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CONVERGENCE OF NUMERICAL APPROXIMATIONS OF THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
VARIABLE DENSITY AND VISCOSITY™

CHUN LIUT AND NOEL J. WALKINGTON¥

Abstract. We consider numerical approximations of incompressible Newtonian fluids having
variable, possibly discontinuous, density and viscosity. Since solutions of the equations with vari-
able density and viscosity may not be unique, numerical schemes may not converge. If the solution
is unique, then approximate solutions computed using the discontinuous Galerkin method to ap-
proximate the convection of the density and stable finite element approximations of the momentum
equation converge to the solution. If the solution is not unique, a subsequence of these approximate
solutions will converge to a solution.
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1. Introduction. We consider numerical approximations of the incompressible
Navier—Stokes equations with variable density and viscosity,

p (v + (v-V)v) + Vp — div(u(p)D(v)) = pf,
(1.1) div(v) =0,
pe +div(pv) =0,

on a bounded domain  C R? with initial and boundary conditions
vlpa =0,  vle=o =vo,  pli=o = po.

These equations model the motion of mixtures of immiscible fluids having different
densities and viscosities. The density and viscosity may be discontinuous, so, in
general, the solutions will not enjoy any regularity beyond that given by the basic
estimates

d 2 2dr = -vdx
L (o2l dx+/9u<p>w<v>| dm—/@pf d

dt Jg

and p € L*[0,T; L>°(Q)]; in particular, p does not have bounded variation. In this
situation we can establish convergence of approximate numerical solutions; however,
in the absence of additional regularity no rates of convergence can be guaranteed.
The existence of a weak solutions to (1.1) has been established by Lions [15]. Some
additional regularity was proven by Antontsev, Kazhikhov, and Monakhov [1] and
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Fujita and Kato [6] when the viscosity is constant and the initial density is bounded
from below. In [4], Desjardins provides similar results under weaker assumptions; for
instance, when the viscosity does not vary too much with the density. To establish
the existence of solutions of the Navier—Stokes equations with discontinuous density
and viscosity, sharp results for the convection equation governing the density are
required. These were developed by DiPerna and Lions [5], who showed that the
weak solutions of convection equations were unique even when the velocity was not
Lipschitz, so that characteristics may not exist. They also showed that the solutions
would converge strongly when the velocities converged weakly in L2[0, T'; H(2)]. For
technical reasons they only considered velocity fields v vanishing' on 9f), and for
this reason we only consider Dirichlet boundary data for v. Currently, uniqueness of
solutions to the coupled system can only be established if the velocity and density
satisfy Vv € L2[0,T; L>°(Q)], v, € L?[0,T; L>(Q)], and Vp € L?[0,T; L>=(Q)]; see
[15], so, in general, uniqueness is not expected. In this situation we can only show
that subsequences of approximate solutions converge to solutions of the Navier—Stokes
equations.

While there is a rich body of literature on numerical approximation of the classical
(constant density and viscosity) Navier—Stokes equations, very few results are available
for the situation considered here. Algorithms proposed for the approximation of (1.1)
include front tracking techniques [7, 8] and level set/phase field methods [2, 16, 17].
Recall that level set methods seek a smooth function ¢ satisfying ¢; +div(¢v) = 0 and
compute p = H(¢), where H(.) is a suitable translation of the Heaviside graph. Nu-
merical approximations typically approximate the Heaviside graph to give a smooth
transition over several grid points. Since ¢ is “smooth,” accurate approximations can
be computed; however, difficulties arise when attempting to estimate the accuracy of
p = H(¢). Indeed, it is difficult to write down the approximate equation satisfied by
p in this context. For this reason we chose to compute p directly using the discon-
tinuous Galerkin method [9, 12]. Below we use the results of Walkington [18], which
show that approximations of the density computed using the discontinuous Galerkin
method converge strongly in L2[0,77; L?(€2)]. Traditionally the analysis of schemes
for hyperbolic equations is based upon the (nonlinear) theory of Kruzkov [10], which
requires the coefficients to be C'. This guarantees that the solutions are regular, in
the sense that they have bounded variation, and rates of convergence can be estab-
lished [11]. This theory fails for the problem considered here since v is not C* and p
does not have bounded variation. This problem was circumvented in [18] by drawing
upon the (linear) DiPerna-Lions theory [5]. We refer to [18] for further discussion
and references on this topic.

It will be assumed that the viscosity can be determined as a continuous function
of the density, u = u(p). Physically each material particle has an associated viscosity,
so p should satisfy the convection equation p; +v.Vu = 0. If p = u(p), then this
equation is satisfied when p; 4+ div(pv) = 0 and the fluid is incompressible, div(v) = 0.
In order to model a mixture of fluids where different components have the same
density but different viscosities, the convection equation for p may be approximated
independently. This does not change the analysis below where the major difficulties
are due to the coupling between the density and velocity in the convection terms.

1.1. Weak solutions and the energy estimate. Since the solutions of equa-
tions (1.1) are not smooth we consider weak solutions. A pair (v, p) is a weak solution

1ions and DiPerna also considered the periodic problem and the convection equation on all of
R4,
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of (1.1) with initial data (vo, po) € L*(Q) x L>(Q) if
veV ={ve L>®[0,T;L*(Q)] N L*0,T; H}(Q)] | div(v) =0},

pE€R=L>®0,T; L>*(Q)], and

/OT/Q —pv-wy = (pr @) - Vo + p(p)D(v) - D(w) = /Q,Oovo-w(()) + /OT/Q pfw,

(1.2) / ' [ o050 = [ (o),

for all w € {w € D([0,T) x ) | div(w) = 0} and ¢ € D([0,T) x Q). DiPerna and
Lions [5] and Lions [15] established existence of solutions of this weak problem when
po is nonnegative. Their weak solutions satisfy the natural energy estimate

d
(1.3) G [+ [ wppwp < [ pto.
Q Q Q
which may be derived by formally setting w = v in the weak statement of the mo-
mentum equation and ¢ = |v|?/2 in the weak statement of the density equation.

1.2. Outline. In the next section we motivate and then state the numerical
scheme used to approximate the Navier—Stokes equations with variable density and
viscosity (1.1). The requirement of stability, consistency, and nonnegativity of the
density, give rise to conflicting requirements. The scheme presented in section 2.4
satisfies these requirements and is subsequently analyzed in section 3.

1.3. Notation. Below, Q@ C R? will be a bounded domain with unit outward
normal n. We will consider a regular family of finite element meshes {7}, },~0, each of
which is assumed to triangulate Q exactly. It is assumed that the finite elements have
uniformly bounded aspect ratio, and the parameter h > 0 represents the diameter of
the largest element in 7. The space of polynomials of degree k on an element K € 7,
is denoted Py (K). For simplicity we assume that for each h > 0 a uniform partition
of [0,T] used with t" = n7, where 7 = T/N, N € N, is assumed to converge to zero as
h tends to zero. We will denote the approximate solutions by (vp, pp); in particular,
the dependence upon 7 is implicit. If a € R, then the positive and negative parts are
denoted by a* with at = max(a,0) and ¢~ = min(a, 0).

Divergences of vectors and matrices are denoted div(v) = v;,; and div(T); =
T;; ;. and gradients of vector valued quantities are interpreted as matrices, (Vv);; =
v; ;. Here indices after the comma represent partial derivatives and the summation
convention is used. The symmetric part of the velocity gradient (stretching tensor)
is written as D(v). Inner products of vectors v, w € R? are written as v.w and their
tensor product v ® w is the matrix having components v;w;. The Frobenius inner
product of two matrices A, B € R4*¢ is denoted by A-B = Z” A;ijBij;; we frequently
use the elementary identities AB-C = A-CBT =B - ATC.

Standard notation is adopted for the Lebesgue spaces, LP(2), and the Sobolev
spaces, W™P(Q) or H™(2). The dual exponent to p will be denoted by p’, 1/p+1/p" =
1. Solutions of the evolution equation will be functions from [0, 7] into these spaces,
and we adopt the usual notion, L2[0,T; H(Q)], C[0,T; H*(Q)], etc. to indicate the
temporal regularity of such functions. The space of C* test functions having compact
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support in 2 is denoted by D(€2). For vector valued quantities, such as the velocity v,
we write v € L?(Q) to indicate that each component lies in the specified space. The
space H (div; Q) is the set of vector valued functions in L?[0, T'; L?(2)] with divergence
in L2[0, T; L*(92)]. Strong convergence of a sequence will be indicated as p, — p, weak
convergence by pn, — p, and weak x convergence by pp —* p.

2. Construction of numerical schemes.

2.1. Overview. Convergence proofs of numerical schemes for linear partial dif-
ferential equations are almost always a variant of the old adage “stability and con-
sistency imply convergence.” For nonlinear problems, some form of compactness is
usually also required. Our proof of convergence follows this line of argument; in par-
ticular, numerical schemes are constructed so that discrete versions of energy estimate
(1.3) (and hence stability) hold.

The low regularity of the solution gives rise to many technical problems. If high
order approximations of the density are used, Gibbs phenomena arise, and stable
approximations of the momentum equation require the density to be truncated or
projected onto a set of strictly positive functions. Since the density has low regularity
we cannot establish consistency of such schemes. In this situation we are forced to
resort piecewise constant approximations of the density which give rise to monotone
schemes. Unfortunately, piecewise constant approximations of the density give rise
to a different consistency error; specifically, jump terms arise when the test functions
are not continuous.

In the current context the key compactness result is that solutions of the equation
for the density p will converge strongly in L2[0,7T; L?(£2)] when the velocity converges
weakly in L?[0, T'; HE (Q)], [5, 15]. The analogous statement for discontinuous Galerkin
approximations of the density equation was established by Walkington in [18] and this
result will be used below. Again the low regularity of the velocity, which appears as
a nonconstant coefficient in the density equation, gives rise to technical problems.
Specifically, in order to establish strong convergence of the density the (approximate)
velocity fields are required to have average divergence equal to zero on each element
[18].

2.2. Stability. The natural energy estimate given in (1.3) was derived assuming
that the balance of mass is satisfied ezactly. Since the balance of mass is only approx-
imately satisfied by numerical approximations, the energy estimate is not automatic.
Also, numerical approximations of the density may not be nonnegative, so even if an
“energy estimate” holds it may not be useful. One way to circumvent these problems
is to observe that if p; + div(pv) = 0, then

p (v + (v.V)v) = %(pvt + (pv.V)v + (pv) + div(pv ® v))
Taking the dot product of the right-hand side with v vanishing on 02 and integrating
gives (d/dt) [(plv|?/2). This identity holds independently of the equation for the
balance of mass and also holds if different approximations of the velocity are used as
coefficients of the convective terms. This motivates the following weak statement of
the momentum equation:

(2.1) %/Qﬁvt.w + (pu.V)vaw+(pv).w — (pv.V)w.v

4 / —pdiv(w) + u(p)D(v) - D(w) = / pfaw.
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In the context of a numerical scheme, p is an approximation of the density which
may not be positive and p is a nonnegative projection or truncation of p. Similarly,
in order to obtain stability of the convection equation, a projection, ¥, of v onto a
suitable subspace of H(div;)) may be required for the convection terms; see [18].
Selecting w(t) = v(t) in the above equation immediately gives

d _ _
& [+ [ weper = [ pro

2.3. Consistency. While numerical schemes based upon the weak statement (2.1)
will “automatically” be stable, they are not “automatically” consistent. Specifically,
in the absence of any estimates on v; it is necessary to integrate the first term by
parts. Then

/OT/Q puew + (po.V)vaw = /OT/Q —v.(pw); + (p0.V)v.w
= /OT/Q —(p — p)evaw — puavy — (pe(vaw) — (po.V)v.aw) .

(1) If a high order approximation of the density equation is used it is possible to
select v.w as a test function in the Galerkin approximation of p; + div(pv) = 0. Then

T T
/ / pue.w + (p0.V)v.aw = / / —(p—p)rvw—pvw — (pt @) - Vw
0o Jo 0 Ja

and consistency requires the first term to vanish in the limit. For the continuous
problem p is bounded in L*[0,T; L>°(€2)] so that the momentum, pv, is bounded in
L2[0,T; L?(2)]. Since p;+div(pv) = 0, it follows that p; is bounded in L2[0, T; H~1(2)].
Unfortunately, L*° bounds could not be established for high order approximations of
the density, so the analogous estimates could not be established for the time derivative
of the discrete density. For this reason we could not construct nonnegative approx-
imations, p, for which (p — p); converged to zero in L2[0,T; H~1(2)]. In particular,
we could not establish consistency of numerical schemes constructed using high order
approximations of the density equation.

(2) If piecewise constant approximations of the density are used, then numerical
approximations of p are nonnegative so it is possible to select p = p. The first term
n (2.1) then becomes

T T
/ / pvr.w + (pv.V)v.aw = / / —pvawy — proaw + (po.V)vaw.
0o Jo 0 Ja

To establish consistency we would like to multiply the Galerkin approximation of
pt +div(pv) = 0 by v.w. When the density is approximated using piecewise constant
functions we must first approximate v.w by a (discontinuous) piecewise constant func-
tion. This leads to an expression of the form

T T
/ / pvr.w + (pv.V)v.aw = / / —pv.awy — (pv @ v) - Vw + “jump terms,”
0 Ja 0 Ja

and the scheme is consistent provided the “jump terms” vanish in the limit. In
section 3 we show that the jump terms do vanish in the limit, which establishes
consistency.
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2.4. Scheme. In light of the above discussion we will consider approximations
of equations (1.1) where the density is approximated using piecewise constant ap-
proximations in space and time, and the momentum equation is approximated using
the implicit Euler scheme with velocity-pressure spaces satisfying the Babuska—Brezzi
condition. In order to minimize the technicalities it will be assumed that the pressure
space contains the (discontinuous) piecewise constant functions on each triangulation.
Relaxing this condition is considered in section 4. Since the accuracy of the piecewise
constant approximation of the density is formally first order, at each discrete time we
can first advance the density and then the velocity and pressure without further loss
of accuracy. In this situation the linear systems for the density and velocity /pressure
can be decoupled.

Given a triangulation 7, of Q and time step 7 = T/N, let

Rn={pcL*Q) | plx € RVK € T;,}.

If p° is the projection of p(0) onto Ry, then the (piecewise constant) discontinuous
Galerkin approximation of p(t") satisfies p™ € R}, and

(2.2) /Kp”w” + T/BK (P (" L)+ (0" hn) T) " = /K P,

for K € 7, and ¢" € R. Here v.n = (v.n)™ + (v.n)~ are the positive and negative

parts of v.n and p’} (z) = limg\ o p"(xE£sn) so that the middle term gives the “upwind”

value of p"v™~.n.

To march the velocity forward, let
Vi C{v e HYQ) | v|x € P(K), K € Ty},
and
P, C{pe L*(Q)/R | plx € Po(K), K € Tp},
be a pair of spaces satisfying the Babuska—Brezzi condition and let v° be the L?(Q)

projection of v(0) onto V3. Then the approximations, (v™, p™) € Vi, x Py, of (v(t™), p(t"))
are the solution of

% /Q {pn—l (“"‘T“"_l> W+ (P V)
(2.3) + <(pv)n _Tw’)n_l) w— (p%"—l.V)w.v”}
™ div(w)

+/—p
Q

w) + p"D(w") - D(w) = /Qp"f”.w7

/Q div(v™) q = 0

for all (w, q) € Vj, X Pp,. In the above equation, f™ is an approximation of the average
of fon (t"1,t"] and u™ = u(p").
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3. Analysis of the numerical scheme.

3.1. Estimates. To establish stability of the scheme (2.2)-(2.3) we first state
the natural energy estimate the scheme was designed to satisfy.

Notation: If {v,})_, C V}, and {p"})_, C Ry, then we let v, € L?[—7,T; Vj)
and py, € L*[—7,T; Rp] denote the plecewme constant functions taking values v™ and
p" on (t"*l,t”]7 respectively.

LEMMA 3.1. Let (pp,vn, pn) be the approximate solution of equations (1.1) com-
puted using the scheme (2.2)—(2.3). Then

1 n
5/ n|2 Z/ n— 1|’U n_1|2+z7-/ﬂp“n|D(v )2
i=1
1 n
:§/§2p0|v0|2+27/9p"f”.v”.
i=1

Let the pressure space contain the piecewise constant functions. If 0 < ¢ < p(0) < C
and 0 < ¢ < u(p) < C for constants ¢, C € R, vy € L*(Q), and f € L*[0,T; L*(Q)],
then {vy}nso is bounded in L°°[0,T; L*(Q)] N L2[0,T; H} ()] and

T
/ lon(t) = vn(t = 7|20 < Cloo, ).

The first estimate follows directly upon substituting w = v™ and ¢ = p” into
equations (2.3). The assumption on the pressure space guarantees that the scheme
for the density is monotone [18, Theorem 6.1], so the bounds on the initial data are
preserved,

(3.1) innp0 <ptzx) < mgxpo, x €.

The bounds on {vp}r>o then follow from the energy estimate.

3.2. Consistency of the density equation. To establish compactness of the
sequence {vj,}nso in L2[0,T; L%()], it is necessary to use test functions 1 in the
discrete density equation (2.2) which are not piecewise constant. This gives rise to
consistency errors which are estimated in this section. The following lemma provides
explicit expressions for these errors.

LEMMA 3.2. Let p, € Ry, satisfy (2.2). Ifp € HE(Q) and ¢ € Ry, is the function
taking the average value of 1 on each element K € Ty, then

L =otp=r [ rrtvo = o [ = dpiver )

where the value of ¥ on OK is taken as ¥|x (that is, the trace from inside K) and
[p"] = Py = p. _
Proof. Select Y™ = 9|k in (2.2) and sum over all of the simplices K € T to get

62 [ 3 [ et et )= [t

KeTy,
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In the middle term p% (z) = lims o p"(z £ n) and P|ox = P|x. If & denotes all of
the interior edges (faces in 3d) of the elements, then the middle term may be written
as

S [ ety e )

- Z/* (P TLN)T A pl (" TN)T) [

Here N is one of the normals to e, p(z) = limg o p"(z £ sN) and [{)] = 1 — .
Integrals over the edges e C OS2 vanish since fe v.n = 0 on boundary edges. If
¥ : Q — R is continuous and vanishes on 952, then [¢)] = 0 on each edge e € &, so
[¢)] = [ — ¥]. Reversing the above calculation shows

[ @iy )
OK

| I
S— o
=
— —
< <
s =
= =
3 3
L L
)
+ +
< +
LTS
' =
< 3
|3 L
= 3
3 S~—
L SN—
2 =
' |
—~ <
g ~—
|
E

Il
—
=7
<
—
S
3
<
3
I
A
<
|
=
+
—
<.
s
I
>
IS
<
3
I
AN
S
I
<
I
S

The last step used the property that p™ and 1™ are constant on each element K € 7},.
The lemma follows upon substituting this expression into (3.2). a

The following corollary expresses the weak statement satisfied by the discrete
density pj, in a more convenient form. Given a sequence of functions {¢"}2_, C Ry,
recall the convention that ¢y, : (—7,T] — Ry, is the function taking values ¥y, (t) = ¥™
for t € (n — 1)1, n7].

COROLLARY 3.3. Let py, € Ry, satisfy (2.2), {¢"}_o C HE(Q), and let {y"}N_, C
Ry, be the piecewise constant approzimations of {y"}N_,. Then

(3.3) z": /Q(Pj — Y —/tj/gphvh(~—7')~vwh

Jj=m+1
= /tm /Qph(wh — p)div(vp (. — 7)) + Z /aK[ph](vh(, —7).n)” (Y — Un),

" KeT,

where the value of 1y, on OK is taken as Yp|f .

The two terms on the right-hand side represent the consistency error of the piece-
wise constant DG scheme. The first term is easy to bound, and the following lemma
will be used to bound the last one.

LEMMA 3.4. Let K C R? be a simplex, v € Po(K)?, ¢ € Py(K) and p, q > 1.
Then there exists a constant C depending only upon d, p, q, £ and the aspect ratio of
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K such that
[l =517 < Clolgar 5 an ey

where 1 = (1/|K|) [, 1 is the average of ¢ on K and hi is the diameter of K.

Proof. Let K be the usual reference simplex and x(§) = xo + B¢ be an affine
mapping of K onto K. We use a hat to denote the natural correspondence between
functions defined on K and K, 1& =) o x. Writing the integral over the boundary as
the sum over the faces e C K gives

— |1 = . AT
/8 ol =it = 3 [ ol
= % o [1oaltd g

<C D lellloll gy iy Il = P11
eCOK

<C Z lell|9]] (K)W}‘Wl pa(
eCOK

To obtain the third line the trace theorem was used and the finite dimensionality of
P(K) allowed the use of the indicated norms. The last line follows from the Poincaré
inequality and the observation that the average of 1 is the average of .

Since

190l or ) = UKT/IEDYP [0l o iys [lwrnaiey < CUKI/ KDY P he [ lwrova ),
and |e| < C|K|/hk, where C depends upon the aspect ratio of K, the lemma
follows. |

3.3. Compactness. The energy estimate shows that {vs}n>o is bounded in
Lo°[0,T; L3(2)] N L2[0, T; HY(Q)]. A result of Lions [13] and Lions and Magenes [14]
states that compactness of the sequence in L2[0, T’; L?(£2)] will follow if

T
/ lon () — on(t — )| 2y < C6°,
i)

for 0 < 6 < T and some « > 0.

We recall Lions’ argument [13] which shows that weak solutions of the Navier—
Stokes equations with variable density and viscosity satisfy this inequality. This proof
carries over to Galerkin approximations with a few modifications which will be con-
sidered subsequently.

Lions’ compactness argument. Beginning with the weak statement of the
momentum equation (cf. (2.3))

/Q L1/2) (v + (o)) 4w+ (1/2) (0. Vw0 — (1/2) (oo T v
~ pdiv(w) + uD(w) - Dw)} = [ ot
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the identity pv; = (pv): — prv is used to obtain
/Q(pv)t.w _ /Q {pfaw + (1/2)prw0) — (1/2) (0. Vo

+ (1/2)(pv.V)w.v + pdiv(w) — pD(v) - D(w)}

The second term on the right-hand side can be eliminated upon writing the weak
statement of the balance of mass as

(3.4) /Q pup = /Q 0.9,

and selecting ¥ = v.w, to give
/(pv)t.w = / pf-w~+ (pv.V)w.v + pdiv(w) — pD(v) - D(w).
Q Q

Integrating this expression with respect to s € (¢t — 6,t) and letting w = w(t) be
independent of s gives

[ olis ot [é/lﬁw (pv-¥)uw(t).0 + pdiv(w(t) — uD(v) - D(w(t)) ds.

Integrating the weak statement of the balance of mass (3.4) with respect to s € (t—6,1)
and setting ¥ = v(t).w(¢t) shows

[ seaer= [ [ o).

Subtracting this equation from the previous one and observing that

pol_g w(t) = pli_gv(t)-w(t) = p(t — 6)(v(t) — v(t — 8)).w(t)

gives

5) [ ot-8)00) o=y = [ [ {ofa) + o
+pdiv(w(t)) — pD(v) - D(w(t)) — pv.V(v(t).w(t))} ds.

Upon electing w(t) = v(t)—v(t—6) the left-hand side dominates |[v(t) — v(t — )HLz(Q)
when p is bounded below by ¢ > 0. The right-hand side is estimated using the
following lemma.

LEMMA 3.5. Let Q C R% withd = 2 or 3 andv,w € L?[0,T; H} (Q)]NL>[0, T; L3(Q)],
p, i € L®[0,T; L>=(Q)], and f € L?[0,T; L*(Q)]. Then there exists a constant C' > 0
and « € (0,1) such that

pf w( (pv.V)w(t).v — uD(v) - D(w(t)) — pv.V(v(t).w(t)) dsdt| < C6°,

t—6

for 0 < 6 <T. Here C depends only upon d, T, and f, p, u, v, and w through the
norms stated in the hypotheses.

This lemma follows from elementary apphcatlons of Holder s inequality and the
Sobolev embedding theorem, [|v|[z1q) < Hv||L2 Q)HVUHB(Q where f = 1/2 and
B =1/4 for d = 2 and 3, respectively.
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Compactness for the discrete problem. The calculations above can be repli-
cated for numerical solutions computed using (2.2)—(2.3) provided the discrete weak
statement of the balance of mass (3.3) is used in place of (3.4). This gives rise to four
extra terms on the right-hand side of (3.5).

LEMMA 3.6. Let {(pn,vp) th>0 be numerical approzimations of the Navier—Stokes
equations with variable density and viscosity computed using (2.2)—(2.3) over a quasi-
reqular family of triangulations {Tp,}n>o of Q@ C R? with d = 2 or = 3. Assume the
following:

e 0 € L2(Q), p° € L>(Q) satisfies0 < ¢ < p°(z) < C, and f € L?[0,T; L*(Q)].
o u:R — RT is continuous.
o The spaces for the velocity and pressure satisfy the Babuska—Brezzi condition
and the pressure space contains the piecewise constant functions.
Then there exists a constant C > 0 independent of h and o € (0,1) such that

T
[ 1) = ot = D)l ey < 05
for0< o6 <T.
Proof. Since {vp}n>0 are piecewise constant in time it suffices to consider ¢ a

multiple of the time step 7. Writing (¢t — 6,¢) = (t™,t") and w(t) = o™ — v™ = w™",
the discrete analogue of (3.5) is

i
/me(v” — ™M™ = /tm /Q {phf.wm" + (pron(. — 7). V)w™" vy,
— ppD(vy) - D(W™™) — phvh.V(v".wm")} ds
i
™ — v aw™m) di .=
—&—/tm /Q {ph(vh w vpw™) div(vp (. — 7))

= pr (0" W™ — ™ W™ div(vs (. — T))} ds

+7 zn: Z/GK{[pj}(vj_l.n)_ (07 ™™ — i qmn)

j=m+1 KeT,

— [P ) (™ — W)}.

The last four terms represent the consistency errors associated with the density equa-
tion and the term involving the pressure vanishes since w™"™ = v™ — v™ is discreetly
divergence free. (Recall that 1) is the piecewise constant function having average value
of 1 on each element K € 7j.)

We bound the first term in each of the last two lines since the second is bounded
similarly. Since |[¢||1r(0) < |9 1r () for any ¢ € LP(Q), the first term on the second
to last line may be bounded as

tn,
/ / pn(Vp W™ — vp ™) div(vp (. — 7)) ds
t”YL Sl
tn

< 2||Ph||L°°[0,T;L°°<Q)]/ lvnllza lw™" (| La @ Idiv(va (. — 7))l 22 () ds
t'L

m

tn
<c / Ien b2ty Idiv(on (. — 7))l 2 ds [V |18,
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tn,
<C [ 190l IVon(. = 7)oy ds Vw126
i
< C||th||i;[‘(’)’T;L2(Q)]( — 1trn)z3/2||vwmn”L2 g

(here 3 = 1/2 or 1/4 for d = 2 or 3, respectively). Since vj,, w™" € L*[0,T; L*(2)],
quantities involving |lvp||r2(q) and [|[w™" | 12(q) have been absorbed into the constant
C'. Integrating with respect to t" € (6,T) and recalling that "™ = t" — § and w™" =
vp (t") — v (" — 6) shows that this term may be bounded by a constant of the form
C6P/? with C independent of h.

To estimate the first jump term use Lemma 3.4 with ¢ = 1 to obtain

T Z Z/ (7 n) ™ (0] ™™ — i awmn)

j=m+1 KeT,

< Clonlmprimyr 3 3 / T TR e

j=m+1 KeT,

o
< CHPhIILw[o,T;Lm(Q)]/ [on (- = Tl L (@) lon-w™ lwrp ()
tm

When p < 2 the terms of the form V(v.w) can be estimated as

IV(vw)lwie) < [[0][Vw] + [Vol[wl][ e @)
< llVwlllze @) + 1 Vollwll e @)
< oll p2es =m0y VOl L2(0) + VUl L2 (@) W] L20/2-0) (02 -

Letting p = 4/3 so that 2p/(2 — p) = 4, the first jump term becomes

T E E / 1=t n) ™ (v ™™ — v awmn)
j=m+1KeT,
tn

<C lon(. = T)llLa) (lonllLa@) V™ ([ L2) + [Vonll L2 lw™ | L)) ds

t"Yl
t’Vl
<cC [Von(. = )||L2(Q) (vahHB(Q)HVmeHLz @) + Vol 2 Q)vamnHLz(Q ) ds

tm

2(1
< C(IVonl3 0 Popa o " = ™) V0™ 120
HIV Rl 32t gz & = )2V 126 ).
Integration with respect to t™ € (6,7) bounds this term by a constant of the form

C6%/2 with C independent of h. 1]

3.4. Convergence. The bound on the sequence {v,}n~¢ and the compactness
result of Lions [13] and Lions and Magenes [14] allows passage to a subsequence for
which

vp, —* vin L®[0,T; L*(Q)] N L*[0,T; Hy (Q)] and v, — vin L?[0,T; L*(Q)].

In this situation, Theorem 5.1 of [18] states that the corresponding densities {pp }r>0
converge in L?[0,T; L?(Q)] to a limit which we denote by p. We will show that the
pair (v, p) is a solution of (1.1).
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Note that since {pp}r>o is bounded in L*>[0,7;L>*(Q)] and converges in
L2[0,T; L?(2)] it also converges in LP[0,T; LP(Q)] for any 1 < p < oo. Similarly,
since {vp}nso is bounded in L>[0,T;L*(Q)] N L%[0,T; H} ()] and converges in
L?[0,T; L?(Q2)], the Sobolev embedding theorem and elementary interpolation show
that vj, converges in LP[0,T; L4(§2)] for any pair p, ¢ > 1 satisfying 1/2 < 1/q+2/dp.

THEOREM 3.7. Let Q C R% d = 2 or 3, be a bounded Lipschitz and {Tp}n>o
be a reqular family of quasi-uniform triangulations of . Let f € L?[0,T;L?*(Q)],
vo € L?(Q), and py € L*(Q) satisfy 0 < ¢ < po(z) < C for positive constants ¢ and
C. Assume that the viscosity, u : R — (0,00), is a continuous nonnegative function
of the density.

Let {(vn, pr)tn>0 be the approzimate solution of equations (1.1) computed using
the scheme presented in section 2.4 with time steps T converging to zero as h —
0. In particular, assume that the density is computed using the piecewise constant
discontinuous Galerkin method, that the velocity-pressure spaces satisfy the Babuska—
Brezzi condition, and that the pressure space contains the piecewise constant functions.

Then, after passing to a subsequence, the densities {pn} converge strongly in
L2[0,T; L?(2)], and the velocities {vy} converge strongly in L2[0,T; L*(Q)] and weakly
star in L>=[0,T; L*(Q)] N L?[0,T; H}(Q)] to a weak solution of equations (1.1) with
ingtial data (vo, po) and homogeneous Dirichlet boundary data on the velocity. If the
solution of equations (1.1) is unique, then the whole sequence {(vp, pn)}n>o0 converges.

Proof. Notice that the hypotheses of Lemma 3.1 are satisfied since monotonicity
of the scheme (2.2) for computing the density guarantees that 0 < ¢ < pp(x,t) < C.
Also, p: R — (0,00) is continuous so pup, = pu(pp) satisfies a similar inequality.

Let w € D([0,T) x Q) be divergence free and let w™ be the Stokes projection of
w(t™) onto the space

f/h:{vhevh | /diV(vh)thOVQhEPh}7
Q

and let wy, € L2[0,7T;V}] be the piecewise constant function taking values w™ on
(t"=1,t"] and @, € C[0,T;V;] be the corresponding piecewise linear interpolant.
Since the pair (V},, Py,) satisfies the Babuska—Brezzi condition, wy, and @, converge to
w in L0, T, Hi ()] and W1o°[0,T; H}(Q)], respectively. Selecting w™ as the test
function in (2.3) and summing over n gives

N N
%Z/ﬂ(pnfl 7pn)vn.wn+Z/Q(pv)nfl'(wnfl 711)”)

n=1

N
+I Z/ (p" "LV ™ — (pM TV )w™ o™
2 n=1"9

N N
—|—7'Z/Q,LL"D(U”) -D(w") = /onvo.wo + TZ/Qp”f”.w.
n=1 n=1

To obtain the first line we used the identity

S (071w =+ ()" = (o)) )

2
(p" 1 =M™ + ((pv)" = (po)" ) W™,

1
2
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and summed the second term by parts. The upper limit of the summation vanishes
since w € D([0,T) x ) implies w" = 0. Recalling the notation that vy, (t) € V}, is the
function taking on value v™ on (t"~1,¢"], we find that

*Z/ Jo"aw" //Ph — T)up(. — T)Wy

+%/o /Q (pnon(- = 7).V) vpwn — (prvn(. = 7).V) wh.vp

+/OT/Q prD(vp) - D(wp) = /QPOUO-UJO + /OT/Q Ph.fh-wh.

Selecting ¢ = vp,.wy, in Corollary 3.3 shows that the first term can be rewritten as

ij:l/ﬂ(lﬂnl —p" "t =~ /OT/Q prVn (. — 7).V (vp.wp) — en,

where

w= [ [ ontenan ~ TR 7)

/ / [or](vn (. — 7))~ (vp.wp, — Tpwy)
0 KeTy, oK

is the consistency error. Then
T
—/ / pr(. = T)on(. — )y + (prvn(. — 7) @ vy) - Vo,
0o Ja

T T
+/ /uhD(vh)~D(wh):/va0.w0+/ /phfh.wh+eh.
o Ja Q 0 Ja

Now pass to a subsequence along which v, and pj converge in L2[0,T; L?()]
and v, — v in L2[0,T; H}(Q)]. Since p, and pyp, are bounded in L>[0,T; L>(2)],
they converge in LP[0,T; LP(Q)] for 1 < p < oo and vy, converges in LP[0,T; L*(Q2)]
for p < 8/3. This is sufficient to pass to the limit term-by-term in the above equation;
the theorem will then follow provided e;, — 0.

It suffices to show that the consistency error e, vanishes as h — 0. The first term
in ey, is bounded using classical estimates for piecewise constant approximations [3],

/OT/Q pr(vpwp, — Ty wp )div(vs (. — 7))

< CHPhHLw[o,T;Loo(Q)] ||diV(Uh)||L2[o,T;L2(Q)] ||Uh'wh - 'Uh~wh||L2[0,T;L2(Q)]

< CHPhHLoo[o,T;Loc(Q)] ”diV(Uh)||L2[0,T;L2(Q)]|Uh-wh|L2[0,T;W1=P(Q)h1+d(1/271/p)-

As in the proof of Lemma 3.6

[vnwh|wrars ) < llvnllpa@) IVwnllzz @) + [IVorllLe @) lwall La @)

< CHUhHHl(Q)||wh||H1(Q)~
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It follows that |Uh'wh|L2[O,T;W1v4/3] S ||vhHL2[0,T;H1(Q)]||wh||L°°[O,T;H1(Q)] is bounded

/OT/Q pn(vpwp, — vy )div(ve (. — 7))

< Cllpnllzoeo, sz ) lldiv(va) | 220,722 ) 1ol L2 (0,750 (@) 1w [ oo o, 7511 ()1
— 0.

1-d/4

The second term of e is bounded using Lemma 3.4 with ¢ < 2,

/ / Ph vh 77‘) ) (vh.wh—vh.wh)
0 KeT,, 0K

1/q
< (”ph”%;[QQT;Loo(Q)]/ Z/ |Uh - T anh] >

’

KeT,
1/q
(/ / |vp (. — 7)|(vpwp, — T wp)? )
0 KeTy, oK
1/q
1-2/q" _
SC”thLW[{JiIT;Lw(Q)](Jh 1/q </ /”Uh ||L;n Q)|Uh wh|W1pq(Q)hq 1)

1/q

< C”PhHLoc 0.1 Loo(g)](J;ILV)l/q ||Uh||Lr/[07T,Lp/(Q)]\Uh-wh\Lm[o,T;lem(Q)]hlfl/q,

where ¢’ > 2 and

Jh_Z//|Uh —7).n| [pn]*.

ecéy

J, ,JLV measures the jumps in the density across the interelement boundaries e € &y, and
it was shown in [18, Theorem 5.1] that, under the hypotheses assumed above, J}JLV —0
as h (and 7) tend to zero. The parameters p, ¢, and r are selected so that the norms
of vy, and vy.wy, are bounded. If

p=26/21, p' =26/5, q=14/13, ¢ =14, r=13/7, ' =13/6,
then 1/2 = 1/p’ +2/dr’ when d = 3, so the terms |[vp|| v (o 7, 1+’ () 20d

|[Vh-Wh|Lrafo, ;w1 pa ()] = [Vn-Wh] 200, 73w1.473 (02))
are bounded, and the second term in e; vanishes as h — 0. a

4. Projections of the velocity field. In order to guarantee that the piecewise
constant DG scheme is monotone and convergent, the average divergence of the ve-
locity field in (2.2) must vanish on each simplex K € 7;,. Above we assumed space
P, contains the piecewise constant functions so that solution vy of the approximate
momentum equation (2.3) automatically satisfies this condition. In this section pro-
jections of the velocity field v, € Vj, onto a space V;, C H(Q;div) having average
divergence on each element equal to zero are considered when Pj does not contain
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the piecewise constant functions. In this case the density and velocity/pressure are
approximated by p" € R, satisfying

-y /Kp T /aK (P (@) 4l (0" )T ) W" = /Kp"—lw,

for K € 7, and ¢™ € R, and (v™,p"™) € Vj, X P, satisfying

1 n _ ,n—1
5/Qpn—l (UTU> .w_’_(pnan—l'v)vn.w

Ry .

(42) + [ <o diviw) +" D) - D) = [ "

/ div(v™) ¢ = 0,
Q
for all (w,q) € Vi, X Pp.

Writing 0"~ = Py, v™~!, where

Vi C {vh € H(Q;div) | / div(vy) =0, K € Th}
K

examining the proofs shows that the modified scheme will also converge if the projec-
tion Py, : Vi, — Vj, satisfies the following hypotheses.
ASSUMPTION 4.1.
1. There exists £ € N independent of h such that Uy |x € Pe(K) for each K € Ty,.
2. For each oy, € V),

/ div(7p) = 0,and op.n =0, K e1T,.

K OKNOQ

3. If vy € V), and v, = Py, vn, then there exists C > 0 independent of h such
that ||diV(1_)h)||L2(Q) < CHUh”Hl(Q),

4. If v, € Vi, and vy, = Py, vy, then there exists C > 0 independent of h such
that ||'DhHL2(Q) < C”'UhHLQ(Q) and ||'Dh||L6(Q) < C||V1}h||H1(Q).

5. Let {vp}ths0, vn € Vi be bounded in L>[0,T;L*(Q)] N L2[0,T; H(Q)], and
o, = Py, vp. If v, — v in L2[0,T; L*(Q)], then vy — v.

Stokes projections. If (V},, P,) C H} (Q)d x L%(Q) /R is a family of finite element
spaces constructed on 7;, which satisfies the Babuska Brezzi condition, and if Py,
contains the piecewise constant functions, then the Stokes projection Py, : Vi — Vi
satisfies Assumption 4.1.

The Stokes projection of vj, € V}, is computed from the unique solution (oy,, pp) €
(Vh, Ph) of

(4.3) a(p, wp,) + b(P, wp) + b(qn, Un) = a(vy, p)

for all (wp,qn) € (Vi,Py). The bilinear forms a : H*(Q) x H'(Q) — R and b :
L2(2) x H'(Q) — R are defined by

a(v,w) = (v, w) g1 (), b(p,v) = (p,div(v))2(q)-
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By construction the average of div(7y) vanishes on each simplex K € 7. The next
lemma shows that the continuity properties of Assumption 4.1 are also satisfied by
this construction.

LEMMA 4.2. Let Q C R be sufficiently reqular to guarantee HQ(Q)d x HY(£2)
regularity of the Stokes operator, and let {7}, }n>o be a regular quasi-uniform family
of triangulations of §2.

Let (Vi, Py) and (Vi, P) C H&(Q)d x L?(Q)/R be families of finite element spaces
constructed on T, which satisfy the Babuska—Brezzi condition, and let (vp,pn) €
(Vi, Pr) be the Stokes projection of a velocity field vy, € Vi, satisfying b(qn,vs) = 0 for
all g, € Py. Then

o [[tnllz (o) < llonllm (), and
o [|on —vnllz2() < Cllvnllar@)h < Clloall L2 (q)-

The first statement of the lemma follows upon setting w, = ¥, in (4.3), and
the Aubin—Nitsche trick and inverse inequalities are used to establish the second
statement. The Sobolev embedding theorem guarantees

Inllze@) < Clivnllar @) < Clloalla@)-
It follows that the Stokes projection v, — ¥y, satisfies Assumption 4.1.
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