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= Extended abstract

The analysis of shapes as elements in a frequently infinite-dimensional
space of shapes has attracted increasing attention over the last decade.
There are pioneering contributions in the theoretical foundation of shape
space as a Riemannian manifold as well as path-breaking applications to
quantitative shape comparison, shape recognition, and shape statistics.
The aim of this lecture series is to adopt a primarily physical perspective
on the space of shapes and to relate this to the prevailing geometric
perspective. Indeed, we here consider shapes given as boundary contours
of volumetric objects, which consist either of an elastic solid or a viscous
fluid.



= Extended abstract (cont)

In the first case, shapes are transformed via elastic deformations, where
the associated elastic energy only depends on the final state of the
deformation and not on the path along which the deformation is
generated. The minimal elastic energy required to deform an object into
another one can be considered as a dissimilarity measure between the
corresponding shapes. We apply this approach for shape averaging and
shape statistics. Thereby, an elastic deformation is assigned to each
shape. The shape average is then described as the common image under
all elastic deformations of the given shapes, which minimizes the total
elastic energy stored in these deformations. The model is relaxed
involving a further energy which measures how well the elastic
deformation image of a particular shape matches the average shape, and
a suitable shape prior can be considered for the shape average. Shapes
are represented via their edge sets, which also allows for an application to
averaging image morphologies described via ensembles of edge sets.
Furthermore, based on the notion of nonlinear elastic deformations from
one shape to another, a suitable linearization of geometric shape
variations is introduced.



= Extended abstract (cont)

Furthermore, a covariance metric — an inner product on linearized shape
variations — is introduced, which robustly captures strongly nonlinear
geometric variations in a physically meaningful way and allows to extract
the dominant modes of shape variation. Here, we compare a standard
L?-type covariance metric with a metric based on the Hessian of the
nonlinear elastic energy. To make this approach computationally
tractable, in this case sharp edges are approximated via phase fields, and
a corresponding variational phase field model is derived. Finite elements
are applied for the spatial discretization, and a multi-scale alternating
minimization approach allows the efficient computation of shape averages
in 2D and 3D.



= Extended abstract (cont)

In the second case, shapes are transformed into each other via viscous
transport of fluid material, and the flow naturally generates a connecting
path in the space of shapes. The viscous dissipation rate—the rate at
which energy is converted into heat due to friction—can be defined as a
metric on an associated Riemannian manifold. Hence, via the extraction
of shortest transport paths one defines a distance measure between
shapes. The approach can easily be generalized to shapes given as
segment contours of multi-labeled images and to geodesic paths between
partially occluded objects. The proposed computational framework for
finding such a minimizer is based on the time discretization of a geodesic
path as a sequence of pairwise matching problems, which is strictly
invariant with respect to rigid body motions and ensures a 1-1
correspondence along the induced flow in shape space. When decreasing
the time step size, the model leads to the minimization of the actual
geodesic length, where the Hessian of the pairwise matching energy
reflects the chosen Riemannian metric on the underlying shape space.
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= Extended abstract (cont)

If the constraint of pairwise shape correspondence is replaced by the
volume of the shape mismatch as a penalty functional, one obtains for
decreasing time step size an optical flow term controlling the transport of
the shape by the underlying motion field. The method is implemented via
a level set representation of shapes, and a finite element approximation is
again employed as spatial discretization both for the pairwise matching
deformations and for the level set representations.

Beyond a detailed presentation of these two approaches we give a
detailed comparison of the path-based and the state-based approach.
This lecture series is based on joint work with Leah Bar, Guillermo Sapiro
from the University of Minnesota at Minneapolis and Benedikt Wirth
from the University of Bonn.



m A Teaser
= Average of 3D kidneys

Five kidneys and their average (right).
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m A Teaser
= Shape PCA for scanned 3D feet




m A Teaser

= Nonlinear interpolation in multi-component cell motion
u
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= Two different concepts
u

m Recalling the finite dimensional case
m Path based Riemannian setup

m State based elastic approach
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= Two different concepts - Recalling the finite-dimensional case
m Springs or dashpots

Some simple physics:

Geodesic distance between x1, 75 € R? is ||zy — a:1||2.

2F=CZIJ2—[E1
/@/ S
T

m Spring model: By Hooke's law—the elastic energy of a spring

extended from z1 to x5 is W = 1C||zy — 21||3 — state based

m Dashpot model: The dissipated energy of a dashpot which is
extended from x; to x5 at constant speed is
Diss = [; 2ullv[|3 dt = 2pl|z2 — 21| — path based

Using this physical interpretation, we can express for instance the
arithmetic mean ¢ = 1 3% | &; = argming > | ||lz; — &||3 either as the
minimizer of the total elastic deformation energy W in a system where x
is connected to each x; by elastic springs or as the minimizer of the total
viscous dissipation when extending dashpots from z; to x.

14



= Two different concepts - Recalling the finite-dimensional case
= First recalling some basic geometric concepts

® A Riemannian manifold is a set M that is locally diffeomorphic to
Euclidean space.

m Given a path z(t) € M, t € [0,1], we define its derivative &(t) as a
tangent vector to M at z(t) — T,)M

m T4 M is equipped with the metric g, (- )
m The length of a path z(t) € M, t € [0, 1], is defined as
fol V/9x(1)(&(t), £(t)) dt, and locally shortest paths are denoted

geodesics.

m There is a bijection exp,, : T, M — M of a neighborhood of
0 € T, M into a neighborhood of x € M that assigns to each
tangent vector v € T, M the end point of the geodesic emanating
from z with initial velocity v.

enables the definition
mean and PCA later. 15



= Two different concepts - Recalling the finite-dimensional case
= Dissipation and the Riemannian structure

In a Riemannian space M, the path-based approach directly applies:

fol 9x(t) (2(t), (t)) dt can be considered as the energy dissipation Diss
spent to move a point from z(0) to (1) along a geodesic.

Why is this consistent with geodesics on a finite dimensional manifold?

Let M be a finite dimensional Riemannian manifold and consider a curve
s:]0,1] — M with s(0) = s4 and s(1) = sp, then s is a (shortest)
geodesic connecting s4 and sp, iff

[ viEaas [ Vieaa

Au@amgly@@a

for all curves ¢ : [0,1] — M with ¢(0) = s4 and ¢(1) = sp.
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= Two different concepts - Recalling the finite-dimensional case
= Why are these concepts in general different?

For any reasonable (even finite-dimensional) model of shape space,
objects are not rigid, and the inner relation between points defines the
Riemannian (and thus the path-based) structure:

m Dissipation Diss reflects the internal interaction accumulated in
time.

m This dissipation depends significantly on the path in shape space.
In contrast, when applying the state-based approach:

m we directly compare the state of internal interaction independent of
time

m i.e. there is no history of these relations

m This comparison can be quantified based on a stored (elastic)
interaction energy: vVW.

m which is then a quantitative measure of the dissimilarity of the two
objects but in general no metric distance.

17



= Two different concepts - Recalling the finite-dimensional case
m Testing the triangle inequality and the symmetry
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= Two different concepts -
u

m Recalling the finite dimensional case
m Path based Riemannian setup

m State based elastic approach
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= Two different concepts - Path based Riemannian setup
= A short review of dissipation in continuum mechanics

Viscosity describes the internal resistance in a fluid as a macroscopic
measure of the friction between fluid particles.

(viscosity of honey is significantly larger than that of water)

Mathematically, the friction is described in terms of the (symmetric)
stress tensor

0 = (045)ij=1,..d
whose entries represent a force per area element. (o;; is the force in z;
direction acting on an area element normal to the z; direction)
In a (monopolar) fluid: o = a(Dv) (v velocity)

Dv = (gTv;)ij:L...d

20



= Two different concepts - Path based Riemannian setup
= A short review of dissipation in continuum mechanics (cont)

For rigid body motions the stress should vanish:

rotational component of the local motion is £ (Dv — (Dv)T)
(local rotation axis V x v and angular velocity |V x v|)

— o = o(e[v]) with €[v] := %(DU + (Dv)T)

compressive stresses <« tr(Dv) (trace of Dv)
shear stresses < trace-free part of Dv

Oij = /‘(U%ho‘lr) + K. (O—bulk)ij

. ov;  0vj [ 8%
= M(@xj+8mi d 2~ 9uy, ”>+KZ

= Adyjtr(ev]) + 2peq;[v]

(p viscosity, K. modulus of compression, A := K. — %)

21



= Two different concepts > Path based Riemannian setup
= A short review of dissipation in continuum mechanics (cont)

a simple example:

o .
pure shear stress yi on horizontal area elements

22



= Two different concepts - Path based Riemannian setup
= A short review of dissipation in continuum mechanics (cont)

local rate of viscous dissipation: the rate at which mechanical energy is
locally converted into heat due to friction
A
diss[v] = §(tre[v])2 + ptr(e[v]?),
indeed o is the first variation of the local dissipation rate:
6(D'U)ij diss = Atre (Sij + 2u €5 = Oij

accumulated global dissipation of the motion field v in the time interval
[0,1] on a path of a moving object (O(t));¢ (o1

Diss [(u(t),o(t))te[()’l]] _ /01 /O (t)diss[v]dxdt

23



= Two different concepts - Path based Riemannian setup
= Defining a Riemannian shape space

m A metric G on the (infinite-dimensional) manifold S assigns each
element S € S an inner product on variations §S of S.

m The length of a differentiable curve S : [0,1] — S is then given by
LIS) = [ 18l dt = 3 \/SIS@IE @), (1)) dt.

m An infinitesimal variation S of a shape & = 0O is associated with
a (non-unique) transport field v € V(4S):

v(z) - v[S](z) = 0S(x) - v[S](z) for all z € S
m The metric in terms of the motion field:

G(65,08) := o Jo diss[v] dz

2.1 Definition (Geodesic path). A geodesic path between S, and Sp
in'S is a curve (S(t))tejo,1) € S with S(0) = Sa and S(1) = Sp which is
a local minimizer of

min  Diss |(v(t), O(t
v(t)EV(S(2)) (v(t), O ))te[o,l]]

among all differentiable paths in S.

24



= Two different concepts - Path based Riemannian setup
= An example

MAARRBRRRRB

geodesic path (L = 0.2225, Diss = 0.0497)

AAARRREEEB

non geodesic path (L = 0.2886, Diss = 0.0880)

computation based on a variational time discretization

25



= Two different concepts -
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= Two different concepts - State based elastic approach
= A short review of elasticity

Deformation of length, area and volume:

m |Dg| = \/tr(DpT Do) controls the averaged change of length:
1 1
/ |— ¢oc) )|dt:/ \/Dqﬁé'ngc'dt:/ DeTDgec - ¢dt
0 0

m |cofDg| controls the averaged change of area:
v? = |cofDpv| Lcof Dpv, da® = |cof Do v|da
where cof A = det A A~7.

m |det Dg| controls the local change of volume
/%—n.

IDg| |cof(Dg)| det (Dg)
length variation area variation volume variation




= Two different concepts - State based elastic approach
= A short review of elasticity (cont.)

Cauchy stress tensor: 0% = (03)” in deformed config.

Transformation of force density:

ovda=0c%?da® = o = 5%cof Do

Axiom of elasticity: ¢ = o(Dg)

Hyperelasticity:

stored elastic energy: W([¢] = [, W(D¢) dz

Euler Lagrange equations: fﬂ W a(D¢) : Dy dx =0
— —divIV 4(D¢) =0in Q, W 4(Dgo)r =0 on 0N.
Relating stress and energy: o =W 4

frame indifference: W (D¢) = W (DpT Do)

isotropy: W(D¢) = W (Iy, Iz, I3) where
I, I», I3 are the principal invariance of DpT D¢:
I, = |D¢|2a I = |COfD¢|2) I3 = det D¢

28



= Two different concepts - State based elastic approach
= A short review of elasticity (cont.)

m we consider a slightly more general:
W (A) = W (A, cofA, det A)

and later assume that W is convex.

m Linearized elasticity:
whin — / %(tre[u])2 + ptr(eu)?) dz
Q

where €[u] = 1(Du + Du”)

drawbacks:

rigid body motion invariant only for infinitesimal displacements



= Two different concepts - State based elastic approach
m The elastic dissimilarity measure

n V=019 ‘}‘? 1Y VW =0.23346 i’
A VW = 0.19696 ‘,‘? t‘ VW =0.34599 !J

. - -
/t'\ VW = 0.16861 . ; !..

A, VW = 0.20534 s
M - W o

Dissimilarity measure between two different shapes:

delast(SA7 SB) = min V W[¢7 OA] .

,9(Sa)=SB



= Two different concepts - State based elastic approach
= Overview

m A Teaser

m Two different shape space concepts

m A brief review of some related work
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m Conclusions
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= Related Work
m The very first appearance of the notion shape space

David G. Kendall: Shape manifolds, procrustean metrics, and complex
projective spaces. 1984

m Polygons with vertices Py, P, ..., Py in R™

m Define Shape space as the quotient space
2 = {®™)*71\ 0}/Sim,

where Sim denotes the group of similarities generated by the
rotations and dilatations

32



= Related Work
= Distance measures between shapes

G. Charpiat, O. Faugeras, R Keriven: Approximations of Shape Metrics
and Applications to Shape Warping and Empirical Shape Statistics, 2005

m distance measure between closed sets

p<91792) = sup |d91 (LC) - d92($)|
zeD
m equivalent to the Hausdorff-metric

(21, Q2) = max {sup dg, (z), sup dq, (x)}

xeD xz€D

m implemented via an approximations based on

sup dr(z') = lim

1/8
a2 (z")dr’ :c')
Jim (g | dar @)
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= Related Work
= Distance measures between shapes (cont.)

F. Mémoli, G. Sapiro: A Theoretical and computational framework for
isometry invariant recognition of point cloud data,

Consider bounded metric spaces (X, dx) and (Y, dy).
Then the Gromov-Hausdorff distance dg g (,) is given by

der(X,Y) = inf sup  |dx(z1,22) — dy (y1,92)]

(4,y:1)EG(9,%)

where G(¢,¢) = {(z, ¢(z)), z € X} U{(¢(y),y),y € Y} and the
infimum is taken over all arbitrary maps ¢ : X — Y and ¢ : Y — X.

in case of point clouds:

for discrete metric spaces (X = {z1,...,2,},dx) and
(Y = {yl; cee 7yn}7 dY) we define

d(va) = grelg}l lg?)én |dX(xi7 xj) - dY(ymvijN

34



= Related Work
m Shape Averaging and shape PCA

G. Charpiat, O. Faugeras, R Keriven (see above)
Empirical mean (E based on Hausdorff distance and perimeter):

1

~ E*(T,T;) — min

i=1,...,N
Empirical covariance
m gradient of I' — E?(I',T;) defines a normal velocity field 3;
m consider infinitesimal deformation x — 6;(z)n(z) of T’
= mean velocity 3 = (1/N) SN, 6;
m define the covariance operator A : L?(T') — L?(T') such that

N
B—Y 9(B,(8: — B)(B: — B)

i=1

35



= Related Work
= Shape Averaging and shape PCA (cont.)

P. T. Fletcher, S. Venkatasubramanian, S. Joshi: Robust statistics on
Riemannian manifolds via the geometric median. 2008

m Let M be a Riemannian manifold. The weighted geometric median
is defined as

N
m = argmin,c s E wid(x, ;)
i

m iterative scheme to compute the geometric median:

Mmrg4+1 = My — Osz

Gkizd;ii;k (de‘z,mk )

i€y

=1

36



= Related Work
» Computing geodesics in shape space

M. Kilian, N. J. Mitra, H. Pottmann:
Geometric modeling in shape space, 2007

m triangular meshes S are treated as shapes in a shape space
m the tangent bundle of S is given by discrete vector fields

m a deformation field at time ¢ is given by

X(t) = (%p(t))p nodes of S

m definition of the Riemannian metric

G(X,)Y):= Z (Xp—Xg)-(p—a) (Y, = Yy)-(P—q)
p,q nodes of S

where X,, € R for each tangent vector X.
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= Related Work
= Computing geodesics in shape space (cont.)

F. R. Schmidt, M. Clausen, D. Cremers: Shape matching by variational
computation of geodesics on a manifold, 2006

manifold of preshapes:

m closed planar curves ¢ parametrized over $' and represented by the
velocity ¢’ instead of the curve c itself

®m arclength parametrization: ¢/(e’) =€), where ¥ : [0,27] — R
m shape space S consists of all orbits ¥ - $!

geodesic distance between two shapes 9; - $} and ¥ - $3:

inf inf ||191'51*192'52||L2 = inf H’L91 7’[92'5”[12
51€8] s2€81 sest

38



= Related Work
= Computing geodesics in shape space (cont.)

P. W. Michor, D. Mumford:
Riemannian geometries on spaces of plane curves, 2005

m space of smooth regular curves in the plane viewed as the orbit
space of maps on $! modulo reparameterizations

m Riemannian metric:
g (v, w) :=/ (14 Arc(8)%)(v(6), w())]c'(9)|d6
Sl

where k. is the curvature of the curve ¢ and v, w are normal vector
fields to ¢

m Ax? is a regularization term:
for A = 0 the geodesic distance between two distinct curves is 0,
while for A > 0 the distance is always positive

B interesting properties of the space: among large smooth curves, all
its sectional curvatures are > 0, while for curves with high curvature
or pertubations of high frequency, the curvatures are < 0
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= Related Work
= Computing geodesics in shape space (cont.)

M. F. Beg, M. |. Miller, A. Trouvé, L. Younes: Computing large
deformation metric mappings via geodesic flows of diffeomorphisms, 2003

m images Iy, I; are given and connected via the diffeomorphic change
of coordinates Iy o p~! = I}

m here p = ¢ is the end point at t = 1 of the curve (¢t)te[o,1]
satisfying ¢; = vy (b )with ¢g = id

m the variational problem takes the form

1
AGMIN,, 5y (1) (/0 loell3-dt + ([ 1o 0 7 * — IlH%z)

where ||vt||y, is an appropriate higher order Sobolev norm

m related to multipolar fluids [Necas, Silhavy '91]
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= Related Work
= Computing geodesics in shape space (cont.)

M. Fuchs, B. Jittler, O. Scherzer, H. Yang: Shape metrics based on
elastic deformations,

m For § = 0O define linear "elastic” deformation energy

Elu] := /O %tr(ﬁ[u])2 + ptr(e?[u]) dz

m Elastic deformation energy of an infinitesimal boundary deformation:

2 A

U = inf Flu

luale,s L [u]
Tru=ug

m Let S4,Sp €S and S:[0,1] — S piecewise continuously
differentiable, then

1 1
L(S) = /0 S®)..sdt and E(S) = /0 S0 st

m explicit triangular finite element mesh for intermediate shapes
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m Elasticity-based shape averaging
u

m Variational definition of the shape average
m A relaxed formulation

m Applications

® Numerical Implementation

m Generalization of the model
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m Elasticity-based shape averaging
= Input objects

G o0l
6 0aC
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m Elasticity-based shape averaging
= Statistical tools
n



m Elasticity-based shape averaging
= Statistical tools



m Elasticity-based shape averaging -
u

m Variational definition of the shape average
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m Applications

m Numerical Implementation

m Generalization of the model
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m Elasticity-based shape averaging - Variational definition
= Recalling the spring model

® given: n points in space z;, i =1,...,n
n n
L . 1 . - 9
m classic arithmetic mean: x = 75 T2y = argmmg (T—m;)
V25 n
i=1 i=1

n
®m r = argmin E FE; where s; =z — x;
T
i=1

/a

force  F = Ds
energy I = %52
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m Elasticity-based shape averaging - Variational definition
= Transfering the spring model to shapes
u
m consider a one-to-one deformation ¢
from a shape to the (yet unknown) average

m assign an “elastic” energy W[O;, ¢;] to each deformation

®m minimize the accumulated energy

> WI0;, ¢;] — min!

=1
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m Elasticity-based shape averaging - Variational definition
m A further example

83 '52
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Variational definition

>

» Elasticity-based shape averaging
= A rigorous definition

4.1 Definition (Average Shape). The stored elastic energy of a spring

system is given by

; else .

_{ %712 WI[O;, ¢4

Let As be the admissible set of shapes. Then the average shape S is

defined as
S= argmin &[S, (di)_y )]
SeAs, ¢i:0; R4 o

5 0:(S)=8Sfori=1,...,n

50



m Elasticity-based shape averaging - Variational definition
= An existence result

4.2 Theorem (Existence of a shape average). Let p > d and let the
hyperelastic energy density be denoted by W. We assume that
m W is polyconvex,

m has the form W(A) = W (A, cof A, det A)
m and satisfies W(A) > C|| Al — C

for some C,C > 0 and for all A € R¥*d,

Furthermore, assume there exist homeomorphisms vy € WLP(Oy)
between Oy, and O; with W|[Ok, ] < oo forall 1 <k, < n.

Then E[S, (¢i)i=1.....n] admits a minimizing shape S C R¢ and
corresponding deformations ¢; : O; — R?, i =1,... n.

il



m Elasticity-based shape averaging - Variational definition
= An existence result (cont.)

Proof.

inf & < 0o due to E[S;, (Vi1)i=1,..n] < oo for1 <1 <mn.

Consider a minimizing sequence (d)f)] and S7 = qu(SZ)

growth conditions on W = ¢{ uniformly bounded in wir(0;) =
weakly converging subsequence, strongly in C%(0;) for a < 1 — %.

1 0 Yri(Sk) = 91.(Sk) — Si(Sk)

&7 © Vi (Sk) = 1 0 Vit (Sk) = du(Sy)

Hence, ¢r(Sk) = ¢1(S1) =1 S Vk, I and thus

S, ()i, n] = 7 2ica WIOs, i)

Due to polyconvexity of W, p > d usual weak lower semi continuity
applies and thus &[S, (¢i),_, ] <liminf; €[S/, (¢])i=1
= the minimizer is (S, (¢:);— _,)-

52



m Elasticity-based shape averaging - Variational definition
s A PDE constrained optimization problem

.s . .
%
B D
D
Sy S,

4.3 Remark. Our approach can be considered as a PDE-constrained
shape optimization model:

We optimize the shape S with respect to the cost functional

n
Z W[O’Lv (bz]
i=1
under the constraint that ¢ is a minimizer of the functional

Bi — WI[O;, ¢4
with (bl(Sl) =S.
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m Elasticity-based shape averaging - Variational definition
s The Euler Lagrange equations

4.4 Lemma (Point wise force balance). The average shape is
characterized by the system PDEs —divW 4(D¢;) = 0 for every
deformation ¢; on O; \ S; and the boundary condition

0= 3 o*lo]@wIS]@)

i=1,...,n
Here v[S](x) is the outer normal on S and

o*¢i] = (olei)(det D) ™' Do} ) 0 67

the Cauchy stress tensor corresponding to the deformation ¢; in the
deformed configuration.

i : 11(T)

(T)
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m Elasticity-based shape averaging - Variational definition
= The Euler Lagrange equations (cont.)

Proof. For the consistent variations (1 + eu) o ¢; we obtain
d Z W[O (1+ eu) o ¢y]|_, =0. Hence

de )
/ W 4(D¢;) : D(uo ¢;) dz

( dlv W 4(D¢;)(uo ¢;) dz + /;.V'A(D(bi) H(uo ;) ®v[Si] da[S¢]>

i=1,...,n

where v[S;] is the outer normal in S; = balance relation between
deformation stresses on the averaged shape S:

> olgilvISi]dalSi] =0,

i=1,...,n
Finally, by a push forward:
o(¢i]v[Si] dalSi] = 0*[¢4](2)v[S](x) dalS]
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m Elasticity-based shape averaging - Variational definition
= Impact of the underlying elasticity model
u

Hyperelastic energy:

W¢] = /Q W (D¢, cof (Dg), det (Dg)) dx

m naturally built in frame indifference, measures lack of isometry

m frees us from imposing artificial boundary conditions

A straight and a folded bar are averaged. The distribution of |D¢;|, and
det (D;) with ranges of [0.97v/2,1.03v/2] and [0.97, 1.03] color-coded
as I . The original bars describe an angle of 180° and 118°, while
the average has an angle of ~ 150°. The image resolution is 513 x 513.
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m Elasticity-based shape averaging - Variational definition
= An alternative model

4.5 Definition (inverse model). Take into account the corresponding
inverse maps ; = ¢, L and their elastic energy:

T T
Obviously, det Dvy; = m, Di; = zc;i?;;l , and cofDy; = 7(13%%_

Hence, the elastic energies associated with the inverse deformations ;
on the stress-free reference configuration S are defined as:

. . fD¢;5 | Dl 1
Wlnv[wi] ::/ |detD¢l| 1974 < |C0 ¢ |2 | ¢ |2 ) d(E7
O;

(det D(bZ)Q ’ (det D¢i)2 ’ det D¢Z

where W [1);] = W™[O;, ¢4].
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m Elasticity-based shape averaging -
u

m Variational definition of the shape average
m A relaxed formulation

m Applications

m Numerical Implementation

m Generalization of the model
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m Elasticity-based shape averaging - A relaxed formulation
= Mismatch penalty and length regularization

The hard constraint ¢;(S;) = S is often inadequate in applications due to
local shape fluctuations or noise in the shape acquisition which should
not be encountered in the shape average.

4.6 Definition (relaxed variational model). Consider the mismatch
penalty

JT[S“(ZS“S] = Hdil(SZA(ﬁ:l(S))v

where AAB = A\ BU B\ A, and the resulting total energy

ES, (B)ims,ond = - O WIOw 6] +7FIS:, 65, ]) + LIS).
i=1
and define
S = arg min 5[3, (¢l)z:1n]

S€As, ¢i:0;—R4
where As is an admissible set of shapes.
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m Elasticity-based shape averaging - A relaxed formulation
m Extracting shapes from images

m shapes may be seen as special cases of images

m consider the edge set/discontinuity set S
of an image u as shape

imagESUl BBEE

diffused interface: Ambrosio—Tortorelli approximation

Exrlu,v] = a/

(u—up)®dz + ﬂ/ v?|Vu|? dz
Q Q

1
+ u/ €|V|? + —(v —1)?dz
Q 4de

Up v
1 1

smooth edge representation:

~€
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m Elasticity-based shape averaging - A relaxed formulation
= Deriving a phase field model

. given ! images u,i E B B E

m obtain phase fields v; by

Ambrosio-Tortorelli segmentation

m find average phase field v: 2 — R
(and corresponding deformations ¢;)

m ¢;(S;) = S becomes v; ~ v o @;
complementarity energy: symmetric edge matching

Felvo ¢y, v] = %/ﬂ(? 0 ¢:)%(1 —v;)? —|—v?(1 —vo¢;)da

9

e
L] = %(\VZV\Z+F<(»1)7(1J>
Q
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m Elasticity-based shape averaging - A relaxed formulation
= Energies in the phase field model

hyperelastic energy

WIO, ¢] = /O W (D¢, cof D¢, det D¢p) da
W (A,C, D) = a;|A|P + a3|C|? + (D)
complementarity energy and regularization
Félw o ¢y, v5] = %/Q(v 0¢;)?(1 —v;)? +vi(l —vog;)?d
L] = / e|Vou|> + 16(1)—1) dz

shape averaging functional

7¢17 7¢’I’L Z 27¢ +7F6[UO¢MU’L]+IU’L€[ ])

=1
y>1, pk1
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m Elasticity-based shape averaging - A relaxed formulation
» Practical modification of the elastic energy

soft material outside (§ = 10~4):

W0, ¢i] = /Q ((1 — )X, + 5) W (Dg;) dz,

where X'¢, is a smooth approximation of X, .

Impact of the choice of the effective elastic domain:
o= 107+ :
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m Elasticity-based shape averaging - A relaxed formulation
m Existence of a minimizer for the relaxed model

4.7 Theorem (existence of a phase field shape average). Suppose
d=3, ¢4, v, u>0, and consider a set of admissible deformations

A = {$:9—-Q|¢eW"P(Q),cof D € LI(1),
detD¢ € L"(2),det D > 0 a.e. in Q,¢ =1 on 00}

on a uniform image domain 2 = [0, 1], where p, ¢ > 3 and r > 1. We
assume W is convex and the growth condition such that

W(A,C,D) > k(AP + |C|*+ D" + D*) holds for >0 and s > 24
If the input phase fields (v;)i—1, . n lie in WH2(Q) with 0 < v; <1, then
the energy

Ev, (d4)i=1,. -1 Z W65 [Oi, i) + yFC[vi, sy ])—Fu[,e[v]
i=1

7"_E

attains its minimum over v € W'2(Q) and (¢;)i=1,...n in A™.
Furthermore, v € 0L (Q), ¢; € COP(Q), vo ¢ € COP for all
O<a<l-— S+1,
homeomorphisms.

0<p<l— f’) and the minimizing deformations are



m Elasticity-based shape averaging - A relaxed formulation
m Existence of a minimizer for the relaxed model

Proof. E[v,¢1,...,¢n] = Z (/ W (D, cof Dep;, det Dgp;) da
-1 /e
+g/ﬁ(vo¢i)2(1—vz) 02 (1—vog;)? dx+/‘/ﬂe|vv\2+i(1}—l)2dx)

W[D¢] > &(|Dg[P+|cot Dp|?+det Dg" +det Dg~*), p,¢>3, s> =5, r>1
m energy not infinite and bounded below
® minimizing sequence (v*, ¢k, ..., ¢k)
m det D¢F > 0 a.e., ¢F bounded in W1P(Q), ¢¥ homeomorphism (cf. [Ball’83])
m byproduct: transformation rule [, f o ¢Fdet Dg¥ dz = ftiz’f(ﬂ) fdx
m replace v¥ by argmin, E[v, ¢F, ..., ¢k]

m Euler-Lagrange:

—elot = — L ("1 (0o )1 —u (v o 4 ~1)uf) et D)

m new v* bounded in L>(Q) N W25+ with v* () € [0,1]
m sequential weak lower semi-continuity for (v¥, ¢¥) — (v, ¢;) O
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m Elasticity-based shape averaging -
u

m Variational definition of the shape average
m A relaxed formulation

m Applications

m Numerical Implementation

m Generalization of the model
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m Elasticity-based shape averaging - Applications
m Averaging B’s

- o
S
D) o e
«53 82
P4 S ‘¢1\
D
D
Sy

S1

Resolution 257 x 257 and parameters v = 107, = 1,
(a1, az,a3) = (10%,0,10).
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m Elasticity-based shape averaging - Applications
= Averaging 2D silhouettes

. ©) @)
©) ©)
©)

resolution 513 x 513, and parameters v = 107, uw=10"2,
(ala az, a3) = (10107 07 1010)
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m Elasticity-based shape averaging - Applications
= Shape averaging examples (cont.)

HNNRAAK

20 shapes “device7” from the MPEG7 shape database and their average
phase field.
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m Elasticity-based shape averaging - Applications
= Further 2D examples (cont.)

P12 11111
 AA2AARAX]
v oo fS

18 hand and 8 fish silhouettes ([Cootes, Taylor, Cooper,Graham '95] shape
database at the Centre for Vision, Speech, and Signal Processing,
University of Surrey)



m Elasticity-based shape averaging - Applications
= Further 2D examples (cont.)

20 shapes “stef” from the MPEG7 shape database and their average
phase field (bottom right) for elastic parameters
(a1,az,a3) = (107,0,108) (black) and (a;,as,as) = (10%,0,10°) (red)

(resolution 129 x 129, v = 107, u = 1072)
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m Elasticity-based shape averaging - Applications
= Average of 3D kidneys (cont.)

n
Five kidneys and their average (right).

g vexqg
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m Elasticity-based shape averaging - Applications

WYYy yy.
Yy yyyyyyy.,
PDPIDOD I



m Elasticity-based shape averaging - Applications
= Averaging image morphologies

Averaging CT scan slices of the thorax from four different patients,
from left to right: original image, ¢;, |D¢;l,, and det (Dg;)
(resolution 257 x 257 and parameters v = 107, w=0.1,

(a’lv az, 0,3) = (1067 07 106))
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m Elasticity-based shape averaging -
u

m Variational definition of the shape average
m A relaxed formulation

m Applications

m Numerical Implementation

m Generalization of the model
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m Elasticity-based shape averaging - Numerical Implementation
= Variation of the energy

For the total energy

£, (Bi)ict, ] = = 3 (WoO[0s, 64 + 1 F<[os, 63, v]) + uL<[o]
i=1

3

we compute 6,E¢ = L 3" | 6, F¢ + pud, L and
05 €€ = 3 2071 (85, WV + 704, F€) with

(6, F€,09) = %/(1}(177),; o) —(viog; (1 —v)) - 9|det (Dg; )| dz

$:(Q)
G750 =2 [(1=0)*(006) — 2(1-v09) (Voo ) - wdo
Q
(0,L5,9) = Q/EVv -V + 4%(11 —1)ddx
Q

(85, WS ) = / ((1 — )X, + 5) W (D) : Dy da

Q
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m Elasticity-based shape averaging - Numerical Implementation
= Variation of the energy (cont.)

fully enrolling the derivatives:

if W(A,C,D) = W(|A|2 IC|?, D) and
a1 (I

W (I, I, I3) =

W’A(A):B = 2(9[1
20y,
ar,

3)% +as(lo—3)% +az (I3 + 215 — “£2) then

W(|A]Z, |cof A]3 ,det A) A: B+
W(A]3, |cof Al3 , det A) cof A : dacof(A)(B) +
W (A5, |cof A3, det A) dadet (A)(B),

dadet (A)(B) = det(A)tr(A™'B),
dacof(A)(B) = det(A)tr(A'B)A™T —det(A)A~TBTA™T.

78



m Elasticity-based shape averaging - Numerical Implementation
= Space discretization via finite elements

m Consider images u;, phase fields v, v;, and deformations ¢; as being
represented by continuous, piecewise multilinear (trilinear in 3D and
bilinear in 2D) finite element functions on 2 = [0, 1]¢

m denote discrete quantities by U;, V, Vi, ®;, e.g. V = (V;);er, with
V=3 icr, Vipj where {¢;}jer, is the nodal basis and I, the
grid node index set

m For ease of implementation we suppose dyadic resolutions of the
images with 27 + 1 pixels or voxels in each direction corresponding
to a grid size h = 27 L.

= Z]E[} Zj 1. P, pjer, where e, ..., eq is the canonical
basis in R¢
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m Elasticity-based shape averaging - Numerical Implementation
= Space discretization via finite elements (cont.)

0=6,6= 237 | 6,F + pub,L° —>

3 ; - ~ 1Y
0= (ne ZZ\/[ [((I*Viotl)i 1)2+(Vioq)i 1)2) det DY; 1]+,u6L+46]\1[1]>V
i=1
i)Y =1y2 =i & o,
—|— > M |(Vio®, )°det DD, EMA) 1= Ay 6.V — by .,
(nﬁ z:zl [( 9] '3 ) € 7 } + 46 [ ]) = Vi, ®; Vi, ®;

where the generalized mass matrix M[w] and the matrix L are defined as

Mw] = (/ W;p; dx> , L= (/ wV; - Vo, dx) ,
Q ij Q ij

< linear in V, nonlinear in ®;
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m Elasticity-based shape averaging - Numerical Implementation
= Space discretization via finite elements (cont.)

0= 6¢i56 %Z?ﬂ(%iwé + '75@‘7:6) 2
2
0 n—z (1= Vi)2(Vod;) = V(1 - Vod;)) ¥ (VVod,)de
Q

+%/Q ((1 —9)Xo, + 5) W A(D®;) : DY dx

nonlinear in ®;

m perform a fixed point iteration, alternatingly updating V and ®;

m Equation resulting from 0 = §,£°€ is linear in the vector V for fixed
deformations ®; and therefore solved by conjugate gradient
iteration.

m Resort to a regularized gradient descent to update ®; according to
®; = ¢ — rgrady, &),

with respect to the weighted H' inner product

2
g
(\Ifl, \:[12)0- = (\Pl,\IIQ)LZ -+ 7(D\I/1,D\I’2)L2 o
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» Elasticity-based shape averaging

> Numerical Implementation

m Computing pull back and push forward under a deformation

u

AN

¢ -

N

AR

pull back functionals [, f(U o ®)dx
m exact evaluation at quadrature points

push forward functionals [, f(V o ®~!)dz
m [, f(Zn(V o @71))dz not sufficient
m compute Zp,(®~1):

m for each grid cell C'
identify nodes N; € ®(C)
(O(1) on a structured grid)

= Newton iteration for ®~1(N;)

m compute [, f(V o Z,(®~'))dx as above
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m Elasticity-based shape averaging - Numerical Implementation
= Computation cost for an example
u

QQQ@
D

m 2573 grid nodes

m 48 data sets

m each with 1 phase field
3D deformation

~ 3-10° dofs (12GB in case of 4 byte per dof)

remarks on the implementation:

m problems on multiple scales

m alternating gradient descent «— easy to run in parallel
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m Elasticity-based shape averaging - Numerical Implementation
= Algorithm

EnergyRelaxation ((U?);=1,...)

initialize ®; = 1 on grid level [y for all i =1,...,n;
for grid level [ =1y to L {
do {

segment the images (U?);—1,..., to obtain phase fields (V;)i=1, .. n;

Vold =-V:
solve the linear system
Ay, o,V = by, o, for the phase field vector V;
for imagei=1ton
for count k =1to K {
@ciald = @i;
perform a gradient descent step
with Armijo step size control for 7; }
} while(}"7" | @S¢ — &;| + |V — V| > Threshold);

if (I < L) prolongate V, ®; for all i = 1,...,n onto the next grid level;

}
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m Elasticity-based shape averaging
= Energy decay in the algorithm

H E B B
1)
n

WO 6]+ welo

o 200 400
itcrations

1 r’_—(—

0 200 400

iterations

>

Numerical Implementation

Feluisdin ]

x 10
11
10
9
8 .
o 200 400
tterations
0.55
0.5
0.45
BN
0.4 - - {h{-
0.35
o] 200 400

iterations
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m Elasticity-based shape averaging -
u

m Variational definition of the shape average
m A relaxed formulation

m Applications

m Numerical Implementation

m Generalization of the model
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m Elasticity-based shape averaging - Generalization of the model
= Weighted averaging in shape space

modified averaging functional:

V[0, ($i)imtren] = Y (AWFIO: 6] + L F<[ws, 65,01 ) + HLPo]

i=1

with \; >0and >0 A\ =1
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m Elasticity-based shape averaging - Generalization of the model
= Joint segmentation and averaging

So far the shapes S; are assumed to be robustly extracted from a set of
images u; with ¢ = 1,...,n and are a priori given.

However, image edges may be characterized by significant noise or low
contrast and hence will be difficult to extract.

Alternative: Joint approach of shape segmentation and registration with
an averaged shape:

m the quality of shape averaging highly depends on the robustness of
the edge detection in the input images

m a reliable average shape can be used to improve edge detection in
case of poor image quality



m Elasticity-based shape averaging - Generalization of the model
= Extending the variational approach

For shape segmentation we pick up the Mumford and Shah approach for
input images «® on an image domain §:

Ewslu, S, u’] :a/(u7u0)2dx+6 |Vu|? dz + vH*(S),
Q o\s

and end up with the joint functional

1 n
Sjoint [87(ui58’i7¢i)1‘:1 ,,,,, n] = ﬁ Z (5M5[u1787,7u?]+w[97¢1}+7~7_-[817¢178])
i=1
+pL[S],
Task: Relax simultaneously in the unknowns uT, Sz, d)z fori=1,...,n

and S for a fixed given set of input images (

AT

resolution 513 x 513, v = 107 =10" 2, (a1,a2,a3) 108 0, 108
a =10 8 =10°, v = 10°.



m Elasticity-based shape averaging - Generalization of the model
= Phase field approximation

n

Egind v, (us,v5,04)i] = %Z (Exluivi,ud |+ WEQ,03] +7F < [v5,65,0]) +pLE[v]

=1

4.8 Theorem. Under the above assumption and for u{ € L*(Q) for
i =1,...,n the energy

gﬁ:int[va (ui» Vi, ¢i)i:1,...,n]

attains its minimum over n-tupels of images u; € W12(Q2), phase fields
v; € WY2(Q), and deformations ¢; € A withi=1,...n, and over phase
fields v € W12(2). Finally, for the minimizer v; € CH* (Q),

ve ' (Q), ¢ e COF(Q), vop; € COF forall0 <o <1,
0<a”<1-:5,0<p <1-2 and the minimizing deformations are

. s+1"
homeomorphisms.




= Elasticity-based shape PCA

m General set up

Linear shape variations

m The actual covariance analysis

Applications
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= Elasticity-based shape PCA

m General set up

Linear shape variations

m The actual covariance analysis

Applications
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m Elasticity-based shape PCA - General set

up
= Extending the statistical tools



m Elasticity-based shape PCA -
= PCA of data points in R"

General set up

[Cootes, Taylor, Cooper, Graham '95]

data points
correlation matrix

matrix decomposition

modes of variation

X = (21| ... |zn)
1
= —(zi-zj)iy = -XTX
n(z 33])] n
C = OAOT
Y = XOVA-1
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m Elasticity-based shape PCA - General set up
= PCA of points on a manifold

inner product
<'7 >y in %M
geodesic distance
d('v )
average
r =argmin )y ., d(Z,z;)?

linear representative

[Fletcher, Lu, Joshi '03] Y YR T —.

[Charpiat, Faugeras, Keriven '03]
[Fuchs, Jiittler, Scherzer, Yang '09]
[Miller, Trouvé, Younes '02]

data points X = (v1]...|vn)
correlation matrix C = (;g;,;(vi, vj))ij
matrix decomposition C = OAOT

modes of variation Y = XOVA—T



m Elasticity-based shape PCA - General set up
= Building blocks of a shape PCA

RN Ny
Outline:
m represent shapes via a mode of variation in a linear space:
variation of the average shape via a displacement
m scalar product on these modes:
best physically motivated on the prestressed average object
m singular value decomposition of the modes:

physically sound dominant displacement modes

—— can be used for further statistical analysis

—— allows to define a new distance measure from a set of training data
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Elasticity-based shape PCA . General set up

m General set up

Linear shape variations

m The actual covariance analysis

Applications
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m Elasticity-based shape PCA - Linear shape variations
= Boundary stresses as a representation of shape variations

j«b;(x)/—ﬁ\) LL

¢35 (z)

~ %

By the Cauchy stress principle, each deformation ¢; : O; — O is
characterized by pointwise boundary stresses o;v on S:

m The resulting stress o;v is a force density acting S.
m S is in equilibrium if the opposite force is applied as external load.

m The average shape can be described in terms of the input shape S;
and the boundary stress o;v, and we write S = S;[o;V].

m There is an associated one-parameter family of shapes
S(t) = Si[to;v] connecting S; = S(0) with S = S(1).

Characterization of the shape average by the point wise balance relation:

0= . Z oi(z)v(z)
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m Elasticity-based shape PCA - Linear shape variations
= Displacements representing shape variations

How to compute a representing displacement for the family S;[to;v]?

Apply the Cauchy stress doiv to the average shape S (0 << 1) and
define the perturbed energy

1 n
Ex [0, u]=£z WIO;, (]l+6u)o¢i]—52/sak1/-uda .
i=1

Define a displacement uy, as the minimizer of £[d, u] for fixed
deformations (¢;);=1,...» under the constraints fo ur dr = 0 and
Joz x updz =0,

5.1 Lemma (Euler—Lagrange condition for u;). The scaled
displacement & uy, solves —div o[d u,] =0 on O and [0 ui|v = doiv on
S with 1

o6 u) Z W A((1 4 0Dug)Dé; 0 by H)cof D(¢; )

i=1

the first Piola—Kirchhoff stress tensor on the compound object O.



m Elasticity-based shape PCA - Linear shape variations
= Displacements representing shape variations (cont.)

Proof. Abbreviating ¢, := 1 + duy, the optimality condition reads
0 = <a¢k 51@7 ’(/J>

= ,Z/ W a(D(x 0 ¢;)) : Dy o ¢;Dep; dw — 5/G'kl/ )- da
- RZ/OW,A(DWDOZ-OW1)cofD(¢,,;1):Dwdx—%aky)-¢da

_ /OU[(SUM :Di/)d:zfcs/s(aky)-i/)da
_ /S((g[(suk] féak)l/)w/)daf/ e Berrd] o hks

o
for all test functions v, where

o6 ux) Z W, a((1 4 6Dug)Dg; o ¢; ")cof D(¢; )

1=1

Hence, as Euler-Lagrange condition for u; we obtain —div o[ ux] =0
on O and o[d ug]v = dokv on S. O
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m Elasticity-based shape PCA - Linear shape variations
= Displacements representing shape variations (cont.)

The first Piola—Kirchhoff stress tensor o[d uy] reflects an average of all
stresses:

od ug] cof D(1 + dug,)

= <711 > W A(D((L + dux) 0 ¢;)) cof D((L + duy) ¢i)> °0¢;"
=1

= (izgiwuk]) 0(1+§Uk)7

where the o;[0 u] are indeed the Cauchy stresses of the different objects
O; when deformed into (1 + dug)(O) = ((1 + dug) o $;)(O;).

5.2 Remark. The boundary integral fs o,V -1 da can be replaced by the
volume integral fo ok : Dy do «— numerically more convenient.
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m Elasticity-based shape PCA - Linear shape variations
m Linearization based on infinitesimal variations

shortcoming: As long as A — W(A) is not quadratic in A, wy, still
solves a nonlinear elastic problem.

alternative: consider the limit § — 0 of the Euler—Lagrange equations

5.3 Lemma. In the limit for 6 — 0 an infinitesimal variation uy, of the
average shape S uniquely solves

div (Ceu]) =0in O, Ceulv=o,vonS

under the constraints [, udx = 0 and [,z x udz = 0 where C is the
compound elasticity tensor:

1 i 1 o b1
C== Z (d tD¢ZD¢zWAA[D¢Z]D¢ ) ?;



m Elasticity-based shape PCA - Linear shape variations

= Linearization based on infinitesimal variations (cont.)
u

Proof. linearization for small § yields

& [6,u] %Z (W[Oi, &i] + 5/0 W.a[Dg;] : D(uo ¢;)dx

2
—I%/(DWAA[D(f)i}D('uO(ﬁi) : D(uod;) d:L') 7(52/Oak:Du dx

= C+6/( Zaz>~uda—6/o<i§;divai>-udx

Dp;W,aa[Dpi)DOT\ 1. , .
%Z/( det D¢; )0@- Du:Dudx — § /OO'k.Dud:E

= C’+52/ 5CDu;Du—ak:Dudm
(@}

= C+ 62/ %Ce[u] : €[u] — o : Duda.
o

for = & 0L (i D9iW.aa[DoID6F) 0 67
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m Elasticity-based shape PCA - Linear shape variations
= Linearization for infinitesimal variations (cont.)

C =10, (s DoW.aalDAIDST) o 67

Weak form of the problem to be solve:
Find uy : © — R?, such that

/ Celug] : €[] — o : Dypdax =0
o

for all smooth test functions 1 : O — R,

numerical implementation: Discretize this with finite elements, where
the finite element approximation of the elastic covariance metric is given
by

1 n
<n Z/ W Aa[D®]D(O; 0 ®;e,) : D(O) 0 B e,) dx) :
i=170; ikrs
where ©; e,., Oy e, represent the vector-valued finite element basis

functions.
104



m Elasticity-based shape PCA - Linear shape variations
u
u
u
u
u
u

m General set up

Linear shape variations

m The actual covariance analysis

Applications
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m Elasticity-based shape PCA - The actual covariance analysis

m Recalling the ingredients of a shape PCA
¢35 (x)
k
b3

gl ——
-, Y
=

normal stresses oxv[S] : S — R? (k = 1,...,n) as shape representations
with 0= >  oxn[S](x)

k=1,...,
Uz

displacements ug, : O > RY, k=1,...,n with >}'_, u; =0

div(Celug]) =0 on O, C = elasticity tensor (compound config.)

Celuglv  =orvy onS
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m Elasticity-based shape PCA - The actual covariance analysis
m Qutline of the principal component analysis

Covarlance metric: inner product g o1V, 021/) =g u1 uz
input data X = (ug] ... |up)
. . 1
covariance matrix C = (—g(us, uj))ij
n
matrix decomposition C =0AOT
modes of variation Y = XOVA-1
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m Elasticity-based shape PCA - The actual covariance analysis
= Two different scalar products on shape variations

m The L?-product. Given two square integrable displacements u, @ we
define

g(u,v) :z/ u-vde
o

This product weights local displacements equally on the whole
compound object O.

m The Hessian of the energy as inner product.

g(u,v) = /OCe[u] : €[v] dz

This product weights local displacements higher in heavily
prestressed areas of the compound object O.

108



m Elasticity-based shape PCA - The actual covariance analysis
= A covariance operator on boundary stresses

5.4 Remark. That g induces a metric

glov,av) = g(u,u)

on the associated boundary stress.

Due to the linearity of the operator ov +— wu the metric g is bilinear and
symmetric as well.

Finally, the positive definiteness of g follows from the positive definiteness
of g and the injectivity of the map ov — u.
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Elasticity-based shape PCA . The actual covariance analysis

m General set up

Linear shape variations

m The actual covariance analysis

Applications
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m Elasticity-based shape PCA . Applications
= Qualitative properties

Two dominant modes (right) for four different shapes (left) demonstrate

that our principal component analysis properly captures strong geometric
nonlinearities.

[ i1c

Average and variation (right) for two shapes with pins at different

positions (left). The pins are not interpreted as shifted versions of each
other.
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m Elasticity-based shape PCA . Applications
= Qualitative properties (cont.)

o _, O ©) @) O ; @) ; ;
A set of input shapes and their modes of variation with ratios i—l of 1,
0.22, 0.15, and 0.06.

R

Six input shapes and their first two modes of variation with ratios i‘—l of 1
and 0.34.
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m Elasticity-based shape PCA . Applications
= Dependance on the chosen scalar product

NN-)

m g(u,v) := (u,v)L>
with O non-prestressed

B g(u,v) = (u,v) 2
with O prestressed

m g(u,v) == [, Celu] : e[v] dzx
with O prestressed
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m Elasticity-based shape PCA . Applications
= Further applications

XXX~~~

First three modes of variation with ratios ;—1 of 1, 0.49, and 0.26 for 8
fish silhouettes (shape database Centre for Vision, Speech, and Signal
Processing, University of Surrey)

i

First three modes of variation with ratios i—l of 1, 0.88, and 0.42 for 18
hand silhouettes from [Cootes, Tayler, Cooper, Graham '95]
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m Elasticity-based shape PCA . Applications
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m Elasticity-based shape PCA . Applications
= Application to image morphologies

O@@ B DD
@®ROROD

covariance analysis based on the scalar product g(u,v) = [, u-vdz
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m Elasticity-based shape PCA . Applications
= Variation of foot scans

PIPIBPISSLDIIP
BPPODPIISIS I

D0PDD 22PHH
DDDDD 5000

20000 20000

==adidas
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m Elasticity-based shape PCA . Applications
= Variation of foot scans (cont.)

PIPIBPISSLDIIP
BPPODPIISIS I

D000 20000

A/ =1 A2/A1 = 0.404
A3/AL = 0.172 As/A1 = 0.146
As/A\ = 0.104 X6/ A1 = 0.083
covariance analysis for scalar product g(u,v) = [, Ce[u] : e[v] dz

modes representing change in volume (A1), width / length ()\2) variation
of toe positions (A3, A4) and heel position / instep shape (A5, Ag)

adidas
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m Elasticity-based shape PCA . Applications
m Using the PCA to analyze additional feet

| D P2srD

For a new, additional foot (top left), a linear representative 4 is
computed and visualized as a variation of the average foot S via
(14 04)(S) (top right)

Mahalanobis distance dr(S,S) = /2 Sh_, W =1.23

(dap =1 would correspond to the standard deviation)

DD DDP

using modes original

using PCA to reconstruct the new foot
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m Viscous fluid based shape space
u

m Time discrete geodesic paths

A relaxed formulation

m The numerical algorithm

Limit of the time discrete model

Qualitative properties of the model

Generalized models



m Viscous fluid based shape space
u

m Time discrete geodesic paths

A relaxed formulation

m The numerical algorithm

Limit of the time discrete model

Qualitative properties of the model

Generalized models
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m Viscous fluid based shape space - Time discrete geodesic paths
= Recalling the definition of a geodesic

m The metric G on the (infinite-dimensional) manifold S assigns each
element S € S an inner product on variations §S of S.
m The metric is based on physical dissipation in a viscous fluid model:
05,6S) = i di d
9105.05) = gl Jo disli]da
m A geodesic path between S4 and Sp in S is a curve

(S(t))tepo,1] € S with S(0) = S4 and S(1) = Sp, which (locally)
minimizes

1 . .
Diss (/U(t),O(t))te[oﬁl]} :/O G(S(1), $(¢)) dt

among all differentiable paths in S and all consistent motion fields

() € V(S(L)).
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m Viscous fluid based shape space - Time discrete geodesic paths
m Variational time discretization in finite dimensions

An approximate time discrete geodesic between s4 and sp:

Consider points s4 = sg, S1, ..., Sk = s and minimize

1 .
deistQ(sk_l,sk) <x/ ,(1(&'.&')(1/),
"= e

1

where dist(-, -) is an approximate Riemannian distance and 7 = .

example: spherical projection onto R?

aim: infinite-dimensional counterpart in shape space
125



m Viscous fluid based shape space - Time discrete geodesic paths
= Goals of this approach

a physically sound modeling of the geodesic flow of shapes given as
boundary contours of objects on a void background

e a coarse time discretization which is nevertheless invariant with
respect to rigid body motions and ensures a 1-1 object
correspondence

e approximation of a continuous geodesic path for decreasing time
step

e a numerically effective hierarchical treatment of the resulting
problem in space time
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m Viscous fluid based shape space - Time discrete geodesic paths
= Discrete paths and pairwise matching

consider for given shapes S4, Sp in a shape space S

discrete path of shapes

sequence Sy, Si, - .., Sk of shapes with Sy = Su, Sk = Sp,

where S, approximates S(t,) on a continuous path S(t)
AAAARREEB
matching deformation

deformation ¢y, for each pair Sx_1, Sk with ¢r(Sp—1) = Sk

associated with a deformation energy

W(bk, Sk—1] = , W (D¢y) dz:
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m Viscous fluid based shape space - Time discrete geodesic paths
m Rigid body motion invariance and 1-1 matching

desired properties of W|¢, Sp—1] fo W (D¢y) dx

m invariance with respect to rigid body motions, i.e.
WIQo ok +b, Sk—1] = W(ge,Sk—1] VQ € SO(d),b € R?
= W(D¢) = W(D¢pTD¢) for some W
. isotropy = W(DquDqs) =W (D¢7cofD¢, det DqS)
¢TD¢ tr(cof (DpT D)) det (DpT Do)

with W convex in D¢, cof D¢, det Do (polyconvexity)
and ensuring injectivity of ¢ under certain growth conditions

m isometries (D¢ (z)D¢(z) = id) are minimizers, W (id) =
In what follows, we again choose

W(A,C, D) = a1|A|P + a3|C|? + (D)
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m Viscous fluid based shape space - Time discrete geodesic paths
= The hard constraint model

6.1 Definition (Discrete dissipation and discrete path length). Given
a discrete path Sy, Si1,..., Sk € S, the total dissipation along a path
can be computed as

=

K
Diss, (So, S1,.-., S Z Wbk, Sk—1]
k=1

where ¢y, is a minimizer of the deformation energy W|-, Si,—1] over
D[Oy_1] under the constraint ¢y, (Sk—1) = Sk. Furthermore, the discrete
path length is defined as

K
L-(So, 81,5 Sk) =Y V/WIok, Sk—1] -

k=1

Here D[O)_1] is a space of admissible deformations on Oj_;.
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m Viscous fluid based shape space - Time discrete geodesic paths
= The hard constraint model (cont.)

6.2 Definition (discrete geodesic path). A discrete path

So, S1,-.., Sk in a set of admissible shapes S connecting two shapes
Sa and Sg in S is a discrete geodesic if there exists an associated family
of deformations (¢r)k=1,....k with ¢, € D[Oy_1] and d)k(Sk 1) = Sk
such that (¢i,Sk)k=1,... .k minimize the total energy Zk 1 [(;NS,C,‘SN‘,C 1]

over all intermediate shapes S ) SK 1 € S and all possible matching
deformations d)l, ..., O with gbk € D[Ok 1], Si—1 = 00;_1, and
¢k(8k 1) Sk fOI‘kZl,...,K.

In case d = 3 with
W(A,C, D) = a1| AP + a2|C|? + a3 (D~ + ﬂDT) -
with a1, a9,as,06,v >0, p,q > 3, r>lands> 5 choose

D[O_1] :== {¢: Op_1 — R* | ¢ € WHP(Or_1),cof D € LY(O—1),
det Do € L™ (Ok—1),det Dpp > 0 a.e. in Ok_1,0(Ok—1) = Ok} .
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m Viscous fluid based shape space - Time discrete geodesic paths
= The hard constraint model (cont.)

6.3 Theorem (Existence of a discrete geodesic). If S consists of
shapes S which are boundary contours of open, bounded sets O and can
be decomposed into a bounded number of spline surfaces with control
points on a fixed compact domain. Furthermore, the shapes are supposed
to fulfill a two-sided uniform cone condition. Given two diffeomorphic
shapes S4 and Sg in the above shape space S, there exists a discrete
geodesic Sy, S1,..., Sx € S connecting Sy and Sg. The associated
deformations ¢1, . .., ¢k with ¢, € D[Og_1] fork =1,..., K are Hélder
continuous and locally injective in the sense that the determinant of the
deformation gradient is positive almost everywhere.
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m Viscous fluid based shape space - Time discrete geodesic paths
= The hard constraint model (cont.)

Proof.

e Applying classical existence theory in nonlinear elasticity [Ball '77] there
exists for any (fixed) pair of consecutive shapes Sx_; and S; a
minimizing deformation ¢y, € D[Ok—_1] with det Dy > 0 almost
everywhere, which minimizes W[-, Sy_1]. Hence, the discrete dissipation
is well-defined.

e The shape space S can be parametrized with finitely many parameters,
namely the control points of the spline segments. These control points lie
in a compact set and S is closed with respect to the convergence of these
parameters.

e Hence, it is sufficient to verify that Diss, is continuous function of the
finite set of spline parameters. Consider shapes S_1, Sx and Sk 1, Sk,
respectively.

For a given small §o > § > 0 assume that the spline parameters are

closed, such that there exists bijective deformations ¥; : O; — O; with
e T S |
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m Viscous fluid based shape space - Time discrete geodesic paths
= The hard constraint model (cont.)

e Now define qAS = 1/1;1 o ¢ o_1 and estimate

Diss, (S_1,Sk) —Diss; (Sk_1,Sk) = % @ij(DqB) dx — % /0 kiIiV(DqS) dz
< % o W (D) dz — % . W (Do) dz
-2/ WU e DOD Y roU ) et DY |~ WD)
<

- / [DeI” + |cof De|* + |det D|” + |(det D) ™"|* da
T Ok—1

Hence, due to the Lebesgue's convergence theorem we obtain
convergence

lim Diss, (S_1,Sk) —Diss; (Sy_1,Sk) <0
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m Viscous fluid based shape space - Time discrete geodesic paths
= The hard constraint model (cont.)

MAARRBRRRRB

geodesic path (L = 0.2225, Diss = 0.0497)

AAARRREEEB

non geodesic path (L = 0.2886, Diss = 0.0880)
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m Viscous fluid based shape space -

= Time discrete geodesic

/7 rccecoco

Time discrete geodesic paths

/S /7 rcccoccoco

Q
S/ rrcceceoceo
Q
/S 7 Ffcccceeoo

Y aNaNe

cC ¢ o Q

based on a relaxed formulation

T=1
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Limit of the time discrete model

Generalized models
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m Viscous fluid based shape space - A relaxed formulation
= Soft hard model, mismatch penalty, and surface prior

m Soft material outside O;_; (0 < d << 1)
WO [dn, Sk_1] = / ((1 — )Xo, , + 5) W (D) dz
Q

m Replace hard constraint ¢ (Sk—1) = Sk by the
mismatch penalty (¢ extended outside Oy_1)
Flor, Sk—1,Sk] = vol(Or—12¢; " (Or))
where AAB=A\BUB\ A
m additional regularizing surface energy L[S] = fS da

Relaxed formulation

E (ks Sk—1,Sk)k=1,... k) =

Z (%W‘S (ks Sk—1) + Y Fdk, Sk—1,Sk] + NT‘C[Sk])

i=1
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m Viscous fluid based shape space - A relaxed formulation
= Regularized level set approximation

Describing shapes via level sets:
O@t)={z € : u(t,x) > 0}

Encode partition into object and background via regularized Heaviside

function H(z) := 3 + L arctan (£) [Chan, Vese '01]
R D /Q (B (ur (1)) — He(ug_1))? de
EE = VH, d
< Jui] /Q\ (o)

3
gdéeform [¢k y Uk— 1]

/Q ((1 = 0)He(ug—1) + 6) W(Dgy,) dw

(here 6 =10~

=

1 . c
E° [Pk, )k Z = E ol Bk 1] + NEaienlDrs wr—1, u] + pTES,,

\]

Y)

[ur



m Viscous fluid based shape space - A relaxed formulation
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m Viscous fluid based shape space > The numerical algorithm

m Cascadic finite elements discretization
m multilinear finite elements, regular quadrilateral grid, Q=[0,1]¢
m Gaussian quadrature of third order on each grid cell

m pushforwards U o ® evaluated exactly at quadrature points (for
discretized level set functions and deformations U, @)

m alternating gradient descent steps

m all deformations
m all level set functions

m Armijo stepsize control
m dyadic grid resolution: 2% + 1 vertices in each direction
m multi-level approach:

m initial optimization on a coarse scale
m successive refinement
m interface parameter linked to grid size: e = h
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m Viscous fluid based shape space > The numerical algorithm
= A sketch of the algorithm

EnergyRelaxation (Ugtart, Uend)
for time level j = jg to J {
K = 2j U(J) = Ustartv UK = Ucnd

if (j = Jjo) { A
initialize (I>J =1, Uj =Wy 3= Ngoo0 K
1 else {
initialize @3, _; =1+ (7' — 1), @}, =&/ "o (®},_,)7",
nginlUQJL 17UJ lo(pJZNiil IQ(}
restrict UJ ‘I’J for all i =1,..., K onto the coarsest grid level ly;

for grid level I — lpto L{
for step k = 0 to kmax {
(®i)iz1,.... = (®9M)=1.. Kk — TgIdd(@old) ’ ES0[(Uy, ®:)i=1.... K]
(Ui)izl,...,K = (Uild)i:1 ..... K — TOI&d(U?Id)i:L , E(U;, ®;)i=1,... K]
with Armijo step size control for 7;
}
if (I < L) prolongate U}, ®/ for all i = 1,..., K onto the next grid level;
}
}
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m Viscous fluid based shape space - The numerical algorithm
= Level set representation and topological transitions

'AAaaamnaB

=\ 72\ 7
/\/
I\ 2,

)

" NS=
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m Viscous fluid based shape space - The numerical algorithm
» Comparison to some related methods

-'!- -‘!‘. "!. O!Q &’Q e

cf. [Charpiat, Faugeras, Keriven '05]

é
NN\ \;\N

cf. [Fuchs, Jittler, Scherzer, Yang '09]
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m Viscous fluid based shape space - The numerical algorithm
m Testing the robustness of the approach

Continuity with respect to shape variations:

MM O =010
M Ml VI VM ™ ™ & = O Z=01220
ME M M PN 8T 0T 02 O oo

Evaluating the lack of symmetry:

MM o & 2=0103%

Geodesic distances for discrete geodesics of different resolutions:

| K=4 K=8 K=16
MO | 01068 01040 0.1025
MO | 01265 01220 0.1201
MQ | 01324 01276 0.1259
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m Viscous fluid based shape space > The numerical algorithm
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m Viscous fluid based shape space - Limit of the time discrete model
= Relating the time discrete and the time continuous model

Recall:

diss[v] = %(tre[v]f—i—utr(e[vﬁ)
W(A,C,D) = ai]APP 4 ay|C|? + T(D)

Key assumption:
Hess W[L, S](v,v) = 2/ diss[v]dz V velocity fields v
o

In terms of the energy density W this is expressed by the condition

1d? A o i 2
s W(L+tA)leo = 5 (A2 + £ ((4+47)%) (+)
6.4 Lemma (W consistent with diss). For any local dissipation rate

diss one can find a nonlinear energy density W which satisfies (x).
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m Viscous fluid based shape space - Limit of the time discrete model
= Relating the time discrete and the time continuous model (cont.)

Deducing a discrete flow from a family of successive matches:

Define a temporally piecewise constant motion field v* and a
time-continuous deformation field ¢* (interpolating between z € 0,4
and ¢y (x) € Ox) by

vy

$r(t) = (1+(t—tr-1)vr)

) o=

fort € [tkfl,tk) with £, = k7.

The corresponding Eulerian motion field is

vr(t) =0 o ()7

147



m Viscous fluid based shape space - Limit of the time discrete model
= Viscous fluid model in the limit for 7 — 0 (cont.)

6.5 Theorem (convergence to the viscous model). Let (S(t)):c[o.1]

be a smooth family of shapes. Consider Sy = S(kT) for 7 = % and

¢1,...,0K a set of injective deformations, such that the associated
motion field

0r(t) = vk o (¢%) 1
(tr—1 <t < ty) converges to a regular motion field v for K — cc.
Furthermore suppose that %%W}AA<H)('D1}) = diss[v] .

Then E.[(dr, Sk)k=1..... K] converges to

1
El(w(®), (1) repo,)) = Diss[v] + 7 Eoelo, 5] + / £[S(t)] dt
for K — 0o. Here 0

Eorfo,S]:= [ |(1,0(0)" - vs(t)| do

where ngs ;) denotes the space time normal on the shape tube
T = Useo,1)(t,S(t)) and (1,v(t)) is the space time motion field.
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m Viscous fluid based shape space - Limit of the time discrete model
= Viscous fluid model in the limit for 7 — 0 (cont.)

Proof. By second order Taylor one obtain

2
W (D) = W(n)+TW,A(1)(DU’;)+lW,AA(n)(Dv’;,Dv’;)+O(T
2 d2
= 0+0+?@W(]1+tbv )|t=0 + O(7®)

= ridiss[vf] + O(7®).
Summing over all deformation energy contributions yields

X1 K1
lim »  ~Wigk, Sp-1] = lim Z* W (Déy,) da

K—oo e T —00 = O 1

lim / diss[v dx— / / diss[v] dz dt
I(—>ooZ Op_1 O(t

Furthermore, hm Zk L TL[SK] = fo fs(t da dt.

%)
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m Viscous fluid based shape space - Limit of the time discrete model
= Viscous fluid model in the limit for 7 — 0 (cont.)

ruled
Iy

Near S;_1 define 0y (z) :=sup {s : ¢r(z + sv[Sk_1](x)) € O }.
Furthermore, connect the shapes S(tx_1) and S(t) via a ruled surface

t—tg_
Tkruled — {(t,x—l— Tklrk(x)> Dt € [tp—1,tk),x € Skl}

approx. the continuous tube 7 := Uy, | <i<¢, (t,S(t)) up to O(72).
For the normal vy [t;—1,Sk—1] on the ruled surface 7" we get

(7, 7% — Okv[Sk-1]) - Vklth—1, Sk—1]| = 7 |(1,v) - vk [ts—1, Sk—1]| + o(7).
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m Viscous fluid based shape space - Limit of the time discrete model
= Viscous fluid model in the limit for 7 — 0 (cont.)

ruled
Iy

Next, by an elementary geometric argument for I, := /72 + |ri|? and
e = (7,75 — OxV[Sk—1]) - Vk[tk—1,Sk—1] one obtains that % = |0g|-

I(1,0(x)) - v[t, S®))(z)] da = /

rule
Tk

. |(1,07(2)) - wlte—1, Sk-1](x)  da + o(7)

= /5 |(1,v5(2)) - vi[th—1, Sk—1](@)|lx(z) da + o(T)

= [ @) = 5@ Sl@) - ltis, St @)le(a) da+ ofr)

- /S 164(2)| da + o(7) = vol(Ok—1 AGE (Ok)) + o(r)D
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m Viscous fluid based shape space - Limit of the time discrete model
= A link to optical flow

-1

E[v, S] = Diss[v] + 1 Eoelv, S| + 1 / EareaS(t)] dt
Jo

We can rewrite

Eorl(v(t), S@®))epor)] = / (L, 0(®)T - vsgo| da
Usepo,1(6:8(®))

/0 1] xRd }atX’TO i VIXT@ . U} dxdt.

where To = U,¢(o,1;(t; O(2)).

(cf. TV approaches in optical flow [Black, Anandan '93])
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m Viscous fluid based shape space - Limit of the time discrete model
u
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m Viscous fluid based shape space - Qualitative properties of the model
= Length versus volume preservation
u

A/p=0.01

AN
CANN

Ap =100




m Viscous fluid based shape space - Qualitative properties of the model
= Impact of the surface area term

without surface area term:

MMPMPMRETIV

A

X X
KM

with surface area term:

X
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m Viscous fluid based shape space - Qualitative properties of the model
= Complexity of shape space at a glance
u
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m Viscous fluid based shape space - Qualitative properties of the model
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m Viscous fluid based shape space - Qualitative properties of the model
= Complexity of shape space at a glance
u
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m Viscous fluid based shape space - Qualitative properties of the model
= Complexity of shape space at a glance
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m Viscous fluid based shape space - Qualitative properties of the model
= Complexity of shape space at a glance
u
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m Viscous fluid based shape space - Qualitative properties of the model
= Complexity of shape space at a glance
u
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m Viscous fluid based shape space - Qualitative properties of the model
= Complexity of shape space at a glance
u
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m Viscous fluid based shape space - Qualitative properties of the model
= Complexity of shape space at a glance
u
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m Viscous fluid based shape space - Qualitative properties of the model

= Complexity of shape space at a glance
u

MM OB R R R BN RN Uscoow

MMMMMPME G NS
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m Viscous fluid based shape space - Qualitative properties of the model
m Geodesic between different 3D animals

W A
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m Viscous fluid based shape space - Qualitative properties of the model
= Geodesic between two 3D hand poses
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m Viscous fluid based shape space - Qualitative properties of the model
= Geodesic between two 3D hand poses
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m Viscous fluid based shape space - Qualitative properties of the model
= Geodesic between two 3D hand poses
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m Viscous fluid based shape space - Qualitative properties of the model
= Geodesic between two 3D hand poses
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m Viscous fluid based shape space - Qualitative properties of the model

m Clustering of 2D and 3D shapes based on geodesic distance
u

.

. BBBXXM POIIII

" B 25.9 247 377 3 27.41 25.73 35.79
B - - 95.5 244 37.7 ‘ - - 2148 24.55 34.98
B - - - 235 236 323 J - - - 20652153 32.96
X - - - - .3142 ’ - - 22.14
X - - - - - |4 » - - - -
M- - - ®

left: geodesic distances between letter shapes.
right: geodesic distances between scanned 3D feet
(data courtesy of adidas).
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m Viscous fluid based shape space - Qualitative properties of the model
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= Viscous fluid based shape space - Generalized models
m Geodesics in the presence of partial occlusion
u

Frequently, one would like to

m evaluate the distance of a partially occluded shape from a given

u
u
u
" template shape,

m restore partially occluded shapes based on some template shape.
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= Viscous fluid based shape space - Generalized models
= Geodesics in the presence of partial occlusion (cont)

Let us suppose that the domain O, associated with shape S4 = 00y is

partically occluded. Then, replace the mismatch term
Ematen[P1, S0, 51] = vol(OpA¢y H(O1)) by the term

Ematecn[P1, S0, S1] = vol(Op \ ¢y ( 1))

N Y YN

in the numerical implementation: insert a masking function
H_(Erosion,[ug]) and obtain

griatch [f1,ug, u1] = /Q (He(uy o ¢1) — HE(UO))2 H, (Erosion, [ug]) dz .

to take advantage of adding parts to "loose” ends of Oy.
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= Viscous fluid based shape space - Generalized models
m Geodesics in the context of multi-component objects
u

Only taking into account shapes which are outer boundary contours

n
= S = 00 of open objects O C R is rather limiting in some applications:
n
n

nonlinear interpolation between multi-component objects?

A geodesic between multi-component objects should match
corresponding components, and a change in relative position of
components naturally has to contribute to the geodesic path length.

Task: Compute a geodesic path
(8 (#))i=1,....m = (DO (t))i=1,...m
with ¢ € [0, 1] between two multi—-component shapes
(S4)i=1,..m = (00%)i=1,...m and (8h)i=1,..m = (00%)i=1, ...m-
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= Viscous fluid based shape space - Generalized models
= Geodesics in the context of multi-component objects (cont.)

The geodesic path is supposed to be generated by a joint motion field
v(t) : Ui:l,...,m O'(t) — R* from Ui:l,...,m O} to Ui:l,...,m O5.

The resulting total dissipation:

Dt / / (tre[ 02 + pte(e[o]?) de dt.

Ui 1,...,m

A

Modifications in the definition of a discrete geodesic:

Zwm, (Si—1) Z / W (D) dz

with ¢4 (S ) =S} fork=1,...,K,i=1,...,m

with the flow constraint v(z) L v[S;](z) for z € ;.
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= Viscous fluid based shape space - Generalized models
= Geodesics in the context of multiphase objects (cont.)

Generalized relaxed formulation:
E(bry (Si_1)i=1....m» (SE)i=1,...m)k=1,... K]

Z( deform ¢k, (Sk 1) ,m] + Z (ngmatch [¢ka Sli—lv Sllc] + ﬂTgarea [Sllc])>

i=1

in the numerical implementation:

consider m level set functions to distinguish n = 2™ different phases
represented by objects O°, i = 1,...,m, as well as all possible
combinations of overlapping [Chan Vese '01].

E.g. the problem ﬁ 'JR

functions for 2" = 4 phases.

can is treated with m = 2 level set
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m Viscous fluid based shape space -

» Comparing single and multi component model

Single phase geodesic:

/S oo

Multi—-component geodesic:

S e e
S e

Generalized models
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= Viscous fluid based shape space - Generalized models

= Nonlinear interpolation in multi-component cell motion
u
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= Viscous fluid based shape space - Generalized models

= Nonlinear interpolation in case of human motion
u
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m Viscous fluid based shape space
= State based versus path based

Path based, Riemannian, viscous flow approach:
Diss | (v(t), O(t))sepo,1y| + 7/ + 4L — min
with O(O) = OA, 0(1) =0Op

State based, non Riemannian, elastic approach:

W[O4,d] — min  with $(O4) = Op

m choice depends on the applications and the underlying physics

m Path based approach requires the solution of a variational problem
in R4t1, the state based approach a problem in R<.

m state based approach does not lead to a true distance:

no triangle inequality: deast(Sa, SB) <deast(Sa, Sc) + deast (Sc, SB)
lack of the symmetry: de.st(Sa, SB)=deast(SB,SA)
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m Viscous fluid based shape space -
m Differences in shape statistics

m Non-uniqueness:
path based approach: shortest paths need not to be unique

state based approach: due to multiple minimizers in elasticity

m Use in quantitative shape analysis:

path based approach: cluster analysis via possible via pairwise
distance computations

state based approach: due to the lack of a triangle inequality
comparison via the dissimilarity measure only between one fixed
shape and a set of varying shapes (averaging, PCA)
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m Viscous fluid based shape space -
= Some open problem

m Existence of time continuous shortest paths in the viscous flow
model?
m How to define a distance between true surfaces?

m Are topological transitions possible in a rigorous sense in the viscous
flow model?

m How to define an elastic shape median?

m How to accelerate computations ?
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