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Abstract

We consider the gap between the cost of an optimal assignment in a complete bi-
partite graph with random edge weights, and the cost of an optimal traveling salesman
tour in a complete directed graph with the same edge weights. Using an improved
“patching” heuristic, we show that with high probability the gap is O((Inn)?/n), and
that its expectation is 2(1/n). One of the underpinnings of this result is that the largest
edge weight in an optimal assignment has expectation ©(Inn/n). A consequence of
the small assignment-TSP gap is an OV _time algorithm which, with high probabil-
ity, exactly solves a random asymmetric traveling salesman instance. In addition to
the assignment-TSP gap, we also consider the expected gap between the optimal and
second-best assignments; it is at least 2(1/n?) and at most O(Inn/n?).

1 Introduction

The Assignment Problem (AP) is the problem of finding a minimum-weight perfect matching
in an edge-weighted bipartite graph. An instance of the AP can be specified by an n x n
matrix C' = (C(4,7)); here C(i,7) represents the weight (or “cost”) of the edge between
i€ X and j € Y, where X and Y are disjoint copies of [n] = {1,2,...,n} and X is the
set of “left vertices” and Y is the set of “right vertices” in the complete bipartite graph
Kxy. The AP can be stated in terms of the matrix C as follows: Find a permutation 7 of
n] = {1,2,...,n} that minimizes ), C'(i,n(z)). Let AP(C) be the optimal value of the
instance of the AP specified by C'.

The Asymmetric Traveling-Salesman Problem (ATSP) is the problem of finding a Hamil-
tonian circuit of minimum weight in an edge-weighted directed graph. An instance of the
ATSP can be specified by an n x n matrix C' = (C(4, 7)) in which C(i, j) denotes the weight
of edge (i,7). The ATSP can be stated in terms of the matrix C' as follows: Find a cyclic
permutation 7 of [n] that minimizes >, C'(4,7(¢)); here a cyclic permutation is one whose
cycle structure consists of a single cycle. Let ATSP(C') be the optimal value of the instance
of the ATSP specified by C.
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It is evident from the parallelism between the above two definitions that AP(C) <
ATSP(C). The ATSP is NP-hard, whereas the AP is solvable in time O(n®). Several
authors, e.g. Balas and Toth [5], have investigated whether the AP can be used effectively
in a branch-and-bound method to solve the ATSP and have observed that the AP gives
extremely good bounds on random instances.

Karp was able to explain this in an important paper [14]. He assumed that the entries
of C' were independent uniform [0,1] random variables, and proved the surprising result that

E(ATSP(C) — AP(C)) = o(1). (1)

Since whp! AP(C) > 1 we see that this rigorously explains the quality of the assign-
ment bound, a significant victory for probabilistic analysis. Karp proved (1) constructively,
analysing an O(n®) patching heuristic that transformed an optimal Assignment Problem so-
lution into a good TSP solution. Karp and Steele [15] simplified and sharpened this analysis,

(lnn)* ) Our first theorem

ninlnn

and Dyer and Frieze [7] improved the error bound in (1) to O (
sharpens this further.

Theorem 1 OQwver random cost matrices C,

1 2
ATSP(C) — AP(C) < o0 whp
n
and
E(ATSP(C) — AP(C)) > 2,
n
In this paper, cg,cq1,... are positive absolute constants whose precise values are not too

important to us.

As in previous works, we will prove the upper bound in Theorem 1 by analysing an
O(n?) heuristic which patches an optimal AP solution into a good ATSP solution. We
note a related discretized result of Frieze, Karp and Reed [11], who consider the C(i,j) to
be random positive integers chosen from a range [0,L = L(n)], and determine for what
functions L(n) one has ATSP = AP whp.

Karp and Steele showed that whp the greatest cost of an edge used in the optimal

Inn)?2

assignment was O <(T>, our next theorem improves upon this. Let Chax = Chax(C)

denote the maximum cost of an edge used in an optimal assignment.

Theorem 2 Whp over random cost matrices C,

(1= (1)L < o < ol
n n
It is also of interest to estimate the expected difference A; between the cheapest and
second-cheapest assignments. A better understanding of this difference may be of use in
studying the expected performance of branch and bound algorithms based on the assignment
relaxation.

Lwith high probability, i.e., with probability 1-o(1) as n — oo



Theorem 3 Quver random cost matrices C,

1 Inn
)

—(1=0(1)) S E(A) < e

The algorithm with the best known worst-case time for solving the ATSP exactly is the
O(n*2™) dynamic programming algorithm of Held and Karp [12]. The next theorem describes
a probabilistic improvement.

Theorem 4 Whp, a random instance of the ATSP can be solved exactly in time e©V™ |

Here O is the standard notation for ignoring logarithmic factors.

2 Analysis of the Assignment Problem

In this section we will prove Theorem 2. The difficult part of the proof — showing that the
longest edge in an optimal assignment has length O(lnn/n) — has its essence in Lemma 5
below.

In this section we will exploit the fact that C' can be considered to be the matrix giving
the edge-weights of the complete bipartite graph Kxy. In this interpretation 7 corresponds
to a perfect matching (i,7(7)), i € X, n(i) € Y.

Define the k-neighborhood of a vertex to be the k vertices nearest it, where distance is
given by the matrix C; let the k-neighborhood of a set be the union of the k-neighborhoods
of its vertices. In particular, for a complete bipartite graph Kxy and any S C X, T CY,

Ni(S)={y €Y : ds € S s.t. (s,y) is one of the k shortest arcs out of s}, (2)
Np(T)={x € X : 3t €T s.t. (z,t) is one of the k shortest arcs into t}. (3)

Given the complete bipartite graph Ky y, any permutation 7 : X — Y has an associated
matching M, = {(z,y): € X,y €Y, y=mn(z)}. Given a cost matrix C' and permutation
7, define the digraph

D=D¢,=(XUY, E) (4)
consisting of backwards matching edges and forward “short” edges:

E={(y,x): yeY,ze X, y=n()}U {(z,9): v€ X, y € Nu(x)}
U {(z,y): y€Y, ze€ Ny} (5)

We stress that D is different from the complete weighted digraph D,, in which we wish to
find a minimum length tour.

The arcs of directed paths in D are alternately forwards X — Y and backwards Y — X
and so they correspond to alternating paths with respect to the perfect matching defined by
7. Since “adding” an alternating circuit? to a matching produces a new matching, finding

2We use circuit to distinguish from the cycles of the permutations



low-cost alternating paths is key to all our constructions. In particular, an alternating path’s
backward edges (from the old matching) will be replaced by its forward ones, and so it helps
to know (Lemma 5, next) that given x € X,y € Y we can find an alternating path from z to
y with O(logn) edges. The forward edges have expected length O(1/n) and we will be able
to show (Lemma 7, below) that we can whp be guaranteed to find an alternating path from
x to y in which the difference in weight between forward and backward edges is O(logn/n).
It is then simple to prove the upper bound in Theorem 2. A long edge can be removed by
the use of such an alternating path.

Lemma 5 Whp over random cost matrices C, for every permutation w, the (unweighted)
diameter of D = D¢ . is at most kg = [3log, n].

Proof. For SC X, T CY, let

Np5(S) ={y €Y : ds € S such that (s,y) € E},
N5(T) ={x € X : 3t € T such that (z,t) € E}.

We first prove an expansion property: that whp, for all S C X with |S| < [n/5], |[N5(S5)| >
4|S]. (Note that only the cheap edges out of S, and not the backward matching edges into
it, are involved here. Thus N5(S), N5(T') do not depend on 7.)

4s $

(40))
(ao)

Pr(3S: || < [n/5], IN5(S)| < 45]) < Mf (Z) (Zs) (
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1). (6)

Explanation: Quver all possible ways of choosing s vertices and 4s “targets”, we take the
probability that for each of the s wvertices, all 40 out-edges fall among the 4s out of the n
possibilities.

Similarly, whp, for all T C Y with |T| < [n/5], [N5(T)| > 4|T'|. (Again only the cheap
edges, not the matching edges, are involved.) Thus by the union bound, whp both these
events hold. In the remainder of this proof we assume that we are in this “good” case, in
which all small sets S and T have large vertex expansion.

Now, choose an arbitrary = € X, and define Sy, S1, 59, ... as the endpoints of all cheap
alternating paths starting from x and of lengths 0,2,4,.... That is,
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SQ = {I’} and Sz = 7T_1<ij<5i—1))'

Since we are in the good case, |S;| > 4|S;_1| provided |S;—1| < n/5, and so there exists a
smallest index ig such that |S;,_1| > n/5, and ig — 1 < log,(n/5) <log,n — 1. Arbitrarily



discard vertices from Sj,_; to create a smaller set S; . ; with [S;. ;| = [n/5], so that
Si, = Nj(Si,_1) has cardinality |S]_ | > 4[S;, ;| > 4n/5.
Similarly, for an arbitrary y € Y, define Ty, T}, ..., by

To ={y} and T; = 7(Np(Ti-1))-

Again, we will find an index i7 < log, n whose modified set has cardinality |1} | > 4n/5.

With both |S] | and |77, | larger than n/2, there must be some 2’ € S;_ for which y' =
m(x") € Tj . This establishes the existence of an alternating walk and hence (removing any
circuits) an alternating path of length at most 2(ig + ir) < 2log, n from x to y in D.

We have proved there is a short path from any z € X to any y € Y. A short path from
x to 2’ both in X can be formed by finding a path from z to y = 7w(2’) and appending
the backward edge to z’; a path from y to 2’ by starting with the backward edge from y to
x = 7 !(y) and then pursuing a path to z’; and a path from y to ¢’ by taking a path from
y to ' = 7~ 1(y) and discarding its final backward edge. a

Let the weight of a forward edge (z,y) be C(x,y) and the weight of a backwards edge
(y,z) be =C(z,y).

We will need the following inequality, Lemma 4.2(b) of [10].

Lemma 6 Suppose that ki1 + ko + -+ ky < aln N, and Y1,Ys, ..., Yy are independent
random variables with Y; distributed as the k;th minimum of N independent uniform [0,1]
random variables. If A > 1 then

Aaln N
N+1

Pr ()/1 + Yy > ) < sz(1+ln)\—)\)'

Lemma 7 Whp over random C, for all 7, the weighted diameter of D= ﬁc,w s < 021“7”.

Proof. Let
k k-1
Z; = max {Z Clzi, yi) — C(yiaxz‘—i—l)} ; (7)
=0 =0
where the maximum is over sequences g, Yo, X1, - - -, Tk, Y& Where (z;,7;) is one of the 40
shortest arcs leaving z; for i = 0,1,...,k < ky = [3log,n|, and (y;,z;+1) is a backwards

matching edge.
We compute an upper bound on the probability that Z; is large. For any ¢ > 0 we have

ko
Inn 1
Pr|Z, >(— )| < 2k+2__ ©
r( 1_Cn)_kz:%n (n—l)’fﬂx

> 1 ylnn ot
/y (k—l)!( - ) > qa(po, 1,5 i C+y) | dy

=0 potp1++pp <A0(k+1)

where
Inn
q(po, p1,---,pr;n) = Pr X0+X1+”'+Xk2777 ;
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Xo, X1, ..., X}, are independent and X is distributed as the p;th minimum of n — 1 uniform

0,1] random variables. (When k = 0 there is no term (kil)! (ylgn)kfl).
2h+2

Explanation: We have <n choices for the sequence xg, Yo, X1, ..., Tr, Yr. LThe term

ﬁ (ylfll”)k_l dy bounds the probability that the sum of k independent uniforms, C(yo, z1)+

oo+ Oy, i), is in 22y, y +dy]. (We approzimate this probability by the area of the

simplex face {y1 FyYot+ oy = ylg”, Y1y Y2y e oy Yk = 0} multiplied by dy.) We integrate
over y. ﬁ is the probability that (z;,vy;) is the p;th shortest edge leaving x;, and these
events are independent for 0 < i < k. The final summation bounds the probability that the
associated edge lengths sum to at least W

It follows from Lemma 6 that if ¢ is sufficiently large then, for all y > 0, ¢(p1, ..., pr; C+
y) < n~C*¥/2 and since the number of choices for pg, p1,...,pr is at most (41]“;40) (the

number of non-negative integral solutions to zo + x1 + ... + xx11 = 40(k + 1)) we have

ko —
Inn N (Inn)*=1 /42k o
Pr(2,>¢(— ) <20y ——— / h=lp=v/2
r(l—gn)— " CEA N

k=0 =0

ko

9—¢/2 Inn)k=1 [/ 42¢\"
< 20 kz:;((k—)l)! (lnn) L(k)

< 2n% 2 (ko + 1) (42¢)"0 2

=o(n7?).

Similarly, whp Z, < ( 1“7", where Z5 is the maximum of the RHS of expression (7) over
sequences Yo, Lo, Y1, - - - » Yr, T Where (z;,y;11) is one of the 40 shortest arcs leaving y;.

If z € X and y € Y then Lemma 5 implies that whp there is a path of length at most kg
from x to y and by the above, it will whp have length at most Z; < ¢ an For paths from
y € Y tox € X we bound the path length with Z,. For a path from z € X to 2’ € X we
find a low weight path P’ from z to ¢y = 7(2’) and extend it to 2/, at lower cost. (z’ cannot
be on P’, otherwise 3 appears at least twice on P’). For a path between y € Y and ¢/ € Y
we add (y, ) to a low weight path from z = 771(y) to /. O

We can now prove Theorem 2, repeated here for convenience.

Theorem 2 Whp over random cost matrices C,

Inn Inn
1—0(1)— < Chax < co—.
(1= 0o(1) ™" < Cas < 2
Proof. The lower bound follows easily from the fact that 1“7” is the threshold probability
for a random bipartite graph to have a perfect matching, as shown by Erdés and Rényi [9)].
For the upper bound, define D = D¢ as per (4) and (5). From the preceding lemma,
we can assume the existence of a cheap alternating path P, from any x to 7(z),

95:5507?J0,5€173/17---a37ka3/k:W(«T)’ k§k0+1 (8)

consisting of cheap forward edges and backwards matching edges.
Suppose any edge in the optimal matching had cost C(z, w(z)) > 222 P(z), followed
by the backwards edge (w(x),z), is an alternating circuit, which in this case has cost <
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=t —(C(x,m(r)) < 0. “Adding” the alternating circuit to the matching (adding its forward
edges to the matching and deleting the backwards ones from it) results in a new matching
of lower cost, contradicting the hypothesis that the original matching was optimal. a
3 Analysis of the Traveling Salesman Problem

Our goal in this section is to prove Theorem 1, recalled here for convenience.

Theorem 1 Qver random cost matrices C,

ATSP(C) — AP(C) < ¢ (lnn”)Q whp
and
E(ATSP(C) — AP(C)) > %

We prove the Theorem’s first assertion in sections 3.1 through 3.3, and the second in
section 3.4.

If (i,7(i)), i € X, is a perfect matching of Kx y, then (¢, 7(i)) also defines a permutation
digraph, i.e., a set of vertex-disjoint directed cycles that cover all n vertices of the complete
directed graph K, associated with K xy. The size |r| of 7 is the number of cycles in the
permutation.

Similarly a near-perfect matching gives rise to a near-permutation digraph (NPD), i.e.,
a digraph obtained from a permutation digraph by removing one edge. Thus an NPD T’
consists of any number of directed cycles and a single directed path PATH(T").

The edges (i,j) will be coloured: Red for C(i,j) € [0,c™2]; Blue for C(i,j) €
(22, 2¢,™2); Green for C(4, ) € (2¢2™2, 3¢,™2]; and Black otherwise.

We will use a three phase method as outlined below:

Phase 1. Solve the assignment problem to obtain an optimal assignment 7 and perfect
matching M, in Kxy; whp, only Red edges are used.

Phase 2. Whp, at cost O(%) we increase the minimum cycle length in the permutation
digraph to at least ng = (mw We use Red and Blue edges.

Inn

Phase 3. Whp, at cost O((ln:)Q) we convert the Phase 2 permutation digraph to a tour.
We use Green edges.

The point is that each phase uses cheap edges that are essentially probabilistically indepen-
dent from those in earlier phases. Also, we need Phase 2 because it is hard to cheaply patch
together short cycles.

3.1 Phasel

That whp only Red edges are used in an optimal assignment is immediate from Theorem 2.
Furthermore, given the optimal assignment and conditional on it only using Red edges,



the edges which are not Red can be thought of as having independent lengths, uniform in
[02 lnn’ 1]

Also, whp, the optimal assignment 7’s associated permutation digraph II; is of size
III;] < 2Inn. This holds because 7 is a random permutation; we will elaborate on this in

Phase 2.

3.2 Phase 2

In this phase, to increase the minimum cycle length in the PD, we will deal with each
small cycle in turn. Let us describe the essence of how one small cycle C' of a PD is repaired,
setting aside the combinatorial and probabilistic issues. One edge (a, b) of the cycle is chosen.
From vertex a, a path P, = (xq = a, v, Z1,Y1, .., %) is grown, using Red forward non-PD
edges (starting with an edge out of a) alternating with PD edges traversed backwards (see
Figure 1). P, corresponds to an alternating path in the bipartite digraph D. From b a similar
path P, = (y, = b, x5, ¥y, @), ..., y;) is grown, alternating non-PD edges traversed backwards
(starting with a non-matching edge into b traversed backwards) with PD edges traversed
forwards. The a-path, followed by the edge joining its terminal z; to the terminal y; of the
b-path, followed by the reversed b-path, followed by the edge (b, a), defines an alternating
circuit. The “sum” of this circuit and the original PD is a new PD. If the two paths, and the
edge (zg,y;) bridging their endpoints, are cheap, the new PD is not much more expensive
than the old one. Furthermore, if done properly, we will have at least one less small cycle.

It is important to see how these changes are viewed in the context of our PD. Consider
the sum of the original PD and the path P, as this path grows. After removing (a, b) alone
we have an NPD which contains a path @ = C'\ {(a,b)} from b to a. As we grow P, we
change ). It will always start at b and at some stage suppose its other end point is x;.
Suppose now that the next y; lies on on a PD cycle A which is disjoint from (). In this case
x;41 is the predecessor of y; on A and @) grows by adding the path A\ {(z;41,v:)}. On the
other hand, if y; is a vertex of () then x;,; will be the predecessor of y; on ). In this case
removing (z;41,y;) leaves a shorter @) plus a new cycle which has been “split off”.

When we construct P,, we can think of starting with the NPD and in particular with
the @ constructed from P, and now extending it from the b end. As long as no cycles split
off are small, and either yy or zj is on a large cycle, the new cycle containing a and b, and
any other new cycles formed, will be large. We will try to arrange for this to be the case,
otherwise declaring the attempt a failure.

In fact we will construct this alternating path from a to b as the conjunction of a path
P, directed out of a to some vertex z and a path P, directed from some vertex 2’ into b, plus
the edge (z,2'). We will require (z,2’) to be a Blue edge. In order to find such a pair z, 2’
whp, we will have to produce many candidates for P,, B,.

If we fail to remedy a small cycle, then the entire algorithm fails. If we succeed, we
proceed to the next small cycle, until all small cycles are repaired.

Of course the “new” PD of one case becomes the “original” PD of the next one, and the
most difficult part of the analysis will be to handle conditioning that might be introduced by
this evolving cycle structure. (We will rely on the fact that a PD is induced by a bipartite
matching when the two sets of vertices are put into correspondence by a labelling, and until
that labelling is established, the PD and the matching are in a sense independent.)

8



The reader will notice that we are using Red edges twice, once to find the optimal
assignment 7 and again in Phase 2 to get rid of small cycles. Thus we have to be very
careful about conditioning. It would be much simpler to give up another logn factor by
using Blue edges for this Phase, but we feel that we are getting close to the true upper
bound and that the effort is worthwhile. As we will see, the crucial new idea is to condition
on the sizes of the cycles in the optimum PD for the assignment problem.

The first detail is the construction of the cheap alternating paths out of vertices a and b.
Paths alternating with respect to a PD as described above are — equivalently — alternating
with respect to the corresponding bipartite matching. We begin by finding a cheap “alter-
nating tree” (really an alternating directed acyclic graph, or DAG), rooted at a, containing
many cheap alternating paths. After doing the same for b, we hope to find a cheap edge
between some a-leaf and some b-leaf, and we use the paths determined by these leaves.

To define the trees, recall the definitions (2) and (3) of Ni(S) and Ng(7T). For the
remainder of this section let K be a suitably large constant. Let Ex = {(z,y) € E(Kxy) :

y € Ng(z) or x € Nk(y)}.

Inn
" 2lnlnn

Lemma 8 For any fized K, whp over random matrices C, every set of s < s*
vertices spans at most s edges from Ej.

Proof. Since K is large, we know that whp every edge in Ex has length at most ZKIHT”.
(Chernoff bounds imply that whp there are at least K edges of length < 2K 1“7” leaving
an entering every vertex). Starting with the o(1) failure probability for that event, the
probability there exists a small set S containing |S| + 1 edges (even counting loops) is at

0305 ()
o3 () (25) " (ane)

)+ Z 262Klnn s+l

= o(1).

(That is, the number of ways of choosing s vertices, the number of ways of choosing s + 1
edges from the s? edge slots including loops, times the probability that all these edge slots
are realized by edges.) O

Lemma 9 Whp over random matrices C, for all S C X, T CY, with |S|,|T| < n**

[Nk ()] = (K = 2)[S] and Nk(T)| = (K = 2)[T]. (9)



Proof. Just as in deriving (6),

Pr(3S or T': —(9))

S50 ()

<5 () ()
(A
—of1).

We say that a cycle C of I is small if |C| < ng; recall that we defined

{nlnlnn-‘
Ng = .

Inn

Detailed analyses of random permutations have been performed by Arratia, Barbour, and
Tavaré [3], in which the joint distribution of counts k; of cycles of length i is approximated
by independent Poissons Z; ~ Pois(1/i), and by Arratia and Tavaré [4], which provides
a tighter bound on the variation distance between the true distribution and the Poisson
approximation. From these (or more elementary analyses) we observe first that the expected
number of vertices on small cycles is ng — 1 and so with probability 1 — O(ng/n),

there are less than 2ng vertices on small cycles. (10)

(The distance between the true distribution and independent Poisson estimate dominates
the bound; the probability the Poissons exceed their expectation of ng by a factor of 2 is
much smaller.) Assume from now on that 7 satisfies (10).

Let the small cycles of IT; be Cy, Cy, ... C). At the start of Phase 2, from each small cycle
C' we choose an edge (a,b) of C. Let the chosen edges be (a;,b;),i = 1,2,...,A. We now
describe how we try to remove a C; without creating any new small cycles. (See Figure 1.)

As before, we use expansion to create many short alternating paths. Let a bijection
(matching) p; between X and Y be given, and let one matching edge (a;, b;) be specified.
Define branching factors

ry = [Klnn] and r =K

respectively for a first generation, ¢t = 1, and for all subsequent generations, ¢ > 2. For
each ¢ we construct a pair of “trees” (actually DAGs), S; rooted at a; and T; at b;, which

we will use to modify bijection p = p;. Their depth-t nodes consist of the sets SZ-(t) and Tl-(t)
respectively. The depth-0 node sets are the singletons

S5O = {a;} and TV = {b;}.

10



Define
Inn

%0 = 12Inlnn’

and for 1 <t < sy let

S = o7 (N (57)) and T = p(N,, (T1)).

3 3

For ¢t > s¢ let

i—1 Inlnn i—1 Inlnn
_ -1 u — u
S =p (N (SN U U s oY U et
/=1 u=1 /=1 u=1
i—1 Inlnn i—1 Inlnn
—1 u u
7 = p(N (DN (U U o U U asi?)).
/=1 u=1 =1 u=1

It is immediate that \Sl-(l)| = ]Ti(l)| =ry. Fort > 2 and (as will always be the case) i < 41nn,
it follows from Lemmas 8 and 9 that whp |S”| > (K —4)|S"™V| and [T > (K —4)|T/"" V|
as long as both S and TV are of size at most n3/*

whp for all i’ < 1,

. Indeed, Lemma 8 implies that

50

U)snl )s®

t=1 t=1

<2 (11)

(Otherwise, if the repeated points are 1, o, x3, then the paths between a;, a; and xy, z9, x3
form a bicyclic graph with at most 6sy vertices, contradicting Lemma 8.) Combining this
with Lemma 9 means that for ¢t < s, ]Sz-(t)] > (K — 4)\5’?71)\. For generations t > sg, for
each 7’ the sets subtracted out are of size O(K™™™") and so as long as i < 4Inn, in all, the
sets subtracted out are of size O(K™™™Inn), much smaller than the size Q((K — 4)*) to
which the set SZ-(t) has by then grown. By throwing away vertices if necessary, we can assume
that [S7] = (K — 4)[S" V| and |T”| = (K — 4)|T/""V|. Thus if

7= [1+logg_,(n**/[KInn])],
then whp
Vi: nt < |87 = 117 < Kn?*, (12)

Each z € Sz-(t) defines a walk from a; to x, of length 2¢, which is alternating w.r.t. the matching
M,; prune it to define a path Pli,z]|. Similarly, each y € Ti(t) defines a path Q[i,y] from y to
b;, of length at most 2¢, which is alternating w.r.t. M,,.

Suppose we have removed C4,Cs,...,C;_1 and the original permutation 7m has become
p = p;. Assume that we have not already serendipitously removed C; as well. Let (a;,b;) be
the chosen edge of C;.

Each alternating path P[i,z] starts with a “forward” edge which is one of the Klnn
shortest edges leaving a; (the first branching factor was r; = K Ilnn), has up to 7 — 1 other

11
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Figure 1: In the left box is a bipartite graph with matching edges shown as horizontals (black
or grey). The right box shows the corresponding oriented cycle cover indicated by straight
arrows (black or grey), for example the arrow 1 — 2 indicating that X vertex 1 is matched
to Y vertex 2. We imagine that only the pentagon is a “long” cycle, and all the others are
short cycles needing repair.

Suppose that to repair the cycle 1,2, 3,4, we had selected edge (1,2). In the bipartite graph
we find a path, rooted at 1, of cheap (Red) forward edges (shown as slanted grey lines in
the left box) alternating with matching edges (horizontal solid lines), in this case the path
x1,Ye, s, Y12, 11 Lhe right box shows the NPD obtained from this alternating path — the
light grey edges being removed from the cycle cover and the bent edges added to it.
Suppose that in symmetry to the alternating path 1,6, 5,12, 11 we found a cheap alternating
path such as 2,7,8, this time taking non-matching edges backward and matching edges
forward. Furthermore suppose the edge (11,8) happened to be cheap (Red or Blue). Then
taking the first path, the edge (11, 8), the reversal of the second path, and the reversed edge
(1,2) gives a cheap alternating cycle 1,6,5,12,11,8,7, 2.

Adding this alternating cyle to the permutation digraph repairs the short cycle 1,2,3,4,
yielding instead the cycle 1,6,7,2,3,4. In this case we also serendipitously repair the cycle
10,11, 12, instead getting the cycle 8,9,5,12,10,11. The cycle 13,14,15 (like most cycles,
most of the time) is uninvolved.
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forward edges each of which is one of the K shortest edges leaving a vertex,® and has another
up to 7 “backward”, matching edges (edges in M,); a symmetric condition holds for @);.

It follows from the proof of Lemma 7 that whp each of these paths is such that the total
length of its forward edges minus the total length of its backward edges is bounded by 041“7".

We now see that if we find &; € Si(T) and 7; € Ti(T) such that (&, ;) is Red or Blue (recall
the definition from the start of Section 3) then it — together with the edge (a;,b;) and the
paths P[i,&;] and Q[i, ;] — defines an alternating cycle whose action on the current perfect
matching increases the matching’s cost by at most (2¢4 + 202)1117". We now show that we
can whp find at least one such alternating cycle whose action does not create any new small
cycles. Furthermore, if such a path contains an edge of Cy/, i’ > 7, then this alternating cycle
will also remove the small cycle Cj.

Let ¢ be a random permutation of [n] associating the vertices of X to those of Y, and
let matrix C' be defined by C(i,7) = C(i,$(j)). If ¢ is the (with probability 1, unique)
minimum solution to the assignment problem with matrix C then 7 = @1 is the minimum
solution to the original problem. We exploit the randomness of ¢, which produces a random
permutation 7 from 1. Instead of taking 7 as given, we assume that 1 is given and 7 is
to be obtained through a random permutation ¢. We condition on the cycle structure of 7.
Defining k; as the number of cycles of length ¢ in 7, we assume that (1) Y%, ik; < 2ny and
that (ii) o = Y ", ks < 21lnn; these conditions hold whp.

How do we sample a random permutation conditioned upon having a cycle structure
dictated by ki, ko, .. ., i.e., dictated by the multiset {k; x i : i € [n]} in which cycle length i
appears k; times? Let I denote the set of permutations of X with the given cycle structure.
Let 7 be any fixed permutation with the given cycle structure. (For example, if t; = 0,
to41 = n, and the multi-sets {t;;1 —t;: j € [0]} and {k; x i : @ € [n]} coincide, then we
may define v by: If z,y € C; and y = 2 +1 mod t;;; —t; then y(x) = y.) Then given a
bijection f : X — X we define a permutation 7; on X by 7; = f~'yf. Each permutation
m € Il appears precisely [[}_, k;!i% times as 7. Thus choosing a random mapping f, chooses
a random 7, from II. (This is equivalent to randomly choosing ¢ = f~1yfy~1.)

The most natural way to look at this is to think of having oriented cycles on the plane
whose vertices are at points Pi, P, ..., P, and then randomly labelling these points with X.
Then if P’ follows P on one of the cycles and P, P’ are labelled z, 2" by f then 7s(x) = 2/

To give a concrete example, Figure 1 included a “canonical” digraph 4-cycle labelled
1,2, 3,4, arising from a corresponding canonically labelled structure in the bipartite graph,
the matching edges (z1,v2), (%2, ¥3), (z3,y4), (Y1, 21). In a random labelling dictated by a
random permutation f, these matching edges would be labelled (z (1), ¥r2)), (Tf2), ¥se3)),
(7 43), Yr)), (Tfy,ysa)), and the digraph’s 4-cycle would be labelled f(1), f(2), f(3), f(4).

As we proceed through Phase 2 we have to expose parts of f (equivalently ¢). x is clean
if f(x) is unexposed (the label = has not yet been used) and dirty otherwise. Thus imagine
that we have cycles, mostly unlabelled, but with a few vertices labelled. Let us use ~ to
denote a partially labelled graph.

We can now add the final layer to our description of how to eliminate the small cycles.
We proceed in order through the selected edges i € [A]. At stage ¢ we should have eliminated
C1,Cy, ...,Cj_ for some j, and have a current perfect matching M;, defining p;. (Consider

3fewer than 7 — 1 if the path P[i, x] resulted from nontrivially pruning a (7 — 1)-long walk
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M; to be fully revealed, but the labels on its vertices not revealed except for the selected
edges in short cycles; thus all that is revealed of p; is its cycle structure and labels on these
few edges.)

We construct the trees S; and T; and then seek Red or Blue edges between the leaves SZ-(T)
of S; and TZ.(T) of T;. We will consider only vertices of Si(t) and Tz-(t) that are clean and whose
paths to their respective roots also contain only clean vertices; call these vertices squeaky
clean. We take the squeaky clean vertices v € SiT) in some fixed order. For each such vertex
v we look, again in some fixed order, at each squeaky clean vertex w € TZ-(T). Each such edge
(v,w) is either Red or has length uniform in [¢;™* 1]. Thus the probability that it is Red
or Blue is at least cglnT". This lower bound holds conditionally on the current history — see
comment at the beginning of Section 3.1. We assert that

whp there are > n3/5 squeaky clean vertices in each of 5\” and T\ (13)

this will be shown in the last paragraph in this subsection. Thus if we run through n*°
squeaky clean vertices v € Si(T), the expected number of Red or Blue edges to squeaky clean

vertices w € Tl-(T) is > czlnT” -n?/% . 3% and with probability > 1 — e~ =1 — n=¢ we
find at least one Red or Blue edge. For a given v, if we find no Red or Blue edge to any w,
we move on to the next v. If we find a Red or Blue edge (v, w), we test it for acceptability
as described in the next paragraphs; if the edge is acceptable, the cycle can be repaired and
we move on to the next cycle ¢. If the edge is not acceptable, v and w have been dirtied in
the course of the testing, and we move on to the next v. Because we find a Red or Blue edge
after exploring about n?/% vertices from S\, and [S{”)| > n3/?, we can find at least n!/> Red
or Blue edges to test; we will soon see that the failure probability is < n~?, so eventual
success is assured whp.

Now consider squeaky clean &; € Si(T),ni € TZ-(T) such that (&;,7;) is Red or Blue. In the
bipartite graph, there is a squeaky clean alternating circuit C' = Pl[i,&], (&,m:), Q[i,ni],
(bi,a;). (C may start life with vertices crossed multiple times, but we can prune it down to
a circuit containing (b;,a;).) We will define what it means for a cycle to be “acceptable”,
and show that C' is acceptable with probability at least (Inn)~®, where

a=T7InK)" <1/2.

For any = € S,L»(t), consider P[i,x] = (zo = a;,y1, 21, Y2, - - -, Yt, & = x) where y; = p;(z;)
for j > 1. Pli,z] defines a sequence M© MW M® of near-perfect matchings (see
Figure 2) M) = (MY U{(v,_1,y)}) \ {(zs,5)}. Let TO TW T® be the associated
NPD’s. We say that I'®) is acceptable if (i) | PATH(I'®)| > ngo and (ii) the small cycles of
I'®) are a subset of {Cy;1,...,C\}. We say that x is acceptable if T© TM . T® are all
acceptable.

Going back to Pi,x = z;] let us estimate the probability that x; is acceptable, given that
it is clean and z;_; is acceptable. Assume that we have revealed f(z;_;) and that we have
a partially labelled NPD fgt_l). We randomly choose f(x;) from the unlabelled points and

label it with z;. We then replace the arc (f(x),-) of fgt_l) by (f(wi_1),).* When t =1, 2,

4When dealing with the path from b; to 7; we randomly choose f(z;) and then replace the arc (f(z¢_1),")
by (f(z4), ).
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Figure 2: For t = 3, a perfect matching (dashed edges) and the sequence of near-
perfect matchings (dashed and solid edges) defined by an alternating path (z, =
a;, Y1, T1,Y2, - ..,y = x) (the union of all edges shown).

is acceptable unless f(x1) lies in a small cycle; it follows from (10) that given the previous
exposures, this has probability at most p; = 31‘;111—“71”. For t > 1, z; will be acceptable if f(z;)

is not within ng of an endpoint of PATH(fEt_l)). We will see that

whp only O((Inn)?**) squeaky clean alternating circuits need to be checked

before an acceptable one is found.

Since each path has O(Inn) points, [S7], |T{7| = O(n*/4) (12), and we repeat for O(Inn)
cycles, in all, at most O(n**) values of f are exposed®.  So if z; is clean, it will be
unacceptable with probability at most py = — 5?23/4) < 31111111;1" conditional on previous
exposures. A similar analysis holds for the paths Q[i, y].

If all vertices on C' are clean then the probability that C is not acceptable is at most

pr+l—(1—py)? < 3nlin g (71— W)QT <1—(Inn)~® Thus if we can find (Inn)**

Inn In

clean cycles then one of them will succeed, with probability at least 1 — (1 — (Inn)~®){» ) >
1 —exp{—(Inn)*}. As remarked earlier, we can in fact find far more clean cycles than this
— in fact around n'/® of them — as long as there are around n®/® squeaky clean vertices in

each of Si(T) and TZ-(T); this is all that remains to be shown.

Let AZ@ denote the squeaky clean vertices of Si(t), t=1,2,...,7. It follows from Lemmas 8
and 9 that \A§1)| > KInn—4X — (Inn)?* (X is the number of small cycles) and that |A§t)\ >
(K — 4)| A" = 4x — (Inn)? for 2 < ¢ < Inlnn. Here we use (11) to argue that for i’ < 4,
the first Inlnn levels of each Sy, T} dirty at most 2 vertices of the first Inlnn levels of .S;,
giving the 4\ term. The (Inn)** term comes from vertices dirtied during failed acceptability
tests for the current cycle 7, one dirtied vertex per level ¢ per failed test. The higher levels of
Sir, Ty do not dirty any of the lower levels of S;, by construction. In general, for ¢ > Inlnn,
Lemma 9 implies that [A"™] > (K — 4)|A"| — 4Ar(Inn)?®. Thus, |A”| > n3/5. A similar

argument holds for squeaky clean vertices of Ti(T), verifying the assertion (13).

50 suppresses Inn factors
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3.3 Phase 3

For Phase 3 we use the Green edges. We can assert that whp at the end of Phase 2, all
cycles are of length at least ny and so there are o(lnn) cycles. Given two cycles Cy, Cy each
of length at least ng then the probability that we cannot patch them together (delete edges
(a;, b;) from Cj,i = 1,2 and replace them by Red or Blue or Green edges (ay, b)), (az, b)) is
C%(%ﬂ#ﬁ)ng < efc%(lnlnn)

at most (1 — *. Doing this o(Inn) times increases the cost by at most

M) and so Phase 3 succeeds whp.

This completes the proof of the high-probability upper bound on ATSP — AP.
We now consider the lower bound.

o(

3.4 Proof of the lower bound

The Assignment Problem can be expressed as a linear program:

Minimise Z C(i, )z ; subject to Z Zig = Z 2k = 1,Vk,0<z,; <1,Vij  (LP)
i.j i j

This has the dual linear program:

Maximisez u; + Z v; subject to u; +v; < C(4, ), Vi, j. (DLP)

Z J

Remark 10 Condition on an optimal basis for (LP). We may w.l.o.g. take u; = 0 in (DLP),
whereupon with probability 1 the other dual variables are uniquely determined. Furthermore,
the reduced costs of the non-basic variables C(i, j) = C(i, j) — u; — v; are independently and
uniformly distributed, with C'(i, j) € [max {0, —u; — v;},1 — u; — v;].5

Proof. The 2n — 1 dual variables are unique with probability 1 because they satisfy 2n — 1
linear equations. The only conditions on the non-basic edge costs are that C(i,j) € [0,1]
(equivalently C(4,5) € [—u; — vj,1 — u; — v;]) and C(4,5) > 0; intersecting these intervals
yields the last claim. a

Lemma 11 Whp
Inn

max { [ugl, [v;} < 5= (14)
Proof. Optimal dual values u;,v; can be characterised as shortest distances, as follows [1].
Consider a directed bipartite digraph I on X UY with “forward” edges (z;,v;), i,j € [n],
J # m(i), of length C(i,j); and “backward” edges (y;, i), 4,5 € [n], j = (i), of length
—C(i,7(7)). If uy =0, then —u; is the shortest distance d(xy,x;) from x; to x; in I', and v,
is the shortest distance from 7 to y;.”

®Do not be misled by the notation: —u; — v; can be (and often is) positive.

"It is easy to see this from the graph with edge costs C(i,5) = C(i,j) — u; —v; > 0. This graph includes
a spanning tree of 0-cost edges, so all distances are 0. The C-cost of any path is almost the same as its
C-cost: of the two directed edges leading into and out of any intermediate node, one has a u; (or vj) added,
and the other has the same quantity subtracted. The cancellation fails only at the path’s source (but we
defined uq = 0) and at its terminal, resulting in C-distance —u; or +v; as claimed.
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Lemma 7 implies that —u;,v; < 061“7" for i € [n]. Furthermore, using the fact that
a cheapest path is also a cheapest walk (derived from the optimal assignment, I has no
negative-cost cycles), —u; = d(x1,x;) < d(z1,2;) + d(zs, z;) < —u; + 061“7" implies u; —
uj < cg™". Immediately, [u;] < ™" and also, with @ = Y u;/n, |a] < ce™". Likewise,
v; —v; < c6mT", from which |v; — 7] < 061“7”. But we know that whp the optimal assignment
cost satisfies (1 —€)7%/6 < 37, u; + >, v; < (1+€)w/6 for any fixed positive ¢, [2, 16], so
v € (1.6/n —1u,1.7/n — u), giving 7] < ¢™" + O(1/n) and finally |v;]| < ¢ 22 O

Having solved LP we will have n basic variables z; ;, (i,7) € I;, with value 1 and n — 1
basic variables z; ;, (i,7) € I, with value 0. The edges (z;,y;), (¢,7) € I = I; U I, form a
tree T in Kxy. We show that with probability at least ¢g > 0 there exists (i,7) € I; (a
loop) such that (z;,y;) is a pendant edge in T™; w.l.o.g. suppose z; is its leaf. In this case
the optimal TSP tour, viewed as a bipartite matching, cannot use the edge (z;, ;) (a loop),
and must use some other edge (z;,yy); since x; is a leaf in 7%, z; »» is not a basic LP variable.
The expected value of the reduced cost of z;; is at least <% and so E(ATSP — AP) > <o
and the lower bound follows.

To prove the existence of (i,7) we show that whp the optimal assignment 1 for C of
Section 3 has at least c;1n leaves L. After applying the random permutation ¢, the number of
leaves giving rise to loops is, at least, a random variable whose distribution is asymptotically

Poisson with density c;1; thus
Pr(3 at least one leaf-loop) > (1 — o(1))(1 — e~ ).

By taking a spanning tree T' of Kxy which contains a perfect matching M and shrinking
the edges of M we obtain a tree isomorphic to a spanning tree 7" of K,,. Each T arises from
exactly 2”1 T’s because we have two choices as to how to configure each non-M edge. (An
(i,7) edge in 7" can in T' be expanded to (z;,y;) or to (x;,y;).) Let b(T) = b(T") denote the
number of branching nodes (degree > 3) of T and T". A tree 1" is e-bushy if b(7") < en.
Bohman and Frieze used this concept in [6] and showed that the number of e-bushy trees
is at most n!e’” where §(¢) — 0 as € — 0. It follows that the number of e-bushy trees of
Kxy which have a perfect matching is at most e?©@non=1pl  Observe that the number of
leaves in T is at least b(T"). We complete the proof by showing that, for a sufficiently small
constant e,

Pr(7T" is e-bushy) = o(1). (15)

For any tree T" with a perfect matching, we can put u; = 0 and then solve the equations
u; +v; = C(4,7) for (z;,y;) € T to obtain the associated dual variables. T' is optimal if
C(i,j) = C(i,j) —u; —v; > 0 for all (z;,y;) ¢ T. Let Zpr = 3 ,u; + > ;v;. Now whp
the optimal tree T™* satisfies Zp« € [1.6,1.7], because Zp- is the optimal assignment cost,
and it is known both that expectation is in the stated range [2] and that the actual value

is concentrated about the expectation [16]. Then if £ denotes the event {(14) and Zr €
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[1.6,1.7]}, for any tree T', over random matrices C(i, j),

Pr(Zr € [1.6,1.7] and (14) and C(i,§) > 0V(i,j) ¢ I)
<Pr(C(i,j) > 0V(i,j) ¢ T | E) x Pr(Zy € [1.6,1.7)])

1.7
< E( [ 0—@+v)h)|E)
(wi,y;) €T
1.7

Blep{— Y (+u)} 6=

(@i,y;)ET

SEE el 3 (o)} €)1

(wiy;)€T

n!

< 6—1‘6nn205ﬂ'
- n!
Explanation = LT bounds the probability that the sum of the lengths of the edges in the perfect
matching of T zs at most 1.7. The product term is the probability that each non-basic reduced
cost 15 non-negative.
Thus

Pr(3 an e-bushy tree T : Zp € [1.6,1.7] and (14) and C(i,5) > 0V(i,5) ¢ I)
< n!Qnee(e)n % 6—1.6anC51'_7n
- n!
= o(1)

for e sufficiently small. This implies (15). O

Remark 12 A weakness of the above argument is that involves loops in the optimal solution
to the assignment problem. Since these can easily be avoided computationally, we would
hope to be able to avoid this aspect for a proof.

4 An enumerative algorithm

We can now prove Theorem 4, restated here for convenience.
Theorem 4 Whp, a random instance of the ATSP can be solved exactly in time eOWn) |

Proof. Let I denote the interval [2_’“01%,2_(’“_1) ln:) | for k£ > 1. It follows from
Remark 10 and Lemma 11 that whp (i) there are < ¢;2~*"YUnInn non-basic variables z; ;

whose reduced cost is in I, 1 <k < ky = log2 n and (ii) there are < 2¢;4/nInn non-basic

1
variables z; ; whose reduced cost is < ¢ ( n;}% .

We can search for an optimal solution to ATSP by choosing a set of non-basic variables,
setting them to 1 and then re-solving the assignment problem. If we try all sets and choose
the best tour we find, then we will clearly solve the problem exactly. However, it follows
from Theorem 1 that whp we need only consider sets which contain < 2% variables with
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reduced costs in [, and none with reduced cost > ¢; (lnn)

at most

. Thus whp we need only check

IN

2k k
Qlelnn 612 nlnn 2c1yv/nlnn 7 —(k—1) 2k
2 2 (2(c12 nlnn)”)

k=1 t=1 k=1
S 2201\/ﬁlnn(2(012—(k0—1)nlnn)QkO)ko

since f(z) = (A/x)" is monotone increasing for x < A/e,
_ O

sets. O

5 Second best assignment

We recall and prove Theorem 3, on the gap A; between the costs of the cheapest and
second-cheapest assignments.

Theorem 3 Quver random cost matrices C,

1 Inn
n2 (1 - 0(1)) < E(A ) an—
Proof. A, is equal to the minimum non-basic reduced cost.® From Lemma 11 and >, u; +

Z v; > 1.6 whp, it follows that whp there are at least n; = 071 pairs 7,7 such that
u; +v; > 0. Each such pair corresponds to a non-basic variable C/(4, j) and it follows from

1.
proving the upper bound. m
For the lower bound, again from Remark 10, the n? — 2n + 1 non-basic reduced costs
C(i, ) are independent, with C(i, j) €unit [aij, b; ;] where each a; ; > 0 and (from Lemma 11)
each bi; > 1 — 2cslnn/n. The minimum of this collection satisfies E(min{C(i,7)}) >
(1 —2c5Inn/n) = 5(1—o(1)). O

n22
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