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A b s t r a c t - - S t a b i l i t y  investigation of hereditary systems is connected often with construction of 
Lyapunov functionals. One general method of Lyapunov functionals construction was proposed and 
developed in [1-9] both for differential equations with aftereffect and for difference equations with 
discrete time. Here, some modification of Lyapunov-type stability theorem is proposed, which allows 
one to use this method for difference equations with continuous time also. (~) 2004 Elsevier Ltd. All 
rights reserved. 
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1 .  S T A B I L I T Y  T H E O R E M  

Consider  the  difference equat ion in the  form 

x ( t + h o ) = F ( t , x ( t ) , x ( t - h l ) , x ( t - h 2 )  . . . .  ), t > t o - h o ,  (1.1) 

wi th  the ini t ial  condi t ion 

x(O) = ¢(0),  0 c 0 = [to - ho - m a x h j , t o ] .  (1.2) 
L ~_>1 j 

Here x C R n, h0, h i , . . ,  are posit ive constants ,  the  functional  F satisfies the  condit ion 

OO OO 

]F(t, x o , x l , x 2 , . . . ) ]  <_ E a j l x j l ,  A = E a j  < c~. (1.3) 
j =o j =0 

A solut ion of problem (1.1),(1.2) is a process x(t)  = x( t ; t0 ,  ¢), which is equal to the  init ial  

function ¢( t )  from (1.2) for t < to and is defined by  equat ion (1.1) for t > to. 

DEFINITION 1.1. The trivial solution of  equation (1.1),(1.2) is called stable i f  for any e > 0 
and to >_ 0 there exists a 6 = 6(e, to) > O, such that [x(t;to,¢)l < e, for all t >_ to i f  []¢]l = 

sup0~o I¢(0)1 < a. 
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DEFINITION 1.2. The trivial solution of equation (1.1),(1.2) is called asymptotically stable Ki t  
is stable and limt-.cc x(t; to, ¢) = 0 for all initial functions ¢. 

DEFINITION 1.3. The solution of equation (1.1) with initial condition (1.2) is called p-integrable, 
p>O, if 

lt'o~ Ix(t; to, ¢)[P dt < oo. (1.4) 

In particular, if  p = 2 then the solution x(t; to, ¢) is called square integrable. 

THEOREM 1.1. Let there exist a nonnegative functional V(t) -= V(t, x(t), x ( t -  hi), x ( t -  h2),. . . ) 
and positive numbers Cl, c2, p, such that 

w h e r e  

g(t)  ~ C 1 sup [X(s)[P, t e [to, to + ho), (1.5) 
s<t 

A g ( t )  < -c2Ix( t )F ,  t > to, (1.6) 

~ v ( t )  = v ( t  + ho) - v ( t ) .  (1.7) 

Then the trivial solution of equation (1.1) is stable. 

PROOF. From conditions (1.6),(1.7) it follows 

c2]x(t)[ p <_ V(t), t _> to. (1.8) 

On the other hand, using conditions (1.6),(1.7), we have 

V(t) < V ( t -  ho) <_ V ( t -  2ho) _<...  _< V(s), t >_ to, (1.9) 

where s = t - [(t - to)/(ho)]ho C [to, to + h0), [t] is the integer part  of a number t. From (1.5), it 
follows 

sup V(s) ~ cl sup Ix(t)[ p. (1.10) 
sE[to,to+ho) t<to+ho 

Using (1.1),(1.3),(1.2), for t < to + ho, we obtain 

]x(t)[ = [F(t,x(t - ho),x(t - ho - h l ) ,x ( t  - ho - h2) , . . .  )] 

<_ao[¢(t_ho)[+ E a j ] ¢ ( t _ h o _ h j ) [  <_ E a j [ l ¢ [ [ =  A[]¢[[" (1.11) 
j =  l j = 0  

From (1.8)-(1.11), it follows c2[x(t)lP <_ ClAV]l¢ll p for t > to. It means tha t  the trivial solution 
of equation (1.1),(1.2) is stable. The theorem is proven. 

REMARK 1.1. If the conditions of Theorem 1.1 hold and A < 1 (A is defined by (1.3)) then the 
trivial solution of equation (1.1),(1.2) is asymptotically stable. To prove this, it is enough similar 
to (1.11) to show tha t  

[x(t)[ _< A[(t-t°)/h°]+l[[¢[[, t > to. 

REMARK 1.2. If the conditions of Theorem 1.1 hold, then the solution of equation (1.1) for each 
initial function (1.2) is p-integrable. Really, integrating (1.6) from t = to to t = T, by virtue 
of (1.7) we have 

T+~,o V(t) dt - V(t) dt < -e2 Ix(t) f dt. 
T Jto 

From here and (1.10),(1.11), it follows 

f t f f  f t o  + ho 
c2 Ix( t ) f  dt <__ V(t)dt  < clAP][¢llVho < oz 

J to 

and, by T --~ c~, we obtain (1.4). 
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COROLLARY 1.1. Let there exist  a funct ional  V ( t )  = V ( t , x ( t ) , x ( t  - h l ) , X ( t  - h 2 ) , . . .  ) and 
posi t ive  numbers  Cl, c2, p, such tha t  condi t ions (1.5),(1.8) and A V ( t )  < 0 hold. T h e n  the  trivial 
solut ion o f  equat ion (1.1) is stable. 

From Theorem 1.1, Remarks 1.1 and 1.2, and Corollary 1.1, it follows that an investigation of 
behavior of the solution of equation (1.1) can be reduced to construction of appropriate Lyapunov 
functionals. Below some formal procedure of Lyapunov functionMs construction for equations of 
type (1.1) is described. 

2. F O R M A L  P R O C E D U R E  O F  L Y A P U N O V  
F U N C T I O N A L S  C O N S T R U C T I O N  

The proposed procedure of Lyapunov functionals construction consists of four steps. 

STEP 1. Represent the right-hand side of equation (1.1) in the form 

f ( t )  = Fl(t) + F2(t) + AF3(t) ,  (2.1) 

where F1 (t) = Fx (t, x(t), x ( t  - h i ) , . . . ,  x ( t  - hk)), F2(t) = F2(t,  x ( t ) ,  x ( t  - hi), x ( t  - h2), . . .  ), 
F3(t) = F3(t,  x(t), x ( t  - h i ) ,  x ( t -  h2),. . .  ), k > 0 is a given integer, Fj( t ,  O, 0 , . . .  ) = O, j = 1, 2, 3, 
the operator A is defined by (1.7). 

STEP 2. Suppose that for the auxiliary equation 

y( t  + ho) = F l ( t , y ( t ) , y ( t -  h l ) , . . . , y ( t -  hk)) ,  t > to - ho, 

there exists a Lyapunov functional v( t )  = v(t ,  y( t ) ,  y ( t  - h i ) , . . . ,  y( t  - hk)), which satisfies the 
conditions of Theorem 1.1. 

STEP 3. Consider Lyapunov functional Y ( t )  for equation (1.1) in the form Y ( t )  = Vl ( t )  + V2(t), 
where the main component is 1/1 (t) = v(t ,  x ( t )  - F3(t) ,  x ( t  - h l )  . . . .  , x ( t  - hk)) .  Calculate AV1 (t) 
and in a reasonable way, estimate it. 

STEP 4. In order to satisfy the conditions of Theorem 1.1, the additional component V2(t) is 
chosen by some standard way. 

3. L I N E A R  V O L T E R R A  E Q U A T I O N S  
W I T H  C O N S T A N T  C O E F F I C I E N T S  

Let us demonstrate the formal procedure of Lyapunov functionals construction described above 
for stability investigation of the scalar equation 

[tl+,- 
x(t  + 1) = ~ ajx( t  - j ) ,  t > - 1 ,  x(s)  = ¢(s) ,  ~ e I -r ,  0], (3.1) 

j=0  

where r _> 0 is a given integer, aj are known constants. 

3.1. The First Way of Lyapunov Functional Construction 

Following Step 1 of the procedure represent equation (3.1) in form (2.1) with F3(t) = 0, 

k [t]+~ 

Fl ( t )  = E a j x ( t - j ) ,  F2(t) = E n i x ( t - j ) ,  k >_ 0, (3.2) 
j=0 j = k - b l  

and consider (Step 2) the auxiliary equation 

k 

y ( t + l ) = j ~ = o a j y ( t - j )  , t > - l ,  k>_O, (3.a) 

y(s) = ¢(s) ,  s e [ -r ,0 ] ,  y(~) = 0, ~ < - r .  
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Introduce into consideration the vector Y ( t ) = (y( t - k) . . . .  , y( t - 1), y( t ) )' and represent the 
auxiliary equation (3.3) in the form 

i 1 0 . . .  0 O ]  0 1 . . .  0 0 
Y ( t  + 1) = AY( t ) ,  A . . . . . . . . . . . . . . . . . . .  . (3.4) 

0 0 --. 0 1 
ak a k - 1  ak--2 • • • a l  ao 

Consider the matrix equation 

0 .. .  0 O )  

A ' D A - D  = - U ,  U = ~ 0 -.. 0 0 ' (3.5) 

\ o  . . .  o 1 

and suppose that the solution D of this equation is a positive semidefinite symmetric matrix of 

dimension k -k 1 with dk+1,k+1 > 0. In this case, the function v(t) = Y'(t)DY(t) is Lyapunov 

function for equation (3.4), i.e., it satisfies the condition of Theorem 1.1, in particular, condi- 
tion (1.6) with p = 2. Really, using (3.4), we have Av(t)  = Y ' ( t  + 1 )DY( t  + 1) - Y ' ( t )Dy( t )  = 
Y ' ( t ) [A 'DA - D]Y(t)  = - Y ' ( t ) U Y ( t )  = -y2( t ) .  

Following Step 3 of the procedure, we will construct Lyapunov functional V(t)  for equation (3.1) 
in the form V(t)  = V1 (t) + V2 (t), where V1 (t) = X ' ( t ) D X  (t), X (t) = ( x ( t -  k ) , . . . ,  x ( t  - 1), x(t)) ' .  
Rewrite equation (3.1) by virtue of representation (3.2) in the matrix form 

X ( t  ÷ 1) = A X ( t )  ÷ B(t), (3.6) 

where matrix A is defined by (3.4), B(t)  - (0,. . .  ,0, F2(t))'. Calculating AVI(t), by virtue of 
equation (3.6) we have 

AVI(t) = X ' ( t  + 1 )DX( t  -I- 1) - X ' ( t ) D X ( t )  

= (AX( t )  + B ( t ) ) ' D ( A X ( t )  + B(t))  - X ' ( t ) D X ( t )  (3.7) 

= -x2( t )  + B ' ( t )DB( t )  + 2B ' ( t )DAX( t ) .  

Put 
oo 

~ , =  X21aJl, ~=o, 1, . . . .  
j=l  

Then, using the representation for B(t) ,  (3.2), (3.8), and (3.4), we obtain 

[ [t]+~ \ 2 

B ' ( t )DB( t )  = dk+l,e+lF22(t) = dk+l,k+l I E a jx( t  -- j )  ) \~=k+l 

[t]+r 
< dk+l,k+lak+l ~ [ajlx2(t-- j) 

j = k + l  

and 

B'(t)DAX(t) = F2(t) d,,k+ax(t - k + l) + dk+l,k+l ~ amx(t -- m) 
I=1 m=O 

k--1 1 = F2(t) [ E  (amdk+l,k+l + dk--,%k+l) x( t  -- rn) + akdk+l,k+lx(t -- k) 
k in=0  

k 

= F2(t)dk+l,k+l E Qkmx(t - m), 
m = 0  

(3.s) 

(3.9) 

(3.10) 
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where 
Qkm = aT, + dk-m,k+l m = 0 , . . . ,  k - 1, Qkk = ak. (3.11) 

dk+l,k+l ' 

Putting 
k k-1 am dk--rn'k+l ] 

Zk = E IQkm] = lakl + E + dk+l,k+l rn=O rn=O 

and using (3.10)-(3.12), (3.2), (3.s), we obtain 

k [t]+r 
2 B ' ( t ) D A X ( t )  = 2dk+t,k+~ ~ ~ QkmajX(t  - m ) x ( t  - j )  

m=0 j=k+ l  
k [tl+r 

< dk+x,k+~ ~ ~_, IQkml laj](x2(t -- m)  + x2(t -- j ) )  
rn=0 j=k + l 

m~__ ° [t]+r 
<__ dk+l,k+l a k + l  ]Qkrnlx2(t- m) + /3k E 

j=k+ l  
[ajlx~(t - J ) )  • 

Now put 
t "  

qk = ak+l + ilk, Rkm = 

Then, from (3.7),(3.9),(3.13),(3.14), it follows 

(3.12) 

(3.13) 

ak+~lQk,d, 0 _< m _< k, (3.14) 
qklarnl, m > k. 

[tl+r 
AVl(t) < -x2(t) + dk+l,k+l E RkmX2(t -- m). (3.15) 

m = 0  

Now choose (Step 4) the functional V2(t) in the form 

[tl+r 
V2(t) = dk+l,k+l E 7mX2(t -- m),  "Ym = Rkj.  

m=l  j=m 
(3.1~) 

Calculating AV2(t), we obtain 

([tl~_~+r [tl+r ) 
AV2(t) = dk+l,k+l 7,~x2(t + 1 -- m) -- E 7mX2(t -- m)  

m=l  m=l  

/[tl+r [t]+r ) 
= dk+l'k+l ~m~'-oTr~+lx2(t-- m)  -- E ~/mx2(t -- (3.17) 

= dk+l,k+l ")'lX2(t) -- E RkmX2(t -- m) . 
m=l  

From (3.15),(3.17) for the functional V ( t ) = V l ( t ) + V 2 ( t ) ,  we have AV(t) < --(1--~'odk+l,k+l)x2(t). 
If ~'odk+l,k+l < 1, then the functional V(t )  satisfies the conditions of Theorem 1.1. If 3'odk+l,k+l 
= 1, then the functional V(t )  satisfies the conditions of Corollary 1.1. So, if 70dk+l,k+l _< 1, 
then the trivial solution of equation (3.1) is stable. Using (3.16),(3.14),(3.12), transform 70 by 
the following way 

oo k co k o o  

" Y ° = E R k j = E R k J +  E Rkj = a k + l  ~-~lQkj] +qk ~ lajl 
j=O j=0 j = k + l  j=O j=k+ l  

ak+13k + (ak+l + 3k)~k+l 2 = = ak+l + 23k+13k. 



990 L. SHAIKHET 

So, if 

-1 (3.18) O~k+ 1 ~- 20.%+1/3k ~ dk+l,k+l, 

then, the trivial solution of equation (3.1) is stable. As follows from Remark  1.2 in the case of 
strict inequality (3.18), the solution of equation (3.1) is square integrable also. 

REMARK 3.1. Suppose tha t  in equation (3.1) aj = 0 for j > k and mat r ix  equation (3.5) has a 
positive semidefinite solution with dk+l,k+l > 0. Then the trivial solution of equation (3.1) is 
stable and square integrable. Really, in this case, ak+l  = 0 and condition (3.18) strictly holds. 

3.2 T h e  S e c o n d  W a y  o f  L y a p u n o v  F u n c t i o n a l  C o n s t r u c t i o n  

Let us get another  stabil i ty condition. Equat ion (3.1) can be represented (Step 1) in form (2.1) 
with k = 0, F2(t) = 0, 

[t]+r 

Fl(t)=/3x(t), / 3 = E a J ,  F a ( t ) = - E x ( t - m ) E a  j. (3.19) 
j = O  m = l  j = m  

I t  is easy to check calculating AFa(t)  similar to (3.17). 
In this case, the auxiliary equation (Step 2) has the form y(t + 1) = / 3 y ( t )  and the function 

v(t) = y2(t) is Lyapunov function for this equation if [/31 < 1. We will construct  (Step 3) Lyapunov 
functional Y(t) for equation (3.1) in the form Y(t) = V1 (t)+ V2(t), where 111 (t) = (x(t) -F3(t)) 2. 
Calculating AVI(t) ,  by virtue of representat ion (3.19), we have 

AVI(t)  = (x(t  + 1) - Fa(t + 1)) 2 - (x(t) - F3(t)) 2 = (/32 _ 1)x2(t) _ Q(t), 

where Q(t) = 2(/3 - 1)x(t)F3(t). Put t ing  

0/--~ E j~=maJ 

oo 

B.~ = I/3 - 11 j ~ a j  

[t]-i-r ~ 2  t'~ and using (3.19), we obtain ]Q(t)l < ~f/3 - llx2(t) + E m = l  Bm~ ~ - m). As a result, 

[t]+r 

AVI(t)  < [/32 _ 1 + ~1/3 - 1]] x2(t) + E Bmx2(t - m). 
m = l  

Now put  (Step 4) 
[t] +r oo 

v (t) = = B j .  
m = l  j = m  

Calculating AV2(t) similar to (3.17) and using 51 -~- O~[fl--l[, fo r  the functional V(t) = Vl(t)+V2(t) 
we obtain AY(t) < [/32 _ 1 + 2c~1/3 - 1]]x2(t). Thus, if 

/3~ + 2~IZ - 11 < 1, (3.20) 

then the trivial solution of equation (3.1) is stable and (Remark  1.2) square integrable. I t  is easy 
to see tha t  condition (3.20) can also be writ ten in the form 2c~ < 1 +/3,  ]/3] < 1. 

REMARK 3.2. Similar to [1-9] one can show tha t  the method of Lyapunov functionals construc- 
t ion described above can be used also for stochastic difference equations with continuous time. 
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