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Abstract

We develop a coupling technique for analyzing on-line models by using
off-line models. This method is especially effective for a growth-deletion
model which generalizes and includes the preferential attachment model
for generating large complex networks that simulate numerous realistic
networks. By coupling the on-line model with the off-line model for ran-
dom power law graphs, we derive strong bounds for a number of graph
properties including diameter, average distances, connected components
and spectral bounds. For example, we prove that a power law graph gen-
erated by the growth-deletion model almost surely has diameter O(logn)
and average distance O(loglogn).

1 Introduction

In the past few years, it has been observed that a variety of information networks
including Internet graphs, social networks and biological networks among others
[1, 3,4, 5,17, 18, 20] have the so-called power law degree distribution. A graph is
called a power law graph if the fraction of vertices with degree k is proportional
to kiﬁ for some constant 8 > 0. There are basically two different models for
random power law graphs.

The first model is an “on-line” model that mimics the growth of a network.
Starting from a vertex (or some small initial graph), a new node and/or new
edge is added at each unit of time following the so-called preferential attachment
scheme [3, 4, 18]. The endpoint of a new edge is chosen with the probability
proportional to their (current) degrees. By using a combination of adding new
nodes and new edges with given respective probabilities, one can generate large
power law graphs with exponents 5 between 2 and 3 (see [3, 7] for rigorous

proofs). Since realistic networks encounter both growth and deletion of vertices
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and edges, here we consider a growth-deletion line model that generalizes and
includes the preferential attachment model. Detailed definitions will be given
in Section 3.

The second model is an “off-line” model of random graphs with given ex-
pected degrees. For a given sequence w of weights w,,, a random graph in G(w)
is formed by choosing the edge between u and v with probability proportional
to the product of w,, and w,. The Erdés-Rényi model G(n,p) can be viewed as
a special case of G(w) with all w;’s equal. Because of the independence in the
choices of edges, the model G(w) is amenable to a rigorous analysis of various
graph properties and structures. In a series of papers [10, 11, 12, 20], vari-
ous graph invariants have been examined and sharp bounds have been derived
for diameter, average distance, connected components and spectra for random
power law graphs and, in general, random graphs with given expected degrees.

The on-line model is obviously much harder to analyze than the off-line
model. There has been some recent work on the on-line model beyond showing
the generated graph has a power law degree distribution. Bollobds and Riordan
[7] have derived a number of graph properties for the on-line model by “coupling”
with G(n,p), namely, identifying (almost regular) subgraphs whose behavior can
be captured in a similar way as graphs from G(n, p) for some appropriate p.

In this paper, our goal is to couple the on-line model with the off-line model
of random graphs with the same power law degree distribution so that we can
apply the techniques from the off-line model to the on-line model. The basic
idea is similar to the martingale method but with substantially differences. The
main difference is that there is a fized probability space 2 for the martingale.
Although a martingale involves a sequence of functions with consecutive func-
tions having small bounded differences, each function is defined on 2. For the
on-line model, the probability space for the random graph generated at each
time instance is different in general. We have a sequence of probability spaces
where two consecutive ones have “small” differences. To analyze this, we need
to examine the difference and relationship of two distinct random graph models,
each of which can be viewed as a probability space. In Section 4, we will define
the dominance of one random graph model over another. Several key lemmas
for controlling the differences are also given there.

The main result of this paper is to show the following results for the random
graph G generated by the on-line model G(p1, p2, p3, pa, m) with p1 > ps, pa >

P4, as defined in Section 5:

1. Almost surely the degree sequence of the random graph generated by
growth-deletion model G(p1, p2, p3, p4, m) follows the power law distribu-



tion with exponent 3 = 2+ (p1 + p2)/(p1 + 2p2 — ps — 2p4).

. Suppose m > log>™“n. For ps < p3 + 2p4, we have 2 < 3 < 3. Almost
surely a random graph in G(p1, p2, ps,ps, m) has diameter O(logn) and
average distance O(%). We note that the average distance is
defined to be the average over all distances among pairs of vertices in the

same connected component.

. Suppose m > log?t¢n. For py > ps + 2p4, we have 3 > 3. Almost surely
a random graph in G(p1, p2, p3, P4, m) has diameter O(logn) and average

distance O(llgig) where d is the average degree.

. Suppose m > log>™“n. Almost surely a random graph in G(p1,p2, 3, s, M)
has Cheeger constant at least 1/2 + o(1).

. Suppose m > log2JrE n. Almost surely a random graph in G(p1, p2, ps, P4, m)
has spectral gap A at least 1/8 + o(1).

We note that the Cheeger constant hg of a graph G which is sometimes called

the conductance is defined by

b B
min{vol(A), vol(A)}

where vol(A) = 3 . 4 deg(z). The Cheeger constant is closely related to the

spectral gap A of the Laplacian of a graph by the Cheeger inequality

2hg > A > hZ /2.

Thus both hg and A are key invariants for controlling the rate of convergence

of random walks on G.

2 Strong properties of off-line random power

law graphs

For random graphs with given expected degree sequences satisfying a power law

distribution with exponent §, we may assume that the expected degrees are

1
w; = ci_ -1 for i satisfying ig < i < m + ig.Here ¢ depends on the average

) . o 1,
degree and 79 depends on the maximum degree m, namely, ¢ = B—_%dn =1 49 =

B

d(5—-2) )671.

"nE=1)
Average distance and diameter



Fact 1 ([11]) For a power law random graph with exponent 8 > 3 and av-
erage degree d strictly greater than 1, almost surely the average distance is

(1+ 0(1))% and the diameter is ©(logn).

Fact 2 ([11]) Suppose a power law random graph with exponent 3 has aver-
age degree d strictly greater than 1 and mazimum degree m satisfying logm >
logn/loglogn. If 2 < B < 3, almost surely the diameter is O(logn) and the
average distance is at most (2 + 0(1))@% .

For the case of 8 = 3, the power law random graph has diameter almost

surely ©(logn) and has average distance ©(logn/loglogn).
Connected components

Fact 3 ([10]) Suppose that G is a random graph in G(w) with given ezpected
degree sequence w. If the expected average degree d is strictly greater than 1,
then the following holds:

(1) Almost surely G has a unique giant component. Furthermore, the volume
of the giant component is at least (1 — \/% +0(1))Vol(G) ifd > 2 =1.4715. .,
and is at least (1 — #ﬁgd +0(1))Vol(G) if d < 2.

(2) The second largest component almost surely has size O(:

ogd)-

Spectra of the adjacency matrix and the Laplacian

The spectra of the adjacency matrix and the Laplacian of a non-regular
graph can have quite different distribution. The definition for the Laplacian
can be found in [8].

Fact 4 ([12]) 1. The largest eigenvalue of the adjacency matrixz of a random
graph with a given expected degree sequence is determined by m, the mazx-
imum degree, and J, the weighted average of the squares of the expected
degrees. We show that the largest eigenvalue of the adjacency matriz is
almost surely (1 + o(1)) max{d, v/m} provided some minor conditions are
satisfied. In addition, suppose that the k" largest expected degree my, is
significantly larger than d?. Then the k' largest eigenvalue of the adja-
cency matriz is almost surely (14 o(1))\/my.

2. For a random power law graph with exponent 3 > 2.5, the largest eigen-
value of a random power law graph is almost surely (1+o0(1))\/m where m
is the maximum degree. Moreover, the k largest eigenvalues of a random
power law graph with exponent B have power law distribution with expo-
nent 20 — 1 if the mazimum degree is sufficiently large and k is bounded

above by a function depending on B, m and d, the average degree. When



2 < 3 < 2.5, the largest eigenvalue is heavily concentrated at cm>=P for

some constant ¢ depending on (8 and the average degree.

3. We will show that the eigenvalues of the Laplacian satisfy the semi-circle
law under the condition that the minimum expected degree is relatively
large (> the square Toot of the expected average degree). This condition
contains the basic case when all degrees are equal (the Erdés-Rényi model).
If we weaken the condition on the minimum expected degree, we can still
have the following strong bound for the eigenvalues of the Laplacian which

implies strong expansion rates for rapidly mizing,

4 log?
max [1— Ai| < (14 o(1))— 4+ L) 1og7n
i#£0 Vo Win
where w is the expected average degree, wmin 1S the minimum exrpected
degree and g(n) is any slow growing function of n.

3 A growth-deletion model for generating ran-
dom power law graphs

One explanation for the ubiquitous occurrence of power laws is the simple growth
rules that can result in a power law distribution (see [3, 4] ). Nevertheless,
realistic networks usually encounter both the growth and deletion of vertices
and edges. Here we consider a general on-line model that combine deletion

steps with the preferential attachment model.

Vertex-growth-step: Add a new vertex v and form a new edge from v to

an existing vertex u chosen with probability proportional to d,,.

Edge-growth-step: Add a new edge with endpoints to be chosen among

existing vertices with probability proportional to the degrees.
Vertex-deletion-step: Delete a vertex randomly.

Edge-deletion-step: Delete an edge randomly.

For non-negative values p1, p2, p3, p4 summing to 1, we consider the following
growth-deletion model G(p1,p2, ps, pa):
At each step, with probability pi, take a vertex-growth step;
With probability po, take an edge-growth step;



With probability ps, take a vertex-deletion step;
With probability p4 = 1 — p; — p2 — ps, take an edge-deletion step.
Here we assume p3 < p; and py < p2 so that the number of vertices and
edge grows as t goes to infinity. If p3 = ps = 0, the model is just the usual

preferential attachment model which generates power law graphs with exponent

0=2+ ;D1£12p2' An extensive survey on the preferential attachment model is
given in [22] and rigorous proofs can be found in [3, 13].

Previously, Bollobas considered edge deletion after the power law graph is
generated [7]. Very recently, Cooper, Frieze and Vera [14] independently con-
sider the growth-deletion model with vertex deletion only. We will show (see
Section 5) the following:

Suppose p3 < p1 and py < p2. Then almost surely the degree sequence of the
growth-deletion model G(p1,p2, ps3,ps) follows the power law distribution with

the exponent
P1 +p3

p1+2p2 —p3 —2ps
We note that a random graph in G(p1, p2, p3, pa) almost surely has expected

B=2+

average degree (p1 + p2 — p4a)/(p1 + p3). For of p;’s in certain ranges, this value
can be below 1 and the random graph is not connected. To simulate graphs with
specified degrees, we consider the following modified model G(p1, p2, p3, p4, M),
for some integer m which generates random graphs with the expected degree
m(p1 + p2 — pa)/(p1 + p3).
At each step, with probability p;, add a new vertex v and form m new edges
from v to existing vertices u chosen with probability proportional to d,,.
With probability po, take m edge-growth steps;

With probability ps, take a vertex-deletion step;

With probability py = 1 — p; — p2 — ps, take m edge-deletion steps.

Suppose p3 < p1 and py < pz. Then almost surely the degree sequence

of the growth-deletion model G(p1,p2,ps3,ps, m) follows the power law distri-

bution with the exponent ( the same as the exponent for the model model

G(p1,p2,P3,P4)-
p1+ D3

p1+2p2 —p3 —2ps’
Many results for G(p1,pe, ps,ps, m) can be derived in the same fashion as for

G(pl , P2, P3, p4) Indeeda G(pl y P2, P3, p4) - G(pl y P2, D3, P4, 1) is usuauy the
hardest case because of the sparseness of the graphs.

B=2+




4 Comparing random graphs

In the early work of Erdés and Rényi on random graphs, they first used the
model F'(n, m) that each graph on n vertices and m edges are chosen randomly
with equal probability, where n and m are given fixed numbers. This model
is apparently different from the later model G(n, p), for which a random graph
is formed by choosing independently each of the (g) pairs of vertices to be an
edge with probability p. Because of the simplicity and ease to use, G(n,p) is
the model for the seminar work of Erdds and Rényi. Since then, G(n,p) has
been widely used and often been referred to as the Erdds-Rényi model. For
m = p(g), the two models are apparently correlated in the sense that many
graph properties that are satisfied by both random graph models. To precisely
define the relationship of two random graph models, we need some definitions.

A graph property P can be viewed as a set of graphs. We say a graph
G satisfies property P if G is a member of P. A graph property is said to
be monotone if whenever a graph H satisfies A, then any graph containing H
must also satisfy A. For example, the property A of containing a specified
subgraph, say, the Peterson graph, is a monotone property. A random graph
G is a probability distribution Prob(G = -). Given two random graphs Gy and
G2 on n vertices, we say G1 dominates Go, if for any monotone graph property
A, the probability that a random graph from G; satisfies A is greater than or
equal to the probability that a random graph from G5 satisfies A4, i.e.,

Pr(G, satisfies A) > Pr(Gs satisfies A).

In this case, we write G; > G5 and G5 < GG;. For example, for any p; < ps, we
have G(n,p1) < G(n,p2).

For any ¢ > 0, we say GG1 dominates Gy with an error estimate e, if for
any monotone graph property A, the probability that a random graph from G,
satisfies A is greater than or equal to the probability that a random graph from

G, satisfies A up to an € error term, i.e.,
Pr(G; satisfies A) 4+ € > Pr(G2 satisfies A).

If G1 dominates Go with an error estimate € = €,, which goes to zero as n
approaches the infinity, we say G is almost surely dominates Gs. In this case,
we write almost surely G; = G5 and G4 < G;.

For example, for any § > 0, we have almost surely

Gn, (1 — 5)%) < F(n,m) < G(n, (1 + 5)%).



We can extend the definition of domination to graphs with different sizes
in the following sense. Suppose that random graph G; has n; vertices for i =
1,2, and n; < ny. By adding ny — ny isolated vertices, the random graph G
is extended to the random graph G} with the same size as Go. We say Gs
dominates G1 if G2 dominates GY.

We consider random graphs that are constructed inductively by pivoting at
one edge at a time. Here we assume the number of vertices is n.
Edge-pivoting : For an edge e € K, a probability ¢ (0 < ¢ < 1), and a
random graph G, a new random graph G’ can be constructed in the following

way. For any graph H, we define

Pr(G'=H)
{ (1-¢q)Pr(G=H) ifeg E(H),
Pr(G=H)+qPr(G=H\{e}) ifeec E(H).

It is easy to check that Pr(G’ = ) is a probability distribution. We say G’ is
constructed from G by pivoting at the edge e with probability q.
For any graph property A, we define the set A, to be

A.={HU{e}|H € A}
Further, we define the set Az to be
Az ={H\{e}|H € A}

In other words, A, consists of the graphs obtained by adding the edge e to the
graphs in A; A: consists of the graphs obtained by deleting the edge e from the
graphs in A. We have the following useful lemma.

Lemma 1 Suppose G’ is constructed from G by pivoting at the edge e with
probability q. Then for any property A, we have

Pr(G' € A) = Pr(G € A) + q[Pr((AN Ae)e) — Pr(An Az)).
In particular, if A is a monotone property, we have
Pr(G' € A) > Pr(G € A).
Thus, G' dominates G.

Proof: The set associated with a property A can be partitioned into the fol-
lowing subsets. Let A; = AN A, be the graphs of A containing the edge e, and



Ay = AN Ag be the graphs of A not containing the edge e. We have

Pr(G' € A)
Pr(G' € Ay) + Pr(G' € As)

ZP?“ ZP’I“ =

HeA: HeA;

Z (Pr(G=H)+qPr(G=H\/{e}))

HeA;

+ > (1-qPr(G=H)

HeAs
Pr(G € A1)+ Pr(G € A) + ¢Pr(G € (A1)e)

—qPr(As)
Pr(G € A) +q[Pr((AnA.)s) — Pr(AnN A4g)).

If A is monotone, we have Ay C (A;).. Thus,

Lemma 1 is proved.

Pr(G' € A) > Pr(G € A).

O

Lemma 2 Suppose G is constructed from G; by pivoting the edge e with prob-

ability q;, for i = 1,2. If ¢ > q2 and G1 dominates Go, then G} dominates

.

Proof: Following the definitions of A, and letting A; and As be as in the proof

of Lemma 1, we have

>

( A)
(Gz A) + 2[Pr(Gs € (A1):) — Pr(Gs € As)]
(G2 € A) + 2 Pr(G2 € ((A1)e \ 42))

r(G1 € A) + @i Pr(Gi € ((A1)e \ A2))
(G1 € A) + q1[Pr(Gy € (A1)e) — Pr(Gy € A2)]
(G e A).

The proof of Lemma 4.2 is complete.

O

Let G; and G2 be the random graphs on n vertices. We define G; U G5 to
be the random graph as follows:

Pr(GiUGy=H)= > Pr(Gy=H)Pr(Gy = Hy)

H{UH;=H



where Hy, Hy range over all possible pairs of subgraphs that are not necessarily
disjoint.

The following Lemma is a generalization of Lemma 2.

Lemma 3 If G dominates G3 with an error estimate €1 and Go dominates
G4 with an error estimate €, then G1 U Go dominates Gz U G4 with an error

estimate €1 + €5 .

Proof: For any monotone property A and any graph H, we define the set
f(A, H) to be
f(A H) ={G|GUH € A}.

We observe that f(A, H) is also a monotone property. Therefore,

PT(G1 UGy € A)
— Z Z Pr(Gy = H,)Pr(Gy, = Hs)

HeA HiUH,=H

= Y _ Pr(Gy=Hy)Pr(Gs € f(A, Hy))
Hy

> Y Pr(Gy=Hy)(Pr(Gs € f(A, Hy)) — €)
H,
> Pr(GiUG4€ A) —e.
Similarly, we have
Pr(Gi UGy € A) > Pr(GsUGy € A) — €.
Thus, we get
Pr(GiUGy € A) > Pr(G3 UGy € A) — (e1 + €2),

as desired. 0.

Suppose ¢ is a sequence of random graphs ¢¢g,, ¢a,, - - ., where the indices
of ¢ range over all graphs on n vertices. Recall that a random graph G is a
probability distribution Prob(G = -) over the space of all graphs on n vertices.
For any random graph G, we define ¢(G) to be the random graph defined as

follows:

Pr(¢(G)=H)= > Pr(G=H)Pr(¢n, = Hy).

‘We have

10



Lemma 4 Let ¢1 and ¢o be two sequences of random graphs where the indices

of ¢1 and ¢o range over all graphs on n vertices. Let G be any random graph.
If
Pr(G € {H|¢1(H)dominates ¢p2(H)with an error

estimate €1}) > 1 — ea,
then ¢1(G) dominates ¢2(G) with an error estimate €1 + €.

Proof: For any monotone property A and any graph H, we have

Pr(¢1(G) € A)
- Z Z Pr(G = Hy)Pr(¢1(H,) = Hy)

HeA HiUHy=H

- ZPr(G = Hq)Pr(¢1(Hy) € f(A, Hy))

H;

> Y Pr(G=H)Pr(¢:(H) € f(A,H)) — e — e
H;

> Pr(¢a(G) € A) — (1 + €2),

as desired, since f(A, H) = {G|GUH € A} is also a monotone property.  O.
Let G1 and G4 be the random graphs on n vertices. We define G7 \ G to
be the random graph as follows:

Pr(Gi\Gy=H)= ) Pr(Gi=H)Pr(Gy=H)
Hi\Hoy=H

where Hy, Hy range over all pairs of graphs.
Lemma 5 If G dominates Gs with an error estimate €1 and Go is dominated

by G4 with an error estimate €3, then G1\ Ga dominates G3 \ G4 with an error
estimate €1 + €3 .

Proof: For any monotone property A and any graph H, we define the set
¢(A, H) to be
6(A, H) = {GIG\ H € A},

11



We observe that ¢(A, H) is also a monotone property. Therefore,

PT(Gl \GQ S A)
= Z Z Pr(G1 = H1)Pr(G2 = Ha)

HEA H\Hy=H
= ZP’I" G2 H2 P’I"(Gl S ¢(A HQ))

> Zpr Gy = Ho)(Pr(Gs € (A, Ha)) — €1)
> (Gg\c:2 €A) e
Similary, we define the set 0(A, H) to be
0(A, H) = {G|H\ G € A}.

We observe that the complement of the set §( A, H) is a monotone property. We

have
PT(G3 \ Gy € A)
= Z Z P?”(GgZHl)PT(GQZHQ)
HEA Hy\\Hy,=H
= ZP’I" G3 H1 PT(GQ S 9(14 Hl))
> Zpr Gs = H,)(Pr(Gy € 6(A, Hy)) — €2)
> (G3\G4EA)—62.
Thus, we get
P?“(Gl UGy € A) > PT(G;), UGy € A) — (61 + 62),
as desired.

A random graph G is called edge-independent (or independent, for short) if
there is an edge-weighted function p: E(K,,) — [0, 1] satisfying

= Hpe X H(l_pe)'

ecH eZH

For example, a random graph with a given expected degree sequence is edge-
independent. Edge-independent random graphs have many nice properties, sev-

eral of which we derive here.

12



Lemma 6 Suppose that G and G’ are independent random graph with edge-
weighted functions p and p’, then G U G’ is edge-independent with the edge-
weighted function p” satisfying

pr = pe + D), — pepl..

Proof: For any graph H, we have

Pr(GUG =H) = Y  Pr(G=H)Pr(G = H,)

H\UH>=H

= > II pa II 20 T] O =pe) JT =2
HyUH>=H e1 €H; e2€H> esZH esZHo

= H (1 _pe)(l - p,e) H (pe(]- - p,e) + (1 - Pe)P’e +pep,e)
eZH ecH

= JI#/ = J[-»).
ecH e¢H

O

Lemma 7 Suppose that G and G’ are independent random graph with edge-
weighted functions p and p’, then G\ G’ is independent with the edge-weighted
function p” satisfying

pe = pe(l —pp).

Proof: For any graph H, we have

Pr(G\G'=H) = Y Pr(G=H)Pr(G =H)

Hi\Ho=H

= Z H p61 H p/eg H (1_p63) H (1_p,e4)
Hi\Hy=H e1€H; ex€EHo esHy esZ Ho

= [ @t =p)) [T = pe = pept)
ecH edH

= plx [T —=p)).
ecH eZH

O

Let {pec}ecr(x,) be a probability distribution over all pairs of vertices. Let

G1 be the random graph of one edge, where a pair e of vertices is chosen with
probability p.. Inductively, we can define the random graph G,, by adding one
more random edge to G,,—1, where a pair e of vertices is chosen (as the new
edge) with probability p.. (There is a small probability to have the same edges
chosen more than once. In such case, we will keep on sampling until we have

13



exactly m different edges.) Hence, G,, has exactly m edges. The probability
that G, has edges ey, ..., en is proportional to pe,Pe, -« - Pe,,. The following
lemma states that G, can be sanwitched by two independent random graphs

with exponentially small errors if m is large enough.

Lemma 8 Assume p. = o(L) for all e € E(Ky,). Let G’ be the independent
random graph with edge-weighted function p., = (1 — d)mp.. Let G” be the
independent random graph with edge-weighted function p] = (1 + 6)mp.. Then

—6%m/4

G dominates G with error e , and G, is also dominated by G” within

. _ 52
an error estimate e=% ™/%,

Proof: For any Graph H, we define
fH) =17 pe
ecH
For any graph property B, we define
f(B) =" f(H).
HeRB

Let Ck be the set of all graphs with exact k edges.

Claim : For a graph monotone property A and an integer k, we have

f(ANCy) _ f(ANCiya)
f(Ck) f(Cri1)

Proof: Both f(ANCy)f(Cky1) and f(AN Cry1)f(Ck) are homogenous polyni-
mals on {p.} of degree 2k+1. We compare the coefficients of a general monomial

<

2 2
Pey =" DPe,Peryy =" " Peag—rin

in f(ANCk)f(Cry1) and f(AN Crt1)f(Cr). The coefficient ¢; of the mono-
mial in f(ANCy)f(Crt1) is the number of (k —r)-subset {ei,, €4y, ,€i,_,.} Of

€rtl,---,e26—rit1 satisfying that the graph with edges {e1, ..., er, €y, €55, €.}

belongs to Ai. The coefficient co of the monomial in f(A N Ck)f(Cky1) is the
number of (k — 7+ 1)-subset {e;,,€ei,, - ,€i_, .} of eqq1,..., eap_ry1 satisfy-
ing that the graph with edges {e1,...,er, €, €4, -, €4, _,,, } belongs to Apyq.
Since A is monotone, if the graph with edges {e1,...,e,,ei, €5y, -, €5} be-
longs to Ay then the graph with edges {e1,...,er, €, €1y, - ,€4,_,,, } must

belong to Ap+1. Hence ¢ is always less than or equal to co. Thus, we have

FLANCr) f(Cryr) < FIAN Crgr) f(Ch)-

14



The claim is proved.

Now let p!, = % = (1+0(1))(1 = §)mp.. In other words, 7 ;) =
(1= 6)mpe.
n
Pr(G'eA) = ) Pr(G e AnCy)

ol
Il

0

NE

Pr(G' e ANCy) + Zpr '€ Cy)
0 k=m+1

= JJa-»)

€

o
Il

(1 = &)m)* f(AN Cy) + Pr(G’ has more than m edges)

1z 11z

< H(l -p)y ((1- 5)m)kf(Ck)% + Pr(G’ has more than m edges)

e k=0 m
< f(?(% H Z f(Cx) + Pr(G’ has more than m edges)
= A i C Z Pr(G ) + Pr(G’ has more than m edges)

Cim) k=0

f(A NCm) /

< —————~ + Pr(G’ has more than m edges
7(Cn) ( )

= Pr(G, € A) + Pr(G’ has more than m edges)

Now we estimate the probability that G’ has more than m edges. Let X, be
the 0-1 random variable with Pr(X., = 1) = p,. Let X = )"  X.. Then E(X) =
(I+o0(1))m(1 —§). Now we apply the following large deviation inequality.

a2
Pr(X — E(X) >a) <e EXFa/3),

We have

Pr(X >m) Pr(X —E(X) > (1+o0(1))ém)

52m?2
67(1+O(1)) 2(1—0)mtom/3

IN

2 2
6—5 m /2.

IN

o 5ympe :
For the other direction, let p” = % = (14 0(1))(1 4 d)mpe, which

implies 12%;'6' = (14 d)mp..

15



Pr(G"eA) = Y Pr(G"eAnCy)

=
> ) Pr(G' e AnCy)

- T4 k_z (1 + m) (AN C)

> g<1—pg>§<<1+6>m>kf<ck>%
> %H k_f:m (1 + 6)m)* F(C)
_ f(]f‘(#c Til PrG €Cy)

> % — Pr(G” has less than m edges)

= Pr(Gp, € A) — Pr(G" has less than m edges)

Now we estimate the probability that G” has less than m edges. Let X, be
the 0-1 random variable with Pr(X, =1) =p}/. Let X = > _X.. Then E(X) =
(I1+0(1))m(1 4 6). Now we apply the following large deviation inequality.

2

Pr(X — B(X) < a) < e 2B

We have
Pr(X <m) = Pr(X-—EX)<(14o0(1))dm)
< (o)
< 6752?77,2/3.
The proof of Lemma is completed. O

5 The coupling of the growth deletion model
We will prove the following:

Theorem 1 Suppose ps < p1 and py < pa. Then

16



1. Almost surely the degree sequence of the growth-deletion model G(p1,p2, ps, P4, m)

follows the power law distribution with the exponent

p1+ D3
B=2+ .
P11+ 2p2 —p3 — 2py

2. Suppose m > log® ™ n. Let Si be the set of vertices i satisfying t1/2 < i <
t. Almost surely the induced graph of G(p1, p2, ps, pa,m) on S1 dominates
an (off-line) random graph G1 (also on S1) with expected degree sequence
w; = (1 —o(1))m(L)Pr/Pr=pP)(B=1) (for i € Sy ).

3. Suppose m > log?ten. Let Sy be the set of vertices i satisfying t*/2 <
1 < t. Almost surely the induced graph of G(pi,p2,ps,ps,m) on Sy is
dominated by an (off-line) random graph G2 (also on S3)) with expected
degree sequence w; = (1 + o(1))m(%)P/Pr=p)(B=1) (for j € S, ).

Let ny (or 7¢) be the number of vertices (or edges) at time ¢t. We first establish

the following lemmas on the number of vertices and the number of edges.

Lemma 9 For any k and t, in G(p1,p2,ps3,p4), the number n, of vertices at

time t satisfies

(p1 — p3)t — \/2ktlogt < n; < (p1 — p3)t + \/2ktlogt. (1)

with probability at least 1 — t%

Proof: The expected number of vertices n; satisfies the following recurrence

relation:

E(nit1) = E(ng) +p1 — ps3

Hence, E(ni+1) = (p1 — p3)t. Since we assume p3 < pi, the graph grows as time

t increases. By Azuma’s martingale inequality, we have

a2

Pr(lny — E(ng)| > a) < 2e2t.

By choosing a = \/2ktlogt, with probability at least 1 — tk%’ we have

(p1 — p3)t — /2ktlogt < ny < (p1 — p3)t + /2ktlogt. (2)

O

Lemma 10 For any € and k, in G(p1, p2, p3,p4), the number 74 of edges at time

t satisfies
|E(7't) . m(pl + p2 —P4)(P1 _p3)t| < itlzev
1+ D3 Ve
with probability at least 1 — £t=*, if t > (klog k)%(W)Q/E
1 3

17



Proof:

The expected number of edges satisfies

2Tt
_) —_

E(1i41) = E(1¢) + mp1 + mpa — p3E( - mpy.

Let + — m(pl"l‘pZ —pa)(P1—p3)
p1+p3 ’ , ,
Claim 1: For any s > 2k log kps (p1 +pa —pa)

(p3—13)?

, with probability at least 1 —

25:54,1 tk%’ we have
|E(Te) — Tt <4m,/@\/tlogt. (3)

We will prove Claim 1 by induction on ¢. Let Cy =4, /IOZS. For t < s, the

total number of edges is at most 2t. We have

|E(1y) —7t] < 2mit
[ s
< 4 —/tlogt
= Aam log s o8
< Csy/tlogt

Now we assume that 7, — 7t < Cs/tlogt holds with probability at least 1 —
EE:SH % For t 4+ 1, we have

|E(Ti41) — 7(t + 1)

2T,
= |E(7) + mpy + mpa — psE(=) — mps — m(t + 1))

nt
T T
= |E(r) —7t— 2p3(E(n_tt) T L —1s
< |E(r) — t| + 2ps|E(7)| (1 — ot i V2ktlogt  (p1 —1p3)t|
< Csy/tlogt + (2p3¢+03\/@)((p1@3)2\/@+0(lotgt))

2 2 — I 1
< O /Tiogit m\/2kps(p1 + p2 — pa) /otgt+0( ogt)

i —p3 t

< Cs\/(t+1)log(t+1)+0(10Tgt).

Here we apply the inequality (1). The inequality fails with probability at most

ik+1 k+1 Tk+1°
1=s+1 t (t + 1) 1=s+1 ¢

18



We have proved Claim 1. The proof of Lemma 10 follows by choosing s = t¢. [J
Lemma 10 can be further strengthened as follows:

Lemma 11 In G(py,p2, 3, pa, m), with probability at least 1 —O(t~*), the total
number of edges is
(p1 +p2 — pa)(p1 — p3)

Tt = mt + O(kmt'~ 1 +79) log?t).
pP1+P3

Proof: We claim that

di(t) = O(km (%)~ 70345 log? ) (4)

i
holds with probability at least 1 — O(7). (This will be proved later.)

For any s <, let Dy(t) = maxs<i<¢ d;(t) and 75(t) = {ij € E(Gy)|s <i,j <
t}. Inequality (7) implies with probability at least 1 — O(tk%l), we have

n—T(t) < ) Dit)

i<s

IA
Q
7N
S o+
~__
—
I
N
5
=
+=
3
N
=
<}
o
[\v]
-~

i<s
C 9 t 72(;-171;-2)
< o mktlog”t (—>
2(p1+p2) s
By choosing s = v/t, we have
I~ 24557 T2
T = Ts(t) + O(kmt™ ™ *itr2) log™t). (5)

Since 14 — 75(t) = o(t), it suffices to estimate 75(¢) instead of m(t).

We define a different random process G}, which is exactly the same as
Gt(p1,p2,p3,p4) upto t < s. For ¢t > s, G, differs from G(p1,p2,ps3,ps) only
at the vertex-deletion step in the following way. Suppose a vertex i is cho-
sen to be deleted at G¢(p1,p2,ps,ps). We check the degree d;(t). If i < s or
di(t) < Ckm(%)l_m log?t, (where C' is the hidden constant in equation
(4), vertex ¢ is deleted in the same way as Gi(p1,p2,p3,psa). Otherwise the
vertex i is kept. Let 7/(¢) be {ij € E(G})|s <1i,j < t}. We have

Pr(r,(t) # i(1) < YO0 ") = O(s7*). (6)
l=s

We note that 7/(t + 1) — 7.(¢) is always bounded by Ckm(%)l_%lﬂpz) log®
(denoted by C, for short). We apply the martingale inequality to 7.(t). We
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have

Pr(jrs(t) = E(r{(t))| > a)

a2

2@7 Ti_s CF

IA

a2

DT

t L\ T 201 HP2) 10g2 1)2

< 9¢ Sh_ Ckm(l) log2 1)
o2

24

5__P1__ _
< Qe clc?t p1tp2 ¢

—P1
P1HP2 m2k2 10gd ¢

We choose s = v/t and a = V/ CTOt" ™ T 52 mkd/2 log5/2 t. With probability
at least 1 — O(t~ /1), we have

[71(t) — B(r)(1)] = O(t" Tt mk® 2 10g>/2 ).

S

We note that 75(¢) is always less than 2mt. By equation (6), we have
E(75(t)) — E(r/(t)) < 4mtO(t™*>T1/2) = O(mt~*/213/2),

Hence with probability at least 1—O(t~*/2+1) —O(=H/2H1/2) = 1 - O(~*/2+1),
we have
Iry (1) — B(r(0))] <
ITL(t) — E(TL(t))]| + E(7s(t)) — E(T4(t))
— O mE 2 log?? 1) + O(mtH/2412)
= Ot 1 mk3/2 log®/2 t)

Combining with inequality (5), with probability 1 — O(t=#/2+1),

ITe — E(7)]
< = @+ [B(r) = B(rs(O)] + |7 (t) = E(rs(0))]
< O(mkt' "m0 log?t) + O(mkt'~ Tm+70 log?t)

+O(mkt' ™7 70 log? ¢)
= O(mkt174(Pf-}-p4) 10g2 t)

It remains to prove inequality (4).

We compare G(p1, p2, p3, pa, m) with the following preferential model G(p1, p2, m)
without deletion. At each step, with probability p;, take a vertex-growth step
and add m edges from the new vertex to the current graph;

With probability ps, take an edge-growth step and m edges are added into
the current graph;
With probability 1 — p; — p2, do nothing.

20



We claim that the degree d,(t) in the model G(p1, p2, p3, ps, m) (with dele-
tion) is stochastically dominated by the degree sequence d,(t) in the model
G(p1,p2, m) (without deletion). This can be shown by the following balls-and-
bins argument. The number of balls in the first bin (denoted by a1) represents
the degree of u while the number of balls in the other bin (denoted by a1) rep-
resents the sum of degrees of the vertices other than w. When an edge incident
to u is added to the graph G(p1,p2,ps, pa, m), it increases both a; and as by 1.
When an edge not incident to w is added into the graph, as increases by 2 while
a1 remains the same. Without loss of generality, we can assume a; is less than
as in the initial graph. If an edge wwv, which is incident to wu, is deleted later,
we delay adding this edge until the very moment the edge is to be deleted. At
the moment of adding the edge uv, two bins have a; and as balls respectively.
When we delay adding the edge uv, the number of balls in two bins are still aq
and ay comparing with a; + 1 and as + 1 in the original random process. Since
aj < ag, the random process with delay dominates the original random process.
If an edge vw which is not incident to u is deleted, we also delay adding this
edge until the very moment the edge is to be deleted. Equivalently, we compare
the process of a; and as balls in bins to the process with a; and as + 2 balls.
The random process without delay dominates the one with delay. Therefore,
for any u, the degrees of u in the model without deletion dominates the degrees
in the model with deletion.

It remains to obtain an appropriate upper bound of d,, (t) for model G(p1, p2, m).
If a vertex u is added at time 7, we label it by 7. Let us remove the idle steps
and re-parameterize the time. Let a = p1pT1p2' We observe that the model
G(p1,p2, m) = G(a,1 —,0,0,m). The claim is true by using the upper bound
for the degrees of G(a,1 — a,0,0,m) as proved in Lemma 13 in the appendix.

The proof of Lemma 13 is complete. Ol.

We have the following result on the degrees of the model G(p1, p2, p3, p4, m).

Lemma 12 If the vertexi (i > /t) survives up to time t, then, with probability
at least 1 — O(t=F), the degree d;(t) of the model G(p1,p2,ps3,pa) satisfies
P1(P1+2p2—p3—2p4)

t
dz(f,) < (7)2(P1+p2—p3—p4)(p1—p3) (m+ Clog2 t).
(3

Ifm > log2Jre n, then with probability at least 1 —t=* (any constant k), we have

di(t) = (1 — o(1))m (L) TR o
(3
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Proof: Let n = p; —p3 and 7 = %m. By lemma 11, with

probability at least 1 — O(t~%), the total number of edges is
7 = 7t + O(kmt'” Tt log? t).

By lemma 9, the number n; of vertices at time t satisfies
ny = nt + O(+/2kt logt),

with probability at least 1 — t%
Let C; be the event that either

i — (1 + P2 — pa) (P2 —p:s)mt| > Chmi'™ 5 log? 1,
P1+ D3

or [ny —nt| > C+/2ktlogt.

The probability that one of C; (i <1 < t) occurs is at most

zt:O(t_’“) = O~ = o= H/*,
=1

Let X; be the truncated degree of ¢ at time ¢ as follows. X; = d;(t) if none
of events C; (i <1 <t) occurs, 0 otherwise. At ¢+ 1, with probability of 1 — n%,

the vertex i survives at time ¢ + 1. Condition on this probability, we have

1 T T
E )\Xt+1G,X: < )\CE— 1__ _)\m
(G Xy=12) < e 1_%@1( o T 57
T x
+pa(1— =+ =M™
Tt Tt
x
a1l = e )
t T
x —A\m
tpa(l = =+ =e ")
t Tt

For any d = o(1), we can choose A small enough so that e* < 1+ A(1 + J)
and e=* <1 — A\(1 — 4) hold. We have

1 (ple%Am(Hé) + er% Am(1+6)
1

nt
+p3eﬁ)\m(fl+6) +p4ez%t)\(71+5)) + O(ikarl)

p1mA+46) | pom(1+44) | pgm(=146) | pam(—=1+96)
(I P P +5 )61/nt+0(i71@+1)

nt

B Gy Xy =x) < e

IN

(p1+2p2—p3—2p4 +0(5))
2(p1+p2—ra)(p1—P3)t

REER +o(t*1’5))e—1/m + O(i_k"’l)

IN
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Let My1 = (14 p1+22’a:f;i’;‘;;0(6) +o(t7 1)\, for t > i+ 1. We have

+ oI )N

t—1
p1(p1 + 2p2 — p3 — 2ps + O(9))
A=A 1+
' o lzl_iL( 2(p1 + p2 — pa)(pr — ps)l

t—1  p1+2py—p3—2pa+0(8) —1—e
Zl=i+1 2(p1+p2—pa)l +o(l )

Q

>\i+1€

P1(p1+2p2—p3—2p4+0(9)) t
)\H—le 2(p1+p2—P4)(P1—P3)! log 7 +o(1)

Q

P1(P1+2p2—p3—2p4)+0O(9)

t 2(p1+p2—ra)(P1—P3)
A1 | =
2

By choosing § = O(=) and \; = O(), we have

logt

Q

P1(p1+2p2—P3—2p4)

\ 1 7\ 2(P1+pP2—Pa)(P1—P3)
R logt t '

E(e)\le) < E(e)\l_le_l)el/(nlJrO(\/Wogl)) _’_O(ikarl).

Hence

E(e)\tXt) < E(e)\t,lXt,l)el/(ntJrO(\/%t—logt))_’_O(ikarl)
<
t—1
< (1+0(1))E(6)\i+lxi+l) H o1/ (nl+0(v/2kTTog))

1=it1
(1+o(1)) (;)pl_m .

P1+2p2—p3—2p4

Let a = (m + Cklog?t) (4) 2@¥P2=70" for some absolute constant C. We

have

Q

Pr(X; > a) < e MOE(eMX) < e Flost,
Thus, we have
Pr(di(t) > a) < Pr(X; > a) + O F+1) < ¢k 4 k241

as desired.
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E(ei)\Xt+1 |Gt, Xt = $)
1 _ = _
< e me T
nt

) | ppe— 5 AmA=0)

=z T

+p3€"t )\m(1+6) +p462‘7t)\(1+5)) +O(i_k+1)

_ _p1m(1=8) | pom(1—8) | pgm(1+8) | pam(1+8) .
< Az (1 o e IS )+O(z‘k+1)
_ _ p1(P1+2p2—p3—2py)—0O(9) —1—¢ 1
< e Az (1 2(p1+p2—p4)(P1—P3)t Folt N+a; +O(i7k+1).

Let \y1 = (1 — plg’z;i’;z:’;i;(i’;‘f;&(é) +o(t7 179\, for t > i+ 1. We have

t—1
p1(p1 + 2p2 — p3 — 2ps) — O(6)
A=A 1-—
' o lzl_iL( 2(p1 + p2 — pa)(pr — ps)l

_ Zf;hl P1(P1+2p2*p3*2p4)70(5)+O([7175)

+ O(lilie))/\l

~ )\lJrle 2(p1+p2—p4)(P1—P3)L
P1+2p2—p3—2pg4+0(5) t
~ )\H—le_ 2(p1+p2—p4)l log 5+0(1)
_ p1(P1+2p2—p3—2p4)+0O(9)
t 2(p1+p2—ra)(P1—P3)
A A | -
1
_ 1 . __ klogt __
We choose 6 = o T and \jy1 = “p=2= = O(0). Then,

P1(P1+2p2—Pp3—2p4)
Z> 2(p1+p2—pa)(P1—P3)

)\i+1 = (]. + 0(1)))\,5 <E

P1(p1+2p2—pP3—2p4)

Let g = (1 _ 0(1))m (%) 2(p1tr2—r0)(1-73) . We have

Pr(X;<a) < eM'B(e M)
< eAtaE(e*)‘i+1Xi+1)eZ;;il+l 1/ _’_te)\tanf;ilJrl 1/nli*k+1
< e—/\f,+1m+/\ta+(l71—103)10g%+te’\‘a(£)(pl_p3)i_k+1
1
| P1(p1+2po—p3—2p4g)
< e rimi(mea(lbo)(§) FPLTRETROITI) | 6 y—k/443)
< O(t_k/4+3).

Thus, we have
Pr(d;(t) < a) < Pr(X, < a) < Ot F/4+3),

as desired.
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Proof of main theorem: The probability that a vertex ¢ survives up to the
time ¢ is .
H (]_ — @) ~ ezf=i+1 _(mfis)t ~ (E)mpfgps .

ny t

l=i+1

P1(p1+2p2—p3—2p4)
2(p1+p2—pa)(P1—p3)°

Suppose i survives at the time ¢t. Let o = By Lemma 12,

with high probability, we have
i

di(t) = (1 +o(1))m(7)".

The number of vertices with degree between x; and x2 is given by

Z (g)m*m

(1+0(1))(32)~V/*t<i<(1+o0(1))(ZL)~ 1/t

Tl ——P1__ T, ——P1__
~ ((—)aP1-pr3) — (—)alP1—pr3) )t
(&) (S a0i5a7)
~ (FLyB+1 _ T2y -p41
(Tt — 22—,

Here we apply the following equality:

- 2(p1+p2—pa)
a(p1 —p3) P14 2p2 — p3 — 2p4

=-B+1

The number of vertices with degree between x and = + Ax is

(o)) = 2 AT iy L O,

Hence, G(p1, p2, ps, p4, m) is a power law graph with exponent 5 = 2+%.

To item (2), we consider w! = (1 — 0(1))m(%)0‘ for t > 1 >4 > +/t, and
7= (1+ 0(1))m%1. For | = [Vt],...,t, we will construct an
edge-independent random graph G! as follows. At [ = |/t], G! is an empty
graph initially. Inductively, we assume an edge-independent random graph G;
has been constructed, for j < [.

If step [ + 1 is a vertex-growth-step in G'**(p1, p2, p3, p4, m), we add a new
vertex labelled by [ + 1 to G;. Let H! be the edge-independent random graph

with .
i

Digy1 = m(l — 0(1))2—71.
We define G!*! = G' U HY.

If step [ + 1 is an edge-growth-step in G'**(py, pa, p3, ps, m), Let H. be the
edge-independent random graph with

whwt

pij = m(l — 0(1))ﬁ7
!
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for all pairs of vertices (4, j) in G'. We define G'*! = G' U H!.
If step [ + 1 is a vertex-deletion-step in G'*1(py, pa, p3, pa, m), We delete the

same vertex from G! and call the resulted graph G!*1.

If step [ + 1 is a edge-deletion-step in G'*1(p1, p2, ps, ps, m), Let HY, be the
random graph with uniform probability p = 2. We define G = G' \ H!.

7"

Clearly, G'*! is also edge-independent if G! is edge-independent.

For any two vertices i and j (i < j) in G', the edge probability péj satisfies

the following recurrence formula.

m(1 — o(1)) if 1= j
J
pé]fl with probability p1 + ps.
l Lt Lapt
bij = pi;l(l —m(1l— 0(1))“1‘;2] )+ m(l—29) q"ii:;” with probability po
pé}fl( — Qﬂn) with probability p4
0 if either 7 and j is deleted, or | < j
We have
1N\ 1—1 m -1
E(pi;) = E(pi; ) +p2m(1 —6) — p42—TlE(pij )-
By solving this recurrence formula, we have
i) (1 +ps) et
E(@) =1 -o(1)—=—L =(1-0(1 2 —
(pi;) = (L —o(1)) o (1—of ))2m(p1+p2—p4)(p1 — )

When [ > 7, péj concentrates on its expected value. In particular, if 1 < j <

t —/t, we have péj ~ (1-0(1)) (P1+ps)

l2£¥7 1

. When j >t — /t, we

have

Pl = m(1 — o(1))

= (1 -o(1))

2m(p1+p2—pa)(p1—ps) 15>

(p1 + p3)

l2(y—1

If j >t — /t, we have

2m(p1 + p2 — pa)(p1 — p3) 15

piy > Plig(1 = =)' = (1= o(1))pij.

7j
Hence, we have

Pl = (1-0(1)) (p1 + p3) j2a—1

2m(p1 + p2 — pa)(p1 — p3) 5

= (1 o1t

j27't,

for all v/t < i < j < t. Thus, G is the random graph with expected degree

sequnence w; = w}.
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Now we prove inductively that G*(p1, p2, p3, P4, m) dominates G! within error
estimate o(t~%) (for any constant K.)

For | = +/t, the statement is trivial since G' is an empty graph. We now
assume that G!(p1, p2, p3, pa, m) dominates G! within error estimate o(t~%) (for
any constant K.)

If step | + 1 takes a vertex-growth-step, we define the random graph ¢(H)
to be the graph consisting m random edges from the new vertex. The other
end point of those edges are chosen with probability proportional to their de-
grees of H. We note that G'™(p1,p2,p3,p4) = ¢(G'(p1,p2,p3,p4)). Since
G'(p1,p2, p3, p4, m) dominates G' within error estimate o(t~%). Hence, G+ (p1, p2, p3, p4)
dominates ¢(G!), which dominates G! U H, = G'*! with an assorciated error
term.

If step [ + 1 takes a edge-growth-step, we define the random graph ¢(H) to
be the graph consisting m random edges on the vertices of H. The end points of
those edges are chosen with probability proportional to their degrees of H. We
note that G'*(p1,ps2, ps,ps) = ¢(G'(p1,p2,p3,ps)). Since G'(p1,p2,ps,ps, m)
dominates G' within error estimate o(t~%). Hence, G'*(py, p2,p3,ps) domi-
nates ¢(G'), which dominates G' U H. = G'*! with an assorciated error term.

If step [ + 1 takes a vertex-deletion-step. It is clear G+ (p1, p2, p3,ps) dom-
inates G'*! within the same error estimate as in step .

If step | + 1 takes a edge-deletion-step, we note that G'**(py, p2, p3, ps) =
GY(p1,p2,p3,pa) \ HS. Since G!(p1,p2,p3,ps,m) dominates G! with an error
estimate o(t—X). Hence, G'*1(p1, p2, p3, pa) dominates G' \ H. = G'*1.

The total error bound is less that ¢ times the maximum error within each
step. Hence the error is o(t~%) for any constant K. The proof of item (2) is
finished. The proof of item (3) is very similar except that it use the opposite
dirction of the domination, and will be omitted here. The theorem is proved. [
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Appendix

We consider the preferential attachment model G(o) = G(o, 1 —,0,0). We
assume that G(«) starts at time ¢ = 1 with an initial graph with only one edge.

Since the number of edge increases by 1 at a time. The total number of edges

at time ¢ is just t.

We label the vertex u by ¢ if u is generated at time i. Let d;(t) denote the

degree of the vertex i at time . We have the following lemma.

Lemma 13 There exists a constant C' satisfying

Pr(d;(t) > 2Ck (:) - log®t) = O(tlk)

for any k, i and t > tg.

Proof: Let X; = d;(t). We have X; =0 and X;41 = 1.
For t > i+ 1, we have

<

E(eM X, = )

Az _(2_04)55 (2—a)x_x_2 by x_22>\
(1 2 (% 2 T Ee’)
e 2-—a)z  (2-a)z ,

1— .
e o o ¢

We choose A = O(6) satisfying e* <1+ A(1 +J). We have

2—a)r (2—-a)x
E )\Xt+1 X — < )\;C 1 _ ( k
(XX =a) < - ETAT L By,
S 6A17(2—2;¥)$+(2—2;¥)«’Ee>\
< OHEEEE )

Let >\t+1 = (]. +

@=a)A+3) )\, for ¢ > i+ 1. We have

2t

t—1
(2—a)(1+9)

A= A 1+ —F=
t l+1l:1i_4[rl( 2 :

t—1  (2—a)(143)
Al+1ezl:i+1 =

(1—a/2)(146) log £

Q

Q

/\l+1e

£\ 1=e/2)(A+9)
v (3)

Q

We choose § = O(1=1) and \; = O(8). We have

ogt

—(1—a/2)(146) N\ 1—a/2
t 1
Aig1=0(0 <;> ) =0(— <E> :
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Hence
E(ektXf, <... < E(e)\’:'*'lxi-*'l) =1- 0(1)

Let a = Ck (%)17(1/2 log? t for some absolute constant C'. We have

Pr(X; >a) < e Map(erXt) = g~klost

The lemma is proved.
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