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ABSTRACT. For a domain 2 C R” and a small number ¥ > 0, let
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be a modification of the first Dirichlet eigenvalue of Q. It is well-known that over all  with a given volume,
the only sets attaining the infimum of £y are balls Bg; this is the Faber-Krahn inequality. The main result
of this paper is that, if for all  with the same volume and barycenter as Br and whose boundaries are
parametrized as small C? normal graphs over dBr with bounded C? norm,

[ 1ue = s + [9ABRP? < Cleo(®) — &0(Br)

(i.e. the Faber-Krahn inequality is linearly stable), then the same is true for any 2 with the same volume and
barycenter as Br without any smoothness assumptions (i.e. it is nonlinearly stable). Here uq stands for an
L2?-normalized first Dirichlet eigenfunction of Q. Related results are shown for Riemannian manifolds. The
proof is based on a detailed analysis of some critical perturbations of Bernoulli-type free boundary problems.
The topic of when linear stability is valid, as well as some applications, are considered in a companion paper.

1. INTRODUCTION

For a domain Q2 C R", let
v 2
@)= e HVE
weri(@) [ u
be the first Dirichlet eigenvalue, and let ug be a nonnegative function with [ = 1 attaining the infimum.
The Faber-Krahn inequality asserts that
(1.1) A1(Q) > Mi(Br),

where Bp is a ball with |Br| = ||, and moreover this inequality is strict unless 2 is a translate of Bg. In
recent years, the topic of stability for this inequality has received considerable attention: if A;(Q2) — A1(Bgr)
is small, how closely must 2 resemble Br? For a survey of the recent literature on this question, see [§]. In
particular, quantitative stability refers to inequalities of the form

(1.2) d*(Br(zq),Q) < CM(Q) — Mi(Br)],

where d is some notion of distance between sets, a > 0 is a positive number, and zq = fQ x is the barycenter.
Here it is desirable to find the strongest d, as well as the smallest number «, for which such an inequality
may hold.

The best result of this type in the literature is due to Brasco, De Philippis, and Velichkov [9], which
establishes (1.2]) with
(1.3) d=dy(E,E") = |[EAE'|
and a = 2. This theorem is sharp, in the sense that (1.2) is false with d = dy and a < 2. However, it does
not fully resolve the issue of quantitative stability, as it seems unlikely that dy is the “strongest” distance
for which (1.2]) holds. To understand why, it is useful to separate the stability question into two “regimes”
where it may be studied: we say that (1.1) is linearly stable with respect to d,« if (1.2)) holds for any Q2
whose boundary may be expressed as a C? normal graph over Bgr, and we say (1.1)) is nonlinearly stable
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with respect to d,a if ((1.2)) holds for any 2, unconditionally. For example, the result of [9] is a nonlinear
stability result.

It is not difficult to see that dy is not the strongest norm for which linear stability is valid. Indeed, if 0
is given by a normal graph g, then dy is comparable to the L? norm of &, while the right-hand side of is
comparable to [, 9Bn ELE, where L is a first-order differential operator (this is implicit in the proof of [9], and
considered more carefully in the companion paper [3]). In particular, Sobolev norms of § up to [|€|| z71/2(90)
appear to be controllable. Unfortunately, this kind of observation does not easily lead to improved nonlinear
stability statements, as it is unclear how to define a stronger Sobolev-type distance for arbitrary sets €).

In the nonlinear context, dy has a different sort of drawback, which is discussed in [8, Open Problem
3]: it is possible to modify Q by removing a set of measure 0 in a way which strictly increases its eigenvalue
(consider, for example, By vs. By \ {te; : t > 0}, a slit domain in R?). Any change to Q which modifies the
local capacity of its compliment should be reflected in A1 (£2). On the other hand, dy is clearly insensitive to
any such changes.

We propose a distance
dl(E,E/): /|UE7UE/|2

where ug,ug are the normalized first eigenfunctions as above extended by zero to be defined on all of R™,
partially in an attempt to formulate nonlinear stability statements for which address these issues. This
has advantages and disadvantages in comparison to dy. In the nonlinear context, it is sensitive to capacity-
zero perturbations of 2. It also turns out to be specifically relevant to some applications to monotonicity
formulas in free boundary theory, which we discuss in [3]. On the other hand, d; is a kind of indirect measure
of set difference and may be difficult to use in practice; we also do not know whether d;(E, Br) controls
do(E, Bg) for all sets.

The results of this paper, in conjunction with our companion paper [3], establish sharp quantitative
stability for the Faber-Krahn inequality with respect to the distance d;. The result is proven on the round
sphere and hyperbolic space as well as in Euclidean space: we prove in [3, Theorem 1.1] that holds
with d = dy + d2 and a = 2 on simply connected space forms. The proof is based on a selection principle.
This scheme, introduced by Cicalese and Leonardi in [I7] in the context of the isoperimetric inequality, has
been implemented in various settings in recent years (including [9]) to establish quantitive forms of geometric
inequalities. A selection principle has two main steps:

(1) The reduction step to show that linear stability implies nonlinear stability, based on regularity theory
for a penalized functional.
(2) The local step to prove that linear stability holds.

This paper is dedicated to carrying out Step (1): if (L.1)) is linearly stable with d = d; and « = 2, then it is
also nonlinearly stable. Step (2) on simply connected space forms is established in [3]. Let us describe how
the classical selection principle argument for Step (1) might go in this context, and where the significant
challenges arise in this setting. Suppose by way of contradiction that (L.2)) fails. We may thus find a sequence
of sets Q, with Qx| = |Bg| and A1 () — A1 (Bgr) — 0, while

(1.4) cx = d(Br(za,), Q) > kM () — A1 (Bg)]

The goal, then, is to replace each € with a set Uy that also satisfies (1.4]), but such that OUy a smooth
normal graph over 0Bp, in this way contradicting the linear stability assumption. Such a set is obtained by
choosing U to be a minimizer of a functional that roughly takes the form

FOU) = M(U) + 7/ + (x — da(U, Br(a))?)?

for a small parameter 7 > 0 and establishing regularity estimates for such minimizers. The second term in
this functional forces di(Uy, Br(xy,)) to be close to di(Qk, Br(zq,)) so that (1.4) will be satisfied by Uy,
while the first term is hopefully regularizing the boundary of Uy.

The Euler-Lagrange equation for minimizers of F0 leads to a free boundary condition along AU}, of
Bernoulli type, similar to the one studied in [5]. When working with dy or other weaker distances, the



LINEAR STABILITY IMPLIES NONLINEAR STABILITY FOR FABER-KRAHN 3

second term in F? is of lower order, and can easily be seen to be a minor perturbation to the functional. In
particular, the regularity theory of Alt and Caffarelli [5] applies more or less directly (at least in conjunction
with more recent literature, such as [20}[18]). In the case of dy, however, this is no longer a sufficient heuristic:
the second term of F? is now a critical, or same-order, perturbation of A\;(U). The key point to establish
regularity becomes controlling the distance dy (U’,U) between a minimizing set U and various competitors
U’. This amounts to needing estimates like

(15) / gy — g < CIA (U) = M (U],

at least for the competitors U’ necessary to obtain estimates on U. These competitors were essentially laid
out in [5], and closely follow minimal surface theory; they consist of U U B,.(z), U \ B.(x), and ¢:(U) for
smooth diffeomorphisms ¢;.

We do not know if ([1.5)) is valid for these competitors, and believe this is an interesting problem. This
means that we are unable establish the necessary regularity theory for F° to carry out Step (1) of the
selection principle as described above. In order to overcome this challenge, we modify the functional: let

(1.6) F2(U) = M(Q) + Ttor() + /¢ + (e — i (U, Brlxv))?)2,

where T > 0 is a small parameter and

1
tor(Q2) = /§|Vw|2 —w

is the torsional rigidity of 2. The torsional rigidity has a long history of appearing when considering spectral
optimization problems (see [I1}[9]), and shares with A; the ball as the unique volume-constrained minimizer.
The functional corresponds to a vectorial free boundary problem. The crucial benefit of introducing this
torsion term is that we can establish the analogue of the key estimate corresponding to this functional:

(1.7) /|uU —uwr] < C (M) = M| + [tor(U) — tor(T)))

for all the relevant competitors U’. This is shown in Proposition and is the starting point toward
establishing an existence and regularity theory for F and its generalizations, which constitutes the core
analysis of this paper.

Theorem 1.1. There exists a Tg > 0 such that for each T < Ty, there exists a 70(T) > 0 such that if T < 79:

(1) There exists a minimizer U of F* over the class of all open sets U with |U| = |Bg|.

(2) This U has C** boundary for any o < 1, and OU may be expressed as a normal graph & over Bgr
with ||€|lc2 = o-(1) (i.e. for every e > 0, there is a 7(g) such that if T < 7(€), then ||€]|cze < €).

Beyond establishing the key estimate , further difficulties arise in proving Theorem which we
discuss below. Theorem holds for a more general class of critical perturbations of the Alt-Caffarelli
functional that is introduced in Section One generalization is that Theorem [I.I| holds for the functional
with dy replaced by do + di where dy is an essentially equivalent regularization of dy in above.

Returning to the discussion of the selection principle, we use the functional F* to establish Step (1)
of the selection principle corresponding to the inequality A1 (2) + Ttor(Q2) > A\ (Br) + Ttor(Bg) instead of
(1.1). This linear stability-implies-nonlinear stability result takes the following form.

Corollary 1.2. Assume that, for a € < %y and € > 0, the inequality
(Br(wg), Q) + d(Br(aa),2) < CA(Q) — M (Br) + T(tor(2) — tor(Br))

holds for all 2 with || = |Br| whose boundaries may be expressed as a C** normal graph over OBr with
norm bounded by €. Then it also holds for all open sets Q with |Q| = |Bgr| (with a possibly larger constant).

Although it may appear that we have departed from the central aim of establishing Step (1) of the
selection principle for the Faber-Krahn inequality, we show in the companion paper [3] that the statement
of Corollary actually implies that the same is valid with € = 0 after combining with the Kohler-Jobin
inequality ([27) 28], see also [29, [7]), an inequality that relates tor(£2) — tor(Bg) to A1(£2) — A1 (Bgr). It is also
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shown in [3] that (1.1]) is linearly stable with d = dy + d2 and « = 2, which when combined with Corollary
gives nonlinear stability as well.

While the preceding discussion was carried out in R™ to more clearly illustrate the concepts in play, the
results proved here also apply to Riemannian manifolds, and are stated accordingly (see Theorem and
Theorem for the general forms of Theorem and Corollary respectively). In particular, Corollary
is also valid for any manifold for which balls are the isoperimetric sets (i.e. they are the unique sets to
attain the minimum in the isoperimetric inequality), or with suitable modifications to the statement, on any
manifold on which minimizers to are unique up to isometry. The former condition is restrictive and
only known for a handful of manifolds (see [34] for a survey of the known results), but includes the round
sphere and hyperbolic space with standard metrics, which will be studied in [3] in greater detail:

Remark 1.3. Corollary[I.2]holds on hyperbolic space and the round sphere, with the barycenter zq replaced
by the set centers defined in Examples 2.8 and [2.9] respectively.

The outline of our approach and the structure of the rest of the paper is as follows. In Section [2| we give
careful definitions of the quantities discussed here on manifolds and set up notation for everything to follow.
In Section we discuss how to pass from Theorem to Corollary (and state it more carefully and in
greater generality). In Section |3|we establish basic properties of the first eigenvalue and the torsional rigidity
and discuss Faber-Krahn inequalities on manifolds to the extent needed. The introduction of the torsional
rigidity is the first key idea in the paper, and in Section [3| we also prove . As previously discussed, this
inequality will be necessary to prove even basic estimates.

Typical approaches to Bernoulli free boundary problems involve first proving existence of minimizers,
usually via the direct method, and then proving nondegeneracy and growth estimates at the free boundary.
Due to the presence of the eigenfunction penalization term, which is of the same order as the other terms in the
functional, a direct approach to the existence of minimizers fails as the functional is not lower semicontinuous
with respect to topologies for which compactness is available. For this reason, we must introduce a new
approach to proving existence. In Section [4] we prove a priori nondegeneracy estimates for the free boundary
for inward minimizers. In Section [5| we prove a priori Lipschitz growth estimates at the free boundary for
outward minimizers. In Section [6] we construct a minimizing sequence of outward minimizers and utilize the
Lipschitz estimate to prove the limit 2 is a minimizer. This minimizer will then have both nondegeneracy
and Lipschitz estimates since it is also both an inward and outward minimizer. One benefit of this approach
is that the entire argument takes place in the class of open sets; the a priori estimates allow us to avoid
relaxing the problem to the class of quasi-open sets as is common in the literature [12].

From here, we would like to follow the recent approaches of [I4l, B2] to establish regularity for vectorial
free boundary problems. The first step in doing so is to apply the boundary Harnack principle in order to
establish a scalar form of the free boundary condition. Substantial difficulties arise here due to the nonlinear
term, because the contribution from d; to the Euler-Lagrange equation along 02 is of the same order as that
from A1 () or tor(Q): it may be expressed as |Vv|? for some function v satisfying an elliptic PDE on . In
particular, there is no favorable sign appearing in this term (it is not elliptic, in some sense), and so it must
be controlled by the other contributions. The key tool toward controlling this term is a careful analysis of
the Green’s function Gq of , which we carry out in Section [7] This involves utilizing an inhomogeneous
boundary Harnack principle recently shown in [4].

We begin Section [§| by considering more carefully how d; and ug change under smooth deformations of
domains. Applying the estimates from the previous section we obtain several forms of the free boundary
condition satisfied along 02 and arrive at a pointwise version. The final fundamental point in the paper is
to again apply the inhomogeneous boundary Harnack principle to rewrite the free boundary condition in a
form suitable to known methods.

In Section |§| we apply recent free boundary theory to conclude that 9Q is C*“. In Section [10| we ap-
ply a higher order inhomogeneous boundary Harnack principle [22] to prove Theorem (that 9Q may be
parametrized as a C?® normal graph over the sphere). Appendix [A| gives further examples of functionals to
which our results apply. Finally, Appendix [B]shows that domains supporting solutions to elliptic PDE with
linear growth away from QU are nontangentially accessible, a result which is known in the literature but,
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to the best of our knowledge, not in the generality required here. This is a technical point relevant in Section|[7]
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2. SETUP AND DEFINITIONS

Throughout this paper, we let (M, g) be a complete, n-dimensional smooth Riemannian manifold without
boundary that is connected and oriented. We further assume that (M, g) has bounded geometry, that is,
inj; = infyear inj, > 0 and sup,c,, |[Rm| < co. All constants will depend on the metric g; it is likely that
these constants are uniform for Riemannian manifolds with uniformly bounded geometry but we do not track
this dependence.

Unless otherwise specified, all integrals are taken with respect to the volume measure m associated to
g. We use the notation || for the volume of a measurable set Q@ C M and H"~! for (n — 1)-dimensional
Hausdorff measure. We let d(z,y) denote the geodesic distance between =,y € M and let

B.(z)={ye M : d(y,z) <r}

denote a geodesic ball centered at x of radius r. Given a set 2 and a point z € M, we let d(z, Q) = inf{d(z,y) :
y € Q}. We let V and div denote the gradient and divergence with respect to g and let Au = div Vu be the
Laplace-Beltrami operator with respect to g.

Let G denote the (possibly trivial) group of isometries of (M, g). Several global existence results in the
sequel will hold for Riemannian manifolds such that either M is compact or M/G is compact; examples of
the latter to keep in mind are Euclidean space, hyperbolic space, cylinders S~ x RF equipped with the
standard product metric, and more generally products of space forms.

2.1. Base energy. Given a bounded open set Q C M, we may define the torsional rigidity of Q:

(2.1) tor(2) =  inf / 1\Vu|2 —u.

weH Q) Jq 2
We note that the definition of the torsional rigidity given here differs by a sign from the typical definition.
This is a negative quantity, and it is straightforward to check (using the Sobolev inequality and the Lax-
Milgram theorem) that the infimum is finite and uniquely attained for any open bounded Q # M by a
function wg > 0. We will refer to wq as the torsion function. Note also that tor(Q) is decreasing with
respect to set inclusion.

The first (Dirichlet) eigenvalue of €2 is defined as

2
(2.2) M(Q) = inf JolVul®
weH(Q\{0} o u?

This infimum is also attained by a nonnegative function ugq, the first eigenfunction, and A;(Q) is also a
decreasing function with respect to set inclusion. The first eigenfunction is unique up to scalar multiples
so long as A1(R2) < A2(Q2), which in particular is true if Q is connected. The notation uq will be used for
the unique first eigenfunction with ug > 0 and [u@ = 1, whenever it exists and is unique. We frequently
will extend ugn and wq by zero to be defined on all of M, using the same notation to indicate the functions
uqQ, wq - M — R.

In principle, we are interested in minimizing energy functionals of the type (|L.6)) among sets Q C M of
a fixed volume |2] = v. In practice, it is more convenient to replace the volume constraint with a volume
penalization term. Following [Tl @], we define the volume penalization

(2.3) Fon(t) = {’7“ —v) tsv

%(t—v) t>w.
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The idea of the volume penalization (2.3)) is that by choosing the parameter n to be sufficiently small, a set
Q whose volume exceeds the prescribed volume v will have a large energy contribution coming from the term
fon(I9]). We define the base energy of 2 as

(2.4) E(Q2) = A () + Ttor(Q) + fo,,(192]),

where ¥ € [0, 1]. The principal goal of this paper is to study certain critical perturbations of the base energy
introduced in the next subsection. In order to do so, we will need to first consider the minimization problem
of the base energy itself. We discuss the problem of minimizing £(€2) over sets briefly here and in more detail
in Section Many of the existence and regularity results in later sections will apply to this base energy
problem as well. Let us begin with two observations regarding the existence theory for this problem:

Remark 2.1 (A hard volume constraint is needed). If we attempt to minimize the base energy £ among
all bounded open subsets of M, then the energy may fail to be bounded from below and minimizers may
fail to exist or 2 = M may be a minimizer. For instance, on Euclidean space, a simple scaling computation
shows that £(Bg) — —oo as R — oo for any fixed triple of parameters v,n, ¥ > 0. Similarly, if M has finite
volume, then £(M) = —oo since tor(M) = —oo while the other quantities are finite.

To remedy this issue, we will introduce a “hard volume constraint” that is much larger than v. Given the
desired volume constraint v € (0, |M|), we fix a larger number vp,.x € (v, |M|) and minimize with respect to
competitors Q with |Q| < vax. Ultimately this hard constraint will never be saturated: in Proposition
we show that for small values of 1 (depending on v and vy.x) and ¥ (depending on v, vmax and ), any
minimizer over this class actually satisfies the original desired volume constraint || = v. In particular, this
means the volume-constrained problem (minimizing only over |2] = v) is equivalent to the volume-penalized
problem where |Q] < vax.

Remark 2.2 (Compactness issues on non-compact manifolds). On noncompact manifolds, a minimizing
sequence )y for the base energy £ can “drift to infinity” in the sense that d(zq, Q) — oo for any reference
point xg. In view of this issue, we first minimize over the class of 2 contained in (smoothed out) balls of large
radius R. Depending on the geometry of the manifold at infinity, global minimizers may simply fail to exist
when R — oo. However, when M /G is compact, the compactness issues are solely caused by the symmetries
of the metric and we may send the radius R to infinity using concentration compactness techniques (see
[31]). This will be addressed in Section |3.4] for the base energy and then more completely in Theorem [6.3

Since geodesic balls need not have smooth boundary on an arbitrary Riemannian manifold, it is more
convenient from a technical standpoint to work with an exhaustion Qz of smooth bounded open sets that
play the role of smoothed-out balls. More specifically, we let Qg be a fixed 1-parameter family of open sets
which have the following properties:

(1) Qr C Qs for any S > R

(2) diam(Qr) < 2R

(3) OQr is either smooth (a finite union of disjoint C? codimension-1 submanifolds) or empty
(4)

M = UrQRg.

In view of Remarks [2.1{and we will fix parameters R > 0 and vmax € (0,|M]) and minimize the base
energy (as well as the main energy) over open sets in Qg of volume at most vy.x. We use the notation

(25) H= HR,UmaX = {Q g M open : |Q| S Umax Q g QR}

to denote this collection of sets. We will assume throughout the paper, without further note, that R is chosen
to be large enough so that |Qgr| > vmax- In this way, the container Qr does not obstruct the hard volume
constraint and the collection H is nonempty. Moreover, we will always assume that vimax < |M| when the
volume of M is finite.

Given parameters 0 < v < Upmax < |[M|,n > 0, T € (0,1] and R > 0, we consider the following
minimization problem for the base energy:

(26) Emin = min(vavmaxvna‘zv R) = 1nf{£(Q) :QC 7‘[},
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we will drop the parameters unless ambiguous. The collection of minimizers for this problem will be denoted
by

(2.7) M= M0, 0max, 7, T, R) = {Q CH:E(Q) = Enin},

which we will show in Lemma |3.10]is always nonempty. While several of our intermediate results will hold
for larger parameter ranges, the reader should typically think of first fixing the desired and hard volume
constraints v, vmax and the radius R, then fixing the volume penalization parameter 7, and finally fixing the
coefficient ¥ in front of the torsional rigidity.

In the following example, we consider the minimization problem on simply connected space forms;
generally speaking these are important motivating examples to keep in mind throughout the paper. Since
these spaces are compact after modding out by the isometry group, we may send the parameter R to infinity
and so the following example has no R parameter.

Example 2.3. Let (M, g) be Euclidean space, hyperbolic space, or the round sphere. Fix parameters
Uy Umax With 0 < v < Upax, choosing vmax < |M| in the case of the round sphere. For 1 < 19(v, Umax) and
T < Fo(v, Vmax, 1), geodesic balls of volume v are the unique minimizers of the base energy £ among all open
bounded subsets of M with volume at most vy ax.

For general Riemannian manifolds, we cannot hope to explicitly characterize minimizers as in the example
above. However, the following proposition summarizes the basic facts that will be proven about minimizers
of the base energy in this paper. The proof follows from combining Lemma and Theorem (local and
global existence respectively), Lemma (connectedness), and Lemma lume constraint satisfied).

Proposition 2.4 (Minimizers of the base energy). Fiz R > 0 and v € (0,|M]). Fiz any vmqs € (v, |M|).
There exists ng = (R, v, Umaz) such that for n < ng, there exists To = To(R, v, Vimaz, ) such that the following
holds. If T < X, then Epin > —00 and a minimizer of the base energy £ exists among sets in H, i.e. the
set M is nonempty. Moreover, any minimizer in M is connected and has volume equal to v.

If M is compact or M/G is compact, then constants above may be taken independent of R and the
minimization of £ may be taken among all open bounded subsets of M with volume at most Vyqq-

2.2. Main energy functional. Let us now introduce the class of energy functionals whose existence and
regularity theory constitute the heart of this paper and using which we can carry out a selection principle as
described in the introduction (in Section [2.4| below). Following the discussions in the introduction and in the
previous subsection, we are interested in functionals of the type , though as in the previous subsection
we relax the volume constraint. So, the general form of the functionals we consider is

(2.8) F-(Q) =E(Q) + 7hH(2).

Here h(Q) is a functional mapping open bounded sets to R and 7 < 7 is a parameter that will be chosen
sufficiently small depending on the parameters of the base energy £. The existence and regularity results
of this paper will hold whenever § is an admissible nonlinearity as defined in Definition [2.11] below. Before
defining this general class of admissible nonlinearities, we motivate the definition with some important
concrete examples that will be used for our selection principle applications. In these examples, the relevant
nonlinearities take the form

(2.9) H(Q) = Ve + (c — du(Q)2)? — ¢

for a constant ¢ € (0,1], where d.(f2) is a suitably defined distance of € to the class of minimizers M
of the base energy. Note that ([1.6) takes this form with d.(Q2) = d1(2, Br(zq)) on Euclidean space; the

subtraction of the constant ¢ in ([2.9)) is immaterial for the minimization problem but conveniently normalizes
the functional. We are interested in generalizing this in two directions: (1) we want a distance d, that
measures the size of the symmetric difference as well as the eigenfunction difference, and (2) we wish to
suitably generalize this to certain Riemannian manifolds.

In order to establish Step (1) of the selection principle (and ultimately quantitative stability) in the form
of Corollary in which both the eigenfunction distance dy and the asymmetry distance dy are controlled
(say on Euclidean space), a first approach might be to let d.(2) = d1(Q, Br(zq)) + do(, Br(zq)) in ([2.9),
where dj is the symmetric difference defined in . The issue here, already understood in [9], is that
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the distance dy is not sufficiently smooth (as the integral of a characteristic function) and consequently
minimizers of such a functional will not be smooth.

To deal with this, we follow the approach of [9] and consider a smoothed out version of the asymmetry
term dyp. More specifically, consider a bounded, open set U with smooth boundary (say OU is a disjoint
union of C? embedded submanifolds); in the relevant applications U will be a minimizer of the base energy
&, so in Euclidean space, hyperbolic space, or the round sphere, take U to be a geodesic ball. Take f to be
a smooth nondecreasing function with f(¢) =t for |t| < ¢o and f(¢) is locally constant for [t| > 2¢q, where
co is selected so that d(x,dU) is a C? function on {d(z,0U) < 4cp}. One can always find such a cg; see [24]
Lemma 14.16]). Now, let ¢y be given by

o () = fld(z,0U0)) zeU
VNI ZA Zf(d(z, 0U) @ e M\ U

The essential point of the function vy is that fQ Yy — fU Yy is comparable to |[UAQ|? for Q whose boundary
is a (small) normal graph over U, and controls [UAQ|? in all cases. More precisely, for any Q we have

/Ql/JU—/UibU :/QAU || > /QAUmin{|d(x78U)|,co}dx > c|QAU|?,

where the last step can be seen from the fact that the integral is minimized by tubular neighborhoods of U,
and then by changing variables and using the smoothness of QU. On the other hand, if the boundary of
is a C2 normal graph ¢ over OU with |¢| < ¢, we may change variables and integrate

€ ()] l¢()|?/2
/ lYu| < 0/ / tdtdH" = c/ / ldtdH™ ! < ClUAQ%.
QAU oU JO oU J O

So, given any two bounded open sets 2 and U with U smooth as above, we let

(2.10) d*(QvU)QZ/Q¢U_[]¢U+/|UQ—UU|2

where ug denotes the first eigenfunction of €2, normalized so that v > 0 and ||ug||2 = 1 and extended by zero
to be defined on all of M. In each of the following examples, we will use d.(2,U) to define a distance d. ()
to the collection M of minimizers of the base energy and consider the functional with the nonlinearity
for this suitable definition of d.(£2).

Remark 2.5 (Unique first eigenfunction). Lemma below guarantees that if £(Q) < Epin + 70 for 1
is sufficiently small, then © has a unique first eigenfunction and so d.(2,U) is well-defined for such a set.
This means that by choosing the parameter 7 in accordingly, ug and d,(Q2,U) will be well-defined
for any minimizing sequence or minimizer of . As such, we will generally only define § for sets with
E(Q) < &nin + 70. There is no loss of generality, at least when considering minimizers, to define h(Q2) =1 if

The simplest example is the case when only one minimizer of the base energy exists.

Example 2.6 (Unique minimizer). Suppose that the collection of minimizers M of the base energy consists
of a single set U, and U has boundary of class C?. Then the distance d.(Q2) of Q to the collection of
minimizers of the base energy with v = [Q] is defined by d.(Q) = d.(Q,U).

In the case when minimizers of the base energy are not unique, to define a distance of a given set ()
to the collection of minimizers, we must select the nearest minimizer to 2. On Euclidean space, where
translation invariance gives rise to nonuniqueness of minimizers, we do this by choosing the ball with the
same barycenter as ).

Example 2.7 (Euclidean space). Let (M, g) be Euclidean space. Given a bounded open set €, let R be
the unique radius so that || = |Bg| and let zq = f,xzdz be the barycenter of Q. Then the distance
d. () of Q to the collection of balls By (i.e. the minimizers of the base energy with v = |Q]) is defined by
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We saw in Example[2.3]that the situation on hyperbolic space and the round sphere is similar to Euclidean
space: the collection of minimizers of the base energy comprises geodesic balls of suitable radius centered at
any point. In these cases, we define an appropriate “set center” in analogy to the Euclidean barycenter.

Example 2.8 (Hyperbolic space). Let (M, g) be hyperbolic space. Given a set bounded open set Q C M,
define the set center zg of Q by zq = argmin,, [, d*(x,y) dm(y), which is well-defined. Then the distance
d. () of Q to the collection of balls Bg (i.e. the minimizers of the base energy with v = |Q]) is defined by
d«(Q) = d.(Q, Br(zq))-

On the round sphere, we cannot define the notion of set center in analogy to Example[2.8]as the minimum
may not be uniquely achieved. We instead consider the following.

Example 2.9 (The round sphere). Let (M, g) be the round sphere. Consider its standard embedding in
R"™*1. Given any open Q C M, let yo = fQ ydH" (y), where y, yo € R""! and this is a (vector-valued) surface
integral. If yo # 0, then define the set center of Q as zq = ya/|ya|.- The distance d.(£2) of Q to the collection
of balls Bg (i.e. the minimizers of the base energy with v = |Q]) is defined by d.(Q) = d.(Q, Bgr(zgq)).

In all three of the preceding examples, uniqueness of minimizers of the base energy fails solely due to
the isometries of the space, and modulo the isometry group G, there is a unique minimizer U with boundary
of class C?. In more general situations of this type, we define a suitable notion of set center, which is a
mapping ) — zq for which there is a unique minimizer Ug of the base energy with the same set center as
Q. Because the definition is somewhat technical, we postpone it until Definition [A-2)in Appendix[A] In this
situation, we define d,(£2) analogously to the examples above; the Euclidean barycenter and the sets centers
for hyperbolic space and the round sphere above are examples of set centers in the sense of Definition

Example 2.10 (Minimizer is unique modulo isometries). Assume that M consists of a single set U up to
the action of the isometry group G. Also assume that it has smooth boundary, and that there exists a set
center §) — xq adapted to U. We define

(2.11) d.(Q) = d.(Q, Ug)

where Ug the unique set in M with the same set center as 2.

It may be tempting to give generic constructions of d.(f2), independent of set centers, by solving min-
imization problems along the lines of Ug = argmin {d.(Q,U) : U € M} and letting d.(Q) = d.(Q,Uq).
However, such variational problems have issues with uniqueness and regularity of the solution map: these
are closely related to the convexity and smoothness of the “distance” functional being minimized, as well as
the structure of the family M.

All of the examples given above fall into the general class of admissible nonlinearities § for which our
main existence and regularity results are valid. Below, ug is used to denote the normalized, nonnegative first
eigenfunction of Q) (see (2.2))); recalling Remark [2.5] this function exists and is unique when £(Q) < Epin +10.

Definition 2.11 (Admissible nonlinearities). Fiz a (possibly trivial) closed subgroup Gy < G of the isometry
group of (M, g). A function b mapping bounded open subsets of M to R is said to be an admissible nonlinearity
with respect to Gy if the following properties hold.

(N1) § €[0,1].
(N2) b is invariant under isometries in Gy.
(N3) If Q,Q are bounded open sets with £(Q) < Emin + To, then

() — H(@)]| < [RALY| +/|u9 —uarl.

(N4) For any xg € M and r < 1y, take a one-parameter family ¢; of diffeomorphisms with ¢o(x) = x and
[0:dt] < 1 such that |[{z : ¢+(x) # x}| C Br(mg). Assume ¢(Q) is a set with E(P:(Q)) < Emin + To
and H"~1(0Q) < oo; then

1
b(00(D) =08 ~ [ (5,0 — uo)an - [ R bﬂ]

lim sup —
t—0

< Cyr™
g -
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where agq, bo are continuous functions M — R with |aql, |ba| < 1. Moreover, ||ba|c11(gy) <1 and
lagllcor(o) < 1.

Assumption simply says that b is nonnegative and uniformly bounded on bounded open sets, and
it is convenient to normalize any such functional so that the upper bound is 1. Assumption should
be understood with Example in mind; when the base energy £ has a nonunique minimizer due only
to a subgroup of isometries Gy, then is used to compare a set {2 to the nearest minimizer of the base
energy. Assumption heuristically states that b is a Lipschitz function Q — R, where the topology
placed on the space of sets is either the L' distance |[2A'| or a distance governed by the L' difference of
their eigenfunctions. Assumption should be viewed as a higher regularity assumption on b; it is asking
that B is not only Lipschitz but also C', with derivative represented by the functions ag and bg.

Only the first three assumptions and are needed for the existence theory and core
estimates up through Section |7} The last assumption |(N4)|is used to derive the Euler-Lagrange equation in
Section [§] (indeed, the functions aq and bg appear in the first variation) and for the regularity of minimizers
in Sections[Jand In particular the extra regularity of aq, bg is only needed in Section [10]to obtain better
smoothness of 92 for minimizers.

In Appendix [A] we verify that the examples given above are admissible nonlinearities. Given an admis-
sible nonlinearity, it is easy to construct others via composition with functions of one variable:

Remark 2.12. Given any admissible nonlinearity b, and any C! function ¢ : [0,1] — [0, 1] with |¢/| < 1,
the composition ¢ ob is again an admissible nonlinearity. No monotonicity or structure of ¢ is required here.

2.3. Minimizers of the main energy. As we did for the base energy, we will fix R > 0 and vy, and
minimize the main energy over the set H = Hp, v,,., defined in (2.5). We say that a bounded open set €2 is
a minimizer if Q € H and for any Q' € H,

(2.12) Fr () < Fo ().

We say that Q is an inward minimizer if (2.12) holds for any ' € H with Q' C Q. We say that Q is an
outward minimizer if (2.12)) holds for any Q' € H with Q' D Q.

The following theorem summarizes the main existence and regularity properties for F, that are estab-
lished in this paper. The proof follows by combining Theorem and Theorem [6.3| (existence), Proposi-
tion (volume constraint), Theorem [8.1] (free boundary condition), Theorem (C1 regularity), and

Corollary (higher regularity).

We say that a collection C of bounded open subsets of M is uniformly C* if there is a constant C' > 2/inj,,
such that for every U € C and every x € U, the set U N By ,c(r) may be expressed as a graph with Cc*k
norm at most C' over a hyperplane in normal coordinates.

Theorem 2.13. Fiz R > 0 and v € (0,|M|). Fiz any vmas € (v,|M]). There exist positive constants 1,T
70 > 0 depending on R, v, Vpqe Such that the following holds. Let by be an admissible nonlinearity with respect
to the isometry group G of (M,g) and for fized T < 19, consider the energy functional F, defined in
with the parameters v,n, and T in the base energy £ of .

(1) There exists an open set Q that minimizes F, among sets in H = Hp,,,- Any such minimizer
satisfies the volume constraint || = v, is a set of finite perimeter, and has a unique first eigenfunction
uq up to scaling.

(2) There exist C > 0 and o € (0,1) depending only on v, Vmae, R, a function p > —Ct with ||p||co. a0y <
C, and a constant Ay € [1/C,C] such that the normalized first eigenfunction uq satisfies the free
boundary condition

[Vua(2)]*(1 + p(z)) = Ao
for H" t-a.e. x € QN QR.

(3) Assume further that the collection M of minimizers of the base energy is uniformly C*. For every
a € (0,1) and r1 > 0 there is a 71 = 71(V, Umagz, 1, 71, @) > 0 such that the following holds. If T < 11,
then for any minimizer Q of Fr, the set 0N N{x € Qr : d(x,0Qr) > r1} may be parametrized as a
C?% normal graph (with C* norm bounded by r1) over OU for some U € M.
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If M/G is compact, then all constants may be taken to be independent of R, the minimization of F, may
be taken among all bounded open subsets of M with volume at most Vpnqq, and in (3) the entire boundary of
any minimizer ) may be written as a C>* graph over OU for some U € M.

Theorem 1) implies that the minimization of F, among sets in H is equivalent to the minimization
problem
inf{F,(Q) : Q@ e H*,|Q| = v}
where we let H* denote either the collection of open bounded subsets of Qg or, in the case that M/G is
compact, the collection of open bounded subsets of M.

In order to better track the dependence of constants in various estimates in the sections to follow, we
define two quantities which measure growth properties of the eigenfunction and torsion function of 2. Let
be an open subset of Qg with A\;(Q) < X\2(£2), and ug the first eigenfunction (normalized so that [ud =1
and ug > 0 as usual), while wq is the torsion function. Then

(2.13) UP(Q) = sup { ““(le(?\g%)"”(x) L2 € Q,d(z,09) € (0, 1)}

and

(2.14) DO(2) = inf {1 su];z )uQ(:L‘) +VZwa(z) :y € Qre (0, 1)} .
T 2eB.(y

In general, UP(Q) € (0, 0] while DO(Q2) € [0, 0c], though we will show in Section that DO(Q) < oo by
showing that ug and wq are bounded. We also always have DO(Q2) < UP(Q2). The core nonlinear estimates
for this type of variational problem, following [5], are that outward minimizers have UP(Q2) < C' < oo, while
inward minimizers have DO(2) > ¢ > 0.

2.4. Selection Principle. In this section, we establish the main linear stability-implies-nonlinear stability
result of this paper, which is Theorem below. This is a generalization of Corollary The proof is
essentially self-contained assuming Proposition [2.4] and Theorem [2.13] with the exception of some continuity
statements of Lemma [3.10] and Lemma We operate under one of the following set of assumptions:

Case 1: M/G is compact.
Case 2: M is arbitrary and R > 0 is fixed.

Let H* = {Q open, bounded} in Case 1 and H* = {Q open : @ C Qr} in Case 2. Fix 0 < v < vpax <
| M|, with vmax < |Qg| in Case 2. Let ) = 9(v, Umax, R) be chosen small enough according to Proposition
as well as Lemma in Case 1 (Lemma in Case 2). Then choose T, = T, (v, Umax, R,n) > 0 small
enough according to Proposition Fix any ¥ < ¥,. All constants and parameters below depend on these
fixed values.

We are interested in looking at the quantitative stability of minimizers of the base energy £ with a
volume constraint:

(2.15) inf{\ () + Ttor(Q) : Q € H*, |Q| = v},

By Proposition the infimum in is equal to the infimum &,,;,(v) of the unconstrained problem ,
and the two minimization problems are equivalent in the sense that if a set {2 € H* attains the infimum in
, then it has |2] = v and it attains the infimum in , and conversely. Let M™* denote the collection
of minimizers of this variational problem, which is nonempty by Proposition In Theorem we make
the following assumptions about M™*:

In Case 1, assume that M* may be represented as {e(U)}ecq for a set U € M*, the boundary 9U is
smooth, and there exists a set center adapted to U defined for sets in {Q : £(Q) < Epin(v) + §} for § small
enough. Recall that set centers are defined in Definition and that examples to keep in mind are those
on simply connected. space forms in Examples 2.72.9]

In Case 2, assume that M™* contains only one element U and U CC Qg and that OU is smooth.
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More general situations, such as finitely many minimizers (modulo isometries in Case 1) may be con-
sidered with suitable modifications to the arguments here. Given an open bounded set §2, let d.(£2) be the
distance to the collection of minimizers as defined in Example [2.10] In Case 1, we let Ug denote the unique
minimizer with the same set center as ().

Theorem 2.14. For M and M™ as above and € > 0 small, assume that the inequality
(2.16) A1 (Q) + Ttor(Q) — Emin > cdi(Q)?

holds for all Q € H* with || = v and 0 expressible as a C? normal graph over OUq with C* norm
bounded by €. Then, up to possibly replacing ¢ with a smaller constant, (2.16)) holds for all Q € H* with
Q| = wv.

Proof. Suppose by way of contradiction that the theorem is false. We may find a sequence of sets {€;} with
Q; € H* and |Q;| = v such that

22
(2.17) E(Q) = M () + Ttor(Q) < Emin + 73 ,
where here and in the remainder of the proof, we let d; = d.(£2;). The quantity d.(Q2) is bounded above
uniformly for any Q € H*, so (2.17)) implies that

]*}OO
Applying Lemma in Case 1 or Lemma in Case 2, we see that d; — 0, and so there exists U € M*
such that, after passing to a subsequence, |Q2;Ae;(U)| = 0 as j — oo for some e; € G.
For each j € N, consider the minimization problem

(2.18) inf{F,(Q) =E) +7H(Q) : Q € H*},

where we let

0(0) = /i + (du () ~ &) - &

where 7 < 7 is a small parameter, and 79 = 79(v, Umax, B, 7, T) is chosen so that Theorem holds. By
Theorem a minimizer V; of this variational problem exists and satisfies |V;| = v. Let us take ; as a
competitor in (2.18)) in order to relate the deficits and distances of ©; and V;. We find

(2.19) EV) +7 <\/d;% + (e (V)2 — d2)* — d?) < £(%;)

(2.20) < &)+ j

In (2.20) we have applied (2.17). Subtracting E(U) = Enin(v) throughout (2.19) and (2.20) (and recalling
that Emin(v) < E(V;) by definition), we directly see that

(2.21) EWV;) = Emin(v) < E(Q)) — Emin — 0.

Furthermore, (2.20) tells us that

1
Vare@wr-ayrs(ie 4 e

After squaring both sides of this inequality, we find that (d.(V;)? — cl?)2 < 3d§ /7. This guarantees, first of
all, that V; & M* for j sufficiently large. Moreover, taking the square root of both sides, we find that for
sufficiently large 7,

1
(2:22) S, < (V)
So, combining the contradiction hypothesis (2.17) with the deficit and distance comparisons (2.21)) and
(12.22)), we see that
()

(2'23) E(VJ) - 5min(v) < 5(Qj) - 5min(v) < > ]

< S
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By Theorem V; may be represented as a C*“ normal graph over 9U; for some U; € M, with C** norm
controlled by o0;(1). Moreover, the set centers of U; and V; converge, since d(zy,,zv,) < C|U;AV;| = 0;(1),
which immediately implies that |U; AUy, | = 0;(1) from the properties of set centers. Here Uy, is the unique
minimizer with the same set center as V;. Using the smoothness of the minimizers U and the tubular
neighborhood theorem, this means for j large OU; (and then also OV;) may be written as a C*“ normal
graph over Uy, with small C? norm. Applying the hypothesis to Vj, we see that

Cd*(vj)2 < E(VJ) — Emin,

which for j large is a contradiction.This completes the proof. O

Recall from the discussion in Section that d.(Q)? is comparable to
0.()? = [QAU 2 +/|uQ P

for 2 whose boundary is a (small) normal graph over OU, and controls d,(£2)? in all cases. This leads to the
following corollary, which in particular proves Corollary [I.2}

Corollary 2.15. Theorem remains valid with d, in place of d..

3. EIGENFUNCTIONS, TORSION FUNCTIONS, AND THE BASE ENERGY

This section collects some useful facts about eigenfunctions and torsion functions of bounded open subsets
of M, as well some initial properties about the base energy € and its optimizers. Section [3.1]is devoted to
general properties of eigenfunctions and torsion functions.

Section[3.2]contains Proposition[3.9] the key estimate that will allow us to control the nonlinear perturba-
tion in the main energy in the remainder of the paper. This lemma estimates the difference of eigenfunctions
on nested domains in terms of their eigenvalue and torsional rigidity differences. Fundamentally, this lemma
highlights why we are able to establish existence and regularity of minimizers of the main energy when the
coefficient ¥ in front of the torsional rigidity is positive (and suitably small), but not when ¥ = 0 and the
leading term in the base energy is only the first eigenfunction.

In Section we establish the existence and initial properties of minimizers of the base energy in Qg,
while Section [3:4] extends these some of these properties of minimizers of the base energy globally.

We recall the set H = Hp y,,,,. defined in (2.5). Recall that we always implicitly assume that vmax and
R are chosen so that vmax < |Qr| and, when | M| is finite, so that vmax < |M].
3.1. Eigenfunctions and torsion functions. Our first lemma collects some basic facts about eigenfunc-
tions and torsion functions. The proof is elementary and so we omit it.

Lemma 3.1. Let Q C M be a bounded open set. Then the following properties hold.

(1) wq is nonnegative and satisfies Awq > —1g on M in the sense of distributions.

(2) Awg = —1 on Q.

(3) fQ ‘V’LUQP = fQ wq = —2t0r(Q).

(4) If \1(Q) < A2(Q), the normalized eigenfunction ug, up to replacing with —ugq, is nonnegative and
Aug > =M (Q)ug on M in the sense of distributions.

(5) If ug is as in (4), Aug = —A1(Q)uq on Q.

Next, we show that eigenfunctions of a domain €2 C M are bounded uniformly in terms of an eigenvalue
upper bound.

Lemma 3.2 (Eigenfunction upper bound). For each Ag > 0, there is a constant C1 = C1(N\g) such that the
following holds. Let Q be an open bounded set and fix X < \g. For any function u € H}(Q) with |jul/z2 =1
satisfying Alu| > —A|u| on Q,

In particular, this applies to any eigenfunction of €.
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Proof. Let K (z,y,t) be the heat kernel on M (see [19]), and set C; = e sup, ¢, /K (2,2, 2). Since (M, g)
has bounded geometry, C; is finite. Extending u by zero to be defined on all of M, the function e~ |u(z)|
is a subsolution to the heat equation on M. Using the comparison principle,

1/2
Mo < [ K luty)ldy < ( / K2<x,y,t>dy) lulle = Kz, 7,20,

Set t = 1 to conclude. O

Next, the torsion function of an open bounded set is bounded in terms of its torsional rigidity.

Lemma 3.3 (Torsion function upper bound). For each T > 0, there exists a constant Co = Co(T') such that
the following holds. Let Q be an open bounded set with tor(2) > —T.

wq < Csy.

Proof. In local coordinates on a ball B, (x) around any point € M, we have that wg > 0 and Awgq > —1,
so applying the local maximum principle ([24], Theorem 8.17) gives

sup wd < C(r,z) [/ |Vwa|? + 1} < C(r, z)[—tor(2) + 1].
B, /2(x) B, (z)

In the second inequality we used Lemma 3). Since (M, g) has bounded geometry, the values of r and the
constant C(r,z) = C may be taken uniformly for all 2 € M. We conclude by letting Cy = C[T + 1]. (]

The next lemma shows that the eigenfunction is controlled by the torsion function.

Lemma 3.4 (Torsion function controls eigenfunction). Let 2 be an open bounded set with || < |M| such
that A1 (€2) < A2(). Then there is a constant Cs depending only on Cy of Lemmal[3.9 and A\1(Q) such that

ug < Cswgq.

Proof. This follows directly by the maximum principle and Lemma —Aug < A\ (Q)C1 = =AM (Q)Crwa
on €, and both are in H}(Q2), giving ug < C1A;(Q)wg on Q. O

As a consequence of this lemma, if we write Aug = —A1(Q)ug + 1 in the sense of distributions, with u
a nonnegative measure, and similarly Awg = —1g + v where v is a nonnegative measure, then y < Cv. The
opposite inequality wo < Cug is much more subtle, and will be discussed for minimizing € in Proposition[7.8]

We now establish two forms of a Poincaré inequality on the sets Qg defined at the beginning of Seption@
the key point here is that they depend only on the parameters R and vpyay. We let H} (Qr) and H'(QR)
denote the completions of C§°(Qr) and C*(QRr) respectively with respect to the seminorm ||Vul[z2(q,)-

Lemma 3.5 (Poincaré Inequality). For every vma, < |M| and any R > 0, the embedding
X={ue H(%(QR) t{[ul > 0} < vmas} — LP(Qr)

is continuous for p € [1, 2] and compact for p < 2. If Uiy < |Qr|, then the same is true as well for

X={ue Hl(QR) s [{lul > 0} < vimas} -

Proof. It is well known (see for instance [25, Theorem 10.2] or [0, Theorems 2.30 and 2.34]) that on Qg
(or more generally, any compact Riemannian manifold with boundary), H'(Qr) embeds continuously into
LP(Qg) for p € [1,-2%] and the embedding is compact for p < -2

' n—2
Suppose by way of contradiction that the second embedding stated in the lemma fails for p = 2n/(n—2).
Take a sequence of functions {uy} with ||u||r(@r) =1 and [{ug > 0}| < vmax such that ||Vug||z2(gr) — 0.
We see from Holder’s inequality that [|ug||r2(q,) < C(Qr)- So, from the continuous embedding H*(Qr) —
LP(QR) we find that ux, — ¢ in H(Qgr), L?(Qr) and pointwise a.e. in Qg for some constant ¢ € R. On one
hand, [[c||zr(@x) = 1, while on the other hand, Fatou’s lemma implies that [{|c[ > 0}| < vpax and so ¢ = 0.
We reach a contradiction.
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Now, for p < 2n/(n — 2), the continuous embedding then follows by Holder’s inequality, while the com-
pactness of the embedding follows from the compact embedding of H Y(QRr) into LP(QR) and the continuous
embedding of {u € HY(QR) : |[{|u] > 0}| < vmax} into L2(Qr) that we have just established.

We prove the first embedding of the lemma analogously. If M is compact, then the argument above
carries over directly. If M is noncompact, we again argue by way of contradiction and take a sequence of
functions with ||ug||zr(gr) = 1 and [|[Vur| r2(g,) — 0. Extend each uy by zero to be defined on Q2r. By
Hoélder’s inequality, [lug||z2(g,,) < C and so from the continuous embedding H'(Q2r) < LP(Q2r) we see
that ur, — ¢ in HY(Qar), L?(Q2r) and pointwise a.e. in Qaz. On one hand, llcll r(@ar) = 1, while on
the other hand, ur = 0 on Q25 \ Qr and so we see that ¢ = 0. We reach a contradiction. Again, the
continuous embedding for p < 2n/(n — 2) then follows by Hoélder’s inequality, while the compactness of
the embedding follows from the compact embedding of Hj(Qr) embeds continuously into LP(Qg) and the
continuous embedding of H}(Qg) into L?(Qr) that we have just established. O

As an immediate consequence of Lemma we may bound the torsional rigidity tor(Q2) from below
uniformly for all domains in H = Hg ..., the class of admissible domains defined in (2.5)). Naturally, if M
has bounded diameter, then the lower bound is independent of R.

Corollary 3.6 (Torsional rigidity lower bound). Fiz R > 0 and vmes < |M|. There is a constant
C (R, Vmaz) < 00 such that for any Q € H,

tor(Q2) > —C(R, Vmag)-

Proof. Fix © € H and let wg be the corresponding torsion function, so that tor(2) = [, 3|Vwa|? —
Then for any € > 0,

/ ol < C(R, vmae) [Vwall e < e / Vwal? + C(e, R, vimas).

where the first inequality used Lemma [3.5| on wgq extended by 0 and the fact that [{wq > 0} < |Q] < vpax.

Take € = % and reabsorb to get

1 1
tor(£2) :/ ~|Vwg|* — wq > —C(R, vmax) —|—/ —|Vwg|?.
Q2 o4
This concludes the proof. O
Remark 3.7. Notice that from Corollary for any Q € H = Hp,,., the constant Co in Lemma
depends only on R and vy ax.
The final lemma of this section is an elementary fact about the energy of the difference between any
normalized nonnegative function and the first eigenfunction.

Lemma 3.8. Let Q be an open bounded set with A\1(Q) + a < X\a(Q) for some a > 0, and v € H}(Q) with
Jv*=1andv>0. Then

/|Vug—v|2 (1+2Al /|V 2= n(@).

Proof. Let us use the shorthand A\; = A\ (©2) and A2 = A\2(€2), and write v = Bug + v, where 8 = [ugqu.
Because f uqvy = 0 by definition, we observe that

Ao(1—B%) = Ao /vi < /|vu|2 = / Vo2 — \ 5% = / (Vo2 — Ay + A (1 - 32).

In particular, a(1 — 8)? < [|Vv|> = A; and [ |[Vu, > < (1+ Ai/a)([|Vv]?2 = A1). So, since ug — v =
(1= B)ug+wvy and 0 < B < 1, we see that

/\V(uQ )P = (1= B)2A + / Vo |2 < (1 n &) (/ Vo2 — Al) .

This concludes the proof. O
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3.2. The key estimate on the nonlinear perturbation. In order to study the existence and regularity
of minimizers of the main energy F,, we will require some sharp estimates on how an admissible nonlinearity
b changes under a change in domain from Q to €. From assumption in Definition this is
controlled by the sum of the symmetric difference |QA)|, which is easy to estimate, and the L' difference
of eigenfunctions [ |ug — ugq/|, which is not significantly more difficult to estimate. In fact, we do not know
how to control this quantity in terms of the eigenvalue difference |[A1(Q') — A1(R2)| alone, at least in the case
of outward perturbations. The following lemma does bound [ |ug —ug|, but the difference |tor(£2) —tor()|
appears on the right-hand side of the estimate as well. The is the fundamental reason for introducing the
torsional rigidity term into the main energy functional F..

This lemma will be the crucial ingredient in proving the main estimates of Sections [4] and [5| and estab-
lishing our main existence result in Section [f] At least for the estimates, the specific form of the lemma,
with linear dependence on [tor(€2) — tor(Q')| and |A1(Q') — A1(€)], is essential; the (much) simpler sublinear
versions of this inequality are insufficient.

Proposition 3.9. Fiz 0 < Ve, < |[M|, @ > 0 and Mg > 0. Let Q C Q' be bounded open sets with || < vmaq,
A2(Q) > M () + a, and \(Q) < XAg. Let f: M — R be a bounded function. Then there exists a constant
Cy = Cy(at, Vymaz, Ao) such that

(3.1) | / Fluay = ug)| < Cullfll = (tor(€) — tor() + As(2) — Ay ().

In the case that the first eigenvalue of €2 is not simple, then Proposition holds trivially for any first
eigenfunction ug. To see this, note that A1 (2) > A (') and A2(2) > A2(Q') from © C Q. So, if A(Q) is
not simple, then A;(Q) = Ay(2) and so A1(2) — A1(Q') > «, meaning the estimate here holds automatically
for every normalized first eigenfunction ug (using Lemma. So, in the proof below, we will assume that
A1(2) < A2(€), in which case ugq is uniquely defined.

Proof. We first consider the case of 9 N’ smooth, but all constants will be independent of the regularity
of 9Q. Let 8 = [ fug and write f = Buq + fi. We estimate the contributions of Sug and f to the
left-hand side of separately. To estimate the contribution from the first term, use the normalization of
the eigenfunctions ug, uq::

p p
/Bugz(uQ/ —ug) = B/u?y —ugug = 5 ud, +ud — 2uqug = 5 luq — uar 2.
Applying Lemma and assuming without loss of generality that o < A1(€'), we have

[t v < s [ 90— < 2 | [190aP 0] = 2 o) - v

and therefore

(3.2) | / By (wsy —ua)| < 1Al D (©) — X (@)].

Now, the remainder f, has ||fi||z2 < |[fllz2 < v/Omax||fllz and [ fiug = 0. This means we may
solve for the potential

(3.3) {—Aq —M(@)g=fL on

q=0 on O,

which has a unique solution ¢ € Hg(Q') with [ qugs = 0, and enjoys the estimate HqHH1 @) < Cla)||follze
(this follows from the Fredholm alternative). From Lemma [3.2] we have that |Juq|| - < C, so

IfLllze < flllluey iz + 1 fllze < Cllfllze.
So, from (3.3]), we see that —Aq — A1 (Q')q € L>°, we have from applying [24, Theorem 8.17] in charts that
lallze < ClIfillze= +llallzz] < Ol flle-

Now rewriting the PDE as —Aq = A ()¢ + f1L € L, applying the comparison principle with a multiple
of the torsion function wgq: gives
lal < C|lfllL~wer.
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This is the key fact about g.

We proceed in our estimate:

[ frtun = ue) = [ frun = [ (-aq- 2@ un = [ a(-duo - 2 (@)u).

where the last equality holds in the sense of distributions. From Lemma on Q' we have Auqg =
—A1(Q)uq + p, where p is a nonnegative measure supported on 92 N Q. Continuing on,

/q (—Aug — A (Q)ug) = /_qdﬂ + (A () = M () /un'

The second term is controlled by
(@) = 2(@)) | [ ua] < a(9) = M@ a2 lualle < COuR) =~ M@ e

so we need only focus on the first. Recall from Lemma that writing Awqg = —1q + v on ' for a
nonnegative measure v, then u < Cv. As such,

\/qdu( < /Iq\du < C|lfllp= /wQ'dVZ Cllf 1 /(wQ/ T wg)dv,

in the final identity using that wq vanishes on the support of v. Then using the equation for wgq,

/(wg/ +wq)dv = /(’IUQ/ + wo)(Awq + 1g) < /(wg/ + wq)(Awq + 1)

= /(U}Q’ + wq)(Awq — Awg) = / |Vwe |2 — [Vwg|*.
Recall that tor(Q) = —1 [ |Vwg|? and similarly for €', so we have shown that

| /fJ_(uQ/ — ug)| < €l () ~ M () + tor(©) — tor(2)].
Together with (3.2) this gives the conclusion.

If 90 N Q' is not smooth, let Q; = {ug > t}, which has smooth boundary for almost every ¢, and
apply (3.1) to Q:;. We have that A\ () > A () and tor(£2;) > tor(Q) from set inclusion, and using
wo—bi ug in H' as a competitor for A1 (Q;) gives that lim; A1 (£2;) = A1(22). On the other hand, taking

[(ua—t)+1lL2

first eigenfunctions ug, — u € H}(Q) weakly and locally in C* topology for some u along a subsequence,
and similarly wq, — w. Passing the PDEs satisfied by these to the limit, we see that —Au = A\ (Q)u and
—Aw =1 on Q. This implies that ug = u (recall we are assuming that A;(€2) is simple) and wg = w. In
particular, both sides of pass to the limit. O

3.3. Base energy minimizers in Jg. We now move toward minimizing the base energy £ among subsets of
a fixed Qg. In this section we establish existence, volume bounds and connectedness properties of minimizers
in the class H = HR vy -

We start with an existence and compactness theorem for minimizers. The statement is formulated in
a way to give information on wg if and only if T > 0. We recall that the base energy £, the collection of
sets over which we minimize #, and the collection of minimizers M are defined in (2.4), (2.5)), and
respectively. Recall from that Enin = Emin(V, Vmax, 1, T, R) denotes the infimum of the base energy.

Lemma 3.10. Fiz R > 0 and v, Umes with 0 < v < Uy, as well as the parameters n > 0 and T > 0 in the
base energy. Then:

(1) Emin > —00.
2) Let Qi € H and ug, wy, € H3 (Q) with [u? =1 and
0 k

1
(3.4) lilgn/ |V +‘Z/ §|Vwk|2 —wi + fon(|Q%]) = Emin.
Then there is a subsequence i, and a set Q) € H such that
lur, = uollmy@n) + VEllwk, = wallmy@n) + 1282 = 0,
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where uq s a normalized first eigenfunction of Q and wq is the torsion function of Q.
(3) M is nonempty, and for any Q € M, ug and VZwq are continuous functions (for any choice of ug
normalized first eigenfunction,).

Proof. We first check that &, > —oo. This amounts to showing that tor(f2) is bounded from below uni-
formly in Q € H (the other two terms are bounded from below), so it follows directly from Corollary

Step 1: Basic compactness. Let i be a minimizing sequence as in claim (2) of the lemma. As &,y
is bounded from below, so are each of the terms [ [Vug|%, T [ 3|Vwi|> — w, and f,,(|Q%]) individually.
Because &,,;, is also bounded from above, these three terms are bounded above individually as well. This
immediately gives that [lug|z1(q,) is uniformly bounded, while applying Lemma as in the proof of
Corollary [3.6] gives that

1
CZS/§|Vwk|2—wk > T |—C(R, Vmax) /|Vwk|2}

giving \/§||VTUkHL2(QR) < C and so ﬁ”wkHHol(QR) < C from Lemmaagain.

Passing to subsequences, we have that uy — u weakly in Hi(Qgr), strongly in L?, and a.e., and similarly
for Wg — W when T > 0. This implies that 1{|u\+’£\w|>0} < liminfk 1{|uk|+g|wk|>0}, SO by Fatou’s lemma
H|u] + T|w| > 0}| < liminfy, |Qk| and

Fun(H{lul + Thol > 0}) < limin £,(10%]).

Using the lower semicontinuity of the norm under weak convergence, we have that
1
(35) J 1V 45 [ 3190l — w0t fon(I{ful + Sl > 0}) < Enin

and fu2 = 1. From Lemmas and we have |ug| < Cy and |wy| < Cy; these pass to the limit to give
lu| +VT|w| < C.

Step 2: Continuous representatives. We will now show that u,w admit continuous representatives; this
will imply that the set  := {|u] + T|lw| > 0} is open (and hence in H), u is a first eigenfunction of €,
w = wg, and the inequality in (3.5)) is an equality.

Step 2a. To this end, we first claim that v and w have the following “almost minimality” property. Fix
a small ball By,.(x), x € Qr. We claim that
< J1vaP

(3.6) /|w|2+s/%|w|2 - o

for any pair of functions a,b with @ = u and b = w on B,(x)¢ and such that v — a and w — b are in
Hy (B, (z) N Q).

Indeed, let ¢ be a smooth cutoff function which is 1 on B,(z) and supported on By, (x). Let Q) =
Qi U B,.(z) and define the functions ay, by, € H}(Q}) by

ap = lba + (1 - w)uk‘v
b = b+ (1 — )w.

Note that ax — a and by — b in L?. Moreover, fv ,7(|Q ) < fon(IQ%]) + Cr™. So, we may use ar/||ak| 2
a competitor for ug, and by, for we, inside of and ( . to give

1
+z/§|w|2 —b+Cr"

Q

S

2
gnn'n S 5(92) S M
J ai

Recalling that wuy, wy were chosen to satisfy (3.4)), this gives that

1 1
(3.7) 0 < liminf *——— JVaxf* /\Vuk|2 +% {/ =|Vbi|* — by, — / —|Vw|* — wk} +Cr",
k—o0 fak 2 2

1
+f/§|wk|2 bt Fon () + O
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We first focus on the term in brackets. We have
1 1 1
[ 3190 = [ 51wl = 5 [ 190 [0 9)* 1] + 67 V8P + 2001 = )95 T + ox(1),

where the o (1) term contains all error terms containing V¢ and can be seen to converge to 0 using the weak
convergence of Vwy — Vw, the strong convergence of wy — w, and the fact that b = w on the support of
V1. Therefore, taking limits in the term in brackets in (3.7]), since w = b when 1 — ¢ is nonzero, we have

1 1
limsup/§|vbk\2*bk*/?vwkﬁfwk

k—o0

IN

%/ (Vool? [(1= )% = 1] + 02| Vb* + 26(1 ~ )V +/ vl
=5 [ eIveE = 1vup s fwe

_ 1 2 1 2
_/2\%\ b /2|Vw| w,

In the inequality we have used that [ ¢|Vw|? < liminfy_,o [ ¢|Vw,|? for ¢ > 0 from weak convergence (and
setting ¢ = 1 — (1 —%?)). A similar computation for the aj, terms gives

Vag|? Val?
limsupfa:|—/|Vuk2 < /1 Z| —/|Vu|2.
[ K Ja

Substituting these conclusions into (3.7]), we arrive at (3.6)), thus proving the claim.

Step 2b. Now let a be the harmonic replacement of v on B,.(z)NQg (i.e. the minimizer of fBT(I) |Val?

NQr
with data u on 9[B,(z) N Qg]), and b the harmonic replacement of w. Then

1
/ (Vul|? + T |Vw|? < CT"—i—/
B (z) 2

1
Val? + TS|V,
B, (z) 2
estimating the non-gradient terms using |u/, |w/, |al, |b] < C and absorbing them into the Cr™ term. Rewriting
and using that [ g(Va,V(u — a)) = 0 from the equation on a (and similarly with b),

1
/ V(4 — @) + T2 V(w — b)[2 < Cr™.
B.(z) 2

This is valid for any By,.(z), and implies that u, vVZw are C**(Qr) (see [15]).

Step 3: Conclusion. Finally, as Q0 is open, Q € H and Epin, < E(Q) < [ |Vul*+ [ | Vw[>—w+f, ,(|€]) <
Emin- This implies that w = wgq, v is a first eigenfunction of 2, and

lim /|vuﬁ\ :/|vu|2 lim /|Vw,§| =/|Vw|2 lim |Qx] = |9

k— o0 k—o0 k— o0
This gives the strong convergence of uy and wy in Hi(Qgr). To see the convergence of Q, recall that
1lq < liminfy 1g, ; integrating over 2 and applying Fatou’s lemma gives |Q| < lim infy, |QNQy], or |2\ Q| — 0.
Together with |Qx| — |Q] this guarantees | \ | — 0 as well.

For (3), (1) and (2) immediately give that M is nonempty by applying with ux = ugq, , an eigenfunction of
O, and wy, = wgq, , where §, is any sequence in H with £(2x) — Enin. Choosing O = Q and ug, = uq any
first eigenfunction and applying the continuity argument above gives that ug and v/Twgq are continuous. [

Recall that the volume penalization term f, , in the base energy does not immediately guarantee that a
minimizer € M satisfies the desired volume constraint |Q2] < v. However, the following lemma provides an
initial upper bound on the volume of a minimizer, provided that the parameter 7 in the volume penalization
term is taken to be sufficiently small. We will eventually show in Proposition that and Q € M actually
satisfies the desired volume constrain |Q] = v.
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Lemma 3.11. Fix R > 0 and v,Vmez with 0 < v < Upmaz, and 0 < T < 1. There exists an 19 =
10(V, Umazy R) > 0 so that for n < no, if Q@ € M then

U”mam + v

Q < —.

Proof. We have already verified in the proof of Lemma that £(Q) > —C + f, ,(|?]) for any Q € H; this
estimate is uniform for any T < 1. By choosing some smooth  with precisely |2| = v, we see that £(Q2) < C
with C' independent of n (and ). We therefore have, for Q € M,

Q| —v
2 < ey <c

Choosing n < #mge—= gives the conclusion. O

Remark 3.12. In the remainder of the paper, we will always assume, without further comment, that the
parameter in the base energy £ and the main energy F. is taken such that n < 79, where 19 = 10(v, Umax, R)
is the constant obtained in Lemma B.111

In the next lemma, we show that the coefficient ¥ in front of the torsional rigidity in the base energy can
be taken to be sufficiently small to guarantee that a minimizer {2 € M is connected and its first eigenvalue
is simple. Although the simplicity of the first eigenvalue follows from the connectedness, we prove these two
properties separately so that the proof can be immediately generalized to prove Lemma below.

Lemma 3.13. Fiz R > 0, v < Upmag, and n > 0. There exists a To(v, Vimaz,n, R) > 0 such that if @ € M
with T < Xy, then  is connected, ug > 0 on Q (up to changing sign), and

A (Q) > A\ (Q)

Proof. Consider first the case of T = 0. If A2(Q) = A\;(Q2), then there are two functions u, us with [ |Vu;|? =
A (Q), [u? =1, and [ujus = 0. We know from Lemmathat they are both continuous. We may assume
without loss of generality that u; > 0 by replacing u; with |u;| in the Rayleigh quotient characterization of
eigenfunctions. So, the orthogonality shows that {u; > 0} and {us > 0} are disjoint open sets.

Now let Q' = {u; > 0}, noting that A\1(') < [|Vu1|? = A1(©2). On the other hand, || < |Q], so
Fon(]) < fon(1Q]) and E(Q') < E(Q) = Epin. This is a contradiction. If € is disconnected, then ug = ug
where E is one of its connected components; the same argument shows that £(F) < £(1).

To handle the case of ¥ > 0, argue by contradiction. Assume there is a sequence of sets ) € Mg, ,
Tk — 0, with A\y(Qg) = A1(Q) or Qi disconnected. Then
Al(Qk) + ‘Iktor(ﬂk) + fv,n(Qk) < /\1(9) + ‘Zktor(Q) + fv,n(Q)
— Al(Q) + fv,n(Q)
for any Q € H. As tor(Q2) > —C from Corollary each of A;(Q),tor(Q%), and f, ,(Q%) are bounded
uniformly in k, so the middle term Tjtor(£2x) — 0. This means
gmin(‘zkr) = )\I(Qk:) + fv,n(Qk) + Ok(l)
< inf{A1(2) + fo,n(Q) : Q € H} + 0x(1) = Emin(0) + 0x(1).
In particular, Emin(Tr) = Emin(0) and limg A (Qk) + fo,n(Q%) = Emin(0). Fix first eigenfunctions ug, for

Q; as above we may take them nonnegative. Applying the compactness claim of Lemma there is an
Q € Mo with |[ug, —uallmi(gg) — 0 and [Q2AQ[ — 0.

First, suppose that \2(€2%) = A\1(Q) along some subsequence. Let vy be functions in H}(Qy) with
vp > 0, [vpug, =0, [v} =1, and [|[Vog]? = A\i(Q) — Ai(Q). We may apply Lemma to vk
instead of uq, to obtain another set ' € M, and a continuous first eigenfunction of Q', ugq/, such that
vk — uer i (@r) — 0 and [2xAQ'| — 0. This immediately gives that [QAQ[ = 0, and so QU Q' is in H,
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MY UQ) <A (Q), and [ UQ| = |Q]. In particular, QU Q' € My and A\ (' U Q) = A1(R2). This means
both ug and ugq are first eigenfunctions of Q U £/, and also

uqug = lim ug, v = 0.
k—o00

Thus A2(QU Q') = A1 (Q U Q'), which is a contradiction.

Next, assume €2, is disconnected, and let E, be its connected components. We claim that |E}| converges
either to |©2] or to 0. Indeed, let ug > 0 be the first eigenfunction of €, and E} be the (unique) connected
component of Q on which it is nonzero. We know that up — ugq a.e., which is strictly positive on €; this
gives that |E}| — |Q| while |E}| — 0 for any other i.

It remains to check that for any €y, if |E}| is sufficiently small, then it is empty. The basic idea is that
the torsional rigidity is additive on connected components, and a component of small volume contributes
too much torsional rigidity for a set to be minimizing. More specifically, we consider the quantity

a(t) := inf{tor(F) : E € H,|E| < t}.

From Lemma ), we have [ |[Vwg|* = [wg = —2tor(E) (using wg as a test function for itself), and
therefore

Vwg| 2 < C|E| /—tor(E),

where the constant C' = C(R, vmax) introduced in the second-to-last inequality comes from the Poincaré
n+4+2

inequality of Lemma Dividing and squaring, tor(E) > —C|E| = , so

1 n n
~tor(B) = 5 [ we < B e, < CIEIF

—2

n+42

(3.8) a(t) > —Ct.

Let E} be the large connected component of ), and set |Qx| = |Ef| + t;. We know that ¢, — 0 and
assume for contradiction that ¢, > 0. Since A\ (Q) = )q(Eé), we take E,% as a competitor for Qj in the
minimization of £z, to find

T 808 () + Fon(1Q]) < Ty tor(By) + foq(|Ek])-
Moreover, for disjoint A, B, tor(A U B) = tor(A) + tor(B), which gives
Th tor(Q \ Bi) + fon (1)) < foun(|EkD)-
Consequently, we deduce that
Tra(te) < fon(B]) = fon(1%]) < —nty,

2+n

24n n
so applying (3.8)) gives nty, < C%yt,» < Ct," . For large k, this is a contradiction. O

The same compactness argument can be applied to “approximate” minimizers instead, except for the
full connectedness conclusion. We omit the proof.

Lemma 3.14. Fiz R > 0, 0 < v < Upag, > 0 and € > 0. There exist Ty = To(v, Vmaz, 1, R) > 0 and
0 = 6(v, Vmax, R, m,€) > 0 such that if T < Ty, Q € H, and

E(Q) < gmin + 53
then:
(1) There is an Q' € M with |V AQ| < ¢, ||lug — uq|lm <&, and VZ||wa — wal|m < e.

(2) )‘2(9> > )‘1 (Q) + C<vvvmamaR)~
(3) One connected component E of Q has |E| > |Q] — €, while every other (if any) has |E| < e.

Note that under the assumptions of this lemma, it is simply false that €2 must be connected: one may
always add a ball of small measure to 2, which perturbs £ continuously.
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3.4. Global minimizers of the base energy. In general, the constants in the previous section necessarily
depend on R, and there is no reason to expect, for instance, existence of global minimizers on noncompact
Riemannian manifolds with arbitrary (bounded geometry) behavior at infinity. In this section, we turn our
attention to Riemannian manifolds (M, g) where M /G is compact. In this case, most of the above estimates
remain valid with constants independent of R, and minimizers of the base energy £ among all open bounded
sets exist and have bounded diameter. For the present section, we focus only on estimates which will be
relevant in later sections; in particular, the existence of minimizers is not treated here (but does follow from
Theorem later).

Of course, in the case when (M, g) is compact, then for M C Qg for sufficiently large R , and thus the
constants in the previous section may be taken independent of R trivially. So, to simplify statements, in this
section we will assume that (M, g) is noncompact but (M/G, g) is compact. Note in this case that M has
infinite volume.

For our first estimate, we show some initial bounds on the infimum of the energy and on the torsion
function of any open bounded set in terms of its volume. Observe that &,,;,(R) is a nonincreasing function
of R, as the class H is increasing in R. Set Epin(00) = limpg_ 00 Emin(R).

Lemma 3.15. Assume M/G is compact and fix v < Uae < 00. Then there exists C = C(Vpmaz) < 00 such
that for any bounded open set Q with |Q] < vyaq, we have Epin(00) > —C and wo < C.

Proof. First, we claim there exists a large S > 0 such that

U e(@s) = M.

eeG
If not, for every k there is an z; € M such that e(xy) ¢ Qp for any e € G. There exists, however, a
subsequence xy, and isometries e; with ej(zx;) — x € M. If x € Q; for some J, then as Qs is open
ej(zr;) € Qg for j large enough; this is impossible if k; > J, so x ¢ Q. This contradicts M = UrQr. Using
the Vitali covering lemma and possibly taking S larger, there exists a countable collection L C G such that
Ueere(Qs) = M and {e(Qs)}ecr have finite overlap. Up to possibly increasing S depending on vyax, we
also assume that |Qg| > Umax-

Now, fix any  open, bounded, with || < vyax. For any e € L, we apply the Poincaré inequality of
Lemma [3.5( to e(Qg) to obtain that

(3.9) lwallz2@ne@s)) < ClIVwellLz@ne@s))

for a constant C' = C(S, Umax) = C(Vmax), using that |2 N e(Qs)| < vVmax < |@g]- Summing over all e € L
and using the finite overlapping property gives fQ wh < C fQ |Vwg|?. Then

[ wa < 01002V a0 < €[V wal o)
Q

so tor(Q) = [1|Vwg|? — wg > —C. On the other hand A;(€2) > 0, while f,,(€2) > —vmax, so () >

—C'(Vmax). Taking the infimum over all Q gives the first conclusion.

To see that wg < C, we now have from (3.9)), elliptic estimates [24, Theorem 8.17], and a basic covering
argument that
lwallL=@ne@s)) < Cllilwallzz(g,s) + 1] < C.
Applying to every e gives the estimate. O

We now establish an analogue of Lemma [3.14] that is independent of R: that any low energy set can be
well approximated by a minimizer (on some Qg for S uniform) and has one “large” connected component.
We use a concentration compactness argument to handle the loss of compactness coming from the isometries
of the space.

Lemma 3.16. Assume M/G is compact. Fiz v < Upar < 00, € > 0, and n > 0. There exist Ty =
To(V, Vimaz, M) > 0, and a 0 = §(v, Vymas, 1, €) > 0 such that if ¥ < Ty, then the following holds. For any open
bounded set Q@ C M with || < vpmag and E(Q) < Epin(00) + d:
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(1) There is an S = S(V, Vimaz:1,€) and a U € M(S) (i.e. a minimizer of € over open Q C Qg with
|Q| < Vimae) such that [UAQ| < e, |luy — ua||g < &, and VZ||wy — wal| g < €.

(2) X2(2) > A (Q) + (v, Vimaz)

(3) One connected component E of Q has |E| > |Q] — €, while every other (if any) has |E| < e.

Proof. Let L C G and S be as in the proof of Lemma We use the shorthand Q = Qg. Let {c}ecr

a partition of unity subordinate to the cover of M by {e(Q)}cer with ¢, = oe™t € C°(Q) translates of
each other. Throughout this proof, C' and ¢ denote constants depending only on vy.x (and, as usual, on g)
whose values change from line to line. Let § < 1 be a fixed number to be specified in the proof and let 2 be
as above. Applying Lemma [3.15, we know that

(3.10) / |Vug|? + ud + |Vwa|*> +wd < C.
Q
The first step of the proof is a concentration compactness argument that allows us to replace €2 by a uni-

formly bounded set, losing only a small amount of mass and increasing the base energy only a small amount.

Step 1: There exist To and J = j(vmax, ) € N such that we may choose xg € M and j < J depending
on 2 such that

(3.11) E(2N Bssj(20)) < Emin + 26
. |2\ Bgsj(zo)] < 4né.

Because this step is rather involved, we divide it into several substeps.

Step 1a: Selection of xo. We show that  has a (uniformly) nontrivial amount of mass in ey(Q) for some
eo € L, and choose zg in this set. More specifically, for any e € L, we apply Lemma to 2 Ne(Q) to find

2 2n_\ 222 2
/7 w3 < 2ne@)” (/ ) uQ) gc|ﬂme(Q);n/ | Vugl?.
(@) ¢(@) (@)

Summing over e € L, recalling the finite overlap property of L and (3.10)), we have

1:/u?2§0(sup|Qﬂe(Q) g)/ |VuQ|2§C(sup|Qﬁe(Q)|%).
Q ecL Q ecL

Consequently, |Q Neo(Q)| > ¢ for some ey. We let 2o be any fixed point in e (Q).

Step 1b: Selecting j for each J € N. Next, we show how, for each J € N, to suitably choose j < J that
will ultimately lead to estimates of the form (3.11) but with a C'/J error; we will later choose J depending

on ¢ to absorb this term. For any k € N, we denote by Ly the finite collection of isometries such that e(Q)
lies in the annulus Bigrs(zo) \ Bsks(zo). That is,

L = {6 cL: G(Q) n [ngs(wo) U (M \ Blﬁks(l‘o))] = (Z)} .
Since diam @@ < 25 by assumption, the collections Lj are pairwise disjoint, and so from (3.10)) we find that

oo
Z Z | Vugl? 4+ ud + [Vwg|* + wd < C.
k=1 ecLy” «(@)NQ
Since this sum is finite, it follows that for every J > 0, we may find some j < J such that
C
Yol Vual +ud + [Vuol* + w < e
ecL; e(Q)ﬂQ

In other words, the functions ug and wgq have most of their mass and energy outside of the annulus corre-
sponding to L,. Let this j = j(J) be fixed.
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Step 1c: Truncation and intermediate bounds. In this step, we consider J € N fixed and j = j(J) as
determined in the previous step. Let us now define two smooth truncations of the eigenfunction ug, the
“inner part” u; in the ball Bg;5 and the “outer part” uo in the complement of Bjgg;, by setting

ur = Z Yeugq Lr={eeL : e(Q) N Bsjs(xg) # 0},
eelLy

uo = Z Vel Lo = {e €L : e(@Q)N (M \ Bigjs(xo)) # Q)} .
ecLo

Notice that the functions u;, up have disjoint support and the remaining “annular part” of ug is given by

uq —ur +uo = ZeeLk Yeuq. The truncations uy and up capture most of the energy of ug in the following
sense:

‘/ |VUQ|2 — |VUO|2 — |Vu1|2

= ‘/g(V[uQ —up — ugl, Viug +uo "‘UID‘

< Y (IVeellug] + v Vugl) - C|Vug]

EGLJ'
2 2 C
<CY [ Jual + | Vugl <=
ecL; e(Q)

In particular, this together with the Poincaré inequality applied to uo provide the following upper bound
for the energy of uj:

C C
(3.12) [ 1wl <n@- [[9uop+S <@ (- fw2)+5.
In a similar fashion, we find that
(3.13) /u?z —ud —u? < %

The first main estimate of this sub-step is the following: there exists C' such that

)

1
if / w2 > then Ay (2N Beg; (x0)) < M (Q) +
(3.14)

< QwQ

4
1
it [ubz g then (@) Busyloo)) S (@) +

Note that (3.13) guarantees that one of the two alternatives in (3.14) must hold provided J is sufficiently
large. If [u? > 1/4 then (3.13) implies that (1 — [w3)/ [u? < 1+ C/J. So, if we multiply (3.12) by
(1= [u3)/ [ u? and divide both sides by 1 — [u3, we arrive at
f |Vu1|2 C
T <A () + =
g =M
Here we have also used the fact that A\ (2) is uniformly bounded; recall (3.10). So, the first estimate of
3.14) follows by taking u; as a test function for A1(£2 N Bsg;(x¢)). The proof of the second estimate of
3.14)) is the same, using the analogous estimate to (3.12]) for ue.

The second main estimate of this substep is the following:

H0K( 1 By, (20)) < tor(2) + 5 + €10\ Bs, (x0),
(3.15)

C
tOI‘(Q \ Bgsj(l‘o)) < tOI‘(Q) + j + C'Q N Bgsj (l‘0)|

The estimate ((3.15) follows similarly to (3.14). Splitting the torsion function wgq into an “inner part” wry,,
and “outer part” wo, and an “annular part” wqg — w; — wo exactly as above leads to

1 C
75/11)1 + wo < tor(Q) + 7
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we omit the details. This estimate is potentially much worse than the eigenvalue one due to the presence
of the wo term (the torsional rigidity has poorer concentration-compactness behavior than the eigenvalue),
but recalling that wgo < C' from Lemma [3.15] we find that

tor(Q 1 Bys; (a0)) < —3 / wy <tor(@) + 5 + L / wo

C
< tor(Q) + Wi + CQ\ Bgsj(xo)l,
thus proving the first estimate in ([3.15)). The second estimate in (3.15)) is proven in the same way.

Step 1d: Energy comparison and selection of J and %¢. Fix any J € N and let j = j(J) be as determined
in Step 1b. Let us first consider the case that [u > i. In this case, we may use the first estimates in (3.14])
and (3.15) to compare £(Q2) to (2N Bgg,(x)), which gives

E(Q) < Emin + 0 < E(Q N By, (x0)) + 8
< M (9) + Ttor(Q) + % + fon (1220 Bgsj(0)]) + 0 + CE[Q\ Bgs; (o)
< EO) + S 4 Fun(120 Bas; @o)l) — fun(190) 45+ OTIO\ Bys; o)
<EQ) + ¢ +6—[n—CZFQ\ Bsgj(xo)|

J

At this point, we can fix our remaining parameters. Choosing ¥y < 55, the last term is negative and this
leads to

(3.16) E(QN Bysj(0)) < Emin + G+ <26
. |2\ Bgsj(zo)| < 4no.

Finally, we choose .J = J large enough in terms of ¢ so that % <4, and (3.11]) follows. This concludes the
proof of Step 1 in the case when fu% > i. holds. Now, assume instead that fu2o > %. We may argue in the
analogous fashion to find that

(3.17) {5(9 \ Bssj(20)) < Emin + S +6<20

|Q N BgSj ($0)| < 4775

This contradicts Step la for § chosen sufficiently small. We conclude that [u? > i holds and thus have
completed the proof of Step 1.

Step 2: Conclusion. We are now in a position to prove the first conclusion of the lemma. Let ' = QN
Bsgj(xo) be the truncation of 2 obtained in Step 1. Let S’ be chosen large enough that el (Bssy(z0)) € Qs;
note that this depends only on J and S, so only on vy.x and §. Applying Lemma to egl(Q’) on Qg,
there is a U € M(S’) with ||uy — ur|| g1, VE|wy — wr|| g1 < €/2. On the other hand, from the Caccioppoli
inequality and letting L' = {e € L : e(Qs) N Bgjs(zo) = 0},

/ Vo —u)<CY / Ve Plual? + 92 Vugl? < C g2 < €5,

ecL’ 2\ Bgs; (o)

using that |ug| < C and the volume estimate in ([3.11)) at the end. Similarly, [ |V(wo —w;y)|* < C4, and we
obtain conclusion (1) from the triangle inequality.

To prove (2), note that applying Lemmagives that A2 (Q') > A1(Q) + ¢g for ¢g = co(S’, v, Vmax), and
so it remains to show that A2(Q') < A3(Q2) + ¢p/2. To this end, let uy be a second eigenfunction for Q. from
Lemma [3.2] we have that |uz| < C'(A1(R2)) < C unless A2(2) > 1+ A1 () (in which case we would be done).
Then set ug ; = ZeGLI eug to be the “inner part,” i.e. the analogue of u; for us. As Alug| > —Aa(Q)]us]
in the sense of distributions, the same Caccioppoli inequality argument gives that

/|V(’LL2 — ’LLQ’])‘2 S C |’U,2|2 S C(S

O\ Bss;(zo0)
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Hence
[ Vug |2 | [uorurl

f“%,[ [uz,rllz2llur 2
implying that A2(Q') < Ay(Q) + C6. Taking 6 small enough completes the proof of (2).

< X(Q)+C6 and < (9,

To check the final conclusion (3) of the lemma, note that from Lemma |3.14] we know that one connected
component A of ' has |A| > || — £/2, while every other has |A| < e/2 (choosing ¢ small enough in terms
of €). As |2\ Bsg;(zo)| < Cd, we may conclude by choosing C'§ < /2. O

4. THE LOWER BOUND

In this section we consider inward minimizers of the main functional F, defined in . The main result
of this section is Theorem which provides a linear lower bound for the growth of the function ug + VZwg
away from the boundary of an inward minimizer 2. The theorem is phrased in terms of a lower bound on
the quantity DO(Q?) defined in . One important consequence of this theorem is a lower volume density
estimate for inward minimizers shown in Corollary [£.4] Throughout this section, we fix R > 0, 0 < v < Upax,
and 0 < 1 < no (recall Remark [3.12)).

Theorem 4.1. There are constants 0y, Tin, ¢ > 0 depending only on R,v,Vpmas, and 1 and a constant
T (R, 0, Vimaz, 1, T) > 0 such that if we fix T < T, and then T < Ty, the following holds. Let Q be an inward
minimizer of Fr on Qg satisfying E(Q) < Emin + Om- Then we have

DO(Q) > ¢,
where DO(QY) is defined in (2.14). If M/G is compact, all constants may be taken independent of R.

It is worth noting that Theorem @ and Lemma @ show that the torsion function wq grows at least
linearly away from the boundary, but we cannot immediately deduce an analogous lower bound for the
growth of the eigenfunction ug. It will require some delicate Green’s function estimates to eventually show
in Section [7| that, for minimizers, the first eigenfunction also satisfies this type of linear lower bound.

The core arguments in the proof of Theorem below are from David and Toro [I§]. We present the
details to show how to apply the key estimate of Proposition [3.9)in order to handle the nonlinear term b,
as well as to verify the dependence on all of the parameters. The proof will be established by iteratively
applying the following lemma.

Lemma 4.2. There exist constants 6p,, T,y ¢ > 0 depending only on R, v, Umaqg, and 1 and a constant
T (R, V, Vimaz, 1, T) > 0 such that if we fix T < T, and then T < Tp,, the following holds. Let Q be an inward
minimizer on Qr satisfying E(Q) < Emin + Om. For any x € Qr, and /1 < ¢y, if
(4.1) sup uq + VZwa < epmr

Br(x)
then

sup uq + \/‘Ewg < 1cmr.

By/3(x) 4

If M/G is compact, all constants may be taken independent of R.

Proof. The basic idea of the proof is make use of the inward minimality property of Q using an energy
competitor Q' obtained by removing a small ball from €.

Step 1: The competitor Q. Let ¢, < min{inj,;, 1} be a fixed number to be specified later in the proof.
For r < ¢2 and x € Qg, we consider the competitor Q' = Q \ Bsy.j4(z). Choose 0y, and T, according to
Lemma [3.14] so that  has a spectral gap A2(€2) > A1(Q) + ¢(R, Umax, v) of a definite size. This allows us to
apply the key estimate of Proposition to ' C Q, which yields

ug: — uallrr < C[tor(Q) — tor(€2) + A () — A1 ()],

where the constant depends only on R, vpax,v. (Note that the constant a priori also depends on an upper
bound for A1 (£2); a basic cutoff function argument like the one in step 3 below and the assumption on (1)
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show that A\ () < C(R,Vmax,v).) If M/G is compact, we may take the constants here independent of R
by using Lemma [3.16] in place of Lemma [3.14] This leads to

H(2) = H(Q)] < [QAQ| + / lugr — ug| < [Q\ Q[+ C [tor(') — tor(Q) + A () — A (Q)]
using property of h. From the inward minimality of 2, we have F.(2) < F, (') and so
0 < F () — Fr ()
< A(Q) = A (Q) + Ftor(Q) — tor(Q)] + fo,,(2) — fon()
+ T( 10\ Q] + C[tor(Q) — tor(€) + A () — /\1(9)])
< 2[T(tor(Y) — tor(52)) + M (%) — M()] + (7 — |2\ ],

where the final inequality holds provided 7,, is chosen small enough in terms of C' and ¥. So long as 7 < /2,
we may rewrite this as

(4.2) 20 By, a(@)] = |2\ Q] < C[T(tor(€) — tor(Q)) + M () — M ()]

Step 2: Estimates for the eigenfunction and torsion function. From Lemma [3.1] as well as the bounds
from Lemmas [3.2| and we have that Aug, Awg > —C on M. Fix ¢ a cutoff function which is 1 on
B% (x), compactly supported on By, and has |[V¢| < C/r. Applying the Caccioppoli inequality to wgq (i.e.
use ¢wq as a test function for wg and rearrange terms) and the assumption ,

‘E/qi>2|VwQ|2 < TC’/ (IVo[Pwd + ¢*wq) < C[r"2c2r® + "VZer] < Cré,.
In the final inequality we have used that r < \/r < ¢,,,. We may estimate ug in a similar manner:

[ #vual < [(VaP + s < €l
All together, this implies

/ |Vug|* + T|Vwg|* < CréZ,, / ud + Twg < Crt2e? .
B77-/8(9ﬁ) B77-/8($)

Step 3: Estimates for the eigenvalue and torsional rigidity of . Now take another cutoff function ¢;
which is 1 on M \ Bz, s(z), vanishes on Bs,./4(z), and has [V¢| < C/r. We use ¢1uq as a competitor for
A1 (€Y) to find A () < [ |V (¢1uq)?/[(d1uq)?. Estimating the denominator,

/qﬁu% > /ué —/ ud >1—Cre?,.
Q\By7,/8(x)
For the numerator,

[ V@) < [ 1Vual + [ [Vuale? +96Pu < M(@) + ol
SO
)\1(9/) < A(Q) + Cr”c?n.
An identical estimate on wq gives
Ttor(Y) < Ttor(Q) + Crc?,.
Step 4: Conclusion. Substituting the estimates of Step 3 into (4.2), we arrive at
(4.3) 12N Bs,4(2)] < Crel,.

We now apply the local maximum principle for subsolutions, [24, Theorem 8.17], to ugq + VZwg:

sup uq + \/‘wa <C [Tﬁn/QHUQ + ﬁw9||L2(33T/4(I)) + ’rz}
B, /2(x)

<C [cmrr*"/zm N Bgr/4(x)|1/2 + rc? ] < Crc3,,

m
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where we used (4.3)) and that r < ¢2, by assumption. Finally, we choose c,, small enough so that Cc,, < i
to conclude the proof. O

Theorem [£.1] now follows by iteratively applying Lemma [4.2}

Proof of Theorem[].1} Set all constants as in Lemma Take any y €  and any r < ro := ¢2,/16. We
claim that

sup uq + \/{EIUQ > CcmT.
By (y)

Indeed, if this is not the case, we apply Lemma [£:2] to obtain
sup ugq + \/‘fwg < Em "
Br/z(y) 2
Then take any z € B, /4(y):
sup uq + \/fwg < cmf,
B,a(x) 4
so repeatedly applying Lemma |4.2| gives
sup uq + \/‘Ewg < C—mi2”“.
B,«/4.27k(w) 24
In particular, 2 is a Lebesgue point of uq, wq and uq(z) = wa(x) = 0. This is true of all points in B, 4(y),
so ug = wq = 0 there. Using Q\ B, /4(x) as a competitor for 2 implies that [ N B, /4| = 0, contradicting
that y € Q and € open.

For 1 € [ro, 1], we simply use supg, () ua + VZwg > ¢t > epror. This gives DO(Q) > ¢n7o. |

Note that while for an absolute minimizer (should one exist) £(2) < &,,ip, + 0 follows from 7 being small
(see Section @, there is no reason for that to be the case for an inward minimizer in general.

Remark 4.3. The careful reader may observe that it is possible to modify the argument in this section to
give supp () Wo > 7 as long as 7 < 7, (R, v, Umax) independent of ¥ (by using Lemma ﬂ to estimate
ug < Cwg). Estimates in this spirit were used by Bucur [I1] for other problems. We do not pursue this
point further here because the opposite estimate on UP(2), discussed in the next section, cannot be altered
in this way without a version of Proposition [3.9] which omits the torsional rigidity terms on the right-hand
side.

The following corollary will help us bound the diameter of minimizers when taking R — co. We will
discuss much sharper estimates in Section using the upper bound UP(Q) as well.

Corollary 4.4. Let Q be as in Theorem . Then for any x € Q and r < ¢ |
2N B,.(x)| > (7, v, Vmaz, 0, R).
If M/G is compact, ¢ may be taken independent of R.

Proof. As in the proof of Lemma apply the local maximum principle on B,.(x) to obtain

sup U?) + Sw% < Cr_”/ (u?z + Swé) +Cort < ClQN B.(z)|r " Sup(u% + ‘Iw?z) +Crt
B,.2(z) B, (z)NQ Q

<ClIQN B, (z)|r™™ + Cr,
with the last step using Lemmas and The quantities [tor(2)| and A;(2) are controlled by £(),
which is bounded from the assumption &, < () < Enin + 0 and Lemma or The constant
C' can be taken to depend only on M, v, Umax,n if M/G compact, and otherwise also depends on R. Then
applying Theorem to the left-hand side, ¢2,r2/2 < C|QN B,.(z)|r~™ + Cr%, so reabsorbing the r* implies
the conclusion. O
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5. THE UPPER BOUND

In this section we consider outward minimizers of the main functional F,. defined in . The main
result of the section is Theorem below, which shows that the function ug +vTwq grows at most linearly
away from the boundary of an outer minimizer 2. The result is phrased in terms of the quantity UP(Q)
defined in . Throughout this section, we fix R > 0, 0 < v < Vpax, and 0 < 1 < 19 (recall Remark.

Theorem 5.1. There are constants dpr, Cpr, Car > 0 depending only on R, v, Ve, and n and a constant
M (T, R, 0, Umax, ) > 0 such that if we fix T < Tps and then 7 < Tar, the following holds. Let Q be an
outward minimizer on Qr and suppose E(Q) < Enin + O, Then we have

UP(Q) < Cn
where UP(SY) is defined in (2.13]).
The proof of Theorem will require a few initial lemmas. We start by checking that, for an outward
minimizer §2, ug and wq are close to their harmonic replacements in small balls. By the harmonic replacement

of ug on B,.(2)NQ g, we mean the unique function u with u—ug € H (B, (2)NQr) and Au = 0 on B,.(z)NQr
in the weak sense, extended so that u = ug on Qg \ B.(x).

Lemma 5.2. There are constants dnr, Tar, Car, 170 > 0 depending only on R,v,Vmas, and n and a constant
M (T, R, v, Unas) > 0 such that if we fit T < Ty and then T < Tag, the following holds. Let 2 be an outward
minimizer on Qg satisfying E(Q) < Emin + dnr. Then for any x € Qr and r < 19,

/|V(UQ - u)|2 + % V(wq — w)|2 < Cuy {|Br(x) \ Q]+ 7" sup (u% +Tw5%) < Cyr™,
B, (x)

where u, w are the harmonic replacements of ug, wg on B.(xz) N Qrg.

Proof. The basic idea of the proof is make use of the inward minimality property of Q using an energy
competitor Q' obtained by adding a small ball to Q.

Step 1: The competitor Q. Set ' = QU (B,(x) NQr) and A = supp_ (,) ug + Twg. First, we may use
that A1 () < A1(€) and tor(Q2) < tor(Q2) to deduce that

E(Q) <E(Q) + Cpn <dom+ gr(’f < 26p
n n

if 7 is small enough. Choosing d;; and T, sufficiently small and applying Lemmas and shows
that Q' € H and A2(Q') > A1 () + ¢(v, Umax, R). The latter fact allows us to apply the key Proposition
to Q, ) to find that

/ o — e | < CP(Q) — A () + tor() — tor(S)],
where C' depends only on R and v, vyax. S0, from assumption on h, we know that
6(€2) — b(Y)] < [QAQ] + / lug — ugr| < [Bp(2) \ Q + C[A1(Q) = A (€) + tor(€2) — tor(Q)].
Now, we use ' as an energy competitor for £; the outward minimizing property gives that

0< Fr(Q) = Fo(Q) < M(Q) = Aa(Q) + T(tor () — tor(Q)) + %IQ’ \ Q| +7(5(2) — b()]

/ / T C
< A (€Y) = A (Q) + T(tor(€) — tor())] (1 - 05) 1B\ 9l

Select 7y small enough that 1 — C7 < %; then

(5.1) AL(9) — A () + T(tor() — tor()) < C|B,(x) \ Q.
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Step 2: Estimates for the eigenvalue and torsional rigidity of Q. Next, we use u as a competitor for
A1(Q) to find A\ () < [|Vul|?>/[u? To estimate this quantity further, from the maximum principle we
know that u? + Tw? < CT on B,.(z) as well. This can be used to bound the denominator:

/u2:/ug+/ u? —uh >1—CA|B.(z)| > 1 - CAr".
Bv‘(x)mQR

For the energy term,

/|Vu|2 ~ (@) +/ Vul? — [Vug 2
BT(I)QQR

=\ (Q) +/B e g(V(u —uq), V(u+ug))

— () - /B o (), Vi) = 1 (9) - /B B,

where the second-to-last step used that [ g(Vu, V(u—ug)) = 0 since Au = 0 and u—ug € Hg(B,(z)NQr).
Putting these together leads to

M () <A (Q) - / IV (u—uq)|* + CAr™.
A similar computation (using Lemma gives
Ttor(Q') < Ttor(Q) — %/ IV (w —wg)|* + CAr™.

Step 8: Conclusion. Plugging these into ,
[ 9=+ 5 [ 900 = wol? < Clar + C1B.)\ .

Recalling from Lemmas and that A < C(R,Vmax) and |B.(x) \ | < |B,(z)| < Cr™ concludes the
proof. O

Lemma immediately gives that ug, wq are Holder continuous functions from [I5], and also satisfy a
Morrey-type estimate:

Corollary 5.3. Let 2 be as in Lemma , Then ug, Twg € C**(QRr) for any a < 1, with
(5.2) [UQ]Co,a + \/‘E[wg]co,a S C sup ’I“_n/2+1_a [llVUQHL2(B,(x)) + ‘szwQ”LQ(BT(z))] S C

zEQR,r<To

for C = C(R,v,Vmaqz,n, ).

Below we show how to instead obtain the more precise estimate uq, wq € C%', which will follow easily
from the growth estimate of Theorem Before proving Theorem let us recall some basic facts about
Green’s functions and prove a mean value-type inequality. Consider the (positive) Green’s function G(z, -) for
B, (z) (with pole at the center of the ball). For any continuous function ¢ which is smooth on a neighborhood
of x and has A¢ represented by a finite Borel measure, we have that

o) + / G, y)dAd(y) = / 9(VG(x,y), v,) Sy)dH"(y)
B,.(x) OB, (z)

where v, is the outward unit normal to 0B,(z). From, say, [26, Theorem 1.2.8], we have the following
standard bounds on G:

(5.3) —Crt7" < g(VG(z,y),vy) < —crt™" y € 0B, (x)
and
(5.4) c(ly—aP™" =r*") < Gla,y) <O (ly -2 —r*™")  ye B(z)\{z}

if n > 3, while
c(logly — x| —logr) < G(z,y) < C(logly — x| — log)
instead when n = 2, with constants depending only on R (i.e. they are uniform in x and r).
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Lemma 5.4 (Mean value-type inequality). Let ¢ be a nonnegative continuous function that is either (1)
smooth in a neighborhood of x or (2) satisfies the Morrey-type estimate (5.2) and has ¢(x) = 0. Then

L x Tslfn x))ds
(5.5 i ), oo [ e Isolp ).

Proof. Let us first assume that ¢ > 0 is smooth in a neighborhood of . When n > 3, making use of the
upper bound in (5.4]), we have

/ Gz, y)dAd(y) < / G, y)d|AG|(9)
B, (x)

B, (x

)
< C’/ / (27" —r?7"] d|Ag|ds
0 JOBs(z)

= C/ [s*7" —r?7"] / d|A¢lds = C(n — 2)/ 31_"/ d|Agl|ds.
0 OB (x) 0 B, (x)

The last step was an integration by parts in one variable, using that s>~ [ B.(x) |[Ad| — 0 as s — 0 (recall
that A¢ is smooth near 0). From (5.3]), we have

1
- C C
rn—l /BBT(x) i Ao <

Together these two estimates give ((5.5) for n > 3. A similar computation gives an identical estimate when
n=2.

=C G(z,y)dAd(y).
By(2)

() - /3 o, TO ) ) o) )

Now, suppose that instead of ¢ being smooth in a neighborhood of x, we simply know that ¢ satisfies
(5.2) and ¢(x) = 0. For fixed ¢ € (0,7/2), let n; be a cutoff function which vanishes on B(z), is 1 outside
of Byy(x), and has |Vn,| < Ct=1, |D?n,| < Ct=2. In this way, ¢7; is smooth in a neighborhood of z and we

may apply (5.5)) to ¢n;.
A(pne) = neAd +29(Vo, Vi) + pAn,

as distributions (with the second two terms absolutely continuous), so

IA(6n)|(Bs(2)) < |A6|(Bu(x) \ Bi(x)) + / 29(Vé, Vi) + 6,

th(w)
< |A¢‘(BS<LL‘)) + Ctn/2+a—1tn/2—1 + Cton—2
< |A¢|(Bs(w)) + Ot 7o

for s > ¢, and 0 otherwise. Then (5.5)) applies to m;¢, to give

7’"%1 /8]3T(;c) o< C [ntqb(w) —|—/ 1T A¢|(Bs(x)) + Csl_"t"_%“ds}

t
<c [O—i—/rsl_"|A¢|(Bs(ac))ds+Ct“} .
t

Sending ¢t — 0 completes the proof. O
We are now ready to prove Theorem

Proof of Theorem[5.1 Step 1: Setup. Fix a point z € 9Q and an r < rg, with r¢ < inj,,;/4 to be chosen
below. We will show that

S = S(z,r) :=sup{u(y) : y € 0B, (x), d(y,00) =r} < Cyr,

where wu is either ug or VZwg. As we know that uq, wq are bounded, the same inequality is automatic for
r € [ro, 1] with constant C/rg. This will imply the conclusion, as for every y € Q with d(y, 9) < 1, there is
an x € IQ and r with r = d(y, 00Q) = d(y, x), so u < S(z,r).
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If By,-(x) is not fully contained in Qg, we have that ug < Cwq < Cwg, on Q (using Lemma 7 and
from elliptic regularity and the smoothness of Qr, wg,(y) < C(R)d(y,0Qr). This gives

S<C sup wg, <Cr,
8B, (z)

and we are done. Assume, then, that By, (z) C Qgr. s

Step 2: Initial S bound. In this step, we bound S from above in terms of the integral of w over
spheres 0B;(z) for s € (0,1) using a multiple of the Green’s function as a barrier. More specifically, let
z € 0B, (z)N{y : d(y,0Q) = r} be a point such that u(z) = S. By definition B,(z) C Q, and so from Lemma
we have |Au| < C on this ball. Applying the Harnack inequality [24, Theorems 8.17, 8.18],

S< sup u<C inf u+ Cr2.

Br/z(z) Br/z(z)
If S < r, we are done; if not, choose 7y small enough in terms of C' so that Cr? < %r < %S, and thus
S
5.6 inf w>—.
(56) Bya(z) — C

In order to propagate this bound to balls centered at = (at least in an integral sense), consider the barrier
v(y) = C%rnsz(z,y), where G(z,y) is the Green’s function for B,(z). On 0B,(z), we have v = 0 < u,
while v < u on 8Br/2 (2) so long as C, is chosen large relative to the constants in and . On the
annular region between them, Av = 0 and Au < 0. It follows from the comparison principle that v < u on
B, (2) \ B;2(2). In particular, in conjunction with (5.6), this means that for any ¢ € (,7) we have

n—2 —t
inf u>cS r —-1] > CST .
Bi(2) tn—2 T

For any s € (0,r), choose t € (r/2,r) so that r — t = s/2. One may check that the set B:(z) N dBs(z) has
measure of this set is bounded from below by c¢s™”~!. So, integrating over this set and applying the previous
estimate, we have

(5.7) / u > / u > cs”_lfS
OB, (z) OB, (z)NB;(2) r

for all s € (0,r). This is the first of two estimates which will be combined to bound S.

Ultimately, in Step 4, we will use the mean value-type inequality of Lemma [5.4] in order to bound the
left-hand side of (5.7). So, it is essential to estimate the |A| measure of balls Bg(x).

Step 3: Estimate for |A|. The second estimate involves computing the total variation of Au when viewed
as a measure, using Lemma [5.2] From Lemma [3.1, we know that Au = p — f in the sense of distributions,
where p is a nonnegative Borel measure supported on 99 and f is either \; (Q)ug or Tlg, and in each case
is uniformly bounded. Fix s < r and let h be the harmonic replacement of u on Bg(z): from Lemma

/ IV(u—h)|? < Cs™
B (z)
Using that Ah =0 on Bs(x) and v = h on 0B,
/ (h— u)dAu — —/ o(Vu, V(h—u)) = / V(u—h)P < Cs™.
Bs(x) Bs(x)

The leftmost identity used that Awu represents the Laplacian of u in the sense of distributions. Decomposing

this further,
/ (h —u)dAu = / (h—u)d,u—/ (h—u)f.
Bs(x) B (x)No B (z)NQ

The second term is controlled by Cs™, as both h,u are bounded. In the first term, u = 0, so

(5.8) / hdu < Cs™.
B (2)NoQ
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We thus need to bound h from below on this set. Applying the Harnack inequality followed by (5.5 to h
gives that

Bga(x)
Since h = u on OB,(x), we find from (5.7)) that infp,_ () h > c2S. Combining this with (5.8), we get

C inf h>h(z)> 0517"/ h.
9B, (x)

cfS,u(Bs/g) < u(Bgje) inf h< / hdp < Cs™.
r Baya (@) B, (z)NoQ

So, we arrive at our second main estimate:

C C
(5.9) |Au|(B, ) < é’s”*l +Os" < gs”*,
where the very last step used that s < r and S < C is bounded.

Step 4: Conclusion. By Corollary and the fact that u(z) = 0, we may apply Lemma to u. So,
using (5.9)), Lemma tells us that

1 r/4 2
H/ ugc/ Tds=c".
r 0B, 4 (x) o S S

Applying (5.7)) to the left-hand side gives S? < Cr2. This bounds S, completing the proof. O

By applying standard elliptic estimates on Bg(z) for any = € Q, d = min{ro, d(z,9)/2} and using that
ug + vVZTwg < CdUP(Q) on this ball, we obtain the following gradient estimate as well:

Corollary 5.5. Under the assumptions of Theorem 5.1
Vug| + VE|Vwg| < C(UPQ), R, v, Umag)-

6. EXISTENCE OF MINIMIZERS

We are now in a position to show that minimizers to the main functional F, defined in exist.
Theorem @ below establishes the existence of minimizers of 7, among sets in Hp ,,,,, for any Riemannian
manifold. In the case when M/Gq is compact for a subgroup Go of the isometry group for which the
functional is invariant, Theorem shows that the parameter R may be taken to oo and global minimizers
exist. Throughout the section, we fix R > 0 and 0 < v < Upax, and assume that n < 79(R, v, Umax) and
T < To(R, v, Umax,n) are fixed to be small enough that all results in Sections and [5| apply.

In the following lemma, we show that any set ) with low base energy is contained in an outward
minimizer whose energy does not exceed the energy of €.

Lemma 6.1. There are 6 = §(R,v, Vmaz, 1) > 0 and 79 = 70(R, vV, Vg, T, M) such that if T < 19 and Q € H
with E(Q) < Epin +9, then there exists a U € H with Q C U, F(U) < Fr(Q), and U an outward minimizer.

Proof. Given any bounded open set E, let
mp =inf{F.(V): VeH,ECV}

Clearly mqo < F-(R2), and as mq > Enin > —oo from Lemma this is bounded from below. If mg =
F-(Q), then Q is itself an outward minimizer and we are done by letting U = Q. If not, we construct the
set U in the following way. Let U; € H be a set with Q C U; which has F-(U1) < (mq + F-(Q))/2. Now
repeat this construction with U; in place of €, producing a nested sequence (finite or infinite) Uy € H with
Q C U C Uk, and Fr(Ug) < (TTlka1 + Fr(Uk-1))/2.

The sequence is finite if my, = F,(Uy) for the final k, meaning it is also an outward minimizer. In
this case, Uy satisfies the conclusions of this lemma and we are done by taking U = U. Now assume the
sequence is infinite. Observe that my, > my, , from the fact that Uy_; C Ug. Set m = limy my,. On the
other hand, F-(Uy) is decreasing and

my, , + ‘FT(Uk—l) ]:T(Uk—l) — muy,_,
2 —Mup_y = 9 ,

fT(Uk) —my, <
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meaning m = limy, F, (Uy).

Let U = Ui Uy; this is an open set. Note that @ C U C Qg and |U| = lim |Ug| < Upmax from the monotone
convergence theorem. We also have my > my, for each k, so my > m. Our goal is to show that F.(U) = m;
if we do so, then clearly U is an outward minimizer and satisfies the assumptions.

First, £(U) < liminfy £(Ug). Indeed, this follows by extracting a subsequence of first eigenfunctions
ugr,, and torsion functions wy;, for Uy which converge weakly in Hg(U) to some u,w which may be used as
competitors for the eigenvalue and torsional rigidity problems on U (together with the previously observed
fact that |U \ Ux| — 0):

A (U) < / }ZZ'Q < nmkinf“fv;%f:|2 = liminf Ay (U),
and similarly tor(U) < liminfy tor(Uy) and f,,,(U) = limy, f, 5(Ux). This implies that
(6.1) EWU) <lim Fr(Ug) < Fr(Q) <E(Q) + 70 < Empin + 0 + 0.
Set o = liminfy, E(Uy) — £(U) > 0, noting that
lim inf (A1 (Ur) + tor(Uy) = M (U) = tor(U) < %

Consider now the remaining term §(U). From Proposition applied to U and Uy, (using Lemma
and (6.1]), choosing ¢ and 7y small enough), we have that

/ g, — upr| < Caltor(Ux) — tor(U) + A (Us) — M (U)).
Therefore, from property |[(N3)|of b, we have that
C
[6(U) — h(Ug)| < |U\ Ug| + Cy(tor(Ux) — tor(U) + A1 (Ug) — M1 (U)) < %a + or(1).
In particular, if 70Cy < ¥/2, this leads to
m <my < F(U) =EU) +7h(Ux) + 7[6(U) — b(Uy)|

<EWU)+7H(Uy) +T% + ox(1)
= E(U) — a+7h(Ux) + 5 + ox(1)

= F(U) —a+ 5 +o(l) =m— 5 +ou(L).

Taking the limit, we see that o = 0, F.(U) = m, and the conclusion follows. O

We now show that a minimizer of F, exists among sets in H = Hgy,... Lhe proof makes use of
Lemma to replace any minimizing sequence with a minimizing sequence of outer minimizers, whose
eigenfunctions and torsions functions we know to be uniformly Lipschitz from the results of Section [5]

Theorem 6.2. There is a 19 = To(R, v, Vmaz, T,M) Such that if 7 < 79, there exists an @ C H that is a
minimizer of Fr among sets in H = Hpr v,,,.-

Proof. Let o = inf{F(E) : E € H}, and ©Q; a minimizing sequence for F,. Note that £(Q) < F.(Q2) <
E(Q) + 7 for any set Q, so o < Epip + 7 and E(Q;) < Epin + 27 for all j large enough. Apply Lemma
to replace each €; with an outward minimizer with smaller 7. (), choosing 279 < dg there. Let ugq;,
wgq, be the first eigenfunctions and torsion functions respectively, and pass to subsequences with uq, — u
and wo; — w weakly in H}(QRr) and strongly in L?(Qg). Our approach here is different from the previous
lemma: we show that u is the unique first eigenfunction on its positivity set: u = ug,>0}-

Apply Corollaryto see that the ug, and wq; are equicontinuous, and so converge uniformly to u and
w (which are Lipschitz functions) on Qg. This also implies that Q = {u > 0} is, by definition, an open set.
Let us show that 2 is minimizer.
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Let A = lim A;(£2;) (pass to a subsequence if needed). From the uniform convergence of ug, — u, we
have that for every = € €, there is a ball B,(z) such that B,(z) C Q; for every j large enough. On this ball,
the ug, converge in smooth topology to u from standard elliptic estimates, and so —Au(z) = Au(z) passes
to the limit. In particular, this implies that ug is an eigenfunction for {2 with eigenvalue .

From the weak convergence of ug, — u and wq, — w in H}, we have that

\V4 2 2
AL(Q) + Ttor(Q) < ff Z‘ +T/ 'V;” —w < liminf Ay () + Ttor(€;).
u j
From Fatou’s lemma, [Q| < liminf; |2;], so £(2) < liminf; £(2;). We also have that @ C Qg and || < vmax,

so ) € H is an admissible competitor.

Using that £(Q) < liminf&(Q;) < Emnin + 27, we may apply Lemma to deduce that () >
A (Q) + (R, v, Vmax). AS Emin < E(Q) as well, we must have that
0 S hm)\l(QJ) — )\1(9) S 27‘0,

and so |\ (2) — M| < 27p. Ensuring that 7y is small enough in terms of R, v, vax guarantees that A < Aa(Q).
In particular, this means there is a unique eigenfunction on €2 with eigenvalue at most A, and so ug = u. In
particular, this means that ug, — ugq uniformly.

Set 8 = liminf; £(Q;) — £(£2) > 0, which has 8 > n[liminf; |Q;] — |Q]]. From Fatou’s lemma, |Q| <
liminf; [Q; N Q, so liminf; |2\ ;] = 0. This gives that

™

liminf [QAQ,| = liminf |Q; \ Q| = liminf |Q;| — Q] < =.
j J J

=

It follows from assumption [(N3)|of Definition on b that [h(2) —H(2;)] < 0;(1)+]|QAQ,;| < 0;(1)+ %
We can now estimate the energy of €2 in the following way:

aﬁﬁ«nse«n+m«m+vxn+r§
semn—ﬁ+TM%>+wuwH§

= FA() = B+ o)+ 75 == f+oy(1) 7

If 7 < 7, this implies that 5 =0, F-(Q2) = a, and Q is a minimizer. a

Next, we prove that when M/Gg is compact, a minimizer of F, among all open bounded sets with
|Q] < vmax exists. The main idea is to show that the minimizers Qg from the previous theorem have
uniformly bounded diameter, and thus Qg is a global minimizer for R sufficiently large.

Theorem 6.3. Assume M/Gy is compact. Then exist constants S = S(V,Vmaz, T,m) > 0 and 79 =
T0(Vy Vinazs T, M) such that if T < 19, there exists an open, bounded Q with |Q| < Ve, which minimizes
F over all such sets. For every such minimizer Q0 of F., there is an e € Gy and an such that e(Q) C Qsg.

Recall that Gy is a (possibly empty) subgroup of isometries under which b, and hence F, is invariant.
The assumption here implies that M/G is compact.

Proof. For each R > 1, consider the minimizer )i obtained from Theorem of F, over Hp. Set
ar = F(Qr) =inf{F (Q) : Q € Hr};

note that ag is nonincreasing in R and from Lemma we have that ag > E(QRr) > Emin(00) > —c0. We
claim that so long as 79 and ¥ are chosen small enough, 2 has bounded diameter uniformly in R. Indeed,
fix r small and apply the lower density estimate of Corollary [£:4] to Qg: for every z € Qg,

| N B.(z)] > c.

As [Qg| < Umax, we this implies that 1 may be covered by a bounded number K of balls B,(xy), with
T € Qg. Assume that the union of these balls is disconnected: this implies that € itself cannot have



36 MARK ALLEN, DENNIS KRIVENTSOV, AND ROBIN NEUMAYER

a connected component of measure greater than |Q — ¢. Apply Lemma with € = ¢/2: this gives a
contradiction to the third conclusion there. We infer that all the balls B, (z)) have connected union of
diameter at most 2K, as promised.

It follows that there is an S and er € Gy such that eg(Qgr) C Qg for all R (this uses only the diameter
bound and that Ueeg,e(Qs) = M for some S, as in the proof of Lemma [3.15). Since F is invariant under
isometries in Go, Fr(2r) = Fr(er(2r)) and er(Q2r) is also a minimizer. This implies that for R > S,

ag > ar = F(Qr) = Fr(er(Qr)) > as.

In particular, ag is independent of R for R > S, and 2g minimizes F, over all open bounded sets with
|| < Vmax. The second conclusion follows from the fact that any open, bounded set 2 with F.(Q) = ag
lies in Qg for a sufficiently large R, and so the above argument applies to (2. O

A consequence of Theorem [6.3]is that all constants pertaining to minimizers of 7, may be taken inde-
pendently of R if M/Gq is compact. This allows us to avoid tracking the dependence on R below, instead
fixing a sufficiently large R and looking at minimizers in Qg.

7. MEASURE-THEORETIC ESTIMATES

Having now established the existence of minimizers of the main energy, we move toward understanding
some initial measure-theoretic properties of these minimizers. Ultimately, the results of this section will be
used in Section [8| to derive the Fuler-Lagrange equation satisfied by (2.

In Section we first prove that € is an NTA domain. This allows us to utilize an inhomogeneous
boundary Harnack principle for NTA domains recently shown in [4] in Section in order to prove some fine
estimates for the Green’s function. This allows us to show that the first eigenfunction of a minimizer grows
at least linearly from the boundary in Proposition Proposition contains some finer Green’s function
estimates that will be crucial in deriving a useful form of the Euler-Lagrange equation in the following
section. With these results in hand, in Section [7.3] we can recover some basic measure theoretic properties
of © and understand the nontangential limits of |Vug| and |Vwg| on the reduced boundary 0*(2, similarly
to other recent approaches in vectorial free boundary problems [14] [32].

We assume throughout the section that R and v < vmax are fixed, and that 7 < 19(R, v, Umax), T <
To(R, v, Vmax, n), and 7 < 79(R, vV, Umax, T,n) are small enough that all results in earlier sections apply. We
recall that the growth quantities DO(€2) and UP(Q) are defined in (2.14)) and (2.13)) respectively.

7.1. Density estimates and the NTA property. Let us summarize some consequences of the upper and
lower bounds of Sections[d]and[5] The proofs are mostly standard and may be carried out in local coordinates,
so we provide only brief sketches and references. First, we have uniform upper and lower bounds on the
volume density of 2 and perimeter density of 9€).

Lemma 7.1. Let Q) € H be a minimizer of F.. Then there are rq,C > 0 depending only on R, v, Vmaez, N
such that for any x € 9Q and r < rg,

1 |B.(z)NQ 1
7.1 =< — <1-=
(7 ¢ B <o
and

1 H"HoQN B,(x))

7.2 — C.
( ) C < pn—1 <
Sketch of proof. First, from Theorem and Theorem we have that ¢ < DO(Q2) < UP(Q) < C. To
prove the lower bound in (7)), let y € B, o(z) N Q be a point with ug(y) + VZwa(y) > DO(Q)r/2. By
Corollarywe have |V (uq(y)+vZwq)| < C(UP(Q)), and so we must have that d(y, 9Q) > % > cr.

So long as rg is small enough, |Be,(y)| > r™, |Br(z)] < Cr™, and so
[Br(2) N Q] _ [Ber(y)| 1

B,@] = [Boa)] - C

>
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For the upper bound in (7.1)), first note that if B, />(x)N(M\Qr) is nonempty, then | B, (x)\Qr| > c(R)r"
using the smoothness of dQg, and this implies the estimate. If this is not the case, then B, /5(z) C Qr. We
apply Lemma to learn that if u, w are harmonic replacements for ug,wq respectively on B, (), then

/\V(ug —u))* + TV (wg — w)|* < C||B,2(z) NQ| + 1™ sup T(wd + u%)}

Bw/z(m)
Now, as 2 € 9Q, we have that supp ) Twd +ud < C(UP(Q))r?. On the other hand, there must be a
point y € B, 4(x) with VZwa(y) +ua(y) > DO(Q)r/4. Recalling that A(vVTwa (y)+ua(y)) > —C(R, Vmax),
applying [24] Theorem 8.16] to uq — u, wo — w gives

sup  VE[wa — w] + [ua(y) —u] < Cr2.
B2 (z)
At y then, u(y) + VZw(y) > cr — Cr?> > ¢r as long as r( is taken small enough. Using the Harnack
inequality on B, p(x), this implies u + VZw > er on B, /4(x). By contrast, we know that on B.,.(z),
ug + VZwg < erUP(Q) < & as long as we choose ¢ small enough. Integrating and using the Poincaré
inequality,

er™t? < / lug — ul? + Tlwg — w|?
B.,(z)
<[ fun—ul? + Shuo - wf
B7‘/2($)
< Crz/ IV (ug — u)* + T|V(wg — w)[> < Cr? [| B, jo(z) N Q| +r"2] .
B2 (x)

As long as g is small enough, the last term may be reabsorbed on the left, giving | B, (x)NQ| > ¢r™ > ¢|B,(z)|.

For (7.2)), the upper bound may be obtained as in [30, Lemma 2.4] or [32]. The lower bound follows
from applying the relative isoperimetric inequality [23] 4.5.2(2)]. |

The volume density bounds may be automatically improved slightly to give clean balls, or corkscrew
points, instead.

Definition 7.2. Let Q@ C M be an open set. We say that Q satisfies the inner (resp. outer) clean ball
condition with constant K at x € 0Q if for any r < 1, there is a point y such that B,k (y) € B,(x) N Q
(resp. By x(y) € Br(x) \ ). We say that Q satisfies the inner (resp. outer) clean ball condition with
constant K if it satisfies it at every x € 0S2.

Corollary 7.3. Let 2 be as in Lemma . Then there exists an o = a(R, v, Vinaz,n) > 0 such that for any
x € I and r < 1o there are two balls Bur(y) C (By(x) N Q) and Bur(z) C (Br(z)\ Q). In particular, Q

satisfies the inner and outer clean ball condition with constant depending only on rq, cv.

Proof. For a small, take the collection {Ba,(y) : ¥ € B, /2(x) \ Q} and from it pick a finite-overlapping
subcover {Bar(yx) e, of B, o(x) \ Q. Then if every one of By, /2(yx) intersects 92 at a point @y, we have
from Lemma [T that
H" N (Bar(yr) N 0Q) > H" By jo(2x) NOQ) > c(ar)™ 1.
As |Byjo(x) \ Q] > ¢|B,2(x)| > cr™ and the B, (yx) cover this set, we must have that K(ar)™ > cr”, or
K > ca™™. Summing over k and using the finite overlapping property and the upper bound in (7.2)),
Cr"=! > H"1(0Q N B,(z))
K c
> CZH"_l(BM(y;C) NoN) > cK(ar)"t > —pn~ 1
e
k=1
If a is taken small enough, this is a contradiction, so at least one of By, /2(yx) € Br(x) \ Q. The inner clean
ball may be found similarly. ]
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Definition 7.4. Let Q@ C M be an open set. We say that Q satisfies the Harnack chain condition with
constant K at x,y € Q if there is a curve 7 : [0,1] = Q with v(0) = z, v(y) =y, I(v([0,1])) < Kd(z,y), and

A((1),09) > - min {1(+(10, 1), 15, 11)}-

Here I(y([a, b)) = fab |9 dt denotes length. We say Q satisfies the Harnack chain condition if it satisfies it
at every x,y € Q. We say Q is nontangentially accessible (NTA) with constant K if it satisfies the inner
and outer clean ball conditions and the Harnack chain condition with constant K.

The next lemma follows from known results on Bernoulli-type free boundary problems [2], but we present
a proof in Appendix [B] as we are unaware of a version with coefficients and nonzero right-hand side treated
in the literature.

Lemma 7.5. Let Q) € H be a minimizer of F,. Then there are ro, K > 0 depending only on R, v, Ve, and
1 such that for any z € OQ and any x,y € QN By, (2), Q satisfies the Harnack chain condition at x and y
with constant K.

From Lemma we find that a minimizer 2 is an NTA domain.

Corollary 7.6. Let Q € H be a minimizer of F.. Then  is an NTA domain, with constant depending only
on R,v,vmaz, and n.

Proof. First, observe that €2 is connected so long as 7y, g, 79, are taken small enough. Indeed, we have
from Lemma that each connected component U of Q besides one must have |U| < €. On the other
hand, Lemmaimplies that By, (z) N lies within a single connected component of Q for every z € 0€2,
which when combined with Lemma [7.1] gives that [U| > | N B, (2)| > cry; if € is small enough then  has
only one connected component.

Consider the set U, = {z € Q : d(z,08) > r} for r small and fixed. We claim that any two points
x,y € U, may be connected by a path v which has length bounded by C(R, v, Vmax, 7, ) and stays a distance
1/C away from 9. To see this, cover Q by a finitely-overlapping collection {B,(zx)}5_, with z; € Q. As
|| < C, we have that K < C from the finite-overlapping property and Lemma For any two balls
B, (z1), Br(z;) with nontrivial intersection, we have two possibilities: either both B, (zx), By(z;) € U,, or at
least one of them (say B,(z)) intersects OU,. In the first case, any pair of points « € B, (zx),y € B,(%)
may be connected by a curve of length 2r which stays r away from 0 as it stays inside B, (zx) U B, (z;).
In the second case, we have that as long as r is small enough, B, (zx) U B,(2;) C By, (x) for some x € 09.
Applying Lemma gives that for any « € B,(2;) NU, and any y € B,(z;) NU,, v and y may be connected
by a curve of length Cr staying r/C away from 0.

Take a graph with vertices { B, (zx)} and edges between B,(zy), B;(z;) which have nontrivial intersection.
As these balls cover Q and 2 is connected, the graph must also be connected, and so any two balls may
be connected by a chain of distinct, pairwise overlapping balls. For any « € B,(z;) and y € B,(z;) with
z,y € Uy, find such a path of pairwise intersection balls B,.(z; ), m=1,...,J, with k =4; and j =i;. We
have shown that z;, and z;,, ., as well x and 2;,, z;, and y, may be connected by curves of length Cr and
staying a distance C/r from 9. By concatenating these curves (and using that J < K is bounded), we see
that « and y may be connected by a curve of uniformly bounded length remaining a distance r/C from the
boundary, as promised.

This, together with Lemma shows that {2 satisfies the Harnack chain condition. Combining with
Corollary [7.3] implies €2 is an NTA domain. O

7.2. Estimates on the Green’s function. In Lemma we saw from a basic maximum principle argu-
ment that ug < Cwq for essentially arbitrary domains. The opposite inequality is far more subtle, and will
in general fail even on polygonal domains in R™ (in particular, it does not follow from the NTA property of
Corollary . Nonetheless, we show in Proposition below that it is, in fact, valid for minimizing Q.



LINEAR STABILITY IMPLIES NONLINEAR STABILITY FOR FABER-KRAHN 39

Let Gq(x,y) be the positive Green’s function for Q with pole at x. From [26, Theorem 1.2.8], we have
that
GSZ(‘T»y) < Cd2in(x,y) Vl’,y € QR

7.3
73 Ga(w,y) > cd® "(z,y)  Va,yeQ, d(z,y) < %d(xﬁﬂ),

where the constants depends only on R. If n = 2 the same is valid with — log d(x,y) in place of d>~"(x,y); we
will only consider the case of n > 2 below, but all estimates remain valid if n = 2 after similar modification.

Lemma 7.7. Let Q € H be a minimizer of F,. Then for every cg > 0 there is a Cy depending only on
R, v, Umaxs M, co such that wa(y) < CoGa(z,y) for anyy € Q and any x € Q with d(x, Q) > co.

Proof. Choose 3rg < min{cp,inj,,}. Let K be the NTA constant of € from Corollary Let us first
consider the case that y is such that d(y,dQ) > ro/K. From the Harnack chain property of Corollary We
may find a sequence of finitely many balls (the number depending only on rg and K) B, (yx) C Q so that
Beros2(Yk) N Berg 2(Yry1) is nonempty and y; = y and y; = x. Applying the Harnack inequality to Go(z,)
on each ball, we get
sup  Golz,z) <C inf Ga(z,2)
2€Becry/2(Yk) 2€Berg /2(yr)

for k < J, while the assumption that d(z€2) > ¢ guarantees that Go(z,z) > crg~" for z € B, /2() from
the Green’s function lower bound in . Together these guarantee that for any such point y we have

(7.4) Ga(z,y) > c(ro).

On the other hand, from Lemma wq(y) < C at y, while for any z € Q applying Theorem and
Lemma [3.4] gives

(7.5) wa(z) > clua(z) + VZwq(2)] > cDO(Q)d(z, 09Q).

Now apply [4, Theorem 2.2] on B, (z) for any z € 99, with u; = wq/wa(y) and us = Ga(z,-)/Ga(z,y),
where y € B, () is a point with d(y, 9Q) > r¢/K (such a point y exists from the inner clean ball property).
In the theorem, we set U = Q, @ the collection of NTA domains, # = 1, ( =2, 2° =y, V = {u €
CH{QH)NC%Q) :u>0,|Au| < C} and H the solution to the Dirichlet problem for A. The assumptions
(P1-P7) follow from standard elliptic estimates and (P8) from [26, Lemma 1.3.7]. Using [4, Remark 2.4], we
only need to verify the growth bound (2.1) for wgq, and it follows from . We conclude that

(7.6) wq(a) < CGq(z,a)
for all @ € By,(z). Applying at any z, (7.6) remains valid for each a € Q with d(a,dQ) < rg. For a with
d(y,00) > 1o, (7.6) follows from ([7.4) and that |wg| < C' instead. O

We use the Green’s function as a barrier for u from below and apply Lemma [7.7] to show that the torsion
function bounds the eigenfunction from below:

Proposition 7.8. Let Q € H be a minimizer of Fr. Then wq < C(R, v, VUmaz, N)uq on §, and in particular

1
sup ug > =DO(Q)r
By(x) C

for all x € 9Q and r € (0,1).

Proof. We have that || < vy and fu?z = 1. This means there must be a point € Q with ug(z) > ¢,
and by Theorem [5.1] we have d(z,99) > ¢/UP(Q) > c. From the Lipschitz estimate of Corollary we
still have u > ¢/2 on a ball B,.(z) C Q, where r > 0 depends on ¢ and UP(Q), and thus on R, v, Vmax, and
1. Using the Green’s function upper bound in , we have Gq(z,y) < er?™" < con dB,.(z). As Aug <0
on Q, we may use cGq(x,-) as a barrier from below for ug on the set Q\ B,.(z); the comparison principle
implies that
uo(y) = cGa(z,y) = cwa(y),

with the last inequality from Lemma On B, (z), on the other hand, ug > ¢/2 while wg < C, so the
same inequality follows. This completes the proof. |
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Next, we prove sharp bounds on G near df). To state these in a more useful fashion, recall that the
harmonic measure on €2, which we denote by w,, is defined as follows: for any f € C(99), let f € C(Q2) be
the solution to the Dirichlet problem

f=f onoQ.

Then f ~— f(z) is a linear functional from C(9€2) to R, and from the maximum principle it has norm bounded
by 1 and positive (i.e. f >0 = f(x) > 0). From the Riesz representation theorem, there is a positive
Borel measure w, on 02 such that

{Af:O on 2

o0

This is the harmonic measure; we clearly also have w,(9Q) = 1.
Proposition 7.9. Let Q2 € H be a minimizer of F.. Then the Green’s function Gq satisfies

d(, 0Q)d(y, 02) d(, 0Q)d(y, 02)
c .

d™(z,y) d"(z,y)

Moreover, for any x € 990, and any y € Q with d(y,z) > 4r, we have
Cd(y,aQ) < wy(Br(2)) < Cd(y,aﬂ)

dv(z,y) = vt T dM (L)

All constants depend only on v, Vimaq, R, and 1.

(7.7)

(7.8)

Proof. For any point a € W, set d, = d(a, 0). Take two points z,y € Q. If d(z,y) < %dy, then follows
directly from (using the diameter bound for Q in the lower bound) and there is nothing more to show.
We now consider the case of d(z,y) > 3 max{d,,d,}, breaking up the estimate into several cases depending
on the locations of z and y. The notation s &~ t below stands for c¢s < t < C's with constants depending only
Oon v, Umax, K, 1.

Case 1: 2d(x,y) > dy > ro. First, assume that d, > r¢ for some fixed 79 to be chosen below. We have
from Lemma, that
cd, < wq(z) < C(ro)Galy, x)
for any z € 2. On the other hand, from we have Gq(y,r) < C(ro) for x € OB, /2(y), while ug(z) > cd,
there from Proposition So, we may use a multiple of Gq(y,) as a lower barrier for ug on the set
Q\ By, /2(y): as Aug < 0, from the comparison principle this leads to

Ga(y, z) < Cug(z) < CUP(Q)d,

for x ¢ B, /2(y). Together these two estimates show that in the case when d, > ro and d(z,y) >
we have

1 T
2dy = 5

d d.d
7.9 Coly.z) ~dy ~ —22 ~ 2%y
(7.9) aly, ) ro=t T dn(x,y)

Case 2: d, > d(x,y)/4K. Now fix ro small enough that Bar,(yo) C £ for some reference point o, using
the interior clean ball condition from Lemma The next two cases we treat are when d, > id(m,y),
with K the NTA constant of Q2. Take a point a € 0B, /a(y). The basic estimates apply to this point to
give Go(y,a) = d* "(y,a) = d2~". If d, > 5z d,, then d, ~ dy, ~ d(z,y) are all comparable and we may use
the Harnack chain condition to find a uniformly bounded chain of balls B, (z;) C Q with r ~ d,, connecting
a and z; applying the Harnack inequality finitely many times gives

~ o 2en . yds

(7.10) Ga(y,z) = Ga(y,a) md, " ~ ()
We may therefore assume that d, < ﬁdy. In this case, let z € 092 be a point with d, = d(z,z), and
find an o’ with By, 4k (a’) C Bg,/4(2) N2 using the interior clean ball property. Since d, > d, /4K, we
have Gq(y,a’) ~ d?f” from . On the other hand, from we have Gq(yo,a’) =~ d,. Applying the
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boundary Harnack principle [26, Lemma 1.3.7] to Ga(y, ) and Ga(yo,-) on Bg, /2(2) (note that this excludes
the pole at y), we have that

Go(y,2') _ Ge(y.a) _dy™" _ d,
Ga(yo,z')  Gal(yo,a) dy dn(z,y)
for any z" € By, ;4(2) (with the last step using d, ~ d(z,y)). In particular this is valid at 2’ = z, leading to
dy _ dgd,
d"(z,y) ~ d(z,y)

(7.11) Ga(y, =) = Ga(yo, )

using (7.9) again.

Case 3: max{d,,d,} < d(z,y)/4K. The only case remaining is when max{d,, d,} < j%=d(z,y). Assume
without loss of generality that d, > d, and choose z, € 0Q with d(z;,z) = d;. Now use the clean ball
property to find a point a, with B,k (az) C B,(2,) N Q for r = min{d(z, y)/4,ro}. Similarly construct z,
and ay. At a,, we have from that

d,d, d
G N Y
0 Gy g T
Applying the Harnack inequality along a Harnack chain connecting a, and a,, this also gives Go(y,a;) =
dy/r"~t. We now use the boundary Harnack principle on Gg(y,-) and G (yo, ) on the region Ba,.(z;) N Q
(which contains ) to give
Gﬂ(ywr) ~ Gﬂ(yaax) ~ dy 1

Ga(yo,z) ~ Gal(yo,az) rm1r’

In other words,
d d,d
Ga(y,z) = Galyo,x) - ~ —~

rn rn !
Noting that r =~ d(z,y) leads to the conclusion ([7.7), which we have now established in all cases.

For (7.8)), [26, Corollary 1.3.6] gives that at any x € 9, r < rg, and y € Q \ By, (2), if z is a point with
BT/K(Z) g Br(m) N Qa

wy(B(z)) = Galz,y)r" 2.
Applying ([7.7)) leads to
d.dy, dy

=T 5
d™(z,y)  d*(z,y)
from which (7.8)) follows. O

GQ(Zvy) ~

Note that we used the upper and lower bounds UP(€2), DO(2) in a crucial way to get (7.9) and then
(7.10) and the remaining estimates. For general NTA domains, the conclusions of this lemma need not hold.

A direct consequence of these estimates and Lemma is that w, is absolutely continuous with respect
to Hausdorff measure restricted to 9€2, and the Radon-Nykodym derivative

(712 K@y = graa@ =~ fzgzy(;ag;;

the Poisson kernel, is a bounded function of x satisfying similar estimates.

dwy

7.3. Blow-up analysis and the reduced boundary. Given a point x € 02 and vector v € T, M with
lv| =1, let
B, ,(z) =exp,{v € TuM : |v| < r,g(e,v) <0} C B,.(2)
be a half-ball. For r < inj,,, define the function l, , : B,(z) — R be given by
(713) lz,l/(expw(v)> = g(Z}, _V)+7
i.e. I, is a truncated linear function in normal coordinates.

Lemma 7.10. Let Q be a minimizer of F,. For each s € (0, ), there are constants e(R, 8,0, Vimaz, ) > 0
and ¢ = ¢(R, v, Umag, ) such that if x € 0Q has |(By(x) NQ)AB, ,(z)| < er™ for some v and r < e, then:
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(1) Ber(2) NOQ Cexpy{vr € T, M : |v| <r,|g(e,v)| < sr},
(2) |ua(y) — als,(y)| < sr for some a € [e,1/c] and for ally € B, /5. (z),
(3) lwa(y) — Blew(y)| < sr for some B € [¢,1/c] and for all y € B, /3. (x).

Proof. Conclusion (1) follows from standard geometric measure theory arguments using only Lemma
if there is a y € 0Q N Ber(x) with y = exp, ¢, |g(z,v)| > sr, then we may find clean balls Bes-(y1) €
QN By 2(y) and Besr(y2) € By y2(y) \ ©, with either both inside or both outside B,., (x). This implies that
|(Br(x) NQ)AB, ,(x)] > cs"r™ (one of these two balls must be in this symmetric difference), and this is a
contradiction if € < s".

The other two conclusions follow from a compactness argument: assume, say, (2) is false for a given
5 < s, and take a sequence {2; of minimizers, points xj in 0Q, 1, — 0, vy € Ty, M with norm 1, and
Brk (l’k) with
B, (x) MOy Cexp,{v € Ty, M : |v| < 7k, |g(v, k)| < Skri}
with s — 0 (after applying (1) with s; rather than with s, using that e — 0 to do so). Identify T,,, M with
R™ using an orthonormal basis with e,, = vy, and define @y : B1(0) C R™ — R by

U (T €X e
ux(e) = 416( kP )-

Tk

Using Corollary the functions @y are uniformly Lipschitz functions defined on B (0) and {a; > 0}
converges to By, (0) := {y € By : y - e, < 0} in the Hausdorff topology. After passing to a subsequence,
Uy, — lleo uniformly on Bj(0). Moreover, letting gi denote the pullback of the metric g on By, (z)) under
the rescaled exponential map e € B1(0) — exp,, (rxe), then gi — goo in C? topology where goo(e;,€;) = 6;;
the Euclidean metric.

Let Ay denote the Laplacian with respect to the metric g on B1(0). We have Agty = —rgA (Qp)k
on {ax > 0}; from elliptic estimates this means iy — fis in C? locally on By, (0). Rassing to the limit at
any point in By ., (0) gives Aslico = 0. Therefore, @ is harmonic on B; . (0) and vanishes on the rest of
B1(0) (using the uniform convergence again). In particular, using elliptic estimates means o, is a piecewise
smooth function on By (0) with [Viie| + |D*tis| < C on By, (0).

We also have that cDO(Q)r < supp, )@ < CUP(Qy)r for r € (0,1) from Proposition and
the constants here are uniform in k. Passing to the limit, ¢r < supp () Us < C7, which implies that

|Viieo (0)] > ¢ (from the —e,, direction) and so fiw(7) = a(z - —e,)4 + O(Jx]?) for some ¢ < o < C. On
B, /5(0), this implies that

g (z) — @ - —en) 4| < |tioo(2) — - —€) 1| + |k (2) — Goo ()]
1
< Clz|? + op(1) < Csk? 4 0x(1) < 3%
in the last step we took x small, and then k large. Changing back to the original variables,

sup  |uq, — &gy | < STk,
B yar, (Tk)

which is a contradiction to (2) failing for Q, at z;. The argument for (3) is similar. O

We say x € 9*Q2, the reduced boundary, if
lim [(Br(2) NQ)AB;, (2)|
N B, ()

for some v € T, M with |v| = 1; we will use the notation v, for this v. Lemma [7.1]implies that H"~1(9£ \
9*Q) = 0 (see [23], 4.5.11, 4.5.6]).

=0

Corollary 7.11. Let Q be a minimizer of F., and x € 0*Q. Then we have, for constants 0 < ¢ < C < o0
depending only on R, v, Ve, and n:
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(1) 9QN B,.(x) converges to the approximate tangent plane 0B,.,, (x) N B, (z) in the following Hausdor(f
sense:

1
lim — sup d(y,0By,, (z) N By(x)) = 0.
™0 T yeoqnB, (z)

(2) H" 100N B(x)) = wp_17" "t + o(r" 1), where wy,_1 is the measure of the unit ball in R™~1.
(3) ua(y) = |[Vua(x)|ls, (y) + o(d(x,y)) for some number |Vuq(z)| € ¢, C].
(4) wa(y) = |Vwa(2)|ls,, (y) + o(d(z,y)) for some number [Vwa(z)| € [e, C].

The second conclusion can be found in [23] 4.5.6(2)]; the others follow directly from Lemma
We say that a function u € C(Q2) converges nontangentially to o at x € 9 if
lim sup {Ju(y) —af = y € Br(x), dly, 0%) > er}
for all € > 0. While the numbers |Vuq(x)| in this corollary were abstract (not directly connected to Vug
proper), they may be reinterpreted as nontangential limits of |Vug|:

Corollary 7.12. Let Q be a minimizer of Fr, x € 0*Q, and |Vuq(z)|,|Vwa(z)| as defined in Corollary
17.11. Then:

(1) —|Vugq(x)|v, is the nontangential limit of Vuq at x.
(2) —|Vwq(x)|v, is the nontangential limit of Vwq at x.
Proof. We only prove (1), setting oo = |Vu(z)|. Using Corollary

. SUDPyep, (2) [ua(y) — alsu, (y)|
lim
70 T

=0.

Working in normal coordinates, at any y € B, (z) the function I, ,_(y) has
|Alzw, (Y)] < Cllge — euellor < Cr Ve, (y) = Vi, ()] < Cr

where gey. denotes the Euclidean metric. Fix e > 0 and take y € B,.(z) with d(z,y) > er. Then applying
elliptic estimates on B¢ (y),

[V (ua — ey, L= (8., )22y < C |TIA(ue — alyw, ) Lo (Be, (2)) + %HUQ = o, |2 (Ber(2))
<Cr+o.(1) =0,(1),
using that |Aug| < C in the last step. The constant here depends only on e. It follows that
[Vua(y) + avs| < or(1) + |afve + Vi, (y)] = 0r(1) + |al[Vie v, (1) = Vi, ()] < or(1).

8. THE EULER-LAGRANGE EQUATION

Our next goal is to derive the Euler-Lagrange equation satisfied by minimizers by differentiating F, with
respect to smooth families of diffeomorphisms applied to €2. There will essentially be three main steps to do
this. First, in Section [8.1] we derive the distributional form of the Euler Lagrange equation. Computing the
derivatives of the terms appearing in £ is more or less routine for smooth sets in Euclidean space, though we
must take some care because minimizers are not necessarily smooth and we are working on a Riemannian
manifold. For the distributional form of the Euler-Lagrange equation, the derivatives of the nonlinear term
are essentially given in condition in the definition of admissible nonlinearity (Definition [2.11)).

Next, in Section [B:2] we derive a pointwise form of the distributional Euler-Lagrange equation from
Section 8.1l The basic idea is to plug into the distributional Euler-Lagrange equation a sequence of vector
fields that approximate the outer unit normal to €2 at each point in the reduced boundary. Carrying this
out for the terms coming from the base energy is not difficult, but it turns out to be fairly delicate for the
term f for reasons discussed further below. This will require the optimal Green’s function estimates from
Proposition [7.9] of the previous section. Ultimately, we are able to arrive at the following pointwise form of
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the free boundary condition (see Corollary in Section [8.2]). Then there is a constant Ag such that for
almost every = € 0*Q1 N Qr, we have the identity

(8.1) — |Vug(x)|? — §|ng(x)\2 +7 {bg(x) +/Qagv6] = —A4o.

If |Q[ # v, then Ag = f, ,(|[). Here, for each x € 9Q N Qg, the function v is the solution of an auxiliary
PDE.

It is not clear that the Euler-Lagrange equation behaves as a Bernoulli-type problem or should
yield any regularity. The most important part of this section, which is the content of Section [8.3] is to
rewrite the Euler-Lagrange equation in a way which involves only |Vug|, up to “lower order” terms. In
doing so, the term bg(z) is more or less innocuous and will be controlled by simply choosing the parameter
7 to be sufficiently small. The |Vwg| term is a priori problematic, but can be handled similarly to [14} [32].
The most challenging term to control is fQ anvg, because the function v§ solves an auxiliary PDE that does
not immediately lend itself to comparison with ugn. We will discuss how to overcome this difficulty at the
beginning of Section once we have seen introduced the equation for v§. The main result of this section
is the following free boundary condition.

Theorem 8.1. There is a function p > —C7 with ||p|lco.«a0) < C, C,a depending only on v, vimae,n, R,
such that

[Vug(x)|*(1+ p(z)) = Ao
for H" l-a.e. € 0*QNQr. The constant Ay has Ay € [1/C,C].

As always, we assume that R is fixed, < no(R, v, Umax), T < To(R, v, Umax, 1), and 7 < 79(R, v, Umax, T, 1)
are small enough that all results in earlier sections apply. We recall that ag and bg are functions given in
the definition of admissible nonlinearity in Definition [2.11

8.1. The first variation along a vector field. The main goal of this subsection is to derive the distribu-
tional form of the Euler-Lagrange equation in Lemma[8.5] We start with some auxiliary lemmas quantifying
how eigenvalues and eigenfunctions vary under change of domains. We let v = v denote the outer unit
normal of Q. If we knew that 2 had smooth boundary, then the following lemma would follow easily from
the standard Hadamard variational formula; see [?]. Since thus far we only know that ) satisfies some very
basic measure theoretic properties, the proof requires some more care.

Lemma 8.2. Let Q be a minimizer of F.. Let ¢y : M — M be a one-parameter family of smooth diffeo-
morphisms with ¢o(x) = x and Oyptli—o = T for a vector field T on M. Set Q; = ¢+(Q). Then:

(1) limsup,_,, ‘71| (Al(Qt) —2(Q) + tfa*ﬂ |Vua|?g(T, v) d’H"‘l) <0

(2) limsup,_,, ‘71| (tor(Qt) — tor(2) + t% fa*Q |Vwa|?g(T, v) dH"_l) <0

(3) Timy o 2 (1] = Q] =t [, 9(T, v) dH"1) = 0

(4) A2(%) > A1 () + (R, v, Vimag) for all [t| small enough.

(5) lim;_, ﬁMl(Qt) — A () + (t = 5)f¢| = 0, where f¢ : (—c,c) — (0,00) is a continuous function

of s.

In particular, A\ () is differentiable and O\ (Q)|i=0 = — [5.q [Vual?g(T,v) dH" 1.

Proof. Step 1: Some general expressions. Take any v € L?(Q2), and let v, = vo¢; * € L?(;). Then we may
compute

(8.2) / v? = / v?| det dopy| = / v? (1+tdivT + O(t?)) ,
o Q Q
where the O depends only on |¢¢||c1. If instead we consider a v € H(Q),

/ |Wt\2=/ |d¢;1(vu)|2|detd¢t|:/ [[Vu]?(1+tdivT) — 2tg(Vo, Vy,T)] +O(t2)/ |Vol2.
Qy Q Q Q
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If v is smooth on Q, bounded, and —Av = f € L?(f2), this may be further rewritten using the identity
div (|Vo*T — 2¢(Vo, T)Vv) = |Vu|* divT + 29(Vo, T) f — 29(Vv, Ve, T) € L*(Q)

to give
/ |V |2 = / |Vol? + t/ —29(Vo,T)f + div (|Vo|*T — 2¢(Vv, T)Vv) + O (¢*) / |Vol2.
(N Q Q Q

Applying the divergence theorem of [16] to the second term and assuming Vv has nontangential limits at
H" la.e. point of I lets us rewrite

|Ve|? = / |Vo|? — t/ 2g9(Vu,T)f +t/ [V?g(T, v) — 29(Vv, T)g(Vv,v)dH" ' + O (t?) / |Vl
N Q o o*Q Q

Step 2: Proofs of (1)-(4). We now verify the conclusions of the lemma. For (1), take v = uq, and use v;
as a competitor for the definition of A1 (€Q;). Then v, € H}(€;), and

/ v? = / uy (1+tdivI +O(#%)) =1 — 2t/ uag(Vug, T) + O(t?),
Q Q Q

integrating by parts as ug € H{(2). On the other hand, Vug has nontangential limits a.e. (from Corollary

, and so
/ Vo2 = A1 (Q) —t/ 29(Vug, T)A\ (Q)ug + t/ |Vual?g(T,v) — 29(Vuq, T)g(Vug, v)dH" ™! + O(t?)
Q Q *Q

Using the formula from Corollary on the boundary gives g(Vug, T)g(Vugq,v) = |Vuq|?g(T,v), so this
leads to

f|VUt|2
Jui

as the terms of the form ¢ [, uqg(Vuq,T) cancel to order ¢. This proves (1).

AL(Q) < <M (Q) - t/ \Vug|2g(T, v)dH™ ™ + O(t2),
I*Q

The proof of (2) is analogous: proceeding in the same way using v = wq, the terms tfﬂg(VuQ,T) in
the expansion of tor(€);) again cancel and we find

1 t
tor() < /§|Vvt|2 — v < tor(Q2) — 5/

8*

|Vwa|?g(T, v)dH™ ™ + O(t?).
Q

To prove (3), we use the constant function v =1 in (8.2) and the divergence theorem to obtain

Q] = |9 + t/ g(T,v)dH" ! + O(t?).
9*Q

Using (1), (2), and (3), we see that £(%) < E(Q) + Ct| < Emin + 6 if |t] is small enough. From Lemma
this implies that Aa(€2) > A\ (Q2) + ¢, giving (4).

Step 3: Proof of (5). Finally, for (5) we proceed as for (1), except with €, in place of €, using
Ug,p = UQ, O Pg O (;5;1 : Qs — R as a competitor. These are nonnegative and have

(8.3) | =1+ 00t =)
Q
from (8.2). We do not try to justify the application of the divergence theorem in this case, instead only using
Vg |?
M) < Jo, Vuai . i
th us,t

M ( Q) + (- s)/ Vug, |2 divTy — 20(Vug, , Vo, Ts) + 2ug,9(Vug, . T) + O((t — 5)°)
Q

=M (Q) + (= 8)fE +O((t - 5)°),
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where Ty = O1d¢|i—s. Clearly f¢ is bounded in terms of ¢ and A;(£;), and A;(€;) is bounded from (1).
Applying with ¢ and s reversed shows that

(8.4) AL(Q) < A1) + (s — ) f + O((t — 5)%),

and so |A1(Qs) — A1(Q)| < Cls — t|. Together with (4), Lemma[3.8] and (8.3) this implies that
2

Us,t
HUS,t—usz,,H%é(Qt) < H — ugq, + Ot — s
VS uis H3 (20)
Ja, [Vusl?
SC|=—F— ()| +CJt —s| < CJt —s].
fnt Ut

On the other hand, as us: are defined by ug, composed with smooth diffeomorphisms approaching the
identity, limyo [|us: — uq,||g1(ary = 0 from the Vitali convergence theorem. Together, these give that

ug, — ugq, strongly in H! as t — s, and it follows that ff is a continuous function of ¢. Combining with

(8.4) leads to
A(€s) S A(Q) + (s = ) f + o(t — s).
This completes the proof of (5). The final statement of the lemma is immediate from (1) and (5). O

We now turn to a finer analysis of how the eigenfunctions ug, vary under domain variation. We already
saw in the proof of (5) that they vary continuously in ¢, in H' norm; however, we will need a much more
careful estimate to handle the term h. Our first goal is a kind of C}L? estimate, which we break into two
parts.

Lemma 8.3. Let Q be a minimizer of F.. Let g be a smooth (in both x and t, uniformly on ), one-
parameter family of metrics with gy = g, the original metric on M, and let Ay and my respectively be the
Laplace-Beltrami operator and volume measure for the metric g;. Let f; be a C function of t that is constant
in x with fo = M\ (). Assume that u, € Hg(Q) is the unique nonnegative function with [uidm; =1 and

—Agup = frug,
and assume that no solutions v € H}(Q) to
*Atv = )\ftv

exist for any X € (0,1 + ¢) (for some ¢ > 0) apart from scalar multiples of us. Then u; is continuously
differentiable in t for |t| < ¢ and any x € Q, the derivative v at t = 0 lies in C(Q) N H}(Q), and

o1
lim —lue = uo = tv]l gz (o) = 0.

Note that the existence of u; is part of the lemma’s hypotheses; we do not claim such a u; exists.

Proof. Observe that |lu¢|| 1 (o) is uniformly bounded in ¢, using u; as a test function for itself:
(8.5) /wwmmzﬁ/ﬁwnSﬂ
For a ¢ € H~Y(Q) consider the problem of finding a p € Hg(£2) which solves —A;p = fip + ¢, with

J puy = 0. Such a p exists if and only if g(u;) = 0; if it exists it is unique and

(8.6) Iplle @) < Cllgllz-—r -

Indeed, the operator —A; — fiI : HE(Q) — H1(Q) is bounded and, by our assumptions, has a one-
dimensional kernel spanned by ;. From the Fredholm alternative and open mapping theorem (see [10]) that
the range consists of all ¢ € H~1(Q) with ¢(u;) = 0, and

/‘v{p_ut/gt(vut;Vp)}’Zﬂdmt < Cllqll%-1-

Then follows, as [ g:(Vue, Vp) = [ frugp = 0 from the definition of w,.
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Insert u; into the equation for u, to get (in weak form with ¢ € H}(Q2) a test function)
[ 9:(Vue,Voyim. = [ 0.(Fu, Vordm,+ [ g.(Tur, Vordim. ~ m)
— 11 [ wodmi + [ 9.9, 96) ~ u(Vur, Vo)dmi + [ 9.(Vur, V6)d(m, — m)
= g [ wodm, + [~ fus + 6.(Vue, V6) = (Vs Vo)
+ [ ~foes + 9.(Tur, Vo)d(m, — mi)

— 1. [ wodm. + o),
where ¢¢ € H71(Q) has

620 < [Ife = Ful~ +Csupla = gl lualzel0lLce + s1p g1 = gl |9 -

and in particular ||q||g-1(q) < C|t — s|. Here |g; — gs| = [g9: — gs|g is with respect to the original metric.
Subtracting us, we have (in weak form)
(8.7) — Ag(up —us) = fs(up —us) + gL

By applying to up — us — us [us(up — us)dms = up — aug, we see that
lur — aus| gz < Cllggllz— < Ot — .

The constant a need not be 1, but we do know that as us, us > 0 by assumption, a = [ wusdmg > 0. Using
the Poincaré and triangle inequalities and the normalization on ug, u;,

< Muellp2(am.y = ol L2 @may | + |l 2 @m.y = 1wl 22 @my)|
< lug — aus||12(dm,) + Clt — 5| < Clt — s|.

11— al = [lluell 2 (am,) = lavsllz2(am.)

Therefore, we see that

(8.8) lur = wsll g o) < llue = avsl gy o) + 11 = alllus|[ gy @) < Ot = .

Set
qé(d)) = /(atft)ut¢ = (0¢9¢)(Vug, Vo) + m:s [ftut¢> = 9:(Vuy, V¢)]dmt,

where m} stands for the derivative of the volume form (i.e. m;(F) — ms(E) = fst [ my.dm,dr). Then
9:(0)| < Cll@ll e lwellmzs so llgllg- < C. On the other hand, directly estimating each term using the
assumptions on f; and g; leads to

gt (w) — (s — t)gi(w)| < C[Sgp [fe— fs+ (s =)0 fe| + sup lge — g5 + (s — t)gil + sup [fe = fsI? + lge — 95|2}
: ||Ut||H3(Q)H¢||H5(Q)
< o([t = sDluell gz ) 9l 2 (@)

so ||t — (s —t)q; |l m—1(a) = o(|t — s|). Using (8.8), ll¢; — ¢l m-1() = 0 as t — s, so this may be rewritten as
lgs = (s = )gsll 1) = o([t — s|).

We also claim that ¢/ (us) = 0. Indeed, as —Agu; = fsut + ¢ is a nontrivial solution, from the Fredholm
alternative we must have ¢’ (us) = 0. But then

|t = sllq;(us)| = o]t — s]),
so taking ¢t — s implies ¢/ (us) = 0. Let v € H}(2) be the unique solution to —Av? = f? + ¢/ with
[ usv? = 0, using the Fredholm alternative from . Then together with (8.7)), we have that

e — sy — (s — )0y < Cllak — (s = )l -0 = ollt — s1).
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where a = futusdms as before. Now set v; = us% fugm’sdms, and estimate a again:
‘/u?dmt —/u?dms - (t—s)/u?m’sdmS < ’/ufdmt —/uzdms - (t—s)/ufm’sdms

< C|t - S|27
so taking square roots and recalling that [ uZdmy = 1,

+ C|t — s|?

1
ez amo = llan.y = (¢ = 905 [ wdtim,

12 =1 — Jlutll L2 (am.) |

<Ct—s]*+
- L+ [Jutll 22 (dm.)

[t — s /u§|m’5|dmS < Ot — sl
This may be used to estimate 1 — a up to a correction:

1
l—a—(t— s)i/u?m’sdmS

+ Ot — s|?

< lluellz2@m.) — allusllz2@m.)

< lluellz2am,) = laus = (s = Yol z2(am,) | + Clt = s
< [lur — aus — (s = )0l + Clt — s|* = o([t — s]).

The second step used that f usvgdmS = 0. Thus,

1
l|lue —us — (s —t)[v? +v;]HHé = ||us — aus — (s — t)vSHHé +1-a—(t— 5)5 /uim;dms|
= o([t — s[).

Set vy = v? + vl. This establishes the main conclusion of the lemma. It remains to verify that vy € C(Q)
and that u; is continuously differentiable on €.

These can be seen from the PDE for v?. As w; is smooth on the interior of 2, as long as ¢ € H}(U)
for U CC 2, we have (integrating by parts as needed) that |¢.(¢)| < C(U)||¢||L:- In other words, ¢, (and
similarly ¢) may be represented by a bounded function. Applying elliptic regularity estimates to (8.7) gives
that for U’ cc U,

Jug — us — (s — t)vg|lcra@wy < C(U, U [|luy — us — (s — )vsl| gy + lat — (s = )¢l Lo )] = ot — s).

In particular, this implies that w(x), Vu; are continuously differentiable in ¢, locally uniformly on €.

As for checking that vy € C(Q), note that ¢} only depends on ug, Vug, which are bounded uniformly
on Q (as ug = ug, and using Corollary . Thus from elliptic estimates on NTA domains (see e.g. [20]
Theorem 1.2.8]), we have that for some o > 0,

lo8llcoy < C [Io8lyc@) + sl < €
On the other hand, v} is a bounded multiple of ug, and therefore Lipschitz continuous. (|

Lemma 8.4. Let Q) be a minimizer of Fr, ¢ : M — M a one-parameter family of smooth diffeomorphisms
with ¢o(z) = x, Oipili—o = T a vector field on M, and Q4 = ¢(Q). Then uq, : (—c,c) — HY(Q) is
differentiable in t at t = 0 with derivative tiq = 0, € L>(M) vanishing outside €2, in the following sense:

1 .
lim = [lug, —ug —tiol L2y = 0-
The function ugq satisfies
—Adg = M (Q)ig — ug [.q [Vual?g(T,v)dH""  on Q
(8.9) g = —g(Vuq,T) on 0*Q)
fQ 'l:LQUQ =0.

The boundary condition holds in the sense of nontangential limits at a.e. point on 0*€Q.
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We will write 4, to denote the derivative found in Lemmawhen we wish to emphasize its dependence
on the vector field T, and will simply write % otherwise in order to alleviate notation. We will discuss the
specifics of the PDE satisfied by g below, but note for now that from the absolute continuity of harmonic
and Hausdorff measure from Proposition [7.9] the boundary condition is given on a sufficiently large portion
of 9Q (i.e. there is a unique solution to this problem; see [26] Theorem 1.4.4]).

Proof. Set u; = ugq, o ¢ : @ — [0,00) to be the pullback of ug,. Then u; satisfies a PDE on ; namely,
—Awuy = frug, where Ay is the Laplace-Beltrami operator associated with the metric g+ = ¢}g and f; =
A1(€9). From Lemma part (5), f; is a C* function. Moreover, u; is the unique nonnegative solution to
this equation in Hg (Q) with |[u¢||£2(0,4m,) = 1, while the same equation with f; replaced by Af¢, A € [0, 14(]
admits no nontrivial solutions (this follows from Lemma part (4)). Apply Lemma to this to learn
that u; is continuously differentiable in ¢ and to obtain a function v € Hg(Q) N C(Q) with

.1
lim ;HUt —uq — tv| () = 0.
In particular, we have that
(8.10) |uq, —uq o ¢;1||H5(Qt) < Cllue — uallmpo) < CItl.
Our goal now is to estimate ug, — us. Consider, with ¢ fized, the function ¢ o ¢s(z) : M x [0,t] — [0, 00)
for any ¢ € H*(M). This function lies in H' (M x [0,¢]), with distributional derivative d(, & (¢ o ¢s)(v,1) =

(dg, (2)¥(dzds(2)v), dg, ()% (0s0s(x)); this may be verified by approximating by smooth functions. Plugging
in ug, for ¢ leads to the identity

t t
un, (0) ~ (o) = = [ Oufun, o du)(whds =~ [ o(Vun,(64(2)), 0.0 (2) s,
0 0
which is valid for almost every « € M. Now, for |s| < |¢],
IV (uq, o ¢s) — Vuall 2 < |V (ug, 0 ¢s) — V(ug 0 ¢y " 0 ¢s)ll 2y + [[Vua — V(ug 0 ¢y 0 és)| 2
< Clt| + or(1).

We used (8.10) to bound the first term (after changing variables), while the second goes to 0 from the
dominated convergence theorem (Vug is bounded while ¢; ! o ¢,(z) — = pointwise). We also have that

|0s¢s(x) = T| < Cls| < Clt]
as ¢ is smooth. Applying both of these,

1 I
m”uﬂt —u +tg(Vue, T)| L2 < m/o 9(Vug, (8s(-)), 9505 (1)) = 9(Va, T)l 2 (ar) ds

< Ot + 0i(1) = 04(1).
Now, set g = v — g(Vugq,T) (extending it by 0 outside of Q). We have shown that

1 . 1
HH’U,Qt —uqQ — tuQ||L2(M) < m [Hut —uqQ — tU||L2(Q) + ||UQt — ur + tg(VuQ,T)HLz(M)] — 0.

As both v and Vug are bounded, so is ugq. It remains to verify that g solves the stated PDE.

First, recall that from Lemma we know u; (and its spatial derivatives) are continuously differentiable
in ¢t on 2 for small |¢]. It follows that uq, is continuously differentiable in ¢ on ; as well, and Jyug, |i=0 = U
on Q. Therefore, we may differentiate the PDE —Aug, = A1 (Q)ugq, pointwise on Q at ¢ = 0 to give

7A7:LQ = Al(Q)UQ + (atAl(Qth:O)UQ = Al(Q)UQ — UQ/ |VUQ|29(T, V)d,Hn71
0*Q

on €2, where in the second equality we used the final statement of Lemma [8:2] The orthogonality condition
may be inferred from the normalization of uq,: indeed,

1= /uat = /(uQ + tig)? +o(t) =1 +2t/ugug + o(t),

Rearranging and sending ¢ to 0 gives [ uqto = 0. Finally, we have that —g(Vug,T) has nontangential limits
a.e. on 09 from Corollary [7.12] while v — 0 on 99 uniformly; this gives the boundary condition. O
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We are now in a position to prove the main result of this subsection, which is a “distributional” Euler-
Lagrange equation for €.

Lemma 8.5 (Distributional Euler-Lagrange equation). Let Q be a minimizer of F,. Fix B.(x¢) C Qr and
let L := |B,(x0)|. Let T be a smooth vector field on M with |T| <1 that is compactly supported on B, (xg).

If T is volume preserving to first order in the sense that fa*Q g(T, v )dH" 1 =0, then

T
‘ —/ |Vua|?g(T, v) + = |Vwa|*g(T, vy )dH" ™ + T[/ Uoaqn +/ bag(T, u)d’H”_l} <CL,
PR 2 ) o0
where agq, bo are the functions from property|(N4) of b and uq = 4l is as in Lemma .
If 19 # v, L < ||Q] —v|, and we do not assume [,., g(T,v,)dH" "' =0, we instead have
T
[ [TuaPa(T) + 5 VuaPo(
0*Q
+ fl n(|Q|)/ g(T,v)dH" ! —l—T[/ unan +/ bay(T, V)d’H"_l} <CL.
’ 9*Q Q 9*Q

The term containing g may first appear to be lower-order since it is integrated on {2 rather than the
boundary 9*Q. This is not the case: due to how 1 = 4, depends on T, it will end up being of the same
order as the others.

Proof of Lemma[8.5. Let ¢(z) be the flow associated with T: dy¢y(z) = T(¢:(x)); then ¢; is a smooth
family of diffeomorphisms for all |¢t| < ¢ small, with ¢;(x) = = outside of B,.(z¢). Setting Q; = ¢+(2), apply
Lemma to Q and ¢;: this implies that A2(£2;) > A1 () + ¢ and

() < £(Q) —t /

o*

T
\Vuq|2g(T,v) + 5|ngz|Qg(T, V)dH" ! + oft).
Q

Let us now consider h(€);): using property [(N4)] we have that

H(Q2) —H(Q2) = /(Unt — ug)ag +/ bo — [ ba+o(t) +O(tr™).

Q: Q
The second term here may be estimated as in Lemma using (8.2) to give

/ bQ—/bQ :t/ by div T + o(t) :t/ beag (T, ) dH" ! —t/g(VbQ,T)—i—o(t)
Q Q Q 9*Q Q

= t/ bag(T,v)dH™ ' + O(tr™) + o(t),
0*Q

using that ||bg||co1 < C by assumption. For the first term, we see that ||ug, — uq — tugl|rz = o(t) from

Lemma [84] and so
/(Unt —ug)ag = t/ug aq + o(t).

Putting everything together and using that F,(Q) < F (),

T
0< ft/ |Vug|?g(T, V)+§|VWQ|2Q(T, y)d?-lnflJrT[t/ bag(T, V)d’}'ln71+t/1lg ag} +o(t)+O(tr").
“Q

*Q
The conclusion follows from dividing by ¢ and sending ¢ — 0.

If Q] # v and ||| — || < ||2] —v| (which always holds if ¢ is small enough) then f, ,, is linear and we
may estimate

Fon(18u]) = Lo (190) + £5,,(12D[12] — 121) = fon(12D) + £, (1) /8*99(T, v)AH" ™ + o(t).

We then proceed as previously. O
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8.2. The first variation at a point. Next, we wish to derive a pointwise form of the distributional Euler-
Lagrange equation of Lemma by sending T to d,v, — 0,y at points z,y € 9*Q2. Here and in the sequel,
we let v, = vo(x) be the outer unit normal of Q at x. Passing to this limit is actually quite delicate,
with the main challenge arising from making sure that the functions g = 1}, behave well under such an
approximation procedure. Heuristically speaking, recalling the equation satisfied by 7}, the limit of
the 1} should solve an equation with a Dirac delta as boundary data. On the other hand, the boundary
data in is achieved only H" !-a.e. and in a nontangential limit sense. To rigorously derive this limit,
we will use the PDE ({8.9)) solved by @ by writing g in terms of the Green’s function and Poisson kernel.

It will be convenient to decouple the Poisson kernel part and the Green’s function part, or in other
words, the harmonic part and its remainder part, of ug in the following way. For any smooth vector field as
in Lemma let the harmonic part h” of i}, be given by

T T
h'(x) = / g dwy,
o0
where w, is harmonic measure; i.e. it solves the PDE

—ART =0 on
L=—-9(Vuq,T) on o0

with the boundary condition in the sense of nontangential limits at a.e. point. Then, let ¢7' = ad, — h” be
the remainder part. Using the equation for 48, from Lemma we see that ¢7 solves the PDE

—A¢T =M (D) (T +hT) —ugq fB*Q |Vug|?g(T,v)dH™"™ ! on Q
(8.11) =0 on 0N
f(qT +hTug = 0.

We construct our approximating vector fields in the following way. Given a point x € 9*Q and
scale r sufficiently small, let T3, be a vector field chosen so that |T, .| < 1, supp Ty, C B, (z), and
S0 9(To i, v)dH" ™ = wy 17"~ where wy,_; is the volume of the unit ball in R"~'; this may always be
found by starting with the vector field vk, in normal coordinates near x, with x, a smooth cutoff function

approximating 1p (,), and then multiplying by a constant.

Below, recall the notation
dw,
aLoa ")
for the Poisson kernel, i.e. the Radon-Nikodym derivative of harmonic and surface measures, from (7.12)).

K(.T,y) =

First, in the following lemma we will show that the harmonic parts h7= after suitable renormalization,
converge to a multiple of the Poission kernel as » — 0. The main tool in the proof is the sharp estimates for
the harmonic measure established in Proposition [7.9

Lemma 8.6. For ecvery x € 0*Q), if suppT C B,.(x) then the function h™ satisfies

c
nT <7/ T|dH" !
| (y)l_dn_l(y)x) 8*QI |

whenever d(x,y) > Cr.

For H" 1-almost every x € 0*Q, if h*(y) = |Vuq(z)|K (z,y) is a multiple of the Poisson kernel, then
h* is well-defined, satisfies

C
* < —
W) < i
and
Tm,r
(8.12) lim  sup h*(y) — ) d"(y,z) = 0.

—1
N0 yEQ\ By () wn_lr"
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Proof. The first conclusion follows from the harmonic measure estimate in Proposition along with
the fact that |Vug| < C from Lemma For the others, select = with the following properties: (1)
x € 9*Q, (2) = is a Lebesgue point of |Vu| with respect to H" ™!, (3) x is a Lebesgue point of K (z,y) with
respect to H" ! for a fixed y € Q with B,,(y) C Q. Then the Poisson kernel estimates of following
Proposition directly give that for any z € Q,

|h%(2)] = |Vu(x)| K (z,2) < T i)

As a first step toward proving (8.12)), we have that for this one fixed y,

T Tor
W (y) — oﬁlfﬂ = ‘|Vu(:ﬂ)|K(:c,y) - %
= ﬁ / |Vu(x)| K (x,y)g(Tyr(2),v2) d'Hn—l(Z) _ Lo (v)
n—17 9*QN By (x)
- % / V()| K (2,9)g(Tor (2),v2) — ™" (2)K (2, y) dH"1(2)
Wn—1T 9*QNBey ()
= % | ‘VU(SL’)‘K({E, y)g(TI’T(Z)’ VZ) + g(VUQ(’Z)a Tz,r(z))K(zv y)| dHn_l(Z)
r 8*QNBer(x)
B gﬂ/ﬁ V() | K (2,9)g (e (2), v2) + 9(Vua(2), Ter (DK (2,9) | dH" 7 (2) + 0,(1)
r 8*QNBer(x)
- fi/ K (2,9)9(T2r (2), Vua(2)) = 9(Vua(2), Tor(2) K (2, )| dH" 7 (2)] + 0, (1)
r 9*QNBe, (2)
= 07‘(1)7

using the definitions, both of the Lebesgue point assumptions, and the fact that K(z,y), |Vuq(z)|, |T%.r(2)]
are all bounded.

Now, let us estimate the same quantity replacing y with any z € Q\ Be,(x). To this end, we use the
triangle inequality and the definitions of h* and h’+ to write

hT=r(2) K(z,z2) hT=r(2)
x - I = |R" LA <I+1I
h*(z) Wrqrnt " (y)K(ﬂc,y) T M
where we set
hl=r(y) | K(z,2)
I=|n"(y) -
) Wpo1m 1| K(2,y)
C / T [ K(z,2) .
Il = 1" (q) | K(q,2) — K(q,y dH" " (q
ypn—1 9*UNB o) Q ( ) ( ) ( )K($7y) ( )

Since d(x,y) > co, from (7.12)) and Proposition [7.9| we have

K(z,z2) C
<CK < —
Kay) = OF 0= 50
and therefore we see that I < 0,(1)/d"~1(z, ) using the first step above. Next, from [26, Corollary 1.3.20],
dw, dw, dw, d*(z,q)
— < da < -~ 7
o) - 52 0| < 0| | o) < o
for some « € (0, 1), giving
K(z,2) d*(z,q) d*(z,q)
K - K K <
‘ (¢,2) (q,y)K(x’y) S =Y (g,y) < Cdn,l(z’x)

for any g € 9Q. We therefore see that IT < Cr®/d"~1(z,z). This proves (8.12). O
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We now move toward estimating the remainder ¢? and pass to a limit for the (renormalized) functions
q'=r corresponding to the vector fields T, , defined above. The remainder ¢” satisfies a simpler boundary
condition than AT (recall (8.11])), and we will use the following auxiliary elliptic estimate to help control it.

TT

Lemma 8.7. Let p be a bounded function on Q with [ pug =0. Then
“Au=MQu+p onQ

Juug =0

u=0 on 082
admits a unique solution u € H} (), which has the estimate
(8.13) lullr < C(P)llpll s
for any P € [1, -25).

The existence and uniqueness are immediate from the Fredholm alternative (using that p € L*°), as in
(8.6). The main point is the estimate in terms of only the L! norm of p.

Sketch of proof. The estimate
lull L) < Clllpll L @) + lullz2@)]

for any P’ > n/2 may be found in [24, Theorem 8.15]. Combining with the Hilbert space estimate from the
Fredholm alternative (as in (8.6))

[ullzz < llull g1 @) < Clipllze(o)
gives
[ull () < Cllpll e (q)-
Then follows from duality. O

n—1

Corollary 8.8. For almost every x € 9*Q), the functions q'=" /w,_1r converge in LP topology (for any

p € [1,-%5)) to a function q*, which solves

—AG¢" = M (Q)(¢% + h®) — ug|Vug(z)]?  on Q
fﬂ(qx + hT)UQ =0

=0 on 0f,
in the sense that q* is the Green potential of the right-hand side: for a.e. y € €,
(8.14) 7'(0) = | (") +7(2) = al) Vun (o)) Gz, )ds.

It is straightforward to check that in fact ¢* is continuous (up to the boundary) away from z, and
satisfies the PDE and boundary condition classically. However, the statement here is actually stronger: it
implies that at x, ¢* still is 0 in the sense of that it does not form measure-valued boundary data there.

Proof. Recalling the equation (8.11)) satisfied by ¢, we wish to further decompose ¢” further as ¢7 =
ql — ugq Ik hTug in order to apply the estimate of Lemma above to the piece ¢, which is orthogonal to
uq by construction. Let us integrate by parts twice to compute

A1(92) / hlug = — / AT Aug
Q Q
:/g(VhT,VUQ)*/ hY g(Vug, v)dH™ ! :7/
Q *)

We used the divergence theorem of [16], the fact that AhT = 0, and Corollary In particular, if we write
hT = KT —ugq [ hTug (so that hT + ¢f = kT + ¢7), we have that

“Ag =X(Q) (¢f +hf) onQ

[qfug =0

=0 on 99

(8.15)
|Vug|>g(T, v)dH" L.
Q

*
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and [ hiug = 0.

We claim that th’”'r/wn,lr"_l is a Cauchy sequence in L' (with respect to index 7). To see this, apply
Lemma we know that lim,~ o ||th — h*||z1 = 0, and that

_11“'”71

th,,.
lim [ ug—— :/hqu.

™0 W11
From ({8.15) we see this implies that at each Lebesgue point 2 of |Vug| on *Q we have
) 1 _ |Vug(x)]?
uo=1lm - ——— Yuol20(T At = YRR
/ B I W (o) /M Vual"g(Ter, ve)dH Q)

So, applying Lemma we see that q?” Jwn_1r""1 is Cauchy in LP, and so converges to some function
q7. Passing the orthogonality condition to the limit, f q¥ug = 0. It then also follows that ¢7=: fw, 17"~ —
¢° = qf —ugq [ h"uq.

We have verified the orthogonality condition fQ (¢* + h*)ug = 0. The boundary condition and PDE may
be checked by writing

)= | [mm (¢ (2) 4 () = un(e) [

0*

Vua(y)Pg(Tor, vy )AH" 1 (y) | Galz,y)dz,
Q
and passing both sides to the limit in LP, which results in

¢(y) = / [M(Q)(¢* (=) + h*(2) — u(2)| Vua(x) ] Galz, y)dz
for a.e. y € Q. O

Remark 8.9. We may recover further estimates for q© from this argument if we wish. For example, for any
a, ﬂ S IR7
lag® + B¢¥||Lr < Cllah® + BhY||pr + Cla|Vuq()* + 8| Vua(y)[?],
by taking the limit in the corresponding estimates for q* with T = oTy . + BTy.. If we choose o = m
and = fm, the second term vanishes and we get
z Yy ht hY
H ! 2 ! 2 <C H 2 2
[Vuo () [Vua(y)? | [Vua(z)? [Vua(y)|

These may also be derived directly from the potential identity (8.14]).

L1

Set v = ¢ + h*. We are now in a position to derive a pointwise Euler-Lagrange equation, or free
boundary condition, satisfied H" !-a.e. along Of).

Corollary 8.10 (Pointwise form of the Euler-Lagrange equation). Let Q be a minimizer. Then there is a
constant Ay such that for almost every x € 0*Q N Qgr, we have the identity

T
(8.16) — |Vug(z)|* — §|ng(x)\2 +7 {bg(x) +/ agvg] = —Ay.
Q
Here v, = ¢* + h* where ¢ is as in (8.14) and h* = |Vuq(x)|K (z,-). If [Qf # v, then Ao = f, ,(|1]).

Proof of Corollary[8-10, Take x,y any two points in 0*Q2N Qg to which both Lemma [8:6] and Corollary [8:§]
apply. Using T, = (T, — Tyyr) /wp—17""! for T in Lemma we see that

[ [9u00r - E9un@r + o] oo v+ [ anids

Restricting further to only those x,y which are Lebesgue points of both |Vug| and |Vwg| with respect to
H" L 0Q, we see that the first term converges to

<Cr—=0.

[Vua(y)* = [Vua(2)* + g [IVwa(y)]” — [Vwa(@)]?] + 7[ba(@) — ba(y)]-
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From Lemma we have that hT* — hY — h* in LY(Q), while from Corollary g™ = ¢¥ — ¢® in L1().
Passing to the limit then gives

Vua(9) = [Vua () + 5 [Vun() = [Vun(@)] +ribaa) ~ba)]+7 [ aali ~vh] =0

This implies the quantity in (8.16) is independent of z.

If || # v, we may instead just use T}, = T} ,./wn_17"~; proceeding similarly gives that

~Fun(o) = 5 Vun() + 71,2 + 7 [pa(e) + [ ao| <o.

This completes the proof. O

8.3. The Euler-Lagrange equation rewritten. As we discussed at the beginning of the section, the
pointwise form of the Euler-Lagrange equation in Corollary[8:10]is not particularly useful from the perspective
of regularity theory. The goal of this subsection is to prove Theorem that is, to rewrite in a way
which involves only |Vug|, up to “lower order” terms.

The most difficult term in to control is [, aqvg, so let us give a brief heuristic idea of how this is
done. Recall that v§ = h” + ¢*; we will consider these two terms separately. The term h* = |Vugq|K(z, ) is
strictly harder to control, so let use focus on the term fQ agh®. In order to compare this term to |Vug|?, we
reinterpret the equation solved by h* using that the Poisson kernel is the (normal) derivative of the Green’s
function. So,

/th(y) dm(y) < [Vuq(z)| |Va ) Ga(z,y)aa(y) dm(y)| = [Vua||Vp(z)|,
where p(z) is the potential solving Ap = aq with p = 0 on 99Q. From here, this term can be handled
in a similar way to the term |Vwgq|?, using several applications of the inhomogeneous boundary Harnack

principle.

Let us now move toward proving Theorem Before proving the main theorem, we will need several
lemmas that will allow us to control the other terms in . The first lemma shows that the ratio between
the first eigenfunction and a function p that solves an equation is Holder continuous up to the boundary.
One application of this lemma will be to p = wq in the proof of Theorem It will also be used to help
control the bad term fQ aqud in the Euler-Lagrange equation .

Lemma 8.11. Let p be a continuous function with p =0 on OQ and —Ap = f, || fllre < 1. Then
p

(8.17)
uQ

<C

Coe(Q)

for some C,a depending only on v, Ve, R,n. Moreover, Vp admits nontangential limits at almost every

point x of 0*Q, |g(Vp(x),v:)| = |Vp(z)|, and

\Vp(z)|

p(y)
ug(z) |

In particular, |Vp(x)| = [Vug(z)|pp(z) along 0Q, where ||py(x)||co.0a0) < C.

When one instead has the ratio of two harmonic functions, this fact follows from a standard argument
iteratively applying the classical boundary Harnack inequality. The argument here is essentially similar, but
we include the details since our functions of interest solve equations with a right-hand side and require the
form of the boundary Harnack estimate established in [4].

Proof. First, let p* solve

pt = on 0.

We will show that pT satisfies (8.17)); then by also applying to —p~, we obtain the statement for any p. Note
that 0 < p™ < wg from the maximum principle, so in particular from Proposition p/ug < C.

{—Ap"’ =fr on{
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Fix r < rg small and z € 99, and let

+ +

m(r) = inf P

p
M(r) = = L
(T) b {y€B,(2)NQ:d(y,z)>tr} UQ

{y€B,(2)NQ:d(y,z)>tr} %
where ¢ is small and fixed. We claim that there are ¢,e > 0 and a § < 1 such that
M(er) —m(er) < O[M(r) — m(r)] + r°.
This claim implies (8.17): indeed, a classic iteration argument then gives that M(r) — m(r) < Cre’, and

then applying this along a Harnack chain connecting any two points will give the conclusion.

Our claim is immediate if M (r) < rc. If not, then there is a point y € B,.(z) N Q with d(y, z) > tr and
pt(y) > rfuq(y) > ert'. From the Harnack inequality, p* > cr<t! — Cr? > er*t! on By, 5(y) as long as
ro was taken small enough. Then we have

pH(y) = er' T T2 Galy, y) = e Galy, y)

for 3 along 0By, /2(y), and by comparison principle on the entire compliment of this ball; we used (7.3)) here.
Applying the Green’s function bounds from Proposition gives that for z € B.,(2),

pT(x) > er" Gy, x) > erd(z, 0Q) > cd T (z,00).
We now apply the inhomogeneous boundary Harnack principle [4, Theorem 1.3] (working in normal

coordinates and scaling suitably) on this region B.,(z) to

pt  M(r)uq +p*

M _—— =
(T) uQ uQ
and
+ +
P () = pr —m(rjug
Q ug

Both of these are quotients of positive functions vanishing on 02 and having bounded Laplace-Beltrami
operator, and they both satisfy the growth condition with exponent 8 = 1 + €. This implies that

M(r) — m(er) < C[M(r) — M(er)] M(cr) —m(r) < Clm(cr) — m(r)].

These may be rewritten to give M (cr) — m(cr) < g—H[M(T) — m(r)], proving our claim.

Now we consider the remaining conclusions. As |p(z)| < Cugq(z) < Cd(z,99), it follows from applying

elliptic estimates on By, 00)/2(x) that |Vp| < C. Let p, = p/uq € C%<: then near any = € 0*Q) we have
from Lemma [7.10] that

P(Y) = pp(Y)ua(y) = pp(2)[[Vua(2)[le,., + o(lz —yl)].
Here [, ,, is a truncated linear function in normal coordinates as defined in (7.13]). Applying elliptic esti-
mates as in Corollary [7.12] we obtain that Vp(y) — —pp(z)|Vuq(z)|v, nontangentially and the remaining
conclusions follow. |

We focus our attention toward the term fQ aqug. Following the discussion above, a key point will be to
rewrite the equation solved by v using that the Poisson kernel is the derivative of the Green’s function:

Lemma 8.12. The derivative of the Green’s function V,Gq(x,y) admits nontangential limits as x — z € 0f)
for every y at H" '-a.e. z € 9*Q. Moreover, V,.Gq(z,y) = —v2|V.Ga(z,y)| and K(z,y) = |V.Ga(x,y)|
a.e. on 0*Q).

Sketch of proof. The existence of nontangential limits and the expression V,Gq(z,y) = —v|V.Ga(z,y)]
may be obtained as in Lemma [8.11] The last point follows from the integration by parts formula

/ 0(V.Gole, ), ve)b(a)dH™ () = —d(y) — / Galz y)Ad(x)dz
*Q) Q

for any ¢ smooth (this may be justified using the divergence theorem of [I6]). This gives a representation
formula for every harmonic function on € with continuous boundary conditions, so it follows from the
definition of harmonic measure that K(x,y) = |V,Gq(z,y)| at H" l-a.e. z. O
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The two lemmas will be used to control the term fQ aqug in (8.16). Recall from the previous section
that v, = h* 4 ¢*. We focus on the term h” first.

Lemma 8.13. Let f : Q — R be a function with |f| < 1. Then at a.e. x € 05,

/ W f = [Vug (@) Pos (),
Q

where ||pf|lco.e < C and C,a depend only on v, Vmaq, 1, R. As a consequence,
H h* hY
[Vug(z)]? [Vua(y)[?

< Cd*(z,y).
Ll

Proof. From the definition of h* and Lemma [B12] at a.e. € 9*Q we have

/ W = (Vg (z)| / K(.9)(4y)dy = — Vg (z)| / 9(V.Gale, ), ve) f(4)dy.
Q Q Q

Let z; € Q be a sequence of points converging to x nontangentially (i.e. ed(zg,x) < d(zg,00)): then
V.Ga(xy,y) converges to V,Go(x,y) for every y. From [26, Lemma 1.2.8(iv)], sup, ||V.Ga(x, y)|lLray) < C
for P € [1, -"5). Working in normal coordinates and applying the Vitali convergence theorem, this means
that

| 6(VaGate.). vy = lim [ 6(V.Galorn). o) f0)dy.

Set p(z) = [, Galz,y)f(y)dy, which solves

—Ap=f on{
p=20 on 0f).

From Lemma Vp admits nontangential limits H" !-a.e. on 9Q and |Vp(z)| = |Vuq(z)|ps(z), with
losllco.e < C. In particular,

9(T0(@).) = img(Vp(o). ) = lima(V | Galer)Fw)idy.).

We may pass the derivative under the integral sign (again using that sup, ||V.Ga(z, )| Lr(dy) < C to justify
this), to obtain

1
[Vua(x)|ps(x) = lim ’/ g(VzGQ(wk,y)vvz)f(y)dy’ e Y / hof|.
RV Vua (@)l |/
The first conclusion of the lemma follows using py sign fQ h®f as the ps. The L' estimate is now immediate
from duality. O

Next, the term involving ¢ is much easier to handle.

Lemma 8.14. Let f: Q — R be a function with |f| < 1. Then at a.e. x € 09,

[ a1 = [Vu@)Poy o)
Q

where ||pf||co.. < C and C,« depend only on R, v, Upaz, 1.

Proof. We apply Lemma to Remark [8.9] to obtain

X

hY

q qv H h*
<C —
2 Vu(z)|>  [Vu(y)?

Vu(@)]? [Vu(y)?

< Cd*(z,y).
Ll

We are now in a position to prove Theorem [8:1}
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Proof of Theorem[8.1 Apply Lemmas and to h*, ¢* with f = aq to obtain that for almost every
x € O"H"L,

[ ante)es = Vu@P o)

Q

where [|p1|co. a0y < C. Then apply Lemma to p = wq to give

[Vwa(2)|* = [Vua(z)|?pa(x)
where [|p2||co. a0y < C. Inserting both into Corollary gives

|VUQ({E)|2 (—1 — gpz(x) + Tpl(x)> =—Ay— Tbg(x).

So long as 79 is small enough, —1— 5 po(z)+7p1(z) < —%. From Lemma we have that |Vugq| € [1/C, C]
a.e., so Ap must also be bounded above and below. Choosing 79 smaller as necessary, we may rewrite

Lt $p2(2) — 7p1(2)
1-— ALObQ(:L‘)

where |[p]|co.e 90y < C and —CT < p. .

Ay = [Vug(z) = |Vuq(2)]*(1 + p()),

9. VISCOSITY FORM OF THE EULER-LAGRANGE EQUATION AND C'1® ESTIMATES

Thus far, we have derived the Euler-Lagrange equation satisfied by minimizers of the main energy in a
pointwise (H"~! a.e.) sense and we established Theorem to express the Euler-Lagrange equation in a
more useful form. In this section, we reformulate the (useful form of the) Euler-Lagrange equation in the
viscosity sense. This will allow us to apply known regularity results for one-phase free boundary problems.
In particular, when minimizers of the base energy are sufficiently regular (for instance, this is the case when
M is a simply connected space form), we find in Theorem below that any minimizer of the main energy
is a small C'1'® perturbation a minimizer of the base energy. We additionally use the viscosity form of the
Euler-Lagrange equation to guarantee that minimizers satisfy the volume constraint |Q| = v.

The viscosity form of the Euler-Lagrange follows directly from the pointwise version and generic free
boundary arguments, and we only briefly sketch the proof. Details may be found in [30].

Lemma 9.1. Theorem [8.1] holds in the viscosity sense: let Q be a minimizer of Fr, x € 02N Qr, and ¢ a
smooth function on B.(x). Assume that ¢4+ < (>)uq on B(x) and ¢(x) = 0. Then

V() *(1 + p(x)) < (=)Ao.

Sketch of proof. We work in normal coordinates around z. Let w,(y) = uq(ry)/r be rescalings, which

converge (along a subsequence) locally uniformly on R™ to a function uw. Similarly rescaling ¢,.(y) = M,
this converges to the linear function ¢oo(y) = V¢(0) - y. We have that —Au, — —Au in the sense of
distributions, so in particular as measures; it follows that u is harmonic on {u > 0}. As u, > (<)(ér)+,
this passes to the limit to give u > (<)¢doo. In particular, {u > 0} contains (is contained in) the half-space

{y : V#(0) -y > 0}. We also recover that cs < supp_ gy u < Cs in the limit.

Possibly choosing a further subsequence, it may be shown that « is a half-linear function a(y - v) 4, with
v=V¢/|Ve|. See [13, Lemma 11.17] or [30, Lemma 3.6] for details.

As measures, we have that —Au, = |Vu,|[dH" 1 LIQ +0,.(1), and |Vu,(y)| = \/Ao/(1 + p(ry)) a.e. on

09). Passing to the limit in the sense of distributions shows that
/ Y|V, (y)|dH ™ = —/1/1dAuT +o01(r) = —/wdAu :/ apdH" 1
o*Q/r y-v=0
for any smooth . The left-most integral converges to

VA F o) lim [ pdn

0*Q/r
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and as Q/r — {y-v > 0} locally as sets of finite perimeter (possibly taking a further subsequence), this limit

VAT 00) [ v

Therefore a = Ao/(1 + p(0)), and the conclusion follows from « > (<)|V$(0)]. O

The following is an application of a regularity theorem, first shown in [5] in simpler settings and gener-
alized by De Silva [20] to equations and free boundary conditions which include the one satisfied by ugq here.
It guarantees that at sufficiently flat points of the boundary 952, it may be represented as a C1'* graph over
a tangent plane.

Lemma 9.2. There is a § = 6(v, Vyaz, 1, R) such that the following holds. Fix any x € 92N Qr andr < ¢
with B.(z) € Qr. If |QAB,,(z)| < 6|B.(x)| then we may parametrize the entirety of 02N B, 2(x) as a
CY® normal graph over the lateral boundary 0B, ,(x) N B.(x), with C** norm bounded in terms of only
U, Umaz, T R.

Proof. Choosing ¢ small, Lemma implies that
B (2) N0 Cexp,{v € T, M : |v| < r,|g(er,v)| < d'r}

and

sup |ug — ly| < d'cr
Ber(z)

for a small §’. Applying Lemma we see that  and ugq is a viscosity solution to the free boundary
problem

—Aug = A1 (Quqg  on Be.(z)NQ
ug >0 on B..(z)NQ
ug =0 on Be(x) N o
Vuol = f(z)  on Bu(z) N0,

where 0 < ¢ < f < C < oo and ||f|lcoe@o) < C. Applying the main theorem of [20], it follows that
Be,2(x) N 90 may be parametrized, in normal coordinates, as a C"® graph over {e - v = 0}, with bounded
C norm for some o/ > 0. The conclusion now follows from a standard covering argument. ]

Remark 9.3. The previous lemma actually implies that if, working in normal coordinates around x, 02 =
{(@', f(")) : |2'| < 5} on B, a(x) With, Ifllctia §/ C, then f is small. In particular, Lemma gives that
|f] = CoY/™, while [V f]go.er < Cro~ < C5*~% for o < a. This means that |V f||go.ar < C¢ for some
¢>0.

In the next theorem, we say that a collection of open sets, in this case M, is uniformly C*® if there is
a constant C' such that for every x € 9U for U € M, By ,c(x) admits normal coordinates, and on this ball
OU may be expressed as a graph with C*® norm at most C over a hyperplane in normal coordinates.

Theorem 9.4. Assume that M is uniformly C*%. Then for everyr; > 0 there is an 7, = 71(V, Vimaz, 7, R, 71) >
0 such that if Q minimizes Fr and 7 < 11, then QN {x € Qr : d(x,0QR) > r1} may be parametrized as a
CY® normal graph (with CY* norm bounded by r1) over U for some U € M.

If it is known that  CC Qg (uniformly), then one may take a fixed 1y < d(2, M \ Qr) and obtain that
the entire boundary 02 may be parametrized in this manner. In particular, this always applies to the case
of M/Gy compact, using Theorem The assumption that U € C%“ is not needed to guarantee that
00 € CH“ (even a flatness condition at every point would suffice), but it is necessary to express 90 as a
graph over OU.

Proof. Let S = {z € Qg : d(x,0Qr) > r1}, and let d be the parameter from Lemma First, observe
that under the assumptions on M, there is an 0 < 7’ < § such that for every z € U N S for some
UeM,|By,, (z)AU| < |By(z)|2 and B, ,, (2) \ By (z) may be represented as a C+® normal graph over
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OU with C1® norm bounded by 1/r’. Indeed, this follows from the regularity assumption and the tubular
neighborhood theorem.

Choose 71 small enough that £(Q) < Enin + 7 < Emin + 11 and Lemma imply that |QAU| <
% infreqp |Br ()] for some U € M. Up to further decreasing 7, we may apply Lemmato take Hausdorff
distance between OU and 02 smaller than kry/2, where & is a fixed constant to be specified below. Then
for any x € 900N S, let y € U NS with d(z,y) < kr’', and compute in normal coordinates around y:

|QABT,aVy ()] < |UAQ| + |BT’,Vy (y)AU| + |Br/,1/y (‘r)ABT/yuy ()l
6 1) 1)
< $Bo @)+ §1B (@) + B, (@) 5B, )] < |3+ O] 1B (o)

where C is a constant depending only on the metric. By choosing x small enough depending on C' and 9,
the right-hand side is bounded above by 6|B, ()|, so the hypotheses of Lemma [9.2) are satisfied at x at scale
r’ in direction .

Apply Lemma (and Remark on B, (x) to obtain that 9QN B,/ /5 may be expressed as a CY* graph

over B, (z)\ By (z) withC® norm bounded by cry for a small c. We may then parametrize 9Q over U
instead by composing with the parametrization of B, ,,_ () \ By (x) over OU to obtain the conclusion. [

Another application of our Euler-Lagrange equations is the following fact about the volume |Q]:
Proposition 9.5. There is a 04(V, Vmaz, R) > 0, Tu(v, Vmaz, Ryn) > 0, and 7(v, Vimaz, By, T) > 0 such

that for any n < nx, T < T, and 7 < 7w, every minimizer 0 of Fr has | = v. If M/Gy is compact, all
constants may be taken independent of R.

Proof. If M/G is compact, we fix 1 small and select R = R(n) large enough that Q CC Qg; this is always
possible from Theorem All constants will then be independent of this R(7), as we will verify below.

If [ # v, we apply Corollary 8.10|to give that Ay = f, , (|©2]) and

V(o) + 5 Vun@)? 7 [boe) + [ ant] = 1L, (9).

From Theorem we have that [Vwg(2)]? < Co|Vua(z)|? and | [, aqvi| < Co|Vug(x)?, where this
constant C depends on 7. Now select T, small enough (in terms of ) so that $|Vwe(z)|? < 25| Vug(z)[?.
Then select 7, small enough in terms of 1 so that 7| [, agvg| < 15|Vuq(x)[?, and also so that 7|bg| < 1/2.
This gives

1

3/oa(190) < [Vual* < 3£ ,(120)
along 0*Q N Qr.

Consider the integration by parts formula
1 n—1 n—1
g,/ L (1QDH" (02N QR) < —/*Qg(VuQ(x),z/r)d’H = /Q —Aug < C(R, M)|Q|.

We have that

. H (00N QRr)

(9.1) inf {
jtl

from the relative isoperimetric inequality on Qg, [23, 4.5.2(2)], so f, ,(|?2]) < C(R). Choosing 7. so that

N < ﬁ, we see that f, ,(|Q]) < ni and || <wv. In the case of M /Gy compact, 02N Qr = S, we instead

use the isoperimetric inequality: for example, from [25, Theorem 3.2] we have Q"% < C(H"~1(99) + Q)
with a constant depending only on M, and this bounds (9.1) from below by ¢(M )v;:n/(n.

It follows that if || # v, then along 0*Q N Qg the derivative |Vug| < 91, is small. On 9Q N IQg, an
elementary comparison argument with wg, shows that |Vug| < C(R). From Bochner’s identity we have
that A(|Vug|? + Sud) > —2X1(Q)Su, for S taken large enough in terms of the Ricci curvature of (M, g).
Using Lemma and the maximum principle, we see that |Vug| < C(R) on Q (the point being that this
bound is independent of 7); the constant may be taken independent of R if M /Gy is compact.

:QEH} > ¢ = ¢(R,Vmax) > 0
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Now, || < v and [u, =1, so there must be a point € Q with ug(z) > ,/v. Using the gradient
estimate above, there is a ball B,.(z) C 2, with r depending only on R and v. We construct a sequence of balls
By(xy) € Q as follows: if there is an x € B, j5(z;) for some j < k with B,.(x) C Q and z € 9B, (z)NINANQR,
set x = =z and stop. If not, choose any ball B, (x) with d(x,z;) > r/2 and equality for one j. If this is
impossible, then 9Q = dQg, which contradicts our standing assumption that vmax < |Qgr|. This process
must terminate after C(r)vmax steps, and so we have a chain of balls culminating in B,(x;) which has
z € 0B, (x7)NONNQR. Applying the Harnack inequality along this chain, we have uq > ¢(r,J) on B, j2(z ).
Letting G’ be the Green’s function for B,(x;), we have that C(r, J)uq(y) > G'(x;,y) on B.(x;) \ B, /2(x )
from the comparison principle. From standard estimates on the Green’s function (see [26, Theorem 1.2.8]),

C(r, Nua(y) > G'(x1,y) > c(r, R)d(z,y).
From the viscosity form of the Euler-Lagrange equation, Lemma we then must have that

co(r, R) < |VG'(z5,2)] < /3f,(12) < 3n..

If 7, is chosen small in terms of r, R, this gives a contradiction. If M/Gq is compact, it is easy to see that
all constants here may be taken uniformly in R. ]

10. HIGHER REGULARITY

For the purpose of deriving stability estimates, it will be helpful to have C%® regularity for 9€2. Higher
regularity depends on the regularity of the functions aq, bo which appear in propertyof bh. In particular,
in the case of ag being a multiple of uy for a smooth domain U, aq is at best Lipschitz continuous on 2
(unless 2 = U). Under this assumption we will have 99 locally C*¢ at flat points for any a < 1 and not
better. Our approach is based on a boundary Harnack estiamte of De Silva and Savin.

Proposition 10.1 ([22], Theorem 2.4). Let f € C(Q) satisfy || = Af|lcoe) <1, f =0 on 09, and Q be a
minimizer of Fr. Assume that for some xg € O, r < ro, and 6 > 0 small enough we have B.(x¢) C Qr and

0N B, ja(x0) a CH* graph over {e : v -e =0} (in normal coordinates around ) with C* norm bounded
by Co. Then

i o
UQ l[cr.e (DN B, 4(20))
and
Hg(Vﬁ Vi) <c
[Vug| C1.2 (AQNB, /4 () B

Here a € (0,1) and the constants depend only on R, v, Vpmaz, 1, @, Cy.

Proof. From Theorem 2.4 in [22],
f

uQ

_ < C Il =@, ey + 1A llcon | <€,
CLa(QNB,. 4(x))

using also the lower bound on ug. The second conclusion follows as uin — % nontangentially at every

point of 90 N B, /2(z0), and then passing to the limit. a

Lemma 10.2. Let Q and xo be as in Proposition|10.1] Then
1
R Y X
H [Vugl? /Q /

Proof. As in the proof of Lemma we have that

[t =19u@) [ Kty = ~Vua@la(V. [ Gaw.nswis.e.).

< Ol fllco.e(qy-
C1:(8QN B, 4(w0))
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If we set p(x) = [, Ga(z,y)f(y)dy, this satisfies —Ap = f on Q and p = 0 on 99; applying Proposition
gives

< Cllfllcose-

H g(Vp,v)
C1o (00N B,4(w0))

|V'U,Q‘

The conclusion follows from

1 e, —9(Vp(z)-v)
Fun(@) /h I = Nl

Lemma 10.3. Let Q and zo be as in Proposition[10-1 Then
1 X
q

H [Vug|? /Q /

The function ¢* is actually somewhat better behaved than this, but we will not require an optimal
estimate below.

< | fllgo.a-
C1:>(0QNB;./4(x0))

Proof. Set h® = \V:(G;)P and ¢° = Wf(xz) >. Rewriting the equation for ¢ in terms of these, we have that

=0 on Jf).

Let us decompose f = f1 + fo, where fo = uq [uqf, and then solve for the potential function

—Ap=M(Qp+fi onQ
Jpug =0
p=20 on 0f).

This admits a unique solution via the Fredholm alternative (using [ fiuq = 0) which satisfies ||p| 2 <
Clfillee < C|If|lco.«. From elliptic regularity, we have that

[Pllcoe(e) < Cllifillze + lIpllze] < Cllfllcoe.
Now, multiply the equation for g* by p and integrate:

[ n@in= [p-a-x@r = [ na

The other term on the left vanishes as [ pug = 0, while the simplification on the right is from Green’s
identity and the equation for p.

o= (i) )~ o
[ 17 =) [ g [,

which is bounded in C*® by Lemma applied to p. O

On the other hand,

Combining, we have that

Corollary 10.4. Let Q be a minimizer of F,. Assume that for some x¢g € 0Q, r < rg, and § > 0 small
enough we have By.(z0) € Qr and |QAB,. ,(xo)| < 6|B.(x)|. Then for each a € (0,1), 02N B, jg4(x0) is
given by a C* normal graph over OB,.,,(zo) N B, (z¢), with the C** norm bounded by a constant depending
only on R,v,Vmaz, 1, and c.
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Proof. From Lemma 0 N B, j2(wo) is a C120 graph over {e : - v = 0} in normal coordinates, where
ag > 0 is the fixed exponent from that lemma. Applying Lemmas and with f = aq € C%!, we
have that

<C.
H |v Cteo (69037‘/4(1’0))
Applying Proposition to wq gives that

v 2

|Mt <c

Vg ? l|gr.eo (9008, 4 (20))

We also have ||bg||cr1 < 1 by assumption Proceeding as in Theorem we may write the Euler-
Lagrange equation for u as

[Vu(z)* = p(2),
where ¢ < p < C and p € CH* (902N B, /4(0)). Now apply [30, Section 9] or [2I] to obtain that 0 may be
represented as a C%* graph on 92N B,./s(o).

Now repeat this argument on B, /s(x), except using that Q is C** C C* rather than C1° to recover
the conclusion as stated. O

Combining this with Theorem gives that all of Q) CC Qg is C%%, so long as all sets in M are
smooth:

Corollary 10.5. Let 2 be as in Theorem and assume that M is uniformly C*. Then 0Q N {z € Qg :
d(z,0Qgr) > r1} may be parametrized as a C*“ normal graph over dU for any o < 1, with C* norm
bounded by 1.

APPENDIX A. ADMISSIBLE NONLINEARITIES

In Section we gave several examples of nonlinearities h used in the definition of the main functional
Fr-. In this appendix, we verify that these examples are admissible nonlinearities in the sense of Defini-
tion We also define the notion of a set center, which generalizes the notion of the barycenter of a set
in Euclidean space.

To begin, it will be useful to show that a constant multiple of d,(Q,U)? defined in (2.10) is itself an
admissible nonlinearity. Given any bounded open set U with C? boundary, define the functional

(A1) bu(Q) = d( [/ wU—/ wU+/|UQ_uU|:|

on bounded open sets Q with |Q| < vpax and with £(Q) < Epnin + 70; recalling Remark-, by is well-defined
on this class of sets.

Lemma A.1. For Cy chosen sufficiently large depending on U and vpqz, the functional by (Q) is an admis-
sible nonlinearity with respect to the trivial subgroup of the isometry group.

Proof. Choose C} > Upax| max f| + 4 to guarantee that hy () € [0, 1] for any Q so [(N1)|is satisfied. To see
the upper bound, recall that [u3 = [u? = 1; the lower bound follows because d.(U,) > 0. Since Gy is
trivial, |(N2)| holds automatically. Checking {] is also straightforward:

(A2) o (5) = ()] < & 1920 max £+ [ 2usy — 2uallul ]
1

so as long as €1 > 2maxuy, which is bounded by Lemma and so |(N3)| follows. For [(N4)l we set
= ¢+(Q) and perform the same computation more carefully to give

(A3) (@) <t = = | [ b0 = [ v+2 [ wa —uuo

Set ag = —C%uU, ba = C%wU. After possibly choosing Cy larger, we see that [(N4)|is satisfied, using elliptic
regularity and the smoothness of U to bound Vuy. |
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Notice that in this example, while by here is smooth, aq is not better than Lipschitz; is the limiting
factor for the higher regularity discussed in Section

Example considered a nonlinearity b in the case when there is a unique (regular) minimizer U of the
base energy. Up to multiplication by a constant C' = C(U), it follows that the nonlinearity in Example
is admissible with respect to the trivial subgroup of the isometry group for any choice of ¢ € (0,1] in
Indeed, the functional h = b, of Example [2.6] (normalized by a constant C' = C(U) independent of ¢) is given
by ¢ o by where ¢, : [0,1] — [0, 1] is a smooth function with |¢,| < 1 for all ¢ € (0, 1], and is thus admissible

by Remark

We now move toward verifying that the nonlinearity of Example is admissible. To this end, let us
introduce the notion of a set center.

Definition A.2 (Set centers). Let Gy < G be a closed subgroup of isometries of M, ¢ > 0, and U a fized
bounded open set. We say that a mapping from the class of bounded, open, nonempty subsets E of M with

. i <
(A4) eleang |[EAe(U)| < e

to points xg in a complete Riemannian manifold (N, gn) is a set center adapted to U if it satisfies the
following properties:

(Cl) ]f E,E’ Q QR; then dN(l‘E,IE/) S O(R)|EAE/|
(C2) For every E, there is an e € Go such that xg = T ).
(C3) For any e, e’ € Go, e(U)Ae'(U)| < C(E)dn(Te(p), Ter(B))-
(C4) For x € M and v < rg, let ¢; be a one-parameter family of diffeomorphisms with ¢o(x) = x and
|0cpe| < 1 such that {¢p¢(x) # x} C Br(mo). If the sets ¢ () satisfy and H"~1(09Q) < oo, then
t = Ty, () defines a C' curve in N and for any tangent vector v € Ty, N,
(A.5) lim sup 1

tgn (x/t ‘t:O;U) —/ ag +/ ag
] P ) o

for a function agy independent of ¢y and depending linearly on v with ||ag|lc2(qr) < C(R)[v|.

<Cr"

Given a bounded open set E we let Ug = e(U) denote image under the unique isometry e € Gy of U
such that F¥ and Ug have the same set center.

Property implies xp is a kind of Lipschitz mapping from sets to the space of centers, while |(C3)|
suggests it acts like a projection onto the images of U under G action. Property |(C4)| implies that it is a
Cl-regular projection in an appropriate sense: to understand (A.F), note that

[ an= [an=t [ atglohann —¢ [ gl Vat)+ofo)
() Q Q @

The second term is bounded by Cr"™t, while the first captures the “leading-order” change in 2 under ¢ +—
+(Q). Thus ensures that the v component of the derivative of x4, (o) exists and is proportional to
I 9+0 00 g(9b, vz )dH™ ! for some sufficiently smooth function a@, up to error of size r™. This type of error is
lower-order when considering localized deformations near a point on 0f.

Note that a set center may map to points in a Riemannian manifold (N, gy) that is not (M,g). An
example to keep in mind here is if (M, g) is a cylinder S"~! x R equipped with the standard product metric,
a set center can be defined by choosing the Euclidean barycenter of a set when (M, g) is embedded into R™*1
in the standard way.

Let us give some examples of set centers.
Example A.3. If Gy is trivial, the constant mapping xp = x( is a set center adapted to any U.

Example A.4. Suppose (M, g) is simply connected and has nonpositive sectional curvature. The barycenter
@ — argmin,, [, d*(z,y)dm(y) exists and is unique. This is a set center adapted to any U so long as (1) Go
acts transitively on M and (2) if e € G fixes xy, it fixes U. In particular, this applies to R™ or hyperbolic
space, Gg = G, and U = B,.(x) a ball. It also applies to R™ with U an arbitrary (nice) open set and Gq the
group of translations.
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Example A.5. Let (M,g) be the round sphere, embedded in the standard way in R"*!. Let Gy = G
be the full isometry group and U = B,(x) be a geodesic ball with r < 7. For any open E C S™, let
ye = 5 ydH"(y), where y,yp € R"*! and this is a (vector-valued) surface integral. Note that yy # 0 and
that for any F, E’, we have

= < o [ wl+ls”
E| Jear |E||E|
In particular, if [EAU| < e, we may ensure that |yg| > r > 0. For any such E, the mapping E — xp = \yEI

is a set center. Indeed, then |z5 — /| < L|yg — yg|, so this satisfies|( It also satisfies [(C2)} as G acts
transitively on S™. Property |(C3)| can be checked using that U = B,.(x is invariant under rotation about

its set center, and may be verified similarly to the proof of Proposition below.

< C|EAE'|.

Let us give a proof that the Euclidean barycenter is a set center in the sense of Definition [AZ2} the other
examples described above can be checked similarly. First of all, the barycenter on Euclidean space is an
example of a set center.

Proposition A.6. Let (M,g) be Euclidean space, and let Gy = G and U = B;. Then the barycenter
rp = fyx € R" is a set center satisfying|(C1)(C4) Here ¢ in (A.4) may be taken arbitrary.

Proof. For

| | ’ 1 / 1 ’< 1 | |_i_‘|E’| )
rg—zrp|l=|—[| *— —= | < — T -
ElJe B e FAWIINCY |E

Then are immediate, and for we may compute || — | = H""H9*Q)t + o(t) = O(t) and

/ x—/x:t/ $'Vx7t/¢;(0)+0(t)20(t),
0+ (82) Q *Q)
from which we see that

0. = . _9”“/@(9) el Ll [ o

This shows zq, is a C' curve, and zq, |¢—¢ satisfies (A.5]) with a¢ = [ﬁ -/ x} -, O

R < C|E'AE.

More general constructions can be carried out here, for example considering set projections onto M in
the case when M admits “smooth” parameterizations by finite-dimensional manifolds, in which case the key

point will always be verifying properties and |(N4)| using analogues of and

Now, given a bounded open set U with C? boundary, a subgroup of isometries Gy < G, and a set center
Q — xq, define the functional

(A.6) B(Q) == bu () 2u, = 20

where hy was defined in (A.1l). By properties and of set centers, b is well-defined for all 2 with
|QAe(U)| < e for some e € Gy. From Lemma this holds for all Q with £(Q) < Ein + To-

Proposition A.7. The functional h(2) in . is an admissible nonlinearity with respect to Gy in the
sense of Definition[2.11] for Cy sufficiently large.

Proof of Proposition[A.7. Properties [[N1)| and [[N2)] are immediate from the construction. For [N3)] take
Q, Q" and apply property [(C1)| of set centers:

This means there exists e € Gy with e(Ug) = Ugs and |Ug AUq| < C|QAQ|. To simplify notation, we set
U= UQ and U’ = UQ/.

First of all, after possibly composing e with an isometry which fixes U, we may assume d(e,id) < g;
small. Indeed, if this is false then there is a sequence ey € Gy with |[UAeg(U)| — 0 but d(eg,eq) > €1 for
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any eq fixing U. It is then straightforward to show (see [33], Theorem 3 and subsequent remarks) that the e,
have a subsequence converging to some e with |UAe(U)| = 0 and therefore fixing U. This is a contradiction.

Let Sy € & = TiqGg be the tangent space to the subgroup of isometries which fix U, and Hy a subspace
of & such that Hy & Sy = &; set V = {v € Hy : |v| = 1}. One may verify that that for any U’ = exp;q w(U)
for w with |w| < &1, U’ may also be represented as exp;q tv(U) for v € V and [¢| < Ce; (see e.g. [35, Theorem
3.58]). We may estimate the value of ¢t more precisely:

(A7) |[UAU'| < C sup d(expyy tv(z),z) < C(U)t.
zcU

The reverse bound is also valid. Indeed, for any fixed v € V, we have [, |g(v(x),v;)| > 0 where v, is the
outward unit normal to OU: if |g(v(x), v,)| = 0, then the isometries generated by v fix U, contradicting that
v eV C Hy\{0}. AsV is compact, this gives that infycv [, |9(v(z),v,)| > ¢(U) > 0. Then we may
estimate

(A.8) 1IN t/aU lg(w(@), )| + O(F2) > c(U)L.

This value ¢ also controls the distance between U and U’ in stronger topologies:
sup |d(z,0U) — d(z,0U")| = sup |d(z,0U) — d(exp;y —tv(x),dU)| < Ct
T€EQR TEQR

and
/ lur — ugr| < sup [uy(z) — uy(expiq —tv(z))| < Ctsup |[Vuy| < Ct.
xr x

In the line above, we recall from Lemma[3.14]that U has a unique nonnegative, normalized, first eigenfunction
uy, and so uyr = uy o e~ . So, we find that

1 1 C ,
by () — by ()] < = {/ [Yu — Yu| +2/\UQ||UU UU’@ < -0t < ——|QAQ.
Ci LJa O Ch

Combining this with (A.2]) of Lemma and choosing C small enough gives [(N3)]

We now verify To begin, let Uy = e,(U) denote Uy, (q), the unique isometry of U with the same
set center as ¢;(Q). Our first claim is that after possibly modifying the e;, they may be represented for
t small as e; = exp;q¥(t), where y(t) is a C! curve in Hy C & with v(0) = 0. To see this, consider the
mapping T : v + Texp,, v(w) from a small ball B, (0) € & to N. By property of set centers, T has

continuous directional derivatives on Be,, and so it is C'. We also have that doT'(Syy) = {0}, since any curve
of isometries fixing U has set center constant x; and by (A.8]) and property [(C3)} this is precisely the kernel
of dyT. So, T|g, is a C! diffeomorphism onto its image from the inverse function theorem.

Applying property [(C4)} the curve t — x4, (q) is C!, and there is a unique C* curve v : (—¢,¢) - Hy C &
such that x4, ) = exp;q 7(t)(U). By definition of U, v(0) = 0. Furthermore, we have that

1
/ _ -1 ’ ERT
v (0) = doT ™" uy, (mm(Q)'t:O) = }gr(l) ml o) Aq — /QAQ +O0(r")

for some Ag : Qr — & with ||Ag|lcz < C, i.e. for each x, Aq(z) is a vector field generating isometries.
Let us next estimate the ¢y term:
Y0, (2) = o (exp —()(@)) = Yo (2) — tg(Vibur (), 7'(0)(@)) + o(t) D2y .
SO
[ 109 = 00(@)] = = [ t0.(Tu(). 7 0) + of0) +06™0)
In particular,
1

lim sup —
ot It

[ v —vo@ + [ - | st Vo @ydsdy — | [ gat). Voo (@)dedy| < 017,

Here and in the remainder of the proof we write dx to denote dm(z) to consolidate notation. The estimate
on the eigenfunction term is similar, at least so long as we avoid the set {d(x,9U) < C|t|} for C large enough



LINEAR STABILITY IMPLIES NONLINEAR STABILITY FOR FABER-KRAHN 67

that exp,q —v(s)(z) # U for |s| < |¢, the issue being that uy is not smooth near OU. Away from this set,
we have:

uy, (z) = uy (2) — tg(Vuy (2),7'(0)) + O(#* sup |D*uy).

Note that while uy is not smooth, D?uy is uniformly bounded on U. Therefore,

/|uUt — ugf? —/|uU Cugf? = Q/UQ(UU )
2t/g(VuU(a:),’y'(O))JrO(t)JrO(/{

The rightmost term is actually o(t) as well; |{d(x,0U) < C|t|}| — 0, while also |uy| + |uy,] < Ct and
t|g(Vuy (x),v(0))| < Ct over this region. So, rewriting the expansion above, we have

. 1
lim sup — ‘/ luy, — UQ|2 - / luy — UQ|2 - Qt/g(VUU(x)W/(O))

t—0 |t|

] + g | + t|g<VuU<x>,v'<o>>|).
d(xz,0U)<C|t|}

=0.

Moreover, the first-order term may be re-expressed in terms of Aq as well:

. 1
tinsup -t [ 9(Vur@).7©) - [ [ (4a). Vay@)dsdy - [ [ g.(400). Var@)dsdy| < 17,
t—o |t () Ja aJo
To summarize, setting
= [ 9:(Aa(w). 270y (@) + V(@)
Q
we have that ||a$|lc2(g,) < C(U), and
1
limsup — (he, (2) — hu () + / ag, — / ag| < Cr'.
=0 |t] $1() Q
Together with (A.3]) this implies property |[(N4)l This completes the proof. O

As we saw following Lemma[A-T|above, it follows immediately from Proposition[A-7|and Remark that
the nonlinearity of Example is an admissible nonlinearity with respect to G in the sense of Defintion [2.11
for all ¢ € (0, 1], after possibly normalizing by a constant C' = C(U).

APPENDIX B. DOMAINS ADMITTING LINEAR-GROWTH SOLUTIONS TO ELLIPTIC EQUATIONS ARE NTA

The purpose of this appendix is to show that if a domain ) supports a nonnegative function u vanishing
on 0R, growing like d(z, 0) from the boundary, and solving an elliptic equation with bounded right-hand
side, then Q is NTA (locally). Our first lemma follows the approach of [2], using a monotonicity formula
argument, except that the u is not assumed to be a minimizing solution to a free boundary problem. In fact,
it may solve an equation with right-hand side, and not even all the way up to the boundary (so long as we
are only looking for Harnack chains between points a distance 1 from 0f2).

Lemma B.1. Let Q C R" be open and u be a continuous function on QN By (which is C? on Q), with u =0
on 0 and u > 0 on Q. Then for any K, M,m > 0, there are n,d > 0 such that if

(1) 0 € 09).

(2) |Vu| <1 on QN By.

(3) Forallz € QN By andr < 1, SUpp, () U = M.

(4) |Au| < § on {d(z,Q°) >0} N By.

(5) Q satisfies the outer clean ball condition with constant K at 0.

then for any points x1,xe € By with d(xq,Q°), d(x2,Q°) > n, there exists a curve v C By N{d(z,Q°) > cn}
of length at most C' connecting x1 and xs.
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Proof. Set v(z) = u(z) + 2=|z|% then Av > 0 on {d(z,Q¢) > §} N By, and moreover as long as § < 1
assumption (2) gives [Vo| < 2. Consider the set A = {x € Q : v(z) > con} N By /2, noting that so long as we
choose § small enough in terms of 1, m,

1
{d(@,929) > S0} N By € A {d(@,2%) > e,

for some cg, ¢; depending only on n and m. Indeed, if d(z,Q°) > %77, we apply assumption (3) on By (z)
to learn that supp, (,) u > mg. Then so long as 6 < n/4 (and hence (4) applies on B, /4(r)) the Harnack
inequality gives ’
mﬂ < sup u < Cu(zx).
87 By

Setting cp = g ensures that u(x) > 2con, and as long as § < con, this gives v(r) > u(x) — 6 > con and so

x € A. On the other hand, if z € A and § < §#), we have u(x) > @7. In light of (2), this guarantees that
d(x,Q°) > Fn, and we set ¢; = .

Let Ap, As be the two connected components of A which contain x1, xo respectively. We will show that
A; = Ay. From a computation like the one just performed, we have that v(x;) > 2¢on. Set d; = d(z;, A°),
and let y; € 0A; such that |y; — x;| = d;. From assumption (1) we must have d; < Mn. Our first task will
be to show that |Vu| is relatively large on a set near x;.

Consider a line segment with endpoints z; and y;. Integrating along it,

con < v(xzy) —v(yr) = /0 Vo(tey + (1 —t)yr) - (x1 — y1)dt

1 1
< dl/ Vot + (1 — H))|dt < Mn/ Volter + (1 — t)y)|dt.
0 0

20 for

As |[Vv| < 2 everywhere, the second-to-last step implies that d; > “§7. We can say more: if [Vv| < g3

all t > g2, we could estimate

1
Co \Col | Co7 Co7]
M Vou(t 1—-t dt<(l——7)—+ —2< —,
0 [ IVl + (1=l < (1= 2L+ o <

and this is a contradiction. Hence there must be a t > g2 with [Vu(tzy + (1 — t)y1)| > g; set 21 =
try + (1 —t)y1. Letting co = g3 - &, we have that
Co CoTl
sm2 AT
In particular Be,,(21) € A1 C {d(x,Q°) > 6} and we may apply an elliptic regularity estimate to v on this
ball:

|21 —y1| = tlxy —y1| = tdy >

(02n)1+a[vv]001“(3%(z1)) < C[ osc v+ d(can)?] < C,

Beyn(21)

so in particular

[0
\Vo(z) — Vo(z)| < C ('x n“') < 12\4
so long as [z — 21| < c3n. For any such z, we have |Vov(z)| > 1547. Integrating,

1 / 2, 12— 1 / 2 c3 \" Co
—_— Vol?|lz|*7"de > ——— Vol > (—) |B: > cy.
(2M77)2 BQanmAl | | ‘ | (2M7})n BC377(Z1) ‘ | (2M) ‘ | 16M

Set
1

W)=z [ V= amsPlaP s [V - con) ol mda,
™ JB,.nA, BrNA;
We have just shown that J(2Mn) > ¢ (as the computations apply equally well to x5 and Aj). It is

straightforward to check that J(1/2) < C using just |Vo| < 2. From the enhanced monotonicity property of

J [2] Lemma 4.4] and assumption (5), r — JT(Z;) is an increasing function for some 5 > 0 depending only on
K. This means that c¢2 < J(2Mn) < C(4Mn)?. This is a contradiction if 7 is chosen small in terms of M

and c¢y.
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We have shown that A; = As. Now cover the closure of A; by balls of radius r = %n; it is always
possible to do so by at most N = Cn~" balls, and then to connect any two points in A; by a piecewise
linear curve of length C' N7 contained in the union of these balls. This curve has bounded length and stays
a distance at least ¢17/4 away from 09X, concluding the proof. ]

If instead u solves an elliptic equation with Lipschitz coefficients, the previous lemma still applies after
a suitable change of variables and scaling argument. Here we carefully exploit the form of assumption (4)
above.

Lemma B.2. Let Q C R" be open and u be a continuous function on QN By (which is C? on Q), with u = 0
on 0 and u > 0 on Q. Then for any A\, K, M, m > 0, there is an ny > 0 such that if

(1) 0 € 00
(2) |Vu| <1 on QN B;.
3) Forallz € QN By andr < 1, supg () u > mr.
B, (x)
(4) a;j0;0;u = f on QN By, with || f]con < 1, where NE]? < a;i(2)&& < A7 is a matriz-valued
function with [a;;]co(p,) < 1.
(5) Q satisfies the outer clean ball condition with constant K at 0.

then for any n < no and points x1,x2 € By, with d(z1,Q°),d(x2,Q°) > n, there exists a curve v C
By n{d(x,Q°) > en} of length at most Cn connecting 1 and x2.

Proof. First, take z € Q and d = d(x, Q°): then

d|D*u(x)] < C| sup |Vu|+ d*[f]con
Bg/a(x)

IA

from standard elliptic estimates and assumption (4). If By/o(x) C By, combining with (2) gives |D?u]
Cd—1.
Fix the matrix b;; = a;;(0), and compute
b,»j@@ju =f+ (aij - bu)&aju
On B, N{d(z,Q¢) > dor}, this has
|b”813]u| S 1 + 50_1
There exists a linear map L : R* — R™ such that B, C L(B;) C B,-: and if b;;0;,0;u = g, then A(uo L) =
go L, where k = (). Let v be given by
_ u(rLx)
v = S
where r will be chosen, but at least r < x. Let V = L~'(€)/r. Then [Vu| <1 on BiNV and 0 € V.
Moreover, for every x € VN By and s < 1,
sup v > mk2s.
Bs(x)
Finally,
|Av(z)| < Crr(1+ 6,
on {d(x,V°) > do/r} N By.
Fix M’ = M/k and m’ = k?>m, and apply Lemma with parameters M’,m’ to v and V: then there
exists an 7/, ¢, such that if
|Av(z)| < ¢
on {d(z,V°) > ¢} N By, and any yi,y2 € By with d(y;, V) > 1/, there is a path connecting y; to y» of
length at most C' and staying cn’ away from V¢,
Select 69 = kd’, and r = kn/n’. Choose g so that r < k and

|Av(z)| < Crr(1+651) < 052%(1 +oghy <o

/
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on {d(x,V°) > 69/k} N By. Then set y; = rLx;: we have that y; € Baryy and d(y;, V) > 1/, so the above
applies to give a path +' connecting y; to 3. Let v = r~'L~!4’; then v connects z; and x5, has length at
most Cr < Cn, and stays a distance crn’ > cn from 9. |

By iterating this lemma finitely many times, we can now show that () satisfies the Harnack chain
condition.

Theorem B.3. Let Q C R™ be an open set, and u be a continuous function on QN By (which is C? on §2),
with u =10 on 0Q and u > 0 on Q. Assume that

(1) 0 € 092.

(2) |Vu| <1 on Q.

(3) Forallx € QN By andr < 1, SUpp, (5) U = M.

(4) a;j0;0;u = f on QN By, with || f]lcon < 1, where NE]* < a;(2)&& < A7 is a matriz-valued
function with [a;j]con < 1.

(5) Q satisfies the inner and outer clean ball condition with constant K at every point in 0Q N By.

Then there is a § > 0 such that Q satisfies the Harnack chain condition with constant C at any points
x1,x2 € Bs N Q. The constants 6,C depend only on m, A\, K and n.

One may check that the inner clean ball condition follows from assumptions (2-3). The outer clean ball
condition, however, does not.

Proof. Let y; be a point in 99 with d; = d(z;, Q) = |x; — y;|. Without loss of generality, assume d; < ds.
We will first show that the conclusion holds if |21 — z2| < 4Kds. Note that if |21 — 23] < %dg, we may
connect x; and xo by a line segment and the conclusion is immediate.

Construct a sequence of points zj, as follows, using the clean inner ball property: z; = x1, and then given
2y d(2g41,00) > 2d(zx, 0Q) while |21 — 25| < 4K d(zx,02). We continue constructing such points until
d(zi,082) > da; let the final point be z;. Each pair zj, zx41 lies inside Bogy, (pr), where n, = d(zy, 002)
and pg € 00 is a point with ng = |2 — pr|. They also have d(zg, 9Q), d(zg+1,9Q) > n,. Applying Lemma
with M = CK centered around py, we see that as long as i < 1o for the 19 = 19(K, m, \) there, the
points z; and zi;1 may be connected by a curve 7y, of length at most Cny staying at least ¢ny, away from
0f). Choose § small enough that

me <ng < Cdy <CO<mp

and the assumption is verified for every k. Finally, apply Lemma one last time to connect z; to x2 by
a similar curve.

We claim ~, the concatenation of all of these curves 7, works for the Harnack chain property. Indeed,
we have that n, < 77_12ka by construction, so the total length is controlled by > n, < 2n; < Cds, which
is comparable to |21 — x2|. By the same argument, the total length of the first k concatenated curves 7y is
bounded from above by Cny, so for any point z = y(t) on 7y, we have d(z,9Q) > eng > cl(v([0,1])).

This leaves only the case of |x; — xo| > 4Kdy. Pick a point x5 € Q with d(zs,9Q) > |z1 — z2| and
|zs — y2| < K|x1 — 22|, using the clean inner ball property. Then |x3 — z3| < 2K|x1 — 22| < 2Kd(x3,00)
and similarly |23 — 21| < 3Kd(z3,09), so we may connect 3 to x2 and 21 by curves satisfying the Harnack
chain property. The concatenation of these curves then works to show that {2 satisfies the Harnack chain
condition at z; and xs. O

A direct application of this theorem proves Lemma [7.5

Proof of Lemma[7.8, Apply Theorem [B.3|to u(x) = mo[wa(rox)+vTuq(rer)] in normal coordinates around
a point x € 0. By choosing rg and mg small, we have property (4) from the regularity of the metric.
Property (2) follows from Corollary while (3) comes from Theorem The inner and outer ball
conditions were verified in Lemma [T]] 0
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