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ABSTRACT. We prove a higher regularity result for the free boundary in the obstacle problem for the
fractional Laplacian via a higher order boundary Harnack estimate.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we investigate the higher regularity of the free boundary in the fractional obstacle
problem. We prove a higher order boundary Harnack estimate, building on ideas developed by De
Silva and Savin in [12, 13, 14]. As a consequence, we show that if the obstacle is C™”, then the free
boundary is C™~1® near regular points for some 0 < a < . In particular, smooth obstacles yield
smooth free boundaries near regular points.

1.1. The Fractional Obstacle Problem. For a given function (obstacle) ¢ € C(R™) decaying
rapidly at infinity and s € (0,1), a function v is a solution of the fractional obstacle problem if

v(z) > ¢(x) in R™
lim|z| 00 v(z) =0 on R”
(=A)*v(z) >0 in R"
(—A)sv(z) =0 in {v> ¢}

(1.1)

where the s-Laplacian (—A)® of a function u is defined by

u(z) — u(x + 2)

(=A)*u(z) == cn s PV || +2s

Rn

dz.

The sets
P:={v=y¢} and I':=0{v =y}
are known as the contact set and the free boundary respectively.

The fractional obstacle problem appears in many contexts, including the pricing of American options
with jump processes (see [11] and the Appendix of [3] for an informal discussion) and the study of the
regularity of minimizers of nonlocal interaction energies in kinetic equations (see [10]).

While the obstacle problem for the fractional Laplacian is nonlocal, it admits a local formulation
thanks to the extension method (see [9, 24]). Specifically, one considers the a-harmonic® extension ¥ of
v to the upper half-space Riﬂ :=R" x (0, 00):

L,i(z,y) =0 in R}
(z,0) =v(z) on R"

where
Lou(z,y) := div(Jy|*Vu(z, y)) and a:=1-2s€(-1,1).

The function v is obtained as the minimizer of the variational problem

min { / \Vul? ly|*dzdy : we HY (R, [y[*), u(z,0) = v(x)}
Ry

Iwe say a function w is a-harmonic if Lou = 0.
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and satisfies
— lim |y|*0(x,y) = (—A) v(x) Yz eR™
y—0

After an even reflection across the hyperplane {y = 0}, (1.1) is equivalent to the following local problem.
For a given a € (—1,1) and a function ¢ € C(R™) decaying rapidly at infinity, a function @ is a solution
of the localized fractional obstacle problem if it is even in y and satisfies

0(x,0) > ¢(z) on R"

hm|(ﬂ7,y)‘*>oo ’D(‘/L'a y) = O on Rn+1 (1 2)
L,o(z,y) <0 in R+ )
Lao(z,y) =0 in R\ {(z,0) = ¢(2)}-

When a =0, i.e., s = 1/2, the operator L, is the Laplacian, and (1.2) is the well-known Signorini (thin
obstacle) problem, which can be stated not only in all of R**1, but in suitable bounded domains of
R"*!. For example, a typical formulation of the Signorini problem is in B; C R**!:

#(2,0) > () on By N {y=0}

o(x,y) = g(z,y) on IBy

Ad(z,y) <0 in By

Av(z,y) =0 in By \ {9(z,0) = p(x)}.

Primary questions in obstacle problems are the regularity of the solution and the structure and

regularity of the free boundary. The local formulation of the fractional obstacle problem, (1.2), allows
the use of local PDE techniques to study the regularity of the solution and the free boundary. Under
mild conditions on the obstacle?, Caffarelli, Salsa, and Silvestre show, in [8], that the solution of (1.1)
is optimally C'1* using the almost-optimal regularity of the solution shown via potential theoretic
techniques in [28]. Furthermore, studying limits of appropriate rescalings of the solution (blowups) at
points on the free boundary, they show the blowup at zp € T’ must either have (a) homogeneity 1 + s
or (b) homogeneity at least 2. The points at which the blowup is (1 4+ s)-homogeneous are known as
regular points of T'. In [8], they show that the regular points form a relatively open subset of I' and
that T' is C19 near these regular points for some 0 < ¢ < 1. For the case s = 1/2, analogous results
were first shown in [1, 2]. The structure of the free boundary away from regular points is investigated,
for example, in [3] and [18].

(1.3)

1.2. Main Result and Current Literature. Our main result is the following:

Theorem 1.1. Let p € C™P(R™) with m > 4 and 3 € (0,1) or m = 3 and B = 1. Suppose xq is
a regular point of the free boundary T' = T'(v) of the solution v to (1.1). Then, T € C™ 1 in a
neighborhood of xy for some a € (0,1) depending on s,n,m, and . In particular, if ¢ € C(R"),
then I' € C'*° near regular points.

Starting from the C1:9 regularity obtained in [8], the Holder exponent «a obtained in Theorem 1.1
is the minimum of # and o. In order to prove Theorem 1.1, we establish a higher order boundary
Harnack estimate for the operator L,. We prove this estimate in slit domains, that is, domains in
R™*! from which an n-dimensional slit P C {z,,+1 = 0} is removed. Recall that the classical boundary
Harnack principle states that the quotient of two positive harmonic functions that vanish continuously
on a portion of the boundary of a Lipschitz domain is Holder continuous up to the boundary (see
[7, 17]). In [13], De Silva and Savin remarkably extend this idea to the higher order boundary Harnack
principle, proving that the quotient of two positive harmonic functions that vanish continuously on a
portion of the boundary of a C*® domain is C*®. Motivated by applications to the Signorini problem,
n [14], they prove such a higher order boundary Harnack principle on slit domains. To do so, they
assume I' := OgnP is locally the graph of a function of the first n — 1 variables, and they consider
a coordinate system (z,7) on R"*! where z € R™ and r is the distance to I'. They also define a

21In [8], the obstacle is assumed to be C2:1, though in [6], this is relaxed, and ¢ is only assumed to be CL:s+te,
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corresponding notion of Holder regularity Cf;;?‘ (see Section 2) that restricts to the standard notion of
Ck on T when I' € C*.

Theorem 1.2 (De Silva and Savin, [14]). Let u and U > 0 be harmonic functions in By \ P C R*H1
that are even in x,,1 and vanish continuously on the slit P. Suppose 0 € T := OgnP with T € C*
for k> 1 and |T||gra < 1. If ul| e,y < 1 and U(v(0)/2) = 1, where v is the outer unit normal to
P, then

<C
CE2(TNBy /2)

u
U
for some C = C(n,k,a) > 0.

Here, ||T'||gk.« is defined as in (2.1). Theorem 1.2 is used to prove that the free boundary is smooth
near regular points for (1.3) with ¢ = 0 in the same way that the boundary Harnack principle is
used to improve the regularity of the free boundary near regular points from Lipschitz to C%® in,
for example, the classical obstacle problem. Indeed, if I is locally the graph of a C*© function v of
the first n — 1 variables, then Theorem 1.2 implies that 0;0/0, is C*2 on T where ¥ is the solution
to the Signorini problem. On the other hand, I' is also the zero level set of ¥, and so 9;v, for each
i=1,...,n—1,is given by 0;0/0,0 on I'. Hence, v € C**1:%, Starting with k = 1 and proceeding
iteratively, one proves that the free boundary is smooth near regular points.

The proof of the higher order boundary Harnack estimate in this paper is motivated by the global
strategy developed by De Silva and Savin to prove Theorem 1.2. However, some delicate arguments
are needed to adapt these ideas to our setting, which we briefly describe here. The proof involves a
perturbative argument, the core regularity result being one in which T is flat (Proposition 3.3). When
a = 0, the flat case follows from capitalizing on the structural symmetry of the Laplacian; boundary
regularity is inherited from interior regularity for a reflection of the solution. Instead, to handle the
case a # 0, we prove the necessary regularity of our solutions by hand. First, a reduction argument
allows us to focus on the two-dimensional case. Here, the specific degeneracy of the operator L, for
each a # 0, forces a specific degeneracy in solutions that vanish on the negative x-axis to the equation
L,u = 0. We observe this first in global homogeneous solutions. Then, we prove that our solutions
have a well-defined power series-like decomposition in terms of these homogeneous solutions, which in
turn yields the regularity result. (See Section 6.)

Another new difficulty we encounter comes from considering nonzero obstacles in (1.1). As discussed
above, Theorem 1.2 implies C'*° regularity of the free boundary near regular points in the Signorini
problem with zero obstacle, that is, taking ¢ = 0 in (1.3). Yet, taking ¢ = 0 in the nonlocal problem
(1.1) is rather uninteresting: the solution is identically zero. While the results of [14] do extend to
(1.1) when s = 1/2 so long as an extension of ¢ can be subtracted off without producing a right-hand
side3, such an extension is not generally possible. The new feature of the higher order boundary
Harnack estimates here, necessary for treating general obstacles, is that we allow both L,u and L,U
to be nonzero when considering the quotient u/U. Still, handling general obstacles in (1.1) is quite
involved. Even after constructing a suitable extension of the obstacle from R” to R®*!, one finds a
large gap between having and applying these propositions, another consequence of having to work with
a degenerate elliptic operator. (See Section 7.)

Proposition 3.2 and Proposition 5.4 are the higher order boundary Harnack estimates in the
generality needed to prove Theorem 1.1. The simplest case of these estimates, however, takes the
following form.

Theorem 1.3 (Higher Order Boundary Harnack Estimate). Let u and U > 0 be a-harmonic functions
in By\'P C R"*! that are even in x,.1 and vanish continuously on the slit P. Suppose 0 € ' := Opn P
with T € C** for k> 1 and ||Tcre < 1. If ||lullpee(p,) < 1 and U(v(0)/2) = 1, where v is the outer

3 For instance, this can be done if A™ ¢ = 0 for some m € N.
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unit normal to P, then

<C

u
u C:#(PNBy 2)

for some C = C(a,n,k,a) > 0.

The original approach to proving higher regularity in obstacle problems, pioneered in [20], was to use
the hodograph-Legendre transform. These techniques have been extended to prove higher regularity in
the Signorini problem with zero obstacle in [21] and in thin obstacle problems with variable coefficients
and inhomogeneities in [22]. On the other hand, at the same time as [21], De Silva and Savin used
the higher order boundary Harnack principle to show higher free boundary regularity in the Signorini
problem with zero obstacle in [14], as we discussed above. They also used these techniques to give a
new proof of higher regularity of the free boundary in the classical obstacle problem (see [13]). The
higher order boundary Harnack approach has been adapted to the parabolic setting, proving higher
regularity of the free boundary for the parabolic obstacle problem in [4] and for the parabolic Signorini
problem with zero obstacle in [5]. We mention that an advantage of the hodograph-Legendre transform
approach is that it allows one to prove analyticity of the free boundary near regular points when the
obstacle is analytic.

Upon completion of this work, we learned that Koch, Riiland, and Shi in [23] — independently and
at the same time — have proven an analogous result to our Theorem 1.1. In contrast to the methods
used herein, they employ the partial hodograph-Legendre transform techniques mentioned above.

1.3. Organization. In Section 2, we introduce some notation and present some useful properties of
the operator L,. In Section 3, we state and prove a pointwise higher order boundary Harnack estimate.
Section 4 is dedicated to proving a pointwise Schauder estimate, while Section 5 extends the results of
the previous two sections to a lower regularity setting. In Section 6, we prove a regularity result for a-
harmonic functions vanishing continuously on a hyperplane. Finally, we prove Theorem 1.1 in Section 7.

Acknowledgments. We wish to thank Alessio Figalli for suggesting this problem. Part of this work
was done while the authors were guests of the Ecole Normale Supériore de Lyon in the fall of 2015; the
hospitality of ENS Lyon is gratefully acknowledged. RN is supported by the NSF Graduate Research
Fellowship under Grant DGE-1110007.

2. PRELIMINARIES
2.1. Notation and Terminology. Let X € R**! be given by
X = (@ an,y) = (@', 2) = (z,9)

where 2’ € R, z,, € R is the nth component of X, and y € R is the (n + 1)st component of X. In
this way, = (2/,1,) € R" and z = (v,,,5) € R%. Furthermore, define

B, = {|X]| < A}, B} = {|z| < A}, and B} = {|2'| < A\}.
Let T’ be a codimension two surface in R**! of class C*+2® with k > —1. Then, up to translation,
rotation, and dilation, I' is locally given by
I = {(/,7('),0) : 2’ € By}
where v : Bj — R is such that
7(0) =0, Voy(0)=0, and  [|v[lcr+zapy) < 1.
We let

[Cllcre = [17llcremy)- (2.1)
Define the n-dimensional slit P by

P = {In < V(II)’ Y= 0}’
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and notice that OgnP =T
Let d = d(z) denote the signed distance in R™ from z to I" with d > 0 in the e,-direction, and let
r = r(X) be the distance to I" in R?*1:

ri= (42 + d?)12.
Then,
Ver = gl/, V.d=v, and —A,d=k
r

where k = k() denotes the mean curvature and v = v(x) represents the unit normal in R™ of the
parallel surface to I' passing through x. Moreover, set

U, = <r;d>s. (2.2)

lyl**
25(r — d)s’
and when T is flat, that is, v = 0, U, is equal to

U, = (Z|2+d> (2.4)

As shown in [8], U, is (up to multiplication by a constant) the only positive a-harmonic function
vanishing on {z, <0, y = 0}. Thus, if v is a global homogeneous solution of (1.2) with ¢ = 0, then,
up to a rotation, U, = 0,¥, where v is the unit normal in R” to the free boundary I'. When I is not
flat, the function U, is not a-harmonic. However, it approximates a-harmonic functions in the sense of
the Schauder estimates of Proposition 4.1.

We work in the coordinate system determined by = and r. For a polynomial

Observe that one can express U, as

U, = (2.3)

m
)

P =P(z,r) = pumat'r
we let
| P|| == maxﬂpmn'}'
Here, p is a multi-index, |u| = p1 + -+ + pn, p; > 0, and z# = 2" - - - zk» . Tt is useful to think that
the coefficients p,,, are defined for all indices (i, m) by extending by zero. Frequently, we use the
convention of summation over repeated indices.
A function f : By — R is pointwise CE® at Xo € I if there exists a (tangent) polynomial P(z,r) of
degree k such that
f(X) = P(z,r) + O(|X — Xo|*+*).
We will write f € C¥@(X;), and ||f||c£’;‘(xo) will denote the smallest constant M > 0 for which

1Pl <M and  [f(X) = P(z,r)| < M|X — Xo|**.

We will call objects universal if they depend only on any or all of a,n, k, or a. Throughout, unless
otherwise stated, C' and ¢ will denote positive universal constants that may change from line to line.

2.2. Basic Regularity Results for L,. Let us collect some regularity results for weak solutions
u € HY(By, |y|*) of the equation L,u = |y|*f, beginning with interior regularity. Throughout the
section, we assume that 0 < A < 1.

As the weight |y|® is an As-Muckenhoupt weight, we obtain the following local boundedness property
for subsolutions L, from [16].

Proposition 2.1 (Local Boundedness). Let u € H' (B, |y|*) be such that Lou > |y|°f in By with
f € L*™(By). Then,

1 . 1/2
lsgup vs C()\n+1+a / ‘u|2 vl dX) - CV”fHL”“(BA)' (2.5)
/2 B
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Proof. The inequality follows from [16, Theorem 2.3.1] applied to u = ¢(A? — | X|?) and u + ¢|X|?; see
[3, Lemma 3.4] for details.” O

The operator L, also enjoys a Harnack inequality [16, Lemma 2.3.5] and a boundary Harnack
inequality [15, p. 585]. By a standard argument (see, for instance, [19, Theorem 8.22]), the Harnack
inequality implies that solutions of L,u = |y|®f for bounded f are Holder continuous.

Proposition 2.2 (Holder Continuity). Let u € H(By, |y|*) be such that Lyu = |y|*f in By with
f € L*™(B,). Then,

[ullo.a(s,,n) < CAlullpoe(By) + CN 7| fll=(By)
for some ac € (0,1).

If u is such that L,u = 0, then L,(d;u) =0 for i = 1,...,n. Moreover, as pointed out in [9], the
function |y|*0yu satisfies L_,(|y|*0yu) = 0. If instead L, u = |y|®f for f bounded, then one can show
that

Lo.(0u) = |y|*0: f Vi=1,...,n and L_.(|y|*0yu) = 0y f.

Here, the partial derivatives of f are understood in the distributional sense. And so, we have the
following regularity result for V,u and |y|*0yu.

Proposition 2.3 (Interior Regularity of V,u and |y|*d,u). Let u € H*(By, |y|*) be such that Lou =
ly|*f in By with f € L>(By). Then,

IVaull o (By,4) < CA Hullpe(sy) + Cllf L (B2)-
Furthermore, if g := |y|*0y f € L>°(B)), then
y1“Oyull Lo (B, ,0) < CA "l oo (myy + CAYI fll oo (Br) + CA2 Mgl Lo (1)
In fact, O;u and |y|*0,u are Holder continuous, but boundedness is all we need.
Proof. By [16, Theorems 2.3.1 and 2.3.14], V,u has the following local boundedness property:

1 . 1/2
sup [Vzul < C()\n-‘rl-‘ra/ Vaul? [yl dX) + ON(| £l Lo (5 /2)
Bx/a B2

for some 0 > 0. Using the energy inequality
a a C’ a
[owaprax <o [ ipulrax s 5 [ el ax (2:6)
By 2 Bx B

for u and recalling A < 1, the first estimate follows.
Let w := |y|*0yu and note that L_,w = |y|~%g. Since g € L*°(B)), (2.5) implies that

1/2
1 —a
il < (s [ WP aX) 4 O¥lalinia

X/2

1/2
1 a
sc<n+1a [ vl dX) XNl s,
A By/2

Applying (2.6) once more concludes the proof. |

The following boundary regularity result is a consequence of Proposition 2.3 applied to odd reflections.
More specifically, let Bf := By N {y > 0} and u € H(B,y?) be such that
La’u, = yaf in B; (27)

u=0 on {y =0},

4\We caution the reader that the authors in [3] define L, with the opposite sign convention, that is, they consider
Lau(z,y) == — div(|ly|*Vu(z,y)).
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and let u and f be the odd extensions across {y = 0} of u and f respectively. Then, notice that
Lo, = |y|®f in By. Applying Proposition 2.3 to @ yields the following.

Corollary 2.4 (Boundary Regularity for V,u and y*d,u). Suppose u € H' (Bi,y“) satisfies (2.7)
where f € C(E:). Then,
||Vmu||Lx(B;’/4) < C)‘_lHUHLoo(B;f) + C”fHLoc(B;’)'
Furthermore, if f vanishes on {y = 0} and y?d, f € L>=(BY), then letting g := y*0, f,
a a—1 a 2
ly ay“”Loo(BjM) S ONT ull g g1y + CA Sl oo (51 + CN M9l oo (51
If f does not vanish on {y = 0} yet depends only on z, then we have the following.

Corollary 2.5 (Boundary Regularity of y®d,u). Suppose u € H(BY,y®) satisfies (2.7) where
f=f(x) and f € L>°(BY). Then,

ly*0yull o 5y, ) < CX Tl o gy + CX IS e (-

Proof. Letting w := |y|*0yu, where again @ is the odd extension of u across {y = 0}, we have
L_,w=2fH"{y=0}.
Let M := Hf”LOO(Bj) and consider the barriers

M
=w+ ——|y|**!
U4 w 1 +a‘y| ’

which satisfy

L_,vy = (2f £2M)H" {y = 0}.
Therefore, L_ vy > 0 and L_,v_ < 0. Applying Proposition 2.1 and arguing as in the proof of
Proposition 2.3, we see that

sup v < CA*"Hlul| poe (3y) + CX||fll Loe(By)-
Bixja

The same bound holds for supp, , —U-. As v_ < w < vy, this concludes the proof. O
As a consequence of Corollaries 2.4 and 2.5, we have the following growth estimate on |V, u| when
f = f(z) is Lipschitz.
Corollary 2.6 (Boundary Growth of 9;u). Suppose u € Hl(Bj\r,y“) satisfies (2.7) where f = f(x)
and f € CO’I(Ej). Then, for anyi € 1,...,n,
Oiu(X)| < Cy**  in B;\r/4.
Here, the constant C > 0 depends on a,n, A, ||uHLOO(B;r), and Hf||co,1(§;r).
Proof. For any i = 1,...,n, we have that L,(0;u) = y®h where h := 9;f. Since f € C’O*l(ﬁj), it
follows that h € L°°(BY). Applying Corollary 2.5 to d;u implies that
|0y (Dsu(X))| < Cy™,
where, using Proposition 2.3, we see that C' depends on a,n,\, HU’HLOO(B;')’”JIHCOJ(

diu(x,0) = 0, we determine that

—+.. Since
By)

iu(X)| < C

Yy
/ U dt‘ = Cy*.
0
0

We have the same growth estimate for |V, u| when f is less regular and unconstrained to depend
only on z so long as it vanishes on {y = 0}.
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Corollary 2.7 (Boundary Growth of d;u). Suppose u € H'(BY,y®) satisfies (2.7) where f € C(F;\r)
and f vanishes on {y =0}. If g :=y*0,f € LOO(Bj\'), then for anyi € 1,...,n,
0u(X)] < Cy** in B .

Here, the constant C > 0 depends on a,n, A, ||uHLOQ(B;r), Hf||Loo(BI), and ||g||Loo(BI).
Proof. Let w := |y|*0,u and note that L_,w = |y|~%g in By where g := |y|*0,f € L>(B)). From
Proposition 2.3, we find that
In other words,

|0y (Osu(X))| < Cy™,
where we see from Proposition 2.3 that C depends on a,n, A, ||uHLM(BA+), ||f||Loo(B;r)7 and ||9||L°°(Bj)'
Arguing as in the proof of Corollary 2.6 completes the proof.

3. A HIGHER ORDER BOUNDARY HARNACK ESTIMATE: T' € C**+2:> poRr k > 0

In this section, we prove a pointwise higher order boundary Harnack estimate when I' is at least
C?. This estimate, Proposition 3.2, and its C1'® counterpart, Proposition 5.4, will play key roles in
proving higher regularity of the free boundary in (1.1), as sketched in the introduction. We refer the
reader to Section 7 for the details of how exactly this is accomplished.

Let U € C(B;) be even in y and normalized so that U(e,/2) = 1. Suppose further that U =0 on P
and U > 0 on By \ P, and assume U satisfies

LU = |y|* (liaT(a:,r) + G(X)) in B\ P (3.1)

where T'(x,r) is a polynomial of degree k + 1 and
|7 <1 and IG(X)| < ro=t| X [FHte,

In Proposition 4.1, we show that if I' € C*+2:% with ||T'||x+2. < 1 and U is as above, then U takes
the form

U = Ud(Py+ O(|X|F1H)) (3.2)
for some polynomial Py(x,r) of degree k + 1 with ||Py|| < C and U, as defined in (2.2). Formally, if
we differentiate (3.2), we find that

V.U = UT (sPov 4+ 19.Py + (0, Po)dw + O(1X£+4+) (3.3)
and U
VU Vr ==t (SPO + (9, Po)r + Vo Py - (dv) + 0(\X\k+1+a)). (3.4)

Rigorously justifying these expansions in our application to the fractional obstacle problem will require
a delicate argument, which we present in Proposition 7.1. That said, in Proposition 3.2, we simply
make the assumption that (3.3) and (3.4) hold.

Remark 3.1. When T'= G = 0, (3.3) and (3.4) follow by arguing as in Section 5 of [12] and the
Appendix of [14], using the regularity results in Section 2.

Proposition 3.2. Let I' € C*2< with ||T||crt2.a < 1. Let U, T, G, and Py be as in (3.1), (3.3), and
(3.4). Suppose that v € C(By) is even in y with ||ul|p~(p,) < 1, vanishes on P, and satisfies

Lau = [y[* (Z“R(x, )+ F(X)) in By \ P

where R(x,r) is a polynomial of degree k + 1 with ||R| <1 and
[FX)] < re 7t X[
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Then, there exists a polynomial P(x,r) of degree k + 2 with | P|| < C such that

u
—_p <CXk+2+oz
-7 <o)

for some constant C' = C(a,n,k,«) > 0.

Proposition 3.2 is proved via a perturbation argument that relies on following result, where we
consider the specific case that T, G, R, F = 0 and T is flat.

Proposition 3.3. Suppose u € C(By) is even in y with ||ul|p~(p,) <1 and satisfies

Lou=0 in B\ {z, <0, y=0} (3.5)
u=0 on {z, <0,y =0} .

Then, for any k > 0, there exists a polynomial P(z,r) of degree k with ||P|| < C such that U,P is
a-harmonic in By \ {z, <0, y =0} and

lu — U, P| < CU,|X|FH (3.6)
for some constant C = C(a,n, k) > 0.

Recall that U,, defined in (2.4), is U, when I is flat. We postpone the proof of Proposition 3.3
until Section 6. In order to proceed with proof of Proposition 3.2, we need to adapt the notion of
approximating polynomials for /U, introduced in [14], to our setting. Observe that

Lo (Uztr™) = atr™ LU + ULy (x"r™) + 2|y|*V (zHr™) - VU

3.7
= |y|*(I+ II 4 III) (37)
where, letting 7 denote the n-tuple with a one in the ith position and zeros everywhere else,
I= E:r”rmT(az,r) + 2trmG(X),
r
U _
1= ?(m(a +m —dr)x"r™ 4 g (g — D™ et 4 2dmr™ TV () - v),
I = 2(r™V,U - V(2™) + matr™ VU - Vr).
Up to a dilation, we can assume that
ITllereza <&, Tl IR <6, and  [G(X)], [F(X)] < er*HX[FH+e (3.8)

for any € > 0. For € > 0 sufficiently and universally small, the constant term of Py in (3.2) is nonzero
(see Remark 3.6 below). So, up to multiplication by a constant, (3.2) takes the form

U=U,(14 Qo+ cO(|X|FT1To)), (3.9)

where Qo(z,r) is a degree k + 1 polynomial with zero constant term and ||Qol| < 1.
Taylor expansions of v, k, and d yield

Vi = 0in + o+ O(X [P,k = K(0) + - +O(X[FF), and d =z, + - +eO(IX[FF).
Hence, using (3.3) and (3.4) to expand III, we find that I,1I, and III become

U,
I= —asglmx”rl + O (r* 7 X |,
r

U 7 m
1= = (ma+m+ 2u)a "™ + iy = D"+ at =2 4 alf"a7r! + O(IXF4)), - (3.10)

(/ a n m
I =— (25rmpna:"_" + 2smatr™ L 4 P ! 4 €O(|X|k+1+o‘)).
r

pum _pm

Here, s.;",a,; ,

that is,

and b!7" are coeflicients of monomials of degree at least |u| +m and at most k + 1;

st ab ot #£0  onlyif  jul+m <ol +1<k+1.
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Furthermore, since the monomials a/;"z7r! and b" 277! come from the Taylor expansions of v, x, and

d (which vanish when T is flat), recalling (3.8), we have that
561" |: lagi" 1, 105" < Ce.

Therefore, from (3.7), (3.9), and (3.10), we determine that
Ua 7 7 4
Lo(Uzhr™) = [y|* (r (ml‘“rm‘l(l +m o+ 2pa) + 280" A (g — )t 4 ci,?“x"rl)

+ EO(TS_1|X|k+1+“)>

where
' #0 onlyif  |ul+m<lo|+1<k+1 and  |cfi"| < Ce.

ol ol

Thus, given a polynomial P(x,r) = p,mztr™ of degree k + 2,
Us
L,(UP) = |y|* (TAglx”rl + h(X))

where |o| +1 < k+1,
M(X)| < Ce|| Pllr=t X [F e, (3.11)

and
Agi = I+ 1)1+ 24 200)po,i+1 + 25(0n + 1)potas + (05 + 1) (05 + 2)potori—1 + ) Dpm- (3.12)

From (3.12), we see that p,;41 can be expressed in terms of A,;, a linear combination of p,,, for
w~+m <|o|+1, and a linear combination of p,,, for yp+m < |o| 4+ and m < [. Consequently, the
coefficients p,,n, are uniquely determined by the linear system (3.12) given Ay; and pyo.

Definition 3.4. Let w and U be as in Proposition 3.2. A polynomial P(z,r) of degree k + 2 is
approzimating for u/U if the coefficients A,; coincide with the coefficients of R.

Before we prove Proposition 3.2, let us make two remarks and state a lemma.

Remark 3.5. While U, is not a-harmonic in By \ P, it is comparable in B; to a function V, that is
a-harmonic in B; \ P. Indeed, using the upper and lower barriers V. := (14 r/2)U,, one can construct
such a function V, by Perron’s method.

Remark 3.6. Up to an initial dilation, taking ||I'||gr+2,« < € for a universally small £ > 0, the constant
term of Py in (3.2) is nonzero. If U and U, were a-harmonic in B \ P, this would follow directly from
the boundary Harnack estimate applied to U, /U without a dilation. By Remark 3.5, U, is comparable
to the a-harmonic function V,. For ¢ > 0 sufficiently small (universally so), we will find that U is
also comparable to an a-harmonic function W; hence, we can effectively apply the boundary Harnack
estimate to U, /U passing through the quotient V, /W to conclude. More specifically, after dilating, let
us normalize so that U(ey/2) = 1. First, let W satisfy

LW =0 inB;\P
W=U on OB1 UP.

The strong maximum principle ensures that W is positive in By \ P. Applying the boundary Harnack
estimate to W and V,, Remark 3.5 implies that
w
U, < —— < CU,.
T Wlew/2) ~
Second, let V := U — W, and observe that
|LV| < Cely|®r®~! in By \ P
V=0 on 0B; UP.
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Lemma 3.7 then shows that
V| < Cel,.
So, 1 — Ce < W(e,/2) <1+ Ce and for € > 0 small,
cU, <U < CU,.
Now, if the constant term of Py were zero, then (3.2) would yield c¢U, < U < CU,|X|, which is
impossible.

In addition to its use in Remark 3.6 above, the following lemma will be used at several other points.
The proof follows by considering the upper and lower barriers vy := + C(U, — Us / ).

Lemma 3.7. Let v € C(By) satisfy
|Lov| < |y|®rs~Y in By \ P
v=0 on 0By UP.

Then,
[v]| < CU,
for some constant C' = C(a) > 0.

We are now in a position to prove Proposition 3.2.

Proof of Proposition 3.2. First, let € > 0 in (3.8) be sufficiently small so that Remark 3.6 holds. Then,
solving a system of linear equations as discussed above, we obtain an initial approximating polynomial
Q°(x,7) of degree k +2 for u/U. Up to multiplying u by a small constant and further decreasing ¢ > 0
(recall that ||Q°|| < C¢), we can assume that

1Q°N <1, flu=UQ ro(myy <1, and  [Lofu—UQN(X)| < [y|*ers™ X [FHIFe

Step 1: There exists 0 < p < 1, depending on a,n, k, and o, such that, up to further decreasing € > 0,
the following holds. If there exists a polynomial QQ of degree k + 2 that is approximating for u/U with
[Q <1 and

Ju = UQ| (s, < AFF2TTs,

then there exists a polynomial Q' of degree k + 2 that is approximating for u/U with
[u—UQ || (5,,) < (pA)FH2Tots

and
1Q" = Qllz=(py) < CAFF2Fe.
for some constant C = C(a,n, k,a) > 0.

For any A > 0, define the rescalings

1 AX U, (A X UNX
Py = —P, ra(X) = ( ), Ugn(X) == g, Ux(X):= ( ), (3.13)
A A A8 s
. = UQIOX)
- u —
UX) = irzrars
Thus, [|i]|ze(p,) < 1, and by (3.11), we have that
ILa@(X)| < Celylory !X |+ 4o, (3.14)
Let w be the unique solution to
Low=0 in B\ Py
w=0 on Py (3.15)

w=1u on 0Bj.

Notice that w is even in y by the symmetry of the domain and boundary data and ||w||ze,) <1
by the maximum principle. Since P, has uniformly positive L,-capacity independently of € and A, w
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is uniformly Holder continuous in compact subsets of B;. So, letting @ be the solution of (3.15) in
By \ {z, <0, y =0}, by compactness, w is uniformly close to @ if ¢ is sufficiently small (universally
s0). Indeed, recall that I' — {z, = 0, y = 0} in C*"2 as ¢ — 0. Furthermore, thanks to (3.9), we
have that Uy — U, uniformly as ¢ — 0.
Proposition 3.3 ensures that there exists a polynomial
P(X) := puma’|z|™
of degree k + 2 such that ||P|| < C, U, P is a-harmonic in the set B; \ {z, <0, y = 0}, and
l|lw — UaPHLm(BP) < Cpktats,

Notice that the a-harmonicity of U, P implies that

T+ 1) +2+200)P0u+1 + 28(0n + 1)Potn + (0i + 1)(0; + 2)Potari—1 =0  V(o,1).  (3.16)
Therefore, choosing p and then ¢ sufficiently small depending on a,n, k, and «, we find that

lw = UxP|lLoe(B,) < llw = @l (5, ,5) + IUNP = UaPll (5, 5) + |0 = UaP|| L (5,
L ri2tats (3.17)
<P ‘
4

where P(X) := pma"r has the same coefficients as P. Now, set v := @ — w. From (3.14), we find
that

|Lov| < elyl®r5™" in By \ Py

v=>0 on 0B1 UPy.

From Lemma 3.7 and (3.9), we deduce that
[v] < Celgyp < CeUly. (3.18)

Then, combining (3.18) and (3.17) and further decreasing ¢ depending on p, a,n, k, and «, we find
that

k+2+a+s
P .

DN =

@ — UsPl|peo(5,) < [l (5,) + llw — UsP| = (5,) <
Rescaling implies that
~ 1
|u—=UQ|lL=(B,,, < 5(p)\)cherraJrs
with Q(X) = Q(X) + A2+ P(X/\). )
To conclude, we must alter ) to make it an approximating polynomial for u/U by replacing P(X/\)
with another polynomial P'(X/)). As @ is already an approximating polynomial for u/U, we need
the coefficients pj,,,, of P’ to satisfy the system

(1) (I 424200)p5 141 +28(00 + )P4+ (00 +1) (00 +2)p5 10011 + 607" Dy =0 V(0,1) (3.19)

where
sHme .y o+ 1= |p[—m pm
= A c -

Notice that |¢47"| < |¢*)"| < Ce. Furthermore, subtracting (3.19) from (3.16), we see that P’ — P
solves the system (3.19) with right-hand side
Aal = Eﬁrﬁum
Hence, |Ay| < Ce, and choosing pj,q = ppo, we uniquely determine P’ and find that
|P' — P| < Ce.
Setting Q'(X) := Q(X) + A2+ P/(X/)) concludes Step 1.

Step 2: Iteration and Upgrade.
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Iterating Step 1, letting A = p? for j =0,1,2,..., we find a limiting approximating polynomial P
such that ||P|| < C and
u — UP||L0°(BN-) < Opilk+2+ats) Vj e N.

To upgrade this inequality to

|u — UP| < CU|X k2T, (3.20)
we argue as in Step 1 in Bj \ Py. Setting

- _ [u—=UPJ(AX)

w(X) = \er2tats

we have that
‘m < |w| + |U| < CUa,)\ < CUy, in Bl/g.
Indeed, that v and w are controlled by U, » comes from Lemma 3.7 and an application of the boundary

Harnack estimate (cf. Remark 3.5), while the last inequality comes from (3.9). Thus, after rescaling,
we deduce that (3.20) holds since 0 < A < 1 was arbitrary. O

Keeping Remark 3.1 in mind, if U is a-harmonic, then (3.3) and (3.4) hold. So, a consequence
of Proposition 3.2 and Proposition 5.4, its C1'* analogue, is the following full generalization of [14,
Theorem 2.3].

Theorem 3.8. Suppose 0 € T' := OgnP with T € C*2 for k > 1 and ||T||cre < 1. If u and U are
even in Tny1, |[ullpem,) <1,

Lou=|y|*Y%f in B, \P
u=20 on P

for
feCy;t@nB)  with  |flrreng,) < 1
and U > 0 is a-harmonic in By \ P with U(v(0)/2) = 1, where v is the outer unit normal to P, then

u

<
i <C

Ch#(TNBy 2)

for some C' = C(a,n, k,a) > 0.

4. SCHAUDER ESTIMATES: I’ € C¥t2:2 poR k > 0

In Proposition 3.2, we were crucially able to approximate U in terms of U, Py, where Py = Py(z, 1)
is a polynomial of degree k 4+ 1. This approximation, (3.2), is a consequence of the Schauder estimates
of Proposition 4.1 below. These Schauder estimates roughly say if u satisfies

U, )
Lau:|y|a7f in B\ P and u=0 onP,

then u gains regularity in terms of the regularity of f and I". More precisely, we find that u/U, €
ChtLe(0) if f € CF2(0) and T € CF 2,

Proposition 4.1. Let I' € C**22 with ||T||cri2.a < 1. Suppose u € C(By) is even in y with
lull Lo (By) < 1, vanishes on P, and satisfies
Ua .
Lou(X) = |y <7“R($’ r) + F(X)) in B\ P
where R(x,r) is a polynomial of degree k with ||R|| <1 and
IP(X)| < r 1 X,
Then, there exists a polynomial Py(x,r) of degree k + 1 with ||Py|| < C such that
lu— UgPy| < CU,|X|FH! T
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and

|Lo(u — Uy Py)| < Cly|*r* HX[FF™  in By \ P
for some constant C = C(a,n, k,a) > 0.

To prove Proposition 4.1, we must first extend the appropriate notion of approximating polynomial
to this setting. We compute that

Ua
Lo (Ugahr™) = |y|*— ( — (dm + sr)kxtr™ 1t 4 m(m + D)atr™ !
r
+ 20 (dm + sr)v - Vigah + p (s — 1)1.u72i7,m+1>.

Each of the functions v;, x, and d can be written as the sum of a degree k polynomial in  and a C*®
function in x whose derivatives vanish up to order k. The lowest degree terms in the Taylor expansion
at zero of v, k, and d are d;,,, k(0), and x,, respectively. Hence, grouping terms by degree up to order
k and the remainder, we see that

U, -
Lo(Ugztr™) = |y|*— (m(m + 14 2 )zt r™ 4 2sp, 2t ™
T
s~ Dt T ) ).
Here, ¢&" # 0 only if |u| +m < |o| 4+ 1 < k. Also,

R (7)== r™hE (z) + mrm_lh“mfl(xL

and h# hb | € C*%(B7) have vanishing derivatives up to order k —m and k — (m — 1) at zero
respectively. The coefficients ¢/} are all linear combinations of the Taylor coefficients at the origin of
K, dk, v;, and dv;, which vanish if T' is flat. After a dilation making ||T'||gr+2.« < €, we may assume that

|ngn| <e, ||h¢n||ckv“(3f) <e, and an_1||ck,a(3;) <e.
Therefore, if P(x,r) = pymax!r™ is a polynomial of degree k + 1, then
Us
La(UaP) = [yl =2 (Aoia”r" + h(z,1))
where |o| +1 < k,

Agi = (1 + 1)1+ 24 200)poi41 + 25(0n + Dot + (05 + 1)(03 + 2)Poy2r1-1 + o) " Dpms, - (4.1)

and
k
h(z,r) = Z 7" o ()
m=0

for h,, € C*<(Bj) with vanishing derivatives up to order k —m at zero. Assuming that ||T||cki2.0 < &,
we have

()] < e PllIX|Fe.

Considering (4.1), we see that p, ;41 can be expressed in terms of Ay, a linear combination of p,,, for
p+m < |o| +1, and a linear combination of p,,, for p+m < |o|+1 and m < 1. Thus, the coefficients
Pum are uniquely determined by the linear system (4.1) given Ay; and pyo.

Definition 4.2. Let u be as in Proposition 4.1. We call a polynomial P(x,r) of degree k + 1
approximating for u/U, if the coefficients A,; coincide with the coefficients of R.

Remark 4.3. Observe that

LU, = —|y|a%8/ﬁ($) and LU = |y|* (liaT(a:,r) + G(X)).
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Since I' € C¥*2 the mean curvature x = x(z) does not possess enough regularity to yield the same
order error as G after being expanded. Indeed, letting g := x — T where T is the kth order Taylor
polynomial of x at the origin, we see that

U, . )
“g(X)| < XY while  [G(X)| < o X R
r

This discrepancy lies at the heart of the difference in approximating u/U, and u/U.

With the correct notion of approximating polynomial in hand, the proof of Proposition 4.1 is now
identical to that of Proposition 3.2 upon replacing U with U,; it is therefore omitted.

5. THE Low REGULARITY CASE: ' € C1@

The goal of this section is to prove Proposition 5.4, which extends the higher order boundary
Harnack estimate of Proposition 3.2 to the case when I is only of class C1®. In this case, the functions
r and U, introduced in Section 2.1 do not possess enough regularity to directly extend the proof of
Proposition 4.1 or the notion of approximating polynomial for /U in Definition 3.4. Following [14],
this is rectified by working with regularizations of r and U,, denoted by r, and U, . respectively. The
following lemma contains estimates which will allow us to replace r and U, by their regularizations
when needed. The construction and the proofs of these estimates can be found in the Appendix.

Lemma 5.1. Let ||I'||c1.« < 1. There exist smooth functions r. and U, . such that

T—*—l < Cyre, ‘[]"”‘—1’§C*ra,
r U,
VU,
|Vre — Vr| < Cur®, |0y7s — Oyr| < Cily|“Uprs 11, VUas| 1‘ < Cyre,
IVUa|
2(1 — @
‘L‘““* I oot and (Ll < Gl

where Cy, = Ci(a,n,a) > 0. If |[T||cr.e < &, then each inequality holds with the right-hand side
multiplied by €.

The following pointwise Schauder estimate plays the role of Proposition 4.1 in the case when I is
cle.
Proposition 5.2. LetT' € CY with |T||cr.« < 1. Supposeu € C(By) is even in y with |ul| e (p,) < 1,
vanishes on P, and satisfies

|Lou| < |y|®r* 2T in By \ P. (5.1)
Then, there exists a constant p' with |p’| < C such that
lu—p'U,| < CUL|X|™

for some constant C' = C(a,n,a) > 0.

Note that even though Proposition 5.2 is stated just at the origin, it holds uniformly at all points
I'N By 3 since the assumption on the right-hand side in (5.1) does not distinguish the origin. The proof
of Proposition 5.2 is quite similar to that of Propositions 3.2 and 4.1, but we include it to demonstrate
how U, « is used. In the proof, we will make use of the following lemma, whose proof via a barrier
argument is given in the Appendix.

Lemma 5.3. Assume ||T'||cra < e with a € (0,1 — s), and suppose u satisfies
|Loul < |y|*r®=2** in By \ P
{u =0 on 0By UP.
If € > 0 is sufficiently small, depending on a, n, and «, then
lul < CU,
for some C' = C(a,n,a) > 0.
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Proof of Proposition 5.2. Up to a dilation, we may assume that
ITflcra <e and |Lou| < ely|rs—2te

for any € > 0, in particular, for € small enough to apply Lemma 5.3.

Step 1: There exists 0 < p < 1, depending on a,n, and a, such that, up to further decreasing € > 0,
the following holds. If there exists a constant q such that |q| <1 and

lu— qUallLoo(By) < A*T2,

then there exists a constant ¢ with |¢'| < C such that

[u—Uq||Loem,,) < (pA)*F

and
lg' —ql <CA*

for some constant C = C(a,n,a) > 0.

Define Py, ry, and U, x as in (3.13), and consider the rescaling
_ [u — qUa,+](AX)
X) = :
Ux) 20, Aot
Note that ||@| g (p,) <1 by Lemma 5.1. Let w be the unique solution of

Low=0 inB \P

w=0 on P

w=1u on 0Bj.
Observe that w is even in y and |lw||z~(p,) < 1. By compactness, w — w locally uniformly as ¢ — 0
where @ vanishes on {x,, <0, y = 0} and is such that L,w = 0 in By \ {z,, <0, y = 0}. Proposition 3.3
ensures the existence of a constant p with |p| < C such that, choosing p and then ¢ sufficiently small,
depending on a,n, and «,

|lw = pUa Al (B,) < lw = pUallL(s,) + 1P(Us = Uap) L (B,) <

Since v := @ — w satisfies

v=20 on 0B1 U Py,
Lemma 5.3 shows that |v| < CeU, x. Then, up to further decreasing e, we deduce that

{|Lav <elyl* 5T in By

1 a+s
1c,”

@ = pUallL=(B,) <
In terms of u, this implies that
1 ;
|u—qUa,. — 2C*Aa+sﬁUa||L°°(Bp,\) < é(p)‘)a—’_é-
Consequently, by Lemma 5.1, further decreasing ¢ if necessary, we find that
lu = q'Uallpo=(m,y) < (pA)*F° and  [¢' — g < CAF?

where ¢’ := q + 2C \*T4p.
Step 2: Iteration and Upgrade.

Iterating Step 1, letting A = p/, we find that there exists a limiting constant p’ such that
lu = p'UallL=(s,,) < CPOF VjeN.
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To conclude, we must upgrade this inequality to
lu—p'U,| < CU,|X|.
Arguing as in Step 1, in By \ Py, with

[u—p'Uas](AX)
\ats ’

u(X) =
we have that
[u] < |w| + |v] < CUgx in Byys.

Indeed, the bound on v comes from Lemma 5.3, and the bound on w comes from an application of the
boundary Harnack estimate (see Remark 3.5) and Lemma 5.1.5 Thus, after rescaling, since 0 < A < 1
was arbitrary, we find that

lu _p/Ua| < |p/Ua _p/Ua,*| + |u _p/Ua,*| < CUL|X|?,
as desired. O

We now proceed with the higher order boundary Harnack estimate. Let U € C(B;) be even in y
with U =0 on P and U > 0 on B; \ P, normalized so that U(e,/2) = 1, and satisfy

Ua :
LaU = |y|a (tr + G(X)) m Bl \P (52)
where t is a constant with
[t <1 and |G(X)| <r X (5.3)
If I' € OV with || g1« <1, then Proposition 5.2 implies that
U =Ud(p' +0(X]") (5:4)
for a constant |p’| < C. As before, formally differentiating (5.4) yields
Ua
V.U —p'V,U,| < C—|X|* (5.5)
T
and
10,U — p/ayUal < Cly[~"r=|1X|%; (5.6)

the justification of these derivative estimates for our application is somewhat delicate and is given in
Proposition 7.3. Again, in the simplest case, taking t = G = 0, these derivative estimates can be shown
by arguing as in Section 5 of [12] and the Appendix of [14], using the regularity results in Section 2 (cf.
Remark 3.1).

Proposition 5.4. Let T' € CY* with ||T||c1.« < 1. Let U, t,G, and p’ be as in (5.2), (5.3), (5.5), and
(5.6). Suppose that u € C(B1) is even in y with ||ul|p(p,) < 1, vanishes on P, and satisfies
Us ‘
Lou = |y|® <b7‘ + F(X)) in B1\P
where b is a constant such that |b] <1 and
[F(X)] < r X2
Then, there exists a polynomial P(x,r) of degree 1 with ||P|| < C such that

u

— — P| <CO|X|"
;- p|<cixi
for some constant C = C(a,n,a) > 0.

5 Here, we use the upper and lower barriers Uq, « F U;i:a/s in Perron’s method to build an a-harmonic function that

vanishes on P and is comparable to Ug, « and U,.
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To prove Proposition 5.4, we extend the notion of approximating polynomial to this low regularity
setting by considering polynomials in (z, r,) rather than in (z,r); that is, P(z,7) = po+ pi%i + Dnt17-
After performing an initial dilation, as before, using Lemma 5.1, (5.5), and (5.6), one can show that

U
La(UP) = [yl =% (tpo + 25pn + 2pnsn ) + h(X)

with
[W(X)| < ]| Pllr= X
Definition 5.5. Let u and U be as in Proposition 5.4. A polynomial P(x,r,) of degree 1 is approxi-
mating for u/U if
b=tpo + 25pn + 2pnt1-
With this definition of approximating polynomial, the proof of Proposition 5.4 is identical to that of
Proposition 3.2 and is therefore omitted.

6. PROOF OF PROPOSITION 3.3

In this section, we prove Proposition 3.3. That is, if w is a-harmonic in By \ {z, <0, y = 0} and
vanishes continuously on {x, <0, y = 0}, then the quotient u/U, is C5%.(I' N By/2). The perturbative
arguments of Sections 3 through 5 all rely on this core regularity result. The idea of the proof is the
following. The domain By \ {z,, <0, y = 0} and the operator L, are translation invariant in the e;
direction for any i = 1,...n — 1, so differentiating the equation L,u = 0 shows that u is smooth in
these directions. We can then reduce the proof of Proposition 3.3 to the two-dimensional case, but
with a right-hand side. A final reduction (Lemma 6.7) leaves us with the main task of this section,
which is proving Proposition 3.3 in the case n = 2 with zero right-hand side. This is Proposition 6.1
below.

It will be convenient to fix the following additional notation. For 2’ € R*~1, we let

Dy = {(a',2) e R" 1 |z] < A}
We sometimes suppress the dependence on z’ and view D) ,» = D) as a subset of R?.

Proposition 6.1. Let u € C(B1) be even in y with ||ul|p~p,) < 1 and satisfy

{Lau:O in D1\ {z <0,y=0}
u=0 on {x <0,y =0}
Then, for any k > 0, there exists a polynomial P(x,r) of degree k with |P|| < C such that U, P is
a-harmonic in D1\ {z <0, y =0} and
|u — U,P| < CU,|z|F*!
for some constant C' = C(a, k) > 0.
The geometry of our domain D; \ {z < 0, y = 0} is simplified through the change of coordinates
w(z1,20) =21 — 25 and  y(z1,2) = 2212,
which identifies the right-half unit disk D] := {z € R? : |2| < 1, z; > 0} and D; \ {x <0, y = 0}.5 If
we let @ denote u after this change of coordinates, then # is even in zo and
{Eau =0 inDf
u=0 on {z; =0}

where the operator L, (which is L, in these coordinates) is given by

- 1
Lau = M div(|22’1Z2|aVu).

6 This can be seen as the complex change of coordinates z — 22, i.e., W(z) = u(22). Abusing notation, we let z denote

points in this new coordinate system: z = (21, z2). Similarly, we set Dy := {z € R? : |z] < A}.
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The odd extension of u satisfies the same equation in D;. In this new coordinate system and after
an odd extension in z1, the function U, becomes |z1|~%z;. Thus, Proposition 6.1 is equivalent to the
following proposition.

Proposition 6.2. Let u € C(D1) be odd in z1 and even in zo with ||ul|p~p,) <1 and satisfy

{Lau =0 wm D, (6.1)

u=0 on {z = 0}.
For any k > 0, there exists a polynomial Q of degree 2k with ||Q|| < C such that L,(|21]7%21Q) = 0 in
Dy and
u— |21|~21Q] < Claa|**] 2?2

for some constant C' = C(a, k) > 0.

If a = 0, then v is harmonic and Proposition 6.2 follows easily. Instead, when a # 0, we prove the
result from scratch in three steps. First, we construct a set homogeneous solutions of (6.1). Second, we
show that these homogeneous solutions form an orthonormal basis for L?(0D;) with an appropriate
weight. Third, we expand u|gp, in this basis, extend this expansion to the interior of Dq, and compare
u to the extension.

Let @4 (21, 22) := |22122|%, and observe that @, is an As-Muckenhoupt weight.

Remark 6.3 (Homogeneous Solutions). For every j € NU {0}, define the function

(21, 22) = |21 T 21Q;(21, 23).
Here, Q;(z1, 22) := biziz) ",
G—i+D(G—i+1-y5)
i(i+s)
and by = bo(j, a) is chosen so that ||@;||z2sp, @,) = 1. Each @; is odd in 21, even in 23, vanishes on
the z9-axis, and satisfies

b == — bi—1,

Loui; =0 in R%

The two Green’s identities below will be used in what follows. The first is applied to prove Lemma 6.5,
an important estimate for the proof of Proposition 6.2. The second is utilized in Lemma 6.6 to show
that the homogeneous solutions of Remark 6.3 form an orthonormal basis for L?(0D1,&,)-

Remark 6.4 (Green’s Identities). If u,v € H* (D1,@q) are such that Lou= L,v=01in Dy, then u
and v satisfy the following Green’s identities for L,:

Vv -Vuw, dz = / u 0,vw, do VA<1 (6.2)
DA 8DA
and
/ U O,V e do — / vO,u, do =0 YA <1 (6.3)
dDy dDy

The following lemma shows that the (weighted) L2-norm of u on the boundary of D; controls the
(weighted) L?-norm of u inside D .

Lemma 6.5. Suppose u € H'(D1,@,) satisfies Lou = 0 in Dy. Then, there exists a positive constant
C, depending only on a, such that

llull 22Dy @.) < Cllull 20Dy @.)-

Proof. Let ¢ defined by
oA u) = ][ lu|? @, do,
oDy
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where the average is taken with respect to w,. Using (6.2), we compute that ¢ is increasing in A.

Hence,
1
/ |u|? @, dz < ¢>(1,u)/ / Gedod\=C |u|? @, do,
D, 0 oDy 0D
as desired. 0

Now, let us demonstrate that the homogeneous solutions of Remark 6.3 are an orthonormal basis
for L2(8D1, u_)a).

Lemma 6.6. Let ¢, :== ||Qa||211(8D1) and u; be as in Remark 6.3. The set {tq,0;:j=0,1,...} is an
orthonormal basis for L*(0D1,@,).

Proof. By construction, ||talr2(0p, @) = 1852001 @) = 1. We show that {i4,%; : j =0,1,...} is
an orthogonal, dense set in L?(0D1,@,).

We first treat the question of density. By symmetry, letting A := 0D N {z1, 22 > 0}, it suffices
to show that span{i,,@; : j =0,1,...} is dense in L?*(A,®,). Furthermore, via the locally Lipschitz
change of variables @ : [0,1] — A given by ®(t) := (t,v/1 — t2) with Jacobian Jg(t) = (1 — 2)~1/2
this reduces to showing that span{1,w; : j = 0,1,...} is dense in L?([0, 1], fio) where @; := @; o ® and
fig = (@g © ®)Jp. To this end, observe that for every [ € NU {0}, there exist constants ¢; € R for
j=0,1,...,1 such that

l
t25+2l = Z Cj’LT)j (t)
7=0

The Miintz-Szész theorem” implies that the family span{1,#2**2/ : [ =0,1,...} is dense in C([0, 1]).
Then, since C([0,1]) is dense in L?([0, 1], is), the question of density is settled.

We now show the set {t4,%; : 5 =0,1,...} is orthogonal in L?(dD1,&,). First, since the functions
u; are odd in z; and @, is even, the inner product of #; and ¢, in L?(0D1,@,) is zero for every
j € NU{0}. Moreover, since @; is homogeneous of degree 2s + 24, one computes for any z € 9D,
_d
Cd

Therefore, for @ and 4;, (6.3) becomes

0=(2k— 2j)/ Ul Wq do,
oD

as desired. O

0,u;(2) uj(Az) = (25 + 2j)u;(2).

A=1

We now prove Proposition 6.2 (and thus, Proposition 6.1) using Lemmas 6.5 and 6.6 and the local
boundedness property for L, (cf. (2.5)).

Proof of Proposition 6.2. By Lemma 6.6,
u|3D1 = Cala + Z Cjaj|3D1
j=0
as a function in L?(0D1,&,), and ¢, = 0 as u is odd in 2.
For every k € NU {0}, let vy, := E?:o cjuij and note that L,vg = 0 in Dq. So, applying Lemma 6.5
and [16, Corollary 2.3.4] to wgy1 = u — vg,

klirilo |lu — ’UkHLoo(Dl/z) < CkILII;O llu —vill L2 (Dy ,@0) < len;o Cllu — vl 20Dy ,0.) = 0.

7 The Miintz-Szész theorem (see [25] and [27]) says that span{1,tPi : p; > 0} for i = 0,1, ... is dense in C([0, 1])
provided that

[e’s}

S -

i—o Pi
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Therefore,
oo
u = chﬂj in Dy/p.
j=0
Since [[u|po(p,) < 1, it follows that sup; |c;| < 1. Consequently,
[wiga| < ul + o] < C
for a constant C' depending only on k£ and a. For any 0 < A < 1, define the rescaling

oy wer(A2)

w(z) = NZs+2kt2
and observe that |w| < C in Dy /2 thanks to the homogeneity of each term in wyy1. Furthermore, the
functions w and [z1|~ %21 vanish on {z1 = 0} and satisfy Lo = Lo(|21|7%21) = 0 in Dy 5. Applying
the boundary Harnack estimate in D;/, N {21 > 0} and recalling that @ and |z;|~%2; are odd in 2,
we find that

|1I1\ < C|Zl‘28 in D1/4.
Rescaling and letting Q(z) := Z?:o ¢;jQ;(21,23), we deduce that
lu— |21 7*21Q| < Clza[**]2[**+2,
concluding the proof. O

With Proposition 6.1 in hand, we use a perturbative argument to prove the following, which in turn
will allow us to conclude the proof of Proposition 3.3.

Lemma 6.7. Suppose u € C(By) is even in y with ||ul|p~(p,) < 1, vanishes on {x <0, y =0}, and
satisfies

Lou(z) = |y|* (U;IR(:,EJ’) + F(z)) in D1\ {x <0,y=0}
where R(x,r) is a polynomial of degree k with ||R|| <1 and
[F(2)] <ot MFe
Then, there exists a polynomial P(x,r) of degree k + 1 such that ||P|| < C and
lu— UgP| < CU,|z|MH1H
for some constant C = C(a, k,a) > 0.

The proof of Lemma 6.7 follows the two step improvement of flatness and iteration procedure given
in the proof of Proposition 3.2, and so we omit it.®
We now prove Proposition 3.3.

Proof of Proposition 3.3. The equation (3.5) is invariant with respect to @', so any partial derivative
of u in an z’-direction also satisfies (3.5). Furthermore, the set {z,, <0, y = 0}, where u vanishes, has
uniformly positive L,-capacity. It follows that solutions of (3.5) are uniformly Holder continuous in
compact subsets of By. In particular, as |[up=(p,) < 1, we see that for any multi-index g,

| DLullcor (B, ) < C (6.4)

for some constant C' = C(a, |pu|) > 0; that is, u € CP (B 2).
With the regularity of v in x’ understood, we turn to understanding the regularity of u in z. To
this end, notice that
Lou = |y|*Apru+ div, (|y|*V u).

8 Since Uy and r are homogeneous when I' is flat and U, is a-harmonic away from the set {z,, <0, y = 0}, the notion
of approximating polynomials and proof are much simpler.



22 Y. JHAVERI AND R. NEUMAYER

So, for any fixed z’, u satisfies

Lou=—|y|*Apu in Dy o\ {z, <0,y =0}
u=20 on{xngo,yzo}

as a function of z. (Here, L, is seen as a two-dimensional operator.) Let
fi=—-Ayu.

By (6.4), f is C%7 in compact subsets of B;. Up to multiplying by a constant, we may assume that
[ fllcor (B, ,5) < 1. Then, since f(z',0) = 0 for every z’, viewed just as a function in z, we see that

1F(2)] < J2]7 <otz

In particular, u satisfies the hypotheses of Lemma 6.7 with k& = 0 taking R(z,,r) =0 and F(z) = f(z2).
Applying Lemma 6.7, we find a degree 1 polynomial Py(x,,r) such that

lu — Uy Py| < CU,|2|* 7.
As u and f have the same regularity in z, it follows that
f(2) = UaQo(zn, ) + UaO(|2]F7)
for a polynomial Qo(z,,r) of degree 1. Equivalently,

U
f(z)= %R(xn,r) + F(2)
where R(zy,r) = rQo(xn,,r) is a degree 2 polynomial and, up to multiplication by a constant, ||R| <1
and |F(2)] < 7571z|>*7. In this way, we can bootstrap Lemma 6.7 with k = 2j to find polynomials

Pj(xy,,r) of degree 2j + 1 such that
lu — U Pj| < CU,|2|> T,
In other words, for each 2/, there exists ¢, € C°°(D; /9 /) such that

U(.’L‘/, Z) = Ua(z)(bw’ (Z)

Since u is smooth in z’ and U, is independent of ', ¢,/ (z) = ®(2/, z) is a smooth function of =’ as

well. So,
uw(@', 2) = Uy(2)®(2, 2).
This proves (3.6).

Finally, that U, P is a-harmonic in By \ P follows by induction: decompose P into its homogeneous
parts P(x,r) = anzo P, (z,r), where each P, (x,r) is a homogeneous polynomial of degree m. If
m =0, then L,(U,P) =0in By \ {z, <0,y = 0}. Assuming U, anzo P, (x,r) is a-harmonic in
B\ {z, <0,y =0} for all | < k, we find that

l
vi=u—Us Y Pu(z,1) =Ua(Pra(x,7) + o |X|"F1)) (6.5)

m=0
is a-harmonic in By \ {z, <0, y = 0}. Now, consider the rescalings of v defined by

N v(AX
(X)) = %

Observe that L,0 = 0 in By \ {z, <0,y = 0} and that ¢ — U,P;+1 as A — 0 by (6.5). Therefore,
Ly(UyP+1) =01in By \ {z,, <0, y = 0}, which concludes the proof. O
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7. PROOF OF THEOREM 1.1
In this section, we prove Theorem 1.1. Up to multiplication by a constant, we may assume that
lelleme@ny <1 and  |lv =@l pec@n) <1

and after a translation, rotation, and dilation, we can assume that the origin is a regular point of T,
that I'N B3 can be written as the graph of a C1:? function of n — 1 variables, and that dgnP =T is
locally given by

I'={(a',7(2),0) : 2’ € B}
where v : B] — R is such that

7(0) =0, Vary(0) =0, and  [|y[cremy) < 1.

Here, o := min{3, 0}. Now, recalling the discussion following the statement of Theorem 1.2, our goal
is to apply Proposition 5.4 and then iteratively apply Proposition 3.2 to produce a polynomial P of
degree m — 2 for which, after restricting to the hyperplane {y = 0}, we have

gGi(v—y) P
(v —¢)

The functions 9;(v — ¢) and 9, (v — ¢) are only defined on R"™, so, to apply our higher order
boundary Harnack estimates, we must first extend v and ¢ to R"*!. Following the notation set in the
introduction, we denote the (even in y) a-harmonic extension of our solution v by o, which satisfies
(1.2). Choosing an extension ¢ for the obstacle to R"*! is less straightforward, as our choice governed
by the need for the pair u = 9;(0 — @) and U = 9,,(0 — @) to satisfy the hypotheses of Propositions 5.4
and 3.2. The primary challenge is to show that U will satisfy the derivative estimates (5.5), (5.6),
(3.3), and (3.4). With this in mind, we define

S C|x|m—2+a.

~ —1) .
ox) =p@)+ Y Ao (7.1)
j
where cg =1, ¢j :=2j(2j + a — 1)¢j_1, and T? = T9(z) is the mth order Taylor polynomial of ¢ at
the origin. The coefficients c; are chosen such that

La@(X) = [y|*Ale = T°) ().
Set

w(X) := 0(X) — ¢(X), (7.2)

For any i € 1,...,n, [8, Proposition 4.3] implies that d;w € C%%(B;) for all 0 < § < s, and, up to
multiplication by universal constant, [[9;w||co.s(p,) < 1. So, O;w satisfies

LoOiw = |y|°f; in B
O =Wl mBAP g g = A - aT). (7.3)
O;w =20 on P
By construction, f; = f;(x) is of class C™~3# and
|fil < [a ™30

Again, in order to apply the higher order boundary Harnack estimates we must justify (5.5), (5.6),
(3.3), and (3.4) for U = 9, w. We do this in two propositions. The following addresses (3.3) and (3.4),
while Proposition 7.3 below addresses (5.5) and (5.6).

Proposition 7.1. Let T' € Ck*2:2 with 0 < k <m — 3 and |T||gk+2.a < 1. Let U := dpw for w as
defined in (7.2). Let Py(x,r) be the polynomial of degree k + 1 obtained from Proposition 4.1. Then,

V.U = UT (sPow 4+ 19.Py + (0, Po)dw + O(1X£+4+) (7.5)

and
Uy
VU-Vr ==t (SPO (O, Po)r + Vu Py - (dv) + 0(\X\k+1+a)). (7.6)
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As we shall see, to prove Proposition 7.1, we stitch together a family of analogous estimates in
overlapping cones based at points on I' in a neighborhood of the origin. In the cone

K= {lz] > ||}, (7.7)
these estimates are given by the following lemma.

Lemma 7.2. Fixrm >4 and 0 < k < m — 3. Let T € C*¥*2 with ||T||ckt2.a < 1/4. Suppose
U € C(By) is even in y with [|Ul|p~(p,) < 1 and

LaU: |y|af n BI\P
U=0 on P
where f = f(z) and f € C™*%(By) is such that || f||cm-s.e(p,) < 1 with vanishing derivatives up to

order m — 3 at the origin. Let P = Py be the polynomial of degree k + 1 obtained in Proposition 4.1.
Then,

|0;U — 0;(U, P)| < oY |X|k+1+a in K (7.8)
and
8,0 = 0,(U,P)| < Cly| | X|F1+a=s in K (7.9)
for some constant C = C(a,n, k,a) > 0.

Proof. Since |L,U| < |y|*r*~1| X |k, Proposition 4.1 can indeed be applied to obtain an approximating
polynomial P(x,r) for U/U, of degree k + 1 with ||P| < C such that
|U — U,P| < CU,| X |FH1te,
For a fixed 0 < A < 1, define
) = ESee
By construction, ||UHLOO(BI) < C. Furthermore,
LU = |y|*F in By \ P»
where, since P is an approximating polynomial for U/U,,
fO2)  Uux h(AX)

F(X):= Ne—ltats Ao

Here, h(X) = Ef o' hi(z), and by € C**(B}) have vanishing derivatives up to order k — [ at zero;
recall the discussion on approx1mat1ng polynomials in Section 4. We decompose U as U = Uy — Us
where U; = 0 on Py and L,U; = |y|*F; with

f(Ax) ~ Uax h(AX)
m and FQ(X) = )\k:—i-a .

Fl(llf) = ™

Notice that Fy = Fy(z) is of class C1® with C1:*-norm bounded independently of A and that Fy =0
on 77,\.

Proof of (7.9). Since U vanishes on Py, by (2.3)
d,\) -
3

in CN (By/s \ Biss) where C := {2|z| > |2/|}. Hence, Proposition 2.3 and Corollaries 2.4 and 2.5
(applied to Uy and Uy respectively) imply that

Hy|a(r“)yﬁ| S C anﬁ(B3/4\§1/4)

Expressing this in terms of U and rescaling, (7.9) follows as A\ > 0 was arbitrary.

U,
llyla,F(x)| < ¢ DX Oyl X <
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i Proof of (7.8). Notice that F'is bounded independently of A in the region C N (B7 /s \El/g). Since
U vanishes on Py, Proposition 2.3 and Corollary 2.4 imply that
0;U| <C in KN (Bys\ Biya).
We need to improve this inequality to
0;U| < CUq»  in KN (Bsys\ Biya) (7.10)
Let KT be the upper and lower halves of K with respect to x,,, that is,
Kt:=Kn{x, >0} and K™ :=Kn{z, <0} (7.11)

In K+ N (Bsys \ Bi/a), we see that U, > ¢, and so (7.10) is immediate in this region. On the other
hand, by Corollaries 2.6 and 2.7 (applied to Uy and Us respectively), (7.10) holds in X~ N (B34 \§1/4).
Thus, (7.8) follows as A > 0 was arbitrary. O

We now prove Proposition 7.1. The idea is to define a different extension @*° of ¢ at every point in
rn Bi“/2 in such a way that allows us to apply Lemma 7.2 to 9,(0 — $*°) in cones based at x. Then,
we patch the estimates from Lemma 7.2 together and conclude.

Proof of Proposition 7.1. For each zo € T'N Bi‘/z, define

[z]+1 (<) .
(X)) =)+ Y, ——yTNT™(x),
=1
with ¢; as in (7.1) and T7°(z) the mth order Taylor polynomial of ¢ at zg. Set
W™ (X) = 5(X) — 370 (X).

Letting Xo := (,0) € R"™, we again see that [|0,w™ || co.s(p,(x,)) < 1 and

Zxo — a £xo 3
{L“a"w lyl*fae in Bi(Xo) \ P where 20 := A(Opp — 0,T™);

Opw™ =0 on P

and, by construction, f20 = f¥o(z) is of class C™ % and || < |z — 2o|™ 35, So, up to a dilation,
we apply Lemma 7.2 to U = UX¢ := 9, w™ for every xo € I' N B’f/2 with right-hand side f = f¥°. As
I' € CF+2:2  after Taylor expanding v; and d, we have

Us

U,
oUX0 — - < 7“C|X — Xolf 1 in Kx, (7.12)

i
Px,

and

U

a pr U
vuXe. vr— =tpg

< 7aC|X — XolFTI in Ky, (7.13)

where P}}O and Py~ are polynomials of degree k + 1 and Ky, is the rotation and translation of K
centered at xo pointing in the direction v(zg).

We now show that (7.12) and (7.13) hold for UY in all of B;. Given any X € Bi, let Xy € T be
such that r(X) = | X — Xo|; note that X € Kx, and

| X — Xo| < |X]). (7.14)
Then,

Ua i Us i Ua | 1 ,
OU° = —2Rg| < |0UY0 = =2 Py, | +[0iU" = .U + =% [Py, = Fg| = T+ T+ 1L

As X € Kx,, (7.12) and (7.14) imply that

I S C%‘X|k+1+a.
r
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Note that

(_1)j 27 7 To 0
II < —y | AT 9y (T — TV)|.
J

j=1
If 27 + 2 > m, then AJ9;,, T° = AJ9;,,T* = 0. On the other hand, if 2j + 2 < m, then A79,, T° and
AJ0;, T* are the Taylor polynomials of degree m — 2j — 2 at zero and xg respectively for AJ9;, .
Therefore, again using (7.14),

|AT 9 (T™0 — TO)| < C|X |72 724,
Recalling (2.3) and that m —2 > k + 1, we see that

I < Cly| AT, (1% — 1) < 02 | xm—2te < ¢ Yex e,
T 'S

Finally, to bound III, let A := [Xg|. Since I' C {|z| < |2'[}, the ball By 2(2Ae;,) is contained in N Kx,.
Observe that

U

UCL . . a ] Ua ) .
=2 |Pk, — Py < |oiUX — —tPx, | + U0 — —tRg|+ |0;U%0 — 0;U°| in Byja(2Xey).
T

Noting that |Z| and |Z — Xo| are of order X for all Z € B)/2(2\e,), the bound on II and (7.12) imply
that ||P)i(0 — Pg||Loo(BA/2(2>\Cn)) < CN\Ft1te Hence,
1P, = Pollze(Ba) < CXFF,

and, in particular, we determine that
111 < C%|X|k+1+c’.
T

We conclude that (7.5) holds for U? in B;.
An identical argument shows that (7.6) holds for U° in Bj. O

Now we address the case when I' € C1<. The following proposition shows that (5.5) and (5.6) hold
for U = 0w, with w defined as in (7.2).

Proposition 7.3. Let I' € C1® with ||T||c1.« < 1. Let U € C(By) be even in y and normalized so
that U(en/2) =1. Let U =0 on P and U > 0 in By \ P, and suppose U satisfies
LoU=yl*f in B \P

where f = f(x) and f € CO'(By) with ||f|coxp,) < 1. Let p’ be the constant obtained in Proposi-
tion 5.2. Then,

Us,
V.U —p'V,U,| < C’T|X|”‘
and
0,U = p'0,Ua| < Cly|~*r 7| X|
for some constant C = C(a,n,a) > 0.
Proof. Note that Proposition 5.2 can be applied because |L,U| < |y|*r*~2T%. Let Z be a point of

differentiability for r with distance A/2 from I'. Up to a translation, we may assume that the closest
point on I' to Z is the origin. So, at Z, we have that

Uy, =U,, r=X\2, and VU, = VU,. (7.15)
Set [ TLIOX)
~ U—-p'U,)(NX
( ) = \ats

and C := {2|z| > |2'|}, and let K and K* be as in (7.7) and (7.11). Arguing as in the proof of
Lemma 5.1, where we obtained that |U, . — Uy| < CU,r®, we see that

|U = p'Us| <|U=p'Us| +P||Us — Uy| <CA*T* in CN{N/8 < |2| < TA/8}.
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Thus, |U| < C in CN{\/8 < |z| < 7A/8} for all A > 0. Notice that

LU = [y|*F in By \ Py
where, recalling that U, is a-harmonic in By \ {z, <0, y = 0},

F(X) = ""f(\).
Observe that F' = F(z), F € C*!(B1), and ||F||co.1(p,) < 1. Arguing as in Lemma 7.2 and by (7.15),
we find that
10,U — p'0,U,| < Cr**|y|=® and |V U — 'V, U,| < CUr* ' at Z.
Moreover, since the origin was distinguished by an arbitrary translation,
04U = Py, 0yUal < Cry|~"  and ViU = ply, Vala| < CUr
for every X € By, at which r is differentiable, letting X be the projection of X onto I' and p’XO be
the constant corresponding to the expansion of U at Xy. Since
P, =P < X%,

the lemma follows. |

Finally, we prove Theorem 1.1.

Proof of Theorem 1.1. Let U = d,w and u = 0;w, with w as defined in (7.2). Thanks to the rescalings
at the beginning of this section, we have ||T'||c1.« < 1. Up to possible further rescaling, U := d,,w > 0
in By; see [8]. Thanks to (7.3), (7.4), and Proposition 7.3, the remaining hypotheses of Proposition 5.4
are satisfied up to multiplication by a universal constant. So, applying Proposition 5.4 to v and U, we
obtain the existence of a polynomial P of degree 1 that, after a Taylor expansion of d, yields
9i(v — o)
On(v =)
Up to translation and rotation, we may argue identically with zg € I' N BI‘/Q in place of the origin.
Hence, 0;(v — ¢)/0n(v — @) € Cl’o‘(Bi‘m). By a well-known argument (cf. [26, Theorem 6.9]), this
implies that I' N Bi‘/4 € C?e

Passing from C**t2< to C**+3: for 0 < k < m — 4 is identical; here Proposition 7.1 is used to show
the hypotheses (3.3) and (3.4) of Proposition 3.2 are satisfied. Applying Proposition 3.2, we find that
there exists a polynomial P of degree k + 2 such that, after restricting to the hyperplane {y = 0},

- P‘ < Ol

81‘(’0 - QO) _ P’ < C‘Z‘lk+2+a.
In(v— )

In turn, this implies that I' € C**+32  Arguing iteratively for & = 0,...,m — 4, the theorem is
proved. |

8. APPENDIX
In this section, we prove Lemmas 5.1 and 5.3.

Proof of Lemma 5.1. The regularizations of r and U, are constructed in the same way as the anal-
ogous regularizations in [14]. First, we smooth the signed distance function d via convolution in
A-neighborhoods of I'. Then, we define approximations ry and U, ) in geometrically shrinking annuli,
and we patch them together in a smooth way. The functions r) and U, » here should not be confused
with the rescalings of r and U, defined in (3.13).

The functions d, r, and U, are locally Lipschitz in B; \ P, and are therefore differentiable almost
everywhere. When we speak of their derivatives, we assume we are at a point of differentiability.

Step 1: Construction and estimates for the function dy.
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Define the set Dy := {z € R" : |[d] < 4A}. Let n € C§°(Bj5,) be a positive, radially symmet-
ric function that integrates to 1, and set

dy == d=*mn)y
where 7 := A""n(x/A). As in [14], the following estimates hold for dy in Dj:
|dy —d| < O\ |Vdy —Vd| < CX\Y,  and  |D%dy| < OX\* L (8.1)
In particular, the gradient estimate implies
[Vdy| =1+ O(\%). (8.2)

Step 2: Construction and estimates for the function r).

Let
Ra={N2<r<4\}cDy and 7y :=(d} +°)Y? inRy. (8.3)
The following estimates hold in R y:

1
lry — 7| < CATY | Vry — Vr| < CAY,  |[D?ry| < COX7Y,  and ‘Ar,\ - 7” <Coxh (8.4)

Consequently, we have that

”—1’ <on, Lo conet (8.5)
r TN T
and
[Vral =14 O(\%). (8.6)
All of these estimates were shown in [14], so we do not reprove them here. Furthermore, we find that
Loy — 2=yl _TS)W < COly|are—1. (8.7)

To show (8.7), we express L, (r3) in two different ways:
2raLary + 2|y|*|Vral? = La(r3) = 2ly|*daALdy + 2|y|*|Vda|* + 4(1 — 5)|y|*.
Then, (8.6), (8.2), and the third bound in (8.1) imply that
raLara = [y[*(=|Vra? + daAgdy + [Vdr* +2(1 = s)) = [y[*(2(1 — 5) + O(AY)).
Hence, (8.7) follows from (8.5).

Step 8: Construction and estimates for the function Ug x.

We define .
o fax T AN .
Ua,A = (42 ) m R}\)

with R defined as in (8.3). The following bounds hold for U, » in Rx:

Ua C)\aJrs

‘U* - 1‘ <CN, [VaUan — VaUa| < CA*T and  [0,Uax — 0, Ua| < Tl (88)
as well as

|LaUax| < Cly|* A2t (8.9)

These estimates must be shown separately in the regions

R;\" :zR,\ﬁ{dz—g} and Ry ::R,\ﬂ{d<—g}.

Step 3a: FEstimates in ’R;\". In R:\*', the functions U, and U, » are comparable to A\*. Also,

7“>\+d>\)3
r+d /-’

Uar = Ua(
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From the established bounds on 7 and dy ((8.1) and (8.4)), we have

rx + dy
r+d

V(m + dx

=1+0(\%) and T d

) =one),

Therefore,

’Ua,)\ _1‘_‘(7’)\+d/\

r+d

- f—4=OQ% and VU, = VU, + O(A* 1),

proving all three estimates in (8.8) in Rj\r (Notice that we have actually shown a stronger estimate
for the y-derivative in Rj\“) To determine the bound on L,U,. », we compute

s 5— 1- s—
SLa(URR) = Ush ™ Eallan + [yl (=2 ) Udy 21V U 2

On the other hand,

1/sy T+ dy _ (1 — S)‘y|a a a—1
La(UpR) = La (P52 = =22 + ylro(e ).

Together these estimates imply that

1—s

s— s— 2(1 —
U LU = st~ (5202w + 2

+o( ) = lylro(),

where the second equality follows by (8.5) and using that
2—1/s

VUL = 8°—22— 4+ O(A*~242%)  in RY.
T

Multiplying by Ui;\l/s, we obtain (8.9).

Step 3b: Estimates in R, . In R, the functions U, and U, \ are comparable to ly[?*A~%. Indeed,
3r<r—d<2randr+d=y*/(r—d). Thus, from (8.1) and (8.4), we observe that

r—d o r—d \ a1
o =14+0(\%) and V(r,\—d,\> =0\*").

As a consequence,
r—d

Ua,A = Ua(m

)S:UA1+OM%)
To see the x-gradient estimate in (8.8), since |V, U,| = sU,/r < CA*~!, we compute
VoUar = ViUy + ON1F9),
Similarly, using that |9,U,| = s|y| U (r — d)/r < Cly|~' A%, we find that
OyUar = 0yUa(1 + O(A)) + U,O(N*71) = 8,U, + |y| T O(A*T*).
This proves (8.8). Finally, we compute LU, x directly:

2 Lol = La([y]*(ms — dy)™*) = (14 25) 250, ((m — da) ™) + [y A((rs — dx) ™)

|yl
sl slAr —dy) | s+ DIV~ dy)P
’I’)\(’I",\ — d)\)SJrl (’I"A — d,\)erl (’I"A — d/\)erZ '

Noting that [V (ry — d)|> = 7% (2ra(rx — dy) + O(A2)), recalling (8.4) and (8.5), and simplifying,
we see that (8.9) holds.

Step 4: Construction and estimates for r. and U, «.
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The functions r, and U, . are constructed by letting A\, = 4~* and smoothly interpolating between
Ty, and U, x respectively with

- T, In Ry, N {7“ < 2)%} and U = Ua,n, InRy N {’I“ < 2/\k}
T lran, in R, N {r > 30} Usare in Ry, 0{r>3\}

with 7, and U, . smooth in the intermediate region. More specifically, this is accomplished by defining

1 ift<2+1
t) == - 4
Vi) {0 ift>2+3

that is smooth for 2 + % <t<2+ %, letting W := ¢ (ry/A), and setting
T = Ury + (1 — U)rygy and Ugw = QU x4+ (1 = 0)U, 4.

We use the estimates in (8.4) to show the following bounds on 7, in Rj:

Iry — 1| < CATT, |Vr, — Vr| < CA?,

2= s)lyl* (8.10)

0y — Oy < Cly|*r* UL, and L7, — < Cly|*a> L
Indeed, the first estimate follows from (8.4) and since 0 < ¥ < 1. Next, keeping (8.6) in mind, the
following estimates hold for U:

VU| < CATH |ID*¥| < CA™2, and  [9,¥| < Cly|a~2 (8.11)

The remaining three inequalities in (8.10) follow from (8.11), the established estimates on ry, and an
explicit computation.
Next using (8.8) and (8.9), we show the following hold for U, . in Ry:
Ua,* ‘VUG7*| _ 1
a IVUa|
The first inequality follows trivially. Since U,/r < C|VU,|, we find that VU, x» = VU, (1 + O(\%)).
Hence, the second inequality in (8.12) holds utilizing the first inequalities in (8.8) and (8.11). Finally,
from (8.8) and (8.11) and an simple computation, one justifies the third estimate in (8.12).
Given (8.10) and (8.12), the lemma follows. O

-1} < 0N, <O\, and  |LoUs | < Oly|* A>T, (8.12)

We now prove Lemma 5.3.
Proof of Lemma 5.3. We construct upper and lower barriers. Define the upper barrier
UVt = Ua,* - Ug*

for some 8 > 1 that will be chosen. Note that vy > 0 on 0By UP since > 1. From Lemma 5.1, we
have that

U271/s
LaUay| < Cutlylro ™25, |Upu SCar®s and - |[VUf2 2 e222—
The third inequality holds provided that 0 < e < 1/2C,. Indeed,
1-1/2s o1/
VU, | > (1 — Cie)|VU,| = (1 — Cre)s— >

r1/2 ri/2
Now, observe that
Lovy = LoV = BUSL LalUa s — [y|*B(8 = UL T? VUl
< Jy|*(Cuer® ™25 — er®772)
if 6—1/s < 0. Setting 8 =1+ /s, we see that § —1/s < 0 (recall that a € (0,1 — s)), and so
choosing € > 0 smaller if necessary, we deduce that

Lovy < —cly|®r®2Fs,
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We take v_ := —v; as a lower barrier. The maximum principle ensures that
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lu] < Clox| < CU, . < CU,.
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