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Displacement interpolation
If po, 1 € P2 (]Rd) and p € I'o(po, p1) is an optimal coupling, we can consider the
displacement interpolating curve pg, 6 € [0,1],

po = ((1—0)w" + 9#2)#% (21, 22) = 21, 7 (21,22) = 22

Equivalent probabilistic notation: let Xy, X; be an optimal couple of random

variables, (X;)xP = i, (Xo, X1)xP=p. po = ((1—0)Xo + 9X1)#IP’ is just the

law of the interpolated random variable Xy := (1 — 0)Xo + 60X

e is a minimal, constant speed geodesic connecting po and p1, since
Wa(ps, pe) = |t — s|Wa(po, u1), o] = Wa(po, p1) = L[]

When po < .£? is absolutely continuous, then Brenier theorem shows that p is
unique and it is concentrated on the graph of an optimal map ¢,

p=(ixt)guo, po=((1-0)i+0t),puo.

The map t is (cyclically monotone), the interpolated maps
to(z) :== (1 — 0)x + 0t(z), 0 € [0,1) are also strongly monotone, since

(t(x) —t(y),z —y) 20, (to(z) —to(y),z —y) > (1 - O)lz —y|?,
o
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Displacement convexity

Definition (McCann ’97)

A functional @ : P5(R?%) — (—o00, +-o0] is A-displacement convex if for every
couple of measures po, p1 € D(P) there exists a geodesic ug, 6 € [0, 1]
connecting them (equivalently, an optimal coupling p € T'o (o, pt1)) such that

Do) < (1= 0)(po) + 0% (1) — 5 O(1 — YW (1o, ). (DC)

A few comments:

» (DC) is modelled on the analogous inequality for A-convex functions in R™:
A 2
?((1 = 0)xo + 0z1) < (1 —0)xo + Ox1 — 3 (1 —0)|zo — z1]°.

Just replace segments with geodesics and the euclidean distance with the
Wasserstein one.

> Since geodesics are not unique, the present definition only requires that
convexity inequality holds at least along one geodesic. This is sufficient
for the applications and enjoys nice stability properties with respect to
perturbation of the functional (e.g. under I'-convergence).



Displacement convexity for potential energy
Let V : R% — (—o0, +00] be a lower semicontinuous potential with the associated
potential energy

V= [ V@ du()

Notice that the functional V is linear (thus convex) with respect to the usual
linear structure in the space of measures.

V is displacement A-convez iff V' is A-convez.

Proof. Let (Xo,X1) be an optimal couple of random variables with law po, p1.
po = (Xo)#P where Xg = (1 — )Xo + 0X1 and

V(o) = [ V@) dua =E[V (X)] < E[(1 -0V (X0) +0V(X2) - 00— )Xo - X ]
RA
=(1- a)E[V(XO)] +0E [V(Xl)] - %9(1 - 0)E[|X0 - Xl\Q]
= (1= O)V(s0) + V(1) — 5001 — )W (s, ).
In the last identity we used the optimality of Xo, X1, i.e.

EDXO - X1|2] = W3 (no, p1). &)



Displacement convexity for the interaction energy

Let W : R% — (—o0, —+00] be a lower semicontinuous, even interaction potential
with the associated interaction energy

W= [[[ W=y du(e) duto)

Suppose A < 0: W is displacement A-convez iff W is A-convex.

Comments.

> The functional W is quadratic but it is generally not convex with respect to
the usual linear structure in the space of measures. Consider e.g.
W(z) := %|m|2:

W=7 [ \x—deu(z)du(y):/Rd |x\2du<x>—]/Rdxdu<x>\2

so that W((1 — 6)8p + 065) = (6 — 6?)|z|?
» When W is A-covex with A > 0 we can only deduce that W is displacement
convex: the functional is in fact invariant by translation.
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Displacement convexity for internal energy functionals

Let F': [0,+00) — R be a continuous convex function with F(0) = 0 and let

o— _ d _ d/,l,
F) = [ P@)ds,  p=ugd w= L

Theorem (McCann ’97)

F is displacement convex iff r — r~¢F(r?) is convex and non increasing in
(0, +00).

Comments:
» When d = 1 McCann condition is equivalent to the convexity of F'. When
d > 1 it is stronger.
» The logarithmic entropy H corresponding to F'(r) = rlogr is always
displacement convex.
1
B
Bg—1

> The power energy F(r) = is displacement convex iff 5 >1—1/d.



Application: a simple proof of Talagrand inequality
Let us consider a reference probability measure v = e~V where V satisfies the
Bakry-Emery condition D2V > AI, i.e. it is A-convex with A > 0.
The typical example is the Gaussian measure 7y := (271')_d/2e_|m‘2/2 24
V(z) = %|x\2 + g log(27).
The relative entropy functional w.r.t. «y

d d
H(ply) == / el log (—M> dy = H(p) +V(p) is displacement A-convex.
rd dy dy

Jensen inequality yields
H(uly) 2 u(R?) log(u(RT)) = 0 = H(~|7).
so that « is the (unique) minimizer of H(:|y) in P2(R?).

Theorem (Talagrand inequality (Otto-Villani ’00))

A
SW3(1,7) < Huly)  for every p € Z2(RY).

Proof. Take a geodesic pg conecting v to p and apply the convexity inequality
A
0 < H(poly) < (1= OYH(YY) + OH(uly) = S0 = OW3 (11,7)

= Ml — 2000~ )WE (7).

Dividing by 6 and letting 6 | 0 we conclude.



Displacement convexity of the logarithmic entropy

Let p1; = u;.Z% be probability measures with finite entropy, let £ the Brenier map
pushing g to p1, and let pg = ug. L% = (tg)ppo with tg = (1 —0)i+ 0t.
We have already shown that

H(p9) = H(ju0) — /R tog ((det Dtg(a) ) uo(x) d

Thus it is sufficient to show that

the map 6 — log <det Dty (:L")) is concave for pp-a.e. z € R?,

Notice that Dtg(xz) = (1 — )1 + 0D (z) where | is the identity matrix and
D(z) = Dt(x) is a symmetric and positive definite matrix for pp-a.e. =
(Brenier theorem). Denoting by A;(z) its positive eigenvalues, we have

log(detDtg(x)) log(Hfl(l—Q—l—@/\ ) Zlog(l—@—&-&)\i(a&)))

which is clearly concave w.r.t. 6.
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Bl Slope and subgradient inequalities: applications to Sobolev and
logarithmic Sobolev inequalities




Metric slope

Let us recall that the metric slope of a functional ® : P53 (R?) — (—o0, +-oq] is
defined as

(®(1) — (o)),

|0®|(p) := lim sup
o—p Wa(o, 1)

The slope provides a simple upper bound of the norm of the (weak) Wasserstein
gradient of ®:

10® ()| 2 (mty < 10®](1).

In fact, if g = 0®(u), & € C (R4 RY), X = &(X), and pe := (Xe)xp, we have by
definition

[, (9.0 d = time (200) — (X))

< lim sy (®(u) - ':I>((Xs)#li))+ Wa(pe, 1)
= Wa(pe, 1) E

. W K
< |0®|(p) lim sup y < |a‘1’|(ﬂ)”§”L2(u;Rd)

€l0

since

_ _ (0]
SPWE (eup) < e 2/ |X5<:c)—x|2dﬁ$/ €1 dy.
Rd Rd

19



Extremal properties of the slope

P(p) — ®(0)
If @ is displacement convex then |0®|(n) :=| sup Q
oFp Wa (‘77 ,LL)

In particular, if ® is lower semicontinuous, the map p— |0P|(p) is also lower
semicontinuous in P2(R?).

Proof. If oy is a geodesic connecting p with o, displacement convexity yields

P -
— M is nondecreasing, so that

WQ(NH 09)
(B —2(), _ (24 —2(0)), _ (®(n) — ®(00))
Walow) S Waleem) e Waem ol

The “sup” formula for the slope can be equivalently stated as
—02|(a)Wa(p, o) < ®(n) — ®(0) < [0D|(1)Wa(p, o).

When ® is A convex we have more generally

0P| () Wait, o)+ 2WE(0) < () — (o) < [9D|()Wa (i, 0)+ 2WE(1y )

If XA > 0 and choosing ¢ := pymin the minimizer of ®, we have |0P|(min) = 0 and
W (s tmin) < B(1) — D(pmin) < o= |00 (1) 3
9 2 s Hmin) > min) > 2 . @

19



Strong Wasserstein gradients

Let us suppose that ® is displacement convex.

Theorem (Strong Wasserstein subgradient)

If |0®|(1) < 400 then there exists a vector field g = 0°®(u) € L?(u;R?) such that
loll 2 sty = 1001G0), @)~ 20) > [ (gvt 1) duta) + (0,

where Z(t) = o(||t — il L2(,;re)) and Z(t) =0 if t is an optimal map.

» If @ is differentiable along smooth vector fields, then a strong gradient is also
a weak one.

» Conversely, in all the previous examples concerning potential, interaction, and
internal energies (under further suitable conditions...), weak Wasserstein
gradients are also strong. They can then be used to obtain quantitative
estimates on ®, e.g. in the case of displacement A-convex functionals, thus
satisfying the metric inequality

A 1
§W22(M7 Bmin) < @(1) — @(pmin) < ﬁ|8¢‘2(ﬂ)'




A general result

Let ®(u) = V(1) + W(p) + F (1) where
> V() = [ga V(z) du(z) for a lower semicontinuous and convex potential
V:R? — (—o0,+o0] with Q C D(V) C Q, Q open in R<.
> W(p) := [za W(z — y) du(z) du(y) for a A-convex and differentiable potential
W : R? — R satisfying a doubling condition.

> F(u) = Jga F(u)dz for a convex and superlinear function F : [0, +00) — R,
F(0) = 0, satisfying McCann condition.

Theorem (Ambrosio-Gigli-S.)

The weak Wasserstein differential of ® is characterized by

p=u??  L(u) € Wy (Q),

C

— 2 M d
g=0%() € L*(1;R%) <« {ug:vL(u)+u(VV+VW*U)

and it is also a strong differential; in particular its L?(u;R®) coincides with the
metric slope |0P|(n) of .

15



Application: Logarithmic Sobolev inequalities
Let v = e~V be a reference probability measure where V satisfies the
Bakry-Emery condition D2V > AI, i.e. it is A-convex with A > 0.
We choose ®(p) := H(u|y) = H(p) + V(i); the Wasserstein gradient of ® is, at
least formally,
dp

P (n) = OH(p)+0V (1) = %+vv = V(logu+V) = Vlog (u/e”") = Vlog (@)'

The relative Fisher information is the L?-norm of the Wasserstein gradient

I(uly) = /Rd ‘Vlog (%)‘Qdu _ /Rd Md%

u

Theorem (Logarithmic Sobolev inequality (Gross, ---, Otto-Villani))

The relative Fisher information is the (squared) slope of the relative entropy and

H(ub) < 55 T(ub). (Ls)

The proof of (LS) follows from the general inequality for A-convex functionals

D(p) — D(min) < 5= (09 (1) -

16

once we know that Z(u, ) = [OH(:|7)|%(1)-



Application: optimal constant in Sobolev inequality
Let d > 3 and p := 2* such that % = Then

1
3

1 —d/p
i Vw2 de : Pdp =11 = V|2 = (at—— 2|2
m1n{/ﬂ§d| w| dx./Rdw dx 1} /]Rd| wp|dz, | wp: (a 2(d71)‘x| ) .

Proof. Let wP =: u, wf =: up, and take F(u) := —dul—1/d, L(u) := ul=1/d

2 =70+ [ e an 0000 = T a0 2 2w

1
2

u

|0®|? () =/Rd )%(“) +x)2udx=/m Mdm+/md |x|2d”+2/md (VL(u),z)dz

L(u)|? 2
:/ deqt/ |z|2d,u72d/ L(u) = 26d/ ‘Vul/p‘ dz +29(p),
Rd u Rd R4 Rd

2
where ¢g = 2(%) . Since |0®|(up) = 0 we get

2
cd/ ‘Vu;/p‘ de = —®(up)
RrRd

L 2 1/p|?
() = (up) < 109 () = cq Rd\w | dz + @ (u),

/Rd‘Vul/p‘QZ/Rd‘Vu;/p‘z.

so that
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Generation results for gradient flows of displacement A-convex
functionals
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Generation

Equivalent definitions

Theorem (Ambrosio-Gigli-S.)

Let ® : P5(R%) — (—o0, +00] be a proper, lower semicontinuous, and
displacement X-convex functional and let p : (0, +00) — P2(R%) be a locally
Lipschitz curve. The following properties are equivalent:

> 1 satisfies the continuity equation
t1
O¢p + div(pv) =0 / / |'Ut|2 dpedt < +oo  for every 0 < tg < t1 < 00
tg JRd

and v is a strong Wasserstein subgradient vy = —9°®(u¢) for a.e. t.

> 1 satisfies the Evolution Variational inequality for a.e. t > 0

d A
SWEut,0) < 0(0) — B(we) — W1, 0) for every o € D(@)  (EVI)

> 1 satisfies the Energy tdentity

d 1 1
=57 @) = Slul* + S10P* () ace. in (0, +00),

also in the weaker integrated—inequality form (when po € D(P))

t
W)+ 5 [ (lnl? + 1092 )) dr < Do),

1Q



Generation

A key ingredient: the chain rule

Theorem (Chain rule)

Let ® : P5(RY) — (—o00, +00] be a proper, lower semicontinuous and A-convex
functional, and let p : [a,b] — R¢ be a Lipschitz curve.

If t — |0P|(ut) is integrable in (a,b) then the map t — P(u) is absolutely
continuous and

d
S00u) = [ (00 dy > [l [09](a) ac. in (a,D)
R

where vy is the Wasserstein velocity of p.

If 1 satisfies the energy inequality then

1 t . chain rule ¢ o
5 | (el +100P ) dr < @0) = 0y 2 [ [ 0, 0000u0)) s
0 0 JRrd

2
so that
1 t 12 2 o
5 | (e 4 100Pwn 42 [ (000 dur ) dr <0
0 R4
ie.

vy = —0°®(u¢) for ae. t > 0.



Generation

The main generation result

Theorem (Ambrosio-Gigli-S. 05, S. 07)

Let ® : P5(R%) — (—o0, +00] be a proper, lower semicontinuous, and

displacement X-convex functional. For every po € D(®) there exists a unique
curve pt = S¢lpo] solution of (EVI) such that limg o e = pio.

> The map t — S¢[-] is a continuous semigroup of A contractions in
D(®) C Z2(RY),

Wa(St[pol, St[p1]) < e M Wa(po, p1)

> is locally Lipschitz in (0,+00), for every t > 0, S¢[po] € D(0P) C D(P),
and satisfies the regularization estimate (here A =0)

W3(uo,0) Vo € D(®)

N | =

2
W3 (0,0) + 6(B(1e) — B(0)) + 10 () <

> The curves t — ug and t — ®(ue) are right differentiable at every t > 0 and
satisfies the minimal selection principle

d
t— —?cb(ut) = ‘ﬂt+|2 = |8¢"2(Mt) 18 nonincreasing.
+

> Asymptotic decay, X >0  Wa(ut, tmin) < e~ Wa (1o, fmin)

D) = (pimin) < & (B(a0) = B(pmin)), 10B(e) < DB 1)
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Bl Convergence of the variational scheme by energy identity

29



Convexity properties of the distance
The squared distance enters in a crucial way in the minimizing functional
1
M — 2fWQQ(M;H, M) + &(M).
T

The behaviour of the squared distance along geodesics should play a
crucial role. In the Euclidean case

1z

d?(u,xg) = (1 — 0)d%(u, 20) + 0d?(u, ®1) — O(1 — 0)d? (a0, x1).

29



onvergence

The Wasserstein space is Positively Curved (PC)

In R™ = 5(R2) consider two point masses po and g1 ...
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Jonvergence

The Wasserstein space is Positively Curved (PC)

In R™ = 25 (RQ) consider two point masses po and g1 ...and a third reference

measure v.
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Jonvergence

The Wasserstein space is Positively Curved (PC)

In R™ = 25 (RQ) consider two point masses po and g1 ...and a third reference

measure v.

O RN

VVZ2 (N9) V)
The Wasserstein distance is given by

W3 (v, ug) = min (a2 +b202,a% +0%(1 — 0)2>

It is not A-convex, for any A. t




Convergence

Slope estimate (1)

Rewrite the minimum problem

WMy, MpY) WV, My~

p(M) < +a(V)
2T 2T
as
W2 \% Mnfl W2 M™ Mnfl
s(ur) — o) < L2ULMET) | W OME M)
2T 2T
— WQ(Vv M—’:’—lil) — WQ(\[Tn7 ]\/[-:’171) WQ(V7 M-Z-Lil) + WQ(A[:v ]\/[-?7
N T 2
) ) ) Wa(V, M) WQ(‘/",M:L_l) +W2(ﬂf,;',Mf_1)
(triangular inequality) < 3 .
T

Dividing by Wa(V, M) and passing to the limit as V — M" we get

|0®|(M7) <

Wa(Mp, Mz—1) \
T

26



Convergence

Positively Curved (PC) spaces and semiconcavity of the
distance

The euclidean case || identity
d?(u, 2¢)=(1 — t)d?(u, 20) + td?(u, 1) — (1 — t)d? (a0, x1).
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onvergence

Positively Curved (PC) spaces and semiconcavity of the
distance

The euclidean case || identity
d?(u, z¢)=(1 — t)d?(u, 20) + td?(u, 1) — t(1 — t)d?(xo, z1).

The Wasserstein case || inequality

W3 (v, ut)

(1= W3 (v, po) + tW3 (v, 1) — t(1 — t)W3 (o, pa)-

¥l

o
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onvergence

Positively Curved (PC) spaces and semiconcavity of the
distance

The euclidean case || identity
d?(u, 2¢)=(1 — t)d?(u, 20) + td?(u, 1) — (1 — t)d? (a0, x1).

The Wasserstein case || inequality

W3 (v, ut)

(1= t)W3 (v, o) + tW3 (v, 1) — t(1 — t)W35 (po, p1)-

¥l

o

1
Difficulty: the functional g +— 2—W22(1/, w) + @(w)
T

looses any convexity property

oK



Convergence

Refined discrete energy estimate (2): convex functionals
W2(U, Mr—1) N

M? minimizes the functional U +— 5
p

o(U)
M»

Ve
Vo= (1—0)Mr ' o 25y
Mn— 1

W3 (Ve, MP—Y) _ s WE(MY, M

. B(Ve) < (1—0) M) +0d(M™)
2T 2T

The function

v, gn—1
— 62 W22(“\"[77}7 A"[‘:'l )

0 5 +(1=0) DM Y +oD(MD)
T
has a minimum at 6§ = 1; its derivative at # = 1 is therefore nonpositive and we
find
W2(M®, MP1 ,
P D ey - eup ) <o J
T &T"

o7



Convergence

Discrete slope-energy inequality, convex functionals

Wa (M, M )}

Slope estimate (1) 68@(17:) <
p

Discrete energy estimate (2)

WMz, My
[2( T ) <M - @(AVVJ;"J
-

T WE Mz, M7
2 2

S

+ ZloaP () < B (M) - @(My) \

Summing up:

N 1 Agn—1 N
W3 (M2, M N
S WM ) TSN g (M7 < @(uo) — B(MY)
n=1 2

n=1

VR

T

Compare with the continuous energy identity

1 [T 1 [T
7/ |m|2dt+7/ 10D]2 (we) dt = B(uo) — B(wr).
2 /o 2 Jo

oK



Convergence

Slope decay (2), convex functionals

W2e, Mp! ,
@a@ (M™) + T% <o(Mrly - @(A]f’ﬂ
T

By the definition of the slope for a convex function

DMLY — B(ML) < 9R|(M ) Wa (M2, A7)

W2(Mr, M1 , , ,
Tjoep () + g% <) - B < |OD|(MI ) Wa(ME 1, M)

T

ZloR2 (M) + oo WR(ME M)

0®|(M7) < 0| (M)

2Q



Convergence

Summary

» Rough discrete energy inequality

W2 Mz, Mr! ,
TIBEIE ) ca0u ) - e

» Slope estimate
Wo (M, M2—1)

T

0P| (M) <
Convexity:

» Discrete slope—energy inequality

T WE(MP,MP)

T
5 = + ZlpaP (M) < S(Mr 1) - @(1y)

v

Slope decay

[0@|(M]') < |o®@|(M] 1)




Convergence

Convergence for convex functionals with compact sublevels

If & : P3(R?) — (—o0,+00] be a convex functional with compact sublevels then
the piecewise constant interpolant M converge pointwise in &2 (Rd). Passing to
the limit by lower semicontinuity in the inequality

*Z

n=1

W3 (M2, M~
—) +10®12(M™) + d(MY) < &(M2)

we get

1 (T
5 [ i+ 1092 dt + 8(1ar) < BGuo)

which is enough to conclude.

21
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