ Nyy,— Nao)) (—5) € O (N2 — 2, Noy2),

and (1, (2, (3 are independent random variables with distribution
(3.8) (1 ~ Unif([-2m, —7]), {2 ~ Unif([-7,0]), and (3~ Unif([0,7]).
To estimate the probability of the event F', define

9(C1,C2,¢3) = f(C1) + f(C2) + f(C3) -

Notice that on the region Fy = {|f'(C2)| > (3/A)"/?}, 0,9 = f'(C2) # 0. Thus by
the implicit function theorem, there exists a differentiable map f, defined locally
on a neighborhood of ({1,(3), such that g(&1, f(£1,€3),&3) = 0. On the surface

I = {& = f(&1,6)}, we note

IVg(&1,€2, &)l = (f'(&0), £ (&), £ (&)l = If (Ez)|>\/A?,
which implies
) < ?’]< ¢
Al VA,

Also, Assumption (A2) implies that for small enough s, > 0,

(39) P[FﬁFl] < P diSt((ChCQ,Cg),F

1
3.10 min ") == min | >0,
( ) {Z\f’(z):0}|f )l 2 {z]¢""(2)=0 }| @)l
so that
C
(3.11) P[F N F{] < PIFY] <

VA,
Combining (3.9) and (3.11) implies

(3.12) P[F] <

Consequently,

< E[V(®5(x), ®5(y))1p] + 27PV (2, y)
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Setting p € (0, 1) and ensuring x is small enough proves (3.4) in this case.
Case II: |x9 — yo| < |x1 — y1|. Again, without loss of generality we may assume that
0 <3 <y2 < 5, as we can handle the other case by using one more independent
phase shift.

We let E be the event

£ 2 {|(@1@) - 210) - r] < 22

VA,
Dividing by A,|z1 — y1| we see E C F, where
def |72 — 2
lz1 — v
and (q, (2, (3 are independent uniform random variables distributed according

to (3.8), and f is the same function in (3.7).
Notice that when

<1,

PE{ |+ @)+ @)+ 1| < 5} where

(3.13) c< LS
3¢ Ml o
we have

1

— +elf(Q) + F(Q) + F(G)| > Ax

and hence P[F] = 0. Thus, we may assume (3.13) does not hold, and consider the
1

e

event Fy = {|f'(¢2)| > A, *}. Using the same argument as we used to obtain (3.9)
and (3.11) we obtain

_T
6

CA,
c

ol

PIFNF|<CA.*, P[FNE< < CAL T,

and hence

(3.14) P[E| < P[F]| < CA.®.
Now consider the events

(3.15) Gr = {|(®7 () — ¥ (y) - x| <mlzr =},

<1
(3.16) Gy = {[(®5(2) — @5(y)) - e2| < 5AL[(®7(2) — DT (y)) - eal},

for some large n > 0. On the event G1, provided that s, is small enough, there
exists ¢+ € N such that either

e o e m(t+1
E<<I>1(x)~el<<l>1(y)~el< (Nn )

or
i . (i +1) . (i +2)
E<<I>1(x)-el< N <P (y)-e1 < N

Without loss of generality, we can assume the first case with ¢ = 0. (The second case

can be handled similarly by considering one additional, independent phase shift.)

As before, we use the triangle inequality and divide by A, |(®5(x) — ®5(y)) - e1] to

obtain

BN GiN G € {h(G) +h(Ga) + h(G)| < 6457,
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) 1
h(s) < "x 1 ©(y)eer . — w(z)ees1)(—S),
) @@ - e el ¢ e a) =)

and (1, (a2, (3 are independent random variables distributed according to (3.8). By

considering events {|h'((2)| > A;é} and its complement, we get
(3.17) P[ECNG NGy < CALT .
Using (3.14), (3.15), (3.16) and (3.17) we see
E[V(®5(x), ®5(y))]
= E[V(®5(2),5(y))(1E + 1EencinG, + 1Eengs + 1penainas)]
< (CAY ™% L CAZ ™% 4P £ 5P\ V(a,y).
Choosing p € (0, %), n large, and k small proves (3.4) and concludes the proof. O

3.4. Verifying the Harris conditions (Lemma 3.1). To prove Lemma 3.1,
we first note that the near-diagonal drift condition (Lemma 3.2) implies the drift
condition (3.2) everywhere. To complete the proof of Lemma 3.1, we need to prove
that the sublevel set S := {V < CK,;} is small for a large enough constant C' > 0.
By construction, elements of S are O(1/N?) away from the diagonal in T%(?). But
for most pairs of nearby points, the map ®; expands distances by a factor of Nj.
Thus, after two iterations, elements of S will move to a distance of 1/N,, away from
the diagonal (Lemma 3.5).

When two points in T2(2) are distance at least 1/N,; apart, there is a positive
k-independent probability event that the two points are hit by independent shears.
When the amplitude of the shear is large enough, the law of the points after one
more iteration dominates a small multiple of Lebesgue measure on T away from
the diagonal.

Proof of Lemma 3.1. Let v, p, and s, be the constants as in Lemma 3.2. Then, for
some k-independent constant K; > 0 we have

(3.6)

V(@5(2),®5() < KINZ for (r,y) € A(S-)"
Combining this with (3.4) , we have
(3.18) PV <4V + K, where K. < K|N°P.

This implies for any [ > 0,

/1_'7l
Kll—v'

PPV <AV + K

Choosing [ = 3, this proves (3.2) with 41 =3, and K; = K| (1 —+3)/(1 — 7).
The rest of this proof is devoted to checking the small set condition (3.3). For
this, we will find
2K 2K
3.19 R, > £ = =
(3.19) =y 1-m

and show that {V < R,} is indeed a small set for P;’@) as in (3.3).
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Notice that for any small k-independent constant 1 > 0, and R, defined by
R def N ( 1-— Y ) QK;
T 2R/ -y
R, satisfies the condition (3.19) and we have
e n
SV <R} ={@y) e T*@ ||p —ylos > 75}

K

Now, we define

(8200 S {(,y) € 5laa— vl > 35}
So d:efs_sl = {(l’,y) € S| |:E1 _y1| = N3 > |$2 _y2|}

(8:21) S {(wy) €S| las—pl > 1}

Then we prove
(3.22) inf Law((®f(z)-e1,P5(y) - e1)) = C(n, ) Lebr2

(z,y)€Ss
o & #,(2)
(3.23) zlensfl P (z,83) >
(3.24) it PR (2,85) > 0.
2€S>2

Indeed, suppose that we proved (3.22)—(3.24). Then, we can first prove that

(3.25) inf P*®(z,.) > Cn)va("),
z€S3

where

def

Leb|A(n ., and Al()d—e'f{( W) € T2(2)|\w1—w1\<a}

This is because for any open sets Uy, Us, Vq, Vo C T1, if we let
By Z{®5(x) - ez € Ua} N{P5(y) - e2) € V2,

dcf

Ey = {07 (z)-e1 € U1} N{®7(y) - e1 € V1 },
e K K 77
By = {|(@5(2) - 07 (9) - 2| > 7}
K
then on the event Fj, the vertical shear case is similar to (3.22) so that

P[El ﬂEQ] > P[El | FEonN E3]P[E2 ﬂEg] > C(’I])|U2 X ‘/2||W| R

where
Wd:ef{(wl,wl) elU; xW; ‘ le —’J}l‘ > Niﬂ}

This implies
PlE N Es] > C’(n)’Ul x Up x Vi x Vo — Al(Nl)j,

which implies (3.25) as claimed.
Now, to prove (3.3), we notice that S3 C 57 and hence for any z € Sy,
r,(2) K, #,(2) (3:23) ,
‘P27 (Za SB) > P (ya SS)P ’ (Z dy) 2 C1-
S3
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Combining this with (3.24), we get
1nf Py (2 )(z S3) = min{c}, o},

and using (3.25) yields that for any z € S, and B C T*(2) we have

Py (2, B) > / Py (z,dy) PP (y, B) > Cler, co,mva(B)
S3

as desired.
It remains to prove (3.22)—(3.24), which we do in Lemmas 3.4, 3.5 and 3.6,
below. ]

To prove (3.22)—(3.24), we need an elementary fact about the pushforward of a
uniform random variable by the function .

Lemma 3.3. For all sufficiently small n > 0, and a € [0,27 — 3], we have

Law(go(Uam)) > C(QOI) Leb |[<p(a),<p(a)+C(n,<p”)] 5
for some k-independent constants C(¢') and C(n, ¢"). Here Uy, ~ Unif([a,a+ 1]).

Proof. Assumption (A1) implies that for sufficiently small 5 > 0,
1

T Law(e(Ua,n)) 27—
T el

Lig@a)ptat+2) -

By Taylor’s theorem we know
! " 2 !
‘¢(a+ g) —80(@)‘ > max{l@ (j”", | (fé)ln e (2a)|77}‘
By Assumption (Al),

2

[ (@)ln " (a)ln Iw'(a)\n} _
concluding the proof. O

inf max{
a€l0,2m— 7]

We now prove (3.22) holds.

Lemma 3.4. Let S3 be defined as in (3.21). Then (3.22) holds for all sufficiently
small n > 0.

Proof. We fix (z,y) € S3 and split the proof into three cases.

Case I: 0 < 29 < y2 < 7. There are at most three terms in the sum in (2.2) which
may not vanish at both zs and y,. These terms are the ones with index ¢ = 2N, — 2,
i = 2N, — 1, and ¢ = 0. For simplicity of notation, we will use a_g, a_1 to

denote agn, —2 € [— N—”, —~—| and azN 1 €[-w ,0] respectively.
On the event F = {a_g € [x2 — N Y2 — —]} N{ao € [z2,y2]}, only terms in

the sum in (2.2) with index 2N, — 2 and 2N,; — 1 may not vanish at xs, and only
terms in the sum in (2.2) with index 2N,; — 1 and 0 may not vanish at y2. Thus,
after fixing av_1, the random variables ®%(x) - e; and ®¥(y) - e; satisfy

o . 1 + or(T2 — 1) Law(Ap(U))
Law (@ (z)-e1, 25 (y) - 1) | E,ar_y) = (y et a1>) n (Law( Aj(v))) ,

where U,V are independent random variables with distributions

U ~ Unif([2m — Ng(y2 — x2),27]), V ~ Unif([0, Ny (y2 — 22)]) .
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Also,
Ne(y2 —wz)>2 S (77)2’

PlE] = (=7 pa

and the supports of the distributions of U and V have Lebesgue measure of at least
n > 0.
Then Lemma 3.3 implies that for A sufficiently large, independent of = and y,

(3.26) Law((®%(z) - e1, 8% (y) - e1)) = C(1, ) (Z) Lebre .

Case II: 0 < 22 < 3~ <y2 < ]2\,—“ As in the first case, only the terms in the sum
in (2.2) with index i = 2N, — 2,4 = 2N,; — 1, and ¢ = 0 may not vanish at zo and
only the terms with index ¢ = 2N,, — 1,4 = 0, and < = 1 may not vanish at y-.

Define the events

o T 2T T
B = an e [~qm - po{e e [

Es of {Oé_g S [ch — ]2\[—7’:, _Nl,j } N {ao S [:cz, Nl,j }

On the event F1, only the terms in the sum in (2.2) with index ¢ = 0 and ¢ = 1 may
not vanish at y,. Thus,

Law((®} ()1, @7 (y)1) | B1,a—2,0) =

GRS SR B e ) B

where U,V are independent random variables with distribution
U ~ Unif([2m — Ng(y2 — x2), 7™ + Nexa]), V ~ Unif([0, N,y2 — 7)) .
We note that

PlE] = (N:ryQ - 1)27
=i )
P[E\] + P[E,) > Z(WY > 2(%)2.

Without loss of generality, if we assume that P[E;] > P[E,], then P[E;] > (5L)?
so that the support of the distributions of U and V each has Lebesgue measure of
at least 7. Combining this with Lemma 3.3 implies that if A is sufficiently large,
independent of x and y, then

(3.27) Law((®7 (x) - €1, ®T(y) - e1)) = Law((®7 () - €1, DT(y) - e1) [ E1) P[En]
> C’(map)(%fLesz .
The case P[Es] > P[E;] is similar and can be proved by using the event Es
instead.
Case III: 0 < 3 < 7~ < 12\% < y2. In this case the only terms in the sum in (2.2)
that may not vanish at x5 are the ones with index ¢ = 2N, — 2,7 = 2N, — 1, and
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i = 0. Also, the only terms that may not vanish at ¢, are the ones with with index
i=j—1,i=j,and i=j+1where j = [2¥|— 1. Since 2N, — 1 # j, we can write
Law((®7 ()1, @7 (y)1) | a2, 0, a1, 41) =

1 + or(T2 — a—2) + @u(x2 — ap) Law(Ap(U))
<y1 +pnly2 —aj—1) + (Y2 — ijil)) * <LaW(A<P(V))> ’

where U,V are independent random variables such that
U ~ Unif ([Ngzo, ™ + Nexa]), V ~ Unif([Neys — 7(j + 1), Neys — 7j]) -
Hence for A sufficiently large (independent of x and y),

(3.28) Law((®%(z) - e1, P (y) - €1)) = C(p) Lebrz .
Thus, (3.26), (3.27), and (3.28) show that (3.22) holds in each case, provided
|ze — y2| > «. This concludes the proof for (3.22). O

Lemma 3.5. Let Sy,S2 and S3 be defined as in (3.20)—(3.21). Then (3.23) holds
for all sufficiently small n > 0.

Proof. Fix (z,y) € S1 and let € > 0 be a small k-independent constant that will be
chosen later.

Case I 2 < |wa — yo| < §F. Without loss of generality, we assume that 0 < 22 <
Y2 < 3~ . 'We define the event

Fdef{|(q)n( ) <I>'f(y))'61\ <NK|$2—y2|}'

Dividing the inequality by AN|xo — y2| yields
— 1
F C F d:ef % ‘ < =

1 { N7 — 1l + (f(C) + F(G) + F(G))] < 5 ¢ s

where f and (;’s are defined as in (3.7) and (3.8), respectively.
For sufficiently small >0, (3.10) holds and the arguments similar to those used
to derive (3.12) yield

P[P < CA™%

Thus we can ensure P[F¢] > 1 for all sufficiently large A.
We notice that on the event F¢,

K K 3
(5 () = @1 (y)) - e1| > Nufowz — 2| > .

Combining this with the symmetric vertical-shear version of (3.22), we get
1
PH7(2)(("E> y>7 SS) = 50(57 (P) Leb(SS) .

Setting x small enough yields (3.23).
Case II: {5 < |z2 — ya| < 5=. Again, without loss of generality, we assume that

4‘45 . Then by triangle inequality,

0 <z <y2 < §-. Suppose |1 —y1] =
4Aa Ae
— 3AN,|ze — y2| 2

O (x) — OF cel| = .
(@ (@) - BF(w) el > -
Then for sufficiently small Ae, the vertical-shear case symmetric to (3.22) implies

P~ ((,y),53) > C(Ae, ) Leb(Ss) .




20 COOPERMAN, IYER, ROWAN, AND SON

For the other case |z — y1] < 4N—AE, we see from triangle inequality that

4Ae TAe
AN, - < .
N, +3 |z — yol N.

(@7 (x) — DT (y)) - e <
Define
By ={|(®7(z) — T (y)) - e1| < Nilza —p2l},
Fy = {|(®5(x) — ©5(y)) - e2| < Nul(PF(z) — @1 (y)) - e}

As in the previous case, we can prove that when Ae is sufficiently small we have

1 1
P[F{]> 5 and P[F|F]> .

We notice that on the event Fy N Fy,

K K K K 77
(@5 (2) — ®5(y)) - €2| > Nu|(PF(x) — (1)) - 1| > NZ|wg — y2| > N
and hence

P ((z,y), 83) > P[F{ N F5] >

el

Case III: |29 — ya| > Nih We define the event

6 = {I(05(@) - 200 ] > -} = { @@, 210) ¢ M () |-

and use (3.22) to see that
P[G] =6 C(n, ) Leb(A1 (Ni) ) .
Conditioned on the event G, we use the vertical-shear case symmetric to (3.22) to
see that
P[(®5(x), ®5(y)) € S3] > 6P[G] > 62
In conclusion, setting e = 1/42, A large, and x small enough yields (3.23). d

Lemma 3.6. Let S1,S2 and S3 be defined as in (3.20)—(3.21). Then (3.24) holds
for all sufficiently small n > 0.

Proof. We fix (z,y) € S2. By (3.18), we have that

Ni;’j] _ p{v(ég(a:),@(y)) > (N%)*p}

< (k) OV @y + K7

P[5 () — @5(y)|oo <

NE
<+ K,
Thus, for all sufficiently small n > 0,
K K n
(3.29) P|®5(2) — 05(y)]e > ﬁ} >C,>0.

K

Now, we let

B {|(®f(x) — ®f(y)) - es] > N%L

By = {](@5(x) - 25(1) - el > 75}
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€ K K n
By = {|(@f(2) = 2} (v)) - e1| > 15}
© K K n
By = {|(®5(x) - 25(y)) - e1| > N
Conditioned on E; — Es, using (3.23) yields
(3.30) PIE|E, — By > ¢
Repeating the argument used to derive (3.23) yields
(331) [Eg ‘ EQ} Ccy,
and using the vertical shear case symmetric to (3.22) yields

Combining (3.30), (3.31), (3.32), and (3.29), we have that for some small -
independent constant ¢’ and sufficiently small &,

P[E] > P[E | By — ER]P[Ey — Eb] + P[E | E2 N E3|P[E3 | B3] P[Es]
c1P[Ey — Es] 4 ¢' P[Ey]

min{cy, '} P[Ey U Es]

C(n, 7).

This concludes the proof for (3.24). O

AVAR\VARR\V] \

3.5. Completing the proof of exponential mixing (Lemma 2.1). We will
now use Lemma 3.1 to prove Lemma 2.1. The proof follows established methods
with only minor changes due to the x dependent constant in (3.2). For brevity, we
follow the proof of Lemma 3.3 in [CIS25] and only point out where changes need to
be made.

Proof of Lemma 2.1. Following the proof of Lemma 3.2 in [CIS25], will give the -
dependent geometric ergodicity bound

HPT'f’(Q)f—/fdw , < Cexp(—'m)Hf—/de

for any test function f. Here 8, and |-||5, are defined by

3
det QK

o ast |f(z)]
5;{*%, and ||f||

PT+3.V@)’

where K and « are the constants from Lemma 3.1.
Following the proof of Lemma 3.3 in [CIS25], we note that the dependence on k
only enters in the inequality immediately preceding (8.1), through

(3.33) le®)||s., and /(1+BRV)d7r(2).

(2) .

Here e, : T>(2) — C is the eigenfunction defined by

67(721) (LU, y) _ e2mm‘(w—y) )

We note that both terms in (3.33) satisfy the x-independent bound

15, <lle = =1 and /uwﬁvwwgg,
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for sufficiently small k. Hence the proof of Lemma 3.3 in [CIS25] will go through
unchanged for all sufficiently small x and yield (2.3) and (2.4). O

4. Lower bounds on the dissipation time (Proposition 2.2)

We will now prove a lower bound on the dissipation time when the advecting
velocity field is small in W1, as stated in Proposition 2.2. The proof is a direct
argument based on energy methods. We note a somewhat similar argument is made
using an SDE focused approach in [CCS22] exploiting the “Ito-Tanaka trick”.

Proof of Proposition 2.2. Since (2.5) assumes a uniform in time L> bound on H*,
it is enough to show (2.6) holds for s = 0. Define 0" as the solution to the
advection-diffusion equation (1.1) and ¢" as the solution to the heat equation

(4.1) O™ — kKAP™ =0.
Using (2.5) and the fact that H is skew-symmetric, we note
us - VOR =V - (HS V5.
Let w = 6% — . Subtracting equations (1.1) and (4.1) gives
Ow+ V- (H" -Vw)+ V- (H V") = kAw.
Multiplying by w and integrating gives
%@HWH%z < =& VwlZe + 1 H"| [V 12| V" 2
S 3 V3
(12) < SRRV

K
g _§va‘l%2 +

Now we choose

o () =05 (x) = e1,

where e; = sin(x;) is the first eigenfunction of —A on T? corresponding to the
eigenvalue \; = 1. We note wy = 0 and

(4.2)
lwil[7: < C3lIVer|Fant = Cirt.

Thus, if C} is defined by (2.6) and ¢t < C/k, then

leflze = e > 7, and Jlwllz: <

| =

Using the triangle inequality,
1 1
167172 > SleFlIZe = llhwdllze > 7,

which forces t3,,(u”, ) > t. This proves (2.6) concluding the proof. O
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5. The dissipation time of mixing flows

In this section we prove Proposition 1.4 and Corollary 1.5. We start with an
estimate on the closeness of the solution to a drift-diffusion equation to the solution
to the associated transport equation. We use throughout this section the solution
operator notation given by Definition 2.3.

Proposition 5.1. Let u € L>(]0, oo) W1Loo(T4)) be a divergence-free velocity field

def

and let § € L*(T9). Then denote 69 = ’TO 0 and 05 = T5,0. We have the estimate.

t
6. 167 - 8 < VR(IVOlLe + IVl +1 [ 196550 ds).
0

def

Proof. Let ¢f = 05 — 69 so that
Orp™ — KAG" +u - Vo~ = kAL,

Then

Oullor e < —26[Vefll7e + 26] V]| 2] V67 | 2

< V022 < eV 0
Thus we have the bound
1755 = Tl oo < Vst 142
Then for any n € N,
165 — 671l 22 = H(7Eft ~ To)0ll 22
= (T2, — Ti > gt T (T, — T )

n
m/ t exp( ) V8% Lo + 6%, — s 2

t|Vu
%exp( | HL ) ZHVGU/””LQ'

Then we note that for j > 1,0 < s < t/n, we have that

slIVullzge, - |

t||Vul| -
)

196" ljm < ¢ (V05 -sllz> < exp ( 1907 el

and so
tIVul| t
onvewnuLz < exp (1) [ 0512 s
0

Combining the dlsplays we get that

L 2t||Vu||L” B
165 = 691z < V& )(fnvenm VO 12 ds).

We now choose
n = (|| Vull e, + 1)1,

giving

105 — 02112 < VE(IVOle + (\/IVull s, +14+¢7Y2) / 19612 ds ).
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Then if ¢ < (|[Vullgse +1)7!, then

t
t_1/2/ V05 |2 ds < et'/2[[ VO] 2 < €] VO 12,
0

otherwise ¢ > (||[Vul|ze +1)7" and so t=1/2 <, /||Vu||ze= + 1. In either case, we

can conclude. O

We now prove Proposition 1.4. We need to define the following orthogonal
Fourier projectors. For R € [0, c0), we define the orthogonal projection ¢, IIs R :
L?(T?) — L?(T9) so that if

fla)=>Y_e*f(k) then Tcpf(z)= Y e**f(k),

kezd kezZd,|k|<R

and H>R =1- HgR.

The key idea of the proof is to case split according to whether the drift-diffusion
solution 0} stays close in L2(T¢) to some solution to the transport equation or if it
separates from it. If it stays close, then the mixing of the transport equation ensures,
at the relevant time scale, that most of the L? mass of the transport solution—and
hence by the L? closeness, most of the mass of #f—is on high Fourier modes, thus
inducing L?-norm dissipation by the energy identity. On the other hand, if the
transport solution separates from 6%, then (5.1) gives a lower bound on the L} H}
norm of . The energy identity gives that L? dissipation is however governed by
the L? H} norm of the 0, so we need to apply Hélder’s inequality, giving an inverse
time scale factor. It is this inverse time scale—coming from comparing the L? norm
in time to the L' norm in time—that causes us to get the dissipation time of an
exponentially mixing flow to be |log x|? instead of |log x|.

This proof technique is largely analogous to that of [CZDE20] however uses a
slightly more refined (or “less interpolated”) estimate of the distance of a transport
solution and an advection-diffusion solution in the form of (5.1). Additionally, taking
a slightly different approach gives more information on shorter times, essentially
showing some linear decay of the L? norm on the time interval [0, tqjs)-

Proof of Proposition 1.4. Let 0y € L? and without loss of generality suppose that

[6ollz> = 1. Let 07 = otbo- To conclude, it suffices to show that

107 1172 <1 — A

We suppose for the sake of contradiction that [|6% [|2, > 1 — A, > 1. Then by the
energy identity, we have that

1= Ay < 05 20 =1 2f«u/ V05122 ds.
0
Thus
/3 T
2&/ V05|22 ds < 2/1/ V05|22 ds < A,
0 0

As such, we can choose some tg € [0, 7,/3] such that

3A,

2KTy

(5.2) AR

0 defgp it i “es
Define 03 , = Ty, 07, . We split into two cases.
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Case I: For all t € [27./3, 7], |0 — 6f, ||2 < ;. By the definition of mixing rate,
for all t € [27,,/3, 7], we see

BAK def 1
108, -+ < HEIVO 1 < H(m)\ 52 = By

Then
1
||H>B /49t0,t||2L2 = Heto,tH%? - HH<B /46t0,t||%2 = ||9 ||L2 - Heto,t”%*l 2 §
Then, still for ¢t € [27,/3, 7],
B
IVOF|| L2 > *’“IIH>B,€/49§”||L2
B K 0
> T(”H>B 0%, Nz = T g, ya(6F — 65, )]l 22)
B, 3 B,
> 2 (5 -l = 60l > o
Thus
T T 2kB2T, KT, 2
Ay >2 0532 ds > 2 O3 ds > S = (0T ) A
e A e B P O
or using the definitions of 7, A,
1 KTk 1

< < An = )
72-28(||[Vullpee, + 1)~ T2H (7%) 25([[Vul[Lge, + )75

which is a contradiction as 72 - 28 < 215,

Case II: For some ty € [27,./3,74], such that |0f, — 67, , |lr> > 1. By (5.1) and (5.2),
we see

3105 = 8 < S VR(y 5o IVl w1 [ 198 1e )

Then we note that by the definition of AH and that 7. > 2,

3 [3A, 1 1
—— < < 35
27 4(”VUHL$% + 1)1/27'K 8

Combining the previous two equations, using the definition of A, and applying
Holder’s inequality, we have

1 ™ 2
Y — < 2n(/ VO 12 ds)
210(||VUHL;?3 + 1) 0 ” E HL

Tk
< 2Tnm/ V07|22 ds < T Ay,
0

which is a contradiction. Thus we conclude in both the cases. O
We conclude by proving Corollary 1.5 as a consequence of Proposition 1.4.

Proof of Corollary 1.5. Let 0y € L? arbitrary, and let 0% denote the solution to (1.1)
with 0§ = 60p. Let

de 4
T, = 22(|Vul| oz, + )(1+224(§) <||w||m+1>+v—2(<1ogD>2+logﬁ))-
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Then for any 0 < r < T, we define as in Proposition 1.4,

so that
(5.3)

H™(T)= sup h(r + s,t)
0<s<T/3<t<T

77 Einf {t € [2,00) : t T2 H"(t) < 2°(|Vu ge, + 1)},
1
205(||Vullzg, + 1)7f

r def
Al =

1074 122 < /1 = AL[I0F ] L2

Note that, since r < T, us1ng the definition of A(s,t), we can directly verify that

and thus

T2+ = (logD + plog(4Ty,) + |log k|) = o, < T,
Y

AL > !
K = 215(||vu||L?°T + 1)0’,{-

Thus for any n € N such that no,, < T, we have by iterating (5.3) that

1 n/2
05 12 < (1 - ) 0ol 2.
Wil <\ asquls, v 00, ) Il

Using that (1 — z)* < 1, we thus get that 104 |lr> < $]160]| L>—allowing us to
conclude—provided

279

217(\|Vu||L§ow +1)o2 < T,.

Using the definition of o, we see this is implied provided

(5.4)

We first note that since

we have that

1+~7%((log D)* + |log 5*) < T (E log (4T, ))2
2%([[Vullg, +1)  \vy "
T 2 2%p"y (| Vul g, +1)%,
T, T

P 1ogT)) >
- ;Og< li) /224

223(||Vul| oo +1) (IVul[zg, + )

Then using that

T = 224(|Vull g, +1)(1 +97%((log D)? + [log s[*)),

we conclude (5.4) and thus the proof. O
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