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Market Microstructure (Kyle models)

General information: Market microstructure theory has been and continues to be
an active reasearch area for both academics and practitioners (see e.g., the journals
Journal of Financial Markets and Market Microstructure and Liquidity). While the
formal definition of market mircrostructure may not be universally agreed upon (but
see https://en.wikipedia.org/wiki/Market_microstructure for one such defini-
tion), it is clear that Kyle models and the many variants and extensions hereof play
important roles in said theory. In these lectures we will try to cover the basics of
Kyle’s original model and its extension to multi agent settings.

We will make an effort to keep everything as simple as possible (e.g., we will only
use finite discrete-time so we will not see any local martingales in these lectures...).
The required knowledge to follow these lectures is basic conditional probability such

as problems 1.1 and 1.2 below.

Lecture content:

1. One period Gaussian models: Kyle’s model and Grossman and Stiglitz’s model.
We will follow (7) and (3).

2. Multi-period Kyle models: We will follow (7).

3. Multi-agent extensions of Kyle’s model (see (6), (4), and (5)). We will follow
(5).

Continuous-time papers:
We will not have time to discuss the following papers which constitute general-

izations of the above mentioned papers (note that Kyle’s original paper (7) contains

the Gaussian continuous-time model):

e Continuous-time extensions of Kyle’s model to the non-Gaussian case (see (1)).

e Continuous-time multi-agent extensions of Kyle’s model (see (2)).
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1 Exercises on Kyle’s model

1. We are and will be using the projection theorem for Gaussian random variables:

For zero-mean jointly normals (0, a) show

E[o|o(a)] = %{;’]&)d.
¢
2. Let A, B, and X be three random variables with (A, X) L B. Show
E[X|o(A, B)] = E[X|o(A)].
¢



3. Let © be any zero mean and square integrable random variable and let (y,,)nen
be any sequence of random variables (neither ¢ or (y,)nen are necessarily Gaus-

sian). Explain why the function

£, = E[ (- E[ﬁy(;(yn)])?}, nen,

is non-increasing. Give an example for which ¥, > 0 and give a lemma with a

set of sufficient conditions that ensure >, := lim,,_, >, = 0.
¢

4. Implement the standard Kyle model for the parameters
N :=10, o0,:=2, o05:=1.

Let us first check that we agree on the code. For these parameters I get the

terminal variance to be Xy = .11.

O

5. Increase N and study numerically the limiting behavior of the value function
coefficients (a,,)"_,. Do you see a facelift in the sense that as N gets bigger and

bigger, a’s slope over the interval [1 — A, 1], i.e.,
aN — N1
A )
gets steeper and steeper?

¢

6. One can of course view any equilibrium problem as a fixed point problem so
let us try the following policy iteration algorithm: Fix the initial 5 € RY as
the equilibrium strategy you found in a previous question. Compute (X, \) by
using Kyle’s equations (3.18) and (3.19). Then update the coefficients (a, 3)
by using Kyle’s equations (3.15) and (3.17). What happens numerically as you

continue looping?

O



7. This question separates the forward component (filtering) from the backward

component (optimization) in Kyle’s standard model. We define

2
Yn = 572127” n = 17 >N - 1’ and N = ;_w (11)

Use Kyle’s equations (3.15)-(3.19) to derive the recursion

(0-121) — ’YnA)Q
Va3 + 297 A%07, — 3y Aoy, + of,

Tnt+1 = 7n02 (1'2)
Similar to Kyle’s original existence argument, this is a 3rd degree polynomial
and we seek a root such that 2v,A € (0,62). In that case, the second-order

condition holds

(0121; - 27nA)

1>
2<0-%u - fYnA)

= . (1.3)

Given the values 7, the forward component ¥,, is uniquely determined by X
and Kyle’s equations (3.18) and (3.19).

Implement this idea numerically and check that you get the same results as you

got previously.
O

8. In Kyle’s 1985 model we replace the risk neutral insider by an insider with the
exponential utility function (Constant Absolute Risk Aversion, CARA)

where a > 0 is a constant. Set o; := o, := 1 and plot numerically as a
function of a > 0 the two constants (5, ) from this equilibrium together with
the corresponding constants coming from the risk neutral insider equilibrium.

How do you get the risk neutral equilibrium from the risk averse equilibrium?
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2 Exercises on Grossman-Stiglitz’s model

Let us consider the one period setting in Grossman-Stiglitz (1980) where (6, x,€) are
independent Gaussian random variables with zero means and say unit variances. The

interest rate is taken to be zero and we define the terminal stock value to be
0+ e.

There are M; € N informed investors (who know 6 and the price p) and My € N
uninformed investors (who only know the price p). They all have exponential utility
functions given by U(w) := —e™® for w € R and a > 0. We assume that all initial

holdings of the stock and money market account are zero.

1. Radner: Find equations for constants («, ) and model parameters restrictions
(if any) such that
p = ax+ 30

is an equilibrium price where —x denotes the noise trades.

¢

2. Nash: (i) Conjecture the forms for the informed orders A(p—#6) and uninformed
orders Bp for constants (A, B). For p implicitly defined by the market clearing
condition

r = MA(p—0)+ (My —1)Bp + xy,

solve the uninformed investor’s problem (who uses the control z;; and only sees

p). The condition that the optimal x;; should be Bp gives you one equation.

(i) Similarly, for p implicitly defined by the market clearing condition

solve the informed investor’s problem (who uses the control z; and sees both
p and ). The condition that the optimal z; should be A(p — ) gives you a

second equation.
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3. Find model parameter restrictions under which these two equations produce
an equilibrium described by (A, B) (don’t forget the second order conditions).

Compare the Radner and Nash equilibria whenever they both exist.

%

Exercises on discrete-time multi-agent Kyle ex-

tensions

1. Implement the model introduced in Foster and Viswanathan (1996) numerically

for the parameters
I1:=2 o0,:=2, p:=025 o;:=1, N:=10. (3.1)

Plot the trajectories of A\, 8., and «, for the parameter values (3.1).
&

2. An important feature of Foster and Viswanathan (1996) is the emergence of

negative correlation, i.e.,

can be negative even though cov(a’,a’) > 0. In the setting of Foster and

Viswanathan (1996), prove the following:
Ap, =AY, Y1, :=E[@ —t,)?.

Plot the trajectory of p, as well as corr(AfL Af?) for the parameter values

(3.1). Here (Af., A6?) denote the optimal strategies in equilibrium.
¢



3. If you don’t know this result already, you need to prove it: Let (A, B) be jointly
normally distributed with correlation p. Show that A L B if and only if p = 0.

Use this to show that in Foster and Viswanathan (1996) we have Aw;, L
o(a',w!"). Subsequently, show that w;, = > p_ Aw; L a'.

¢

4. (Nested information and asymmetric information) This model is from Foster and
Viswanathan (1994). We consider a Kyle setting with two informed investors:
Agent I knows (0, a) whereas Agent L only knows a. Perform the same analysis
as we did for Foster and Viswanathan (1996). To get started, consider strategies

for the two investors of the forms:

AQ{L = Br{(ﬁ — Sn—l) + Oéi(sn—l - pn—1)7 (32)
Aﬁﬁ = /Bﬁ(sn—l _pn—l)v (33)

where in equilibrium we wish to have

Pn = E[ma(yn)]? Sp = E[mg(da yn)] (34)

5. (Not nested and asymmetric information) This model is from Appendix C in
Choi, Larsen, and Seppi (2016) and is a variant of Foster and Viswanathan
(1994) we considered in the previous question. We consider a Kyle setting with
two informed investors: Agent I knows v whereas Agent L knows a. Adjust

your analysis in the previous question to this case.

Hint: Because Agent I cannot observe the process s, Agent I cannot use the

strategy (3.2) unless 81 = ol.
¢



4 Notes on Foster and Viswanathan (1996)

1 1

. ~ I ~q ~ ~ . . . . .
We consider v := ) ,_, @ where @', ...,a" are zero-mean jointly normals with identical
variances and covariances. We assume that a!, ..., a’ are independent of the Brownian

increments Aw,, ~ N(0,0%A). We start by defining the Gaussian hat-processes:

A0 = B,(@ —tu_y), 0 :=0, (4.1)
I

Ag, = Z AGL + Aw,, o =0, (4.2)
=1

Aﬁn = )\nAgrw ﬁO =0, (43)

Aty = (Af, to:=0. (4.4)

Step 1: We wish to have the relations (with # independent of i):
b =E[olo(5")] = ) El@|o(§")] = Lin. (4.5)
J

We define the unconditional expectations

Sia = E[@ —1,)%, Tio =03, (4.6)
Yom = E[(@ —1,) Z(aﬂ' —1n)], oo =02+ (I —1)cov(a,a’), (4.7)
San = E[(0 = pa)(@ —£,)]. (4.8)

As we shall see everything can be expressed in terms of only one of these three

quantities. Indeed, by iterated expectations, we have
23,71 - E[(Z &j - ﬁn)(dZ - fn)]
J
= E[@(@ — 1))
J
J

= Yo .



The ¢th investor’s innovation process is defined by w; o := 0 and

Awiy = B 3 (@ = fur = Bl — falo(@, 5 )]) + Aw,

= Agn - ﬁn ZE[&] - fnfl‘a(dia gnil)]

1,n—1

This should be seen in contrast to Kyle (1985) where Aw = Ay, — A6, is the insider’s
innovation process. The market makers’ innovation process is defined by wy;o := 0

and

Awprp = By Z(&j —tpo1) + Awy,
J
= Aln.
There are a couple of things to note about the innovation processes:
e They are zero mean Gaussian processes.
e We have o(a’,§") = o(a’,w?") and o(§") = o(wy,).

o Aw;, L o(a’,g" ') because for f € {a’, 91, ..., Jn_1} we have
E[Aw; ] = E[E[Aw, flo(@, 7 )| = B| fE[Aw|o(@, 5]

The claim then follows from the joint normality.

We will next compute the pricing coefficients and we start by noticing:

D (@ 1)

J
= ﬁi]zg’n,1 + O'?UA

V[Awyr,] = B2V + oA




The dynamics of the price process can then be found as

o E[(ﬁ - ﬁn—l)AwM,n]
a V[AUJMJL] Ame'

Because Awyy,, = Ay, this produces the requirement

E[(D — pn—1)Awps )
V[A’LUM’H]

_ BnEK@ - ﬁn—l) Zj(dj - 2?n—l)]

An =

P25 1 + 02 A
_ ﬁnIEB,nfl
B2, -1 + o2 A’

In a similar manner we find the representation

- E[(@ — tp1)Awas,]
Af, = ™ Aw .
n V[Awyrn] Wan

So we need
ﬁn22,n—1

= BTt A

Because ¥ = >3 we must have
An

— =1.
Cn
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Finally, we need the filter dynamics

Yin

V[a — tn 1 — At ]
V[a —tn1 — CuAD)

J

=11+ GBS0 01 — 26,82 n-1 + (oo A
E2,n == E |:<dZ - fn—l - Cnﬁn Z(d] - tAn—l) - CnAwn>

J

30 (@ = =GB YA~ ) — G )|
l

k

=E [(&i — to1 — G Z(&j — 1) — CnAwn>

< (0@~ )~ I B Do ) - Gl A, )|
k

=Yon-1— GIBnEon—1 — GIBnEon— 1+C2[25222n 1+IC202A

From the latter expression and the expression for ¢, we get

Y. — EQ,n—mf,,A
2m = O',?UA + Egﬁn_llﬁg’
Yoo A
Yon-1= 29w

O'?UA - Egmlﬁ% 7
AEQ,n = _Iﬁngnzln—la

. ﬁnZQ,n

We also note that AYy = IAY;. This property leads to the following two facts. First,

we have the representation
Yop = 20+ Z ADIDY
k
=Yoo +1Y Ay,
k

=024+ (I —1)po+ (L1, — 02).

a
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Second, we define the covariance function

pn = E[(a" —1,)(a —1,)]
o 22,71 - Zjl,n
- I—-1

Then we have Ap,, = AY,; ,, because

(I —1)Apy = ALy, — ALy,

This observation produces a main feature of the model: Even though py > 0 we can

have p,, < 0 provided that there are enough time steps.

Step 2: Next, we turn to the optimization problems and we define

Ap, = \AYy,, po:i=0, (4.9)
At, = (LAY, to:=0. (4.10)

Because pg = po = 0, to =ty = 0, and

Ay — App = Mo > (A0 — A0)) = (AL, — At,),

J

we have
P — Dn = I(fn —tn)-
The ith investor seeks to maximize

N

Z(ﬁ - pn)AG:z

n=1

E

a(&i)] : (4.11)

over controls A@: € o(a’,y"!). We fix i and we fix the functional form of agent j’s

strategy to be

A couple of things to note:
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e The realization of 67, j # 4, is not fixed because it depends on the realization

of t,, which in turn depends on #'.

e We never use hat-processes when fixing the other agents’ strategies. For exam-

ple, we will never use strategies like
ﬂn(aj - tAnfl)a

for agent j with j # i. If we did that, the realization of Agent j’s control would
be independent of Agent i’s choice of A,

e We will show next that the optimal strategy for investor ¢ has the form
Bn(&Z - tAn—l) + Oén(fn—l - tn—1>‘
However, we will never include off equilibrium deviation terms like a,(f,_; —

t,—1) for agent j when fixing agent j’s strategy (j # 1).

To move one, we observe

a(&i, y") = a(di,@”) = U(&i, wy).

The latter equality follows by the definition of the innovation process w;. We will

show the first equality by induction. The basis step is true because

o(@',y) = ola, By @ + A6 + Aw)
J#1
= O'(di, 61 ZCNLJ + Awl)
J#i

= a(di, .7;1)
The next step follows similarly:

J(a’i7 @17 g2> = U(di7 Aﬁla AZ?2)
o(a', b Z@j + Awy, B Z(d‘j —11) + Aws)

J J
=o(@,f Y @ +Awy, By @ + Awy).
J#i i
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On the other hand, we have

U(&i7 Y1, 3/2) = O-(dia Ayla AyQ)
=@, By _ @ + A0+ Awy, B2 Y (& — 1) + Abh + Aw,)

j#i J#
= O'(di, ﬁl Z dj + Awl, 52 Z(ELJ — tl) + Awg)
J# J#

The next steps are identical.

For the optimization problem we first note

E[Ap, — Apnla(z )

= \E }:Aw > A0 — AL |o(a, 714
:j:1 j#i

1
:)\nE Zﬁn(aj_fn 1 Zﬁn aj_tn 1

Lj=1 Jj#

o(d, )]——A N

From the definition of the ith investor’s innovation process we get the representation

=\, (Awm + ﬁnE?: 1(&" — tn,1)>.

Based on these two properties we find

E[(D — pn)AGL o (@, w)]
= Ang[(U - pn 1 +pn—1 — Pn—-1 — Aﬁn + Aﬁn - Apn)|o-(dz - tAn—l)]

Egn 1 ~ 2271 1 ?
1) + I (e nDn —
El,n 1< 1)+ ( L ) 5 Zln 1( 1)

T, (5n(ai —tn1) + Bul = Dtas — fnn) = Mg))

Yo . _
= AQ;(E? 1( - Anﬁn) + Anﬁn)ﬁ,n—l + A@; (I - )\nﬁn([ - 1))Y'27n—1 - An(AQ;)Qa

:Am(
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where we have defined the two state processes
le,n = &l - fnv }/2,11 =1ty — ln.

The state processes have the following Markovian dynamics

A}/l,n = _Ain
= _CnAgn
Yo
= _Cn <sz,n + BnLl/l,nfl>7
El,nfl

AY,, = At, — At,
= Gu(Agn — Ayn)
= Gu(Buld — )+ Bull = V)(tas — 1) — A6
= (ﬁnYl,n_l — Bl = 1)Yapq — Aeg).

We then conjecture the value function form
N

sup B[ D (0 —pi)Ab|o(d’,y")] = I + I8V, + 1Y) Yo + IPDYS,.

Abeo(at,yk—1) JA—

Finally, to use dynamical programming, we need to compute the terms

B2 |o(@,wi™),  EfiaYaalo(@, wi™h)],  EYy,le(@,wi™)].
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