
Homework 1: Solutions

1.4.1 Suppose that p = 1
n2/3ω

where ω → ∞. Let X denote the number of
copies K4 in Gn,p. Then

E(X) =

(
n

4

)
p6 ≤ n4 · 1

n4ω6
=

1

ω6
→ 0.

1.4.3 Let X denote the number of sets S, 5 ≤ |S| ≤ n/ log n such that e(S) ≥
2|S|. Then

E(X) ≤
n/ logn∑
s=5

(
n

s

)((s
2

)
2s

)
p2s

≤
n/ logn∑
s=5

(ne
s

)s(s2e

2s

)2s(
d

n

)2s

=

n/ logn∑
s=5

(
e3d2s

4n

)s

≤
n1/2∑
s=5

(
e3d2

4n1/2

)s

+

n/ logn∑
s=n1/2

(
e3d2

4 log n

)s

= o(1).

1.4.6 Let a = d(log n)1/2e. Let X denote the number fo vertices of degree a.
Then

E(X) = n

(
n− 1

a

)
pa(1− p)n−1−a

≥ (1− o(1))n
(np

a

)a
e−np.

For this we have used Lemma 21.1(f) and

(1− p)n−1−a = exp{−(n− 1− a)(p+O(p2))}.

Continuing, because aa = no(1), we have

E(X) ≥ n1−o(1).
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For the second moment,

E(X2) = E(X) +E(X)

n∑
j=2

P(deg(j) = a | deg(1) = a)

= E(X) +E(X)

n∑
j=2

P(deg(j) = a and (1, j) ∈ En,p | deg(1) = a)+

E(X)

n∑
j=2

P(deg(j) = a and (1, j) /∈ En,p | deg(1) = a)

≤ E(X) + aE(X) +E(X)2.

Here we use

P(deg(j) = a and (1, j) /∈ En,p | deg(1) = a)

=

(
n− 2

a

)
pa(1− p)n−1−a ≤ P(deg(j) = a).

So,

P(X ≥ 1) ≥ E(X)2

E(X2)
≥ 1

1
E(X) +

a
E(X) + 1

= 1− o(1).
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