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Abstract

We study multi-p eriod nonlinear optimization problemswhoseparametersare un-
certain. We assumethat uncertain parametersare revealedin stagesand model them
using the adjustable robust optimization approach. For problems with polytopic un-
certainty, we show that quasi-convexity of the optimal value function of certain sub-
problemsis su�cien t for the reducibilit y of the resulting robust optimization problem
to a single-level deterministic problem. We relate this su�cien t condition to the quasi
cone-convexity of the feasibleset mapping for adjustable variablesand present several
examplesand applications satisfying theseconditions.

1 In tro duction

Uncertainty is an inevitable feature of many decision-makingenvironments. On a regular
basis engineers,economists,investment professionals,and others need to make decisions
to optimize a system with incomplete information and considerableuncertainty. Robust
optimization (RO) is a term that is usedto describe both modeling strategiesand solution
methodsfor optimization problemsthat arede�ned by uncertain inputs [3, 4]. The objective
of robust optimization modelsand algorithms is to obtain solutionsthat are guaranteed to
perform well (in terms of feasibility and near-optimality) for all, or at least most, possible
realizationsof the uncertain input parameters.

Standard robust optimization formulations assumethat the uncertain parameterswill
not be observed until all the decisionvariablesare determinedand thereforedo not allow
for recourseactions that may be basedon realized values of someof these parameters.
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This is not always the casefor uncertain optimization problems. In particular, multi-
period decision models involve uncertain parameterssomeof which are revealed during
the decision process. Therefore, a subset of the decision variables can be chosenafter
theseparametersare observed in a way to correct the sub-optimality of the decisionsmade
with lessinformation in earlier stages.Adjustablerobustoptimization (ARO) formulations
model thesedecisionenvironments, allowing recourseaction. Thesemodels are related to
the two-stage(or multi-stage) stochastic programming formulations with recourse.

ARO modelswererecently introducedin [6, 11] for uncertain linear programmingprob-
lems. Consider,for example,the two-stagelinear optimization problem given below whose
�rst-stage decisionvariables(x 1) needto be determinednow, while the second-stagedeci-
sion variables (x 2) can be chosenafter the uncertain parametersof the problem (A1, A2,
and b) are realized:

min
x 1 ;x 2

f c> x 1 : A1x 1 + A2x 2 � bg: (1)

Note that the secondstage variables x 2 do not appear in the objective function{this is
what Ben-Tal et al. [6] call the \normalized" form of the problem. We can considerthis
simpler and convenient form without lossof generality, asdiscussedin [6, 11]. Let U denote
the uncertainty set for parametersA1, A2, and b, i.e., the set of all potentially realizable
valuesof theseuncertain parameters. The standard robust optimization formulation for
this problemseeksto �nd vectorsx 1 and x 2 that optimize the objective function and satisfy
the constraints of the problem for all possiblerealizationsof the constraint coe�cien ts. In
this formulation, both setsof variablesmust be chosenbeforethe uncertain parameterscan
be observed and thereforecannot dependon theseparameters.Consequently, the standard
robust counterpart of this problem can be written as follows:

min
x 1

f c> x 1 : 9x 2 8(A1; A2; b) 2 U : A1x 1 + A2x 2 � bg: (2)

In contrast, the adjustable robust optimization formulation allows the choice of the
second-period variables x 2 to depend on the realized valuesof the uncertain parameters.
As a result, the adjustable robust counterpart problem is given as follows:

min
x 1

f c> x 1 : 8(A1; A2; b) 2 U; 9x 2 = x 2(A1; A2; b) : A1x 1 + A2x 2 � bg: (3)

Clearly, the feasibleset of the secondproblem is larger than that of the �rst problem in
generaland thereforethe model is more
exible. ARO modelscanbeespecially usefulwhen
robust counterparts are unnecessarilyconservative. The price to pay for this additional
modeling 
exibilit y appearsto bethe increaseddi�cult y of the resulting ARO formulations.
Even for problemswherethe robust counterpart is tractable, it can happen that the ARO
formulation leadsto an NP-hard problem; see,for example,Theorem3.5 in [11]. Oneof the
factorsthat contribute to the addeddi�cult y in ARO modelsis the fact that the feasibleset
of the recourseactions(second-period decisions)dependson both the �rst-p eriod decisions
and the realization of the uncertain parameters. Consequently, the pioneering study of
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Ben-Tal et al. [6] on this subject considersseveral simplifying assumptionseither on the
uncertainty set,or on the dependencestructure of recourseactionsto uncertain parameters.

Adjustable robust optimization models result from natural formulations of multi-stage
decision problems with uncertain parameters and the development of e�cien t solution
techniquesfor such problemsrepresents the next frontier in robust optimization research.
In this article, we contribute to this research by developing tractable ARO formulations
for a classof multi-p eriod optimization problemswith nonlinear constraints and objective
functions. After consideringthe simplecaseof �nite uncertainty sets,we focuson polytopic
uncertainty setsde�ned as a convex hull of a �nite set of points. We investigatesu�cien t
conditions under which the ARO problem reducesto a single deterministic optimization
problem. In particular, we show that when the feasiblesetsof the second-period problem
satisfya certain quasi-convexity property such a reduction is possible.Weprovide examples
exhibiting this property.

The rest of this article is organized as follows. In Section 2 we discussadjustable
robust optimization modelsfor two-period optimization problemswith �nite and polytopic
uncertainty sets and derive a su�cien t condition for the tractabilit y of these problems.
In Section 3 we relate the quasi cone-convexity of the mapping that de�nes feasiblesets
for adjustable variables to the su�cien t condition introduced in the previous section. In
Section4 we provide several low-dimensionalexamplesof feasibleset mappingsthat satisfy
the quasi cone-convexity property. We discussthe application of the results we developed
to problemsin �nancial mathematicsin Section5.

2 Adjustable Robust Optimization Mo dels

In this section we considera two-period decision-makingenvironment. We let u and v
represent the �rst and second-period decisionvariables,respectively, and U and V represent
their feasiblesets. We let p denotea vector of parametersfor the problem. The objective
is to choosefeasiblevectorsu 2 U and v 2 V such that the objective function, denotedby
f (u ; v ; p) is minimized:

inf
u 2 U

inf
v2 V

f (u ; v ; p): (4)

When the vector p is known and the feasible set V for the second-period decision
variables is independent of u , the �rst-p eriod decisions,this problem can be solved as a
deterministic, single-period problem. We consideran environment where the parameter
vector p is uncertain but is known to belong to an uncertainty set P. Throughout the
paper, we will make the reasonableassumption that the uncertainty set P is closedand
bounded. We assumethat theseparameters,possiblydeterminedby events that take place
betweentwo periods, will be realizedand observed after the �rst-p eriod decisionare made
but beforethe second-period decisionsneedto be made. Furthermore, we assumethat the
feasibleset V for the second-period decisionsdepends on the choice of u as well as the
observed valuesof the parametersp and therefore, is denotedby V (u ; p), or equivalently,
by Vu (p) in the remainderof the article.
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As we mentioned in the Introduction, an example of this framework with a linear
objective function and linear constraints as in (1) is consideredin [6, 11]. Problem (1)
correspondsto the choicesof f (u ; v ; p) = c> u, U = Rn for a vector u of dimensionn, and
V (u ; p) = f v : A1(p)u + A2(p)v � b(p)g. For this problem, in addition to the standard
robust counterpart (RC) problem (2), Ben-Tal et al. [6] introduceand study the so-called
adjustablerobustcounterpart (ARC) problem given in (3). It is easyto seethat the ARC
is more 
exible (has a larger feasibleset) than the RC. Ben-Tal et al. arguethat the ARC
is alsomore di�cult in generalthan the corresponding RC and give examplesof problems
whoserobust counterparts are tractable while their ARC formulations are NP-hard. They
also note two special cases:one where the ARC is equivalent to the RC, and therefore is
easywhenthe RC is, and anotherwherethe ARC is a simplelinear program. The �rst case
ariseswhenthe uncertainty is assumedto beconstraint-wise. The assumptionof constraint-
wise uncertainty is discussedin detail in [6, 11] and indicates that uncertain parameters
appearing in a particular constraint of the problem do not appear in any of the remaining
constraints. In fact, under the assumptionof constraint-wise uncertainty, Guslitser shows
that the ARC and RC areequivalent evenfor nonlinearconvex programmingproblems[11].
The secondcase,namely the casewhere the ARC is a linear program arisesif the matrix
A2 in (1) is certain and the uncertainty set for the matrix vector pair (A1; b) is given asthe
convex hull of a �nite set. We will exploresimilar uncertainty setsbelow, but for nonlinear
optimization problems.

2.1 Min-max-min Represen tation of the AR C Problem

For problem (4) with V = V(u ; p), the adjustable robust counterpart problem is obtained
as follows:

inf
u 2 U;t

f t : 8p 2 P 9v 2 V (u ; p) : f (u ; v ; p) � tg : (5)

We sometimes�nd it more convenient to work with the following representation of the
ARC problem:

inf
u 2 U

sup
p2 P

inf
v2 V (u ;p)

f (u ; v ; p): (6)

Using the convention that inf
v2 V (u ;p)

f (u ; v; p) = 1 when V(u ; p) = ; for someu 2 U and

p 2 P, the equivalenceof problems(5) and (6) is shown in the following proposition:

Prop osition 1. The adjustablerobustcounterpart problem(5) and the min-max-min prob-
lem (6) are equivalent.

Proof: As we discussedabove, the ARC problem (5) was proposedin [6] where u is
calleda non-adjustablevector variable and v is calledan adjustablevector variable. One
of the following two casesmust hold:

(a) there exists u 2 U such that V(u ; p) 6= ; for all p 2 P,

(b) for all u 2 U, there exists p 2 P such that V(u ; p) = ; .
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We'll show that problems(5) and (6) have identical optimal valuesin both cases.

For (a) we assumethat there exists u 2 U such that V(u ; p) 6= ; for all p 2 P. De�ne
the subsetU(a) of U as

U(a) � f u 2 U : V(u ; p) 6= ; ; 8p 2 Pg:

By our assumption,U(a) is nonempty. Next we show that (6) is equivalent to

inf
u 2 U ( a)

sup
p2 P

inf
v2 V (u ;p)

f (u ; v ; p): (7)

It is obvious that the optimal value of (6) is lessthan or equal to that of (7) becauseof
U(a) � U, so it is enoughto show that the optimal solution u � 2 U of (6) must lie in U(a)

for the equivalenceof (6) and (7). Indeed, if we supposethat u � 62U(a) , there must exist
p 2 P such that V(u � ; p) = ; and optimal value (6) must be 1 . Recallingour assumption
on the compactnessof P, this contradicts the fact that supp2 P inf v2 V (u ;p) f (u ; v ; p) is
boundedabove when u 2 U(a) . Thereforeu � 2 U(a) and the equivalenceof (6) and (7) is
shown.
Next we show that (7) is equivalent to (5). To \normalize" the problem{this is the term
usedby Ben-Tal et al. [6] for problemswith linear objective functions with no uncertainty{
we introduce an arti�cial variable t to represent the objective function of (7) and impose
the constraint t � inf

v (p)2 V (u ;p)
f (u ; v(p); p) ; 8p 2 P; 8u 2 U(a) . Then,

inf
u 2 U ( a)

sup
p2 P

inf
v2 V (u ;p)

f (u ; v ; p)

( )

�
�
�
�
�
�

inf
u 2 U ( a)

t

s.t. inf
v (p)2 V (u ;p)

f (u ; v(p); p) � t; 8p 2 P

( ) inf
u 2 U ( a) ;t

f t : 8p 2 P 9v 2 V (u ; p) : f (u ; v ; p) � tg ;

( ) inf
u 2 U;t

f t : 8p 2 P 9v 2 V (u ; p) : f (u ; v ; p) � tg ;

and we �nd that (5) and (6) are equivalent.

In case(b), the ARC problem (5) has no feasible solutions and therefore the opti-
mal value of (5) is 1 . Similarly, we observe that for all u 2 U, the optimal value of
supp2 P inf v2 V (u ;p) f (u ; v ; p) is also 1 . Therefore, both problems(5) and (6) attain the
sameoptimal value 1 .

In the next two subsections,we explore ARC problemsfor the casesof a �nite uncer-
tainty set and of a polytopic uncertainty set, i.e., a set given as the convex hull of a �nite
number of points.
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2.2 Adjustable Robust Coun terpart with Finite Uncertain t y Sets

We �rst considerthe casethat P consistsof a �nite number of elements: P = f p1; : : : ; pkg.
From problem (5), we seethat for every p 2 P, there is a corresponding variable v sat-
isfying constraints of (5). We introduce new variables v i to represent the second-period
decisionvariables corresponding to each element p i ; i 2 f 1; : : : ; kg of the uncertainty set
and transform (5) into an equivalent single-level optimization problem.

inf
u ;v 1 ;:::;v k ;t

t

s.t. f (u ; v i ; p i ) � t; (i = 1; : : : ; k)
u 2 U;
v i 2 V (u ; p i ) ; (i = 1; : : : ; k):

(8)

Despite the increasein the number of variables through duplication, this single-level,
deterministic optimization problem is a tractable problem for many classesof functions f
and setsV(u ; p). As an example,we considerthe following set up:

f (u ; v i ; p i ) � f 0 (u ; v i ; p i )
U � f u : g̀ (u ) � 0; ` = 1; : : : ; m1g;

V (u ; p i ) � f v i : f ` (u ; v i ; p i ) � 0; ` = 1; : : : ; m2g
(9)

where

f ` (u ; v i ; p i ) = f ` (w i ; p i ) = w >
i Q` (p i )w i + q` (p i )

> w i + b̀ (p i ); ` = 0; : : : ; m2

g̀ (u ) = u > R`u + r >
` u + d` ; ` = 1; : : : ; m1

w i = (u ; v i )> ; i = 1; : : : ; k:

Above, we can usearbitrary functions Q` (p), q` (p) and b̀ (p) of the uncertain parameter
vector p 2 P as long as the imagesof thesefunctions are in the appropriate spaces.Using
(9) and de�ning Qi` � Q` (pi ); qi` � q` (p i ); and bi` � b̀ (p i ) for all i , we rewrite problem
(8) as follows:

min
u ;v 1 ;:::;v k ;t

t

s.t. w >
i Qi 0w i + q>

i0w i + bi 0 � t; (i = 1; : : : ; k)
u > R`u + r >

` u + d` � 0; (` = 1; : : : ; m1)
w >

i Qi` w i + q>
i` w i + bi` � 0; (i = 1; : : : ; k; ` = 1; : : : ; m2):

(10)

This is a quadratically constrainedoptimization problem. If all the matricesQi` aswell as
R` are positive-semide�nite, then the feasibleset is convex, the problem can be reformu-
lated as a second-orderconeprogramming problem as [5] shows, and can be solved easily
using existing methods and software.

2.3 Adjustable Robust Coun terpart with Polytopic Uncertain t y
Sets

In this subsectionwe consideruncertainty setsof the form conv(P) whereP = f p1; : : : ; pkg
and conv(P) denotesthe convex hull of P. Using this uncertainty set we consider the
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following adjustable robust optimization problem:

inf
u 2 U

sup
p2 conv(P )

inf
v2 V (u ;p)

f (u ; v ; p): (11)

We are interested in characterizing tractable instancesof this problem. In particular,
we would like to identify conditions under which

sup
p2 conv(P )

inf
v2 V (u ;p)

f (u ; v ; p) = max
p2 P

inf
v2 V (u ;p)

f (u ; v ; p); (12)

sothat the ARC problem can be reducedto a single-level deterministic optimization prob-
lem as in the previous subsection. For this purpose,we �rst focus on the inner max-min
problem in (11). Let us �rst de�ne:

gu (p) � inf
v2 Vu (p)

f (u ; v ; p): (13)

Recall that Vu (p) = V(u ; p) with given u 2 U. Then, the inner max-min problem is:

sup
p2 conv(P )

inf
v2 Vu (p)

f (u ; v ; p) = sup
p2 conv(P )

gu (p):

A su�cien t condition for (12) to hold is that with the given u 2 U, gu (p) is a quasi-convex
function in p 2 conv(P), that is,

gu (� p1 + (1 � � )p2) � maxf gu (p1); gu (p2)g

holds for any p1; p2 2 conv(P) and � 2 (0; 1). Equivalently, gu (p) is quasi-convexif all its
level setsare convex sets. We state the following simple result without proof, which can be
shown in, e.g.,Corollary 2.14of [17].

Prop osition 2. If gu (p) de�ned in (13) is a quasi-convexfunction in p 2 conv(P), then

max
p2 conv(P )

gu (p) = max
p2 P

gu (p):

Therefore,when gu (p) is quasi-convex, conv(P) can be replacedby P = f p1; : : : ; pkg
in (11), and the problem reducesto the single-level optimization problem (8) with �nitely
many constraints. In the next section,we will identify necessaryand su�cien t conditions
on the setsVu (p) that lead to quasi-convex gu (p).

Remark 1. In the remainderof the paper we consider a \normalized" version of problem
(11), and assumethat the objective function of the inner-most minimization problemis lin-
ear in v and is independentof the �rst period decision variablesu and the uncertain param-
etersp. This assumptioncan be madewithout lossof generality asindicated by the following
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simple transformation: For given u 2 U and p 2 conv(P), gu (p) = inf
v2 Vu (p)

f (u ; v; p) is

equivalent to:
inf
v ;v0

v0

s.t. f (u ; v ; p) � v0

v 2 Vu (p):

De�ning ~Vu (p) = f ~v = (v; v0) : v 2 Vu (p); f (u ; v; p) � v0g we observethat

gu (p) � inf
~v2 ~Vu (p)

c> ~v; (14)

with c = [0 : : : 0 1]> . The normalized form of gu (p) is useful in the succeeding discussion.

3 Quasi-con vex Maps and Functions

We argued in the previous section that the quasi-convexity of the function gu (p) =
infv2 Vu (p) c> v is a su�cien t condition for the reducibility of the ARC problem (11) to
a single-period optimization problem. Clearly, convexity properties of this function are re-
lated to the structure of the setsVu (p) for u 2 U and p 2 P. In what follows, we describe
a necessaryand su�cien t condition on the set-valued mapping Vu (p) for gu (p) to be a
quasi-convexfunction in p. We alsoconsiderexplicit descriptionsof the setsVu (p) through
constraints and investigateconditions on theseconstraint functions so that the setsVu (p)
satisfy the necessaryand su�cien t condition mentioned in the previoussentence.

3.1 Quasi-con vex Maps Vu (p)

For a given real topologicalvector spaceW, let 2W denoteits power set. Given u 2 U and
an appropriate choiceof W, Vu (p) can be consideredasa set-valuedmap Vu : conv(P) !
2W . We also write Vu : conv(P)  W. Let Q be a closedconvex conein W and de�ne a
relation � Q in W by the closedconvex coneQ: for v 1; v2 2 W, v1 � Q v2 , v2 � v1 2 Q.

De�nition 1. A set-valued map Vu : conv(P)  W is said to be quasi Q-convex (see
[2, 12]) if

8p1; 8p2 2 conv(P); 8v 1 2 Vu (p1); 8v2 2 Vu (p2); 8� 2 (0; 1);
if w 2 W satis�es v1 � Q w; v2 � Q w ;
then 9v0 2 Vu (� p1 + (1 � � )p2) s.t. v0 � Q w:

(15)

ConsiderQ = f q : c> q � 0g de�ned usingthe coe�cien t vector c of the objective function.

Prop osition 3. Assumethat Vu (p) is closed, bounded, and nonemptyfor any u 2 U and
p 2 P. Then, gu (p) is a quasi-convexfunction in p if and only if the set-valued map Vu (p)
is quasiQ-convexwith Q = f q : c> q � 0g.
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Proof: We observe that for every u 2 U the quasi Q-convexity of the map Vu (p) is
su�cien t to guarantee that the function gu (p) is quasi-convex function in p. Indeed,for
any p1; p2 2 conv(P), choose

v1 2 Vu (p1) s.t. gu (p1) = c> v1

v2 2 Vu (p2) s.t. gu (p2) = c> v2:

Such v1 and v2 exist sinceVu (pi ) are assumedto be closedand bounded. De�ne

�w =
�

v1 if c> v1 > c> v2

v2 else,

which indicates that v1 � Q �w and v2 � Q �w . When Vu is quasiQ-convex, from (15), we
have that for any � 2 (0; 1), there exists v 0 2 Vu (� p1 + (1 � � )p2) such that v0 � Q �w .

Then, using the above v0 and �w , we obtain

gu (� p1 + (1 � � )p2) = inf
v2 Vu (� p1+(1 � � )p2 )

c> v

� c> v0

� c> �w

= maxf c> v1; c> v2g

= maxf gu (p1); gu (p2)g:

The secondinequality follows from

v0 � Q �w ) �w � v0 2 Q ) c> ( �w � v0) � 0:

Therefore,gu (p) is a quasi-convex function in p.
Next, we show that (15) is alsonecessaryfor gu (p) to be a quasi-convex function in p.

We supposethat (15) is not satis�ed, and then show that gu (p) cannot be a quasi-convex
function in p.

If (15) is not satis�ed, there must exist �p1; �p2 2 conv(P); �v1 2 Vu (�p1); �v2 2 Vu (�p2); �� 2
(0; 1) such that

for some �w 2 W s.t. �v1 � Q �w ; �v2 � Q �w ;
v0 > Q �w ; 8v0 2 Vu ( �� �p1 + (1 � �� ) �p2):

From the de�nition (14) of gu (p),

gu ( �p1) � c> �v1 � c> �w
gu ( �p2) � c> �v2 � c> �w :

(16)

Since8v0 2 Vu ( �� �p1 + (1 � �� ) �p2) satis�es v0 > Q �w and Vu ( �� �p1 + (1 � �� ) �p2) is compact,

gu ( �� �p1 + (1 � �� ) �p2) > c> �w : (17)
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The above inequalities (16) and (17) show that

maxf gu ( �p1); gu ( �p2)g < gu ( �� �p1 + (1 � �� ) �p2)

and we seethat the condition of quasi-convex function:

gu (� p1 + (1 � � )p2) � maxf gu (p1); gu (p2)g; 8p1; p2 2 conv(P); 8� 2 (0; 1)

is violated at �p1; �p2 2 conv(P) and �� . Thus, if gu (p) is a quasi-convex function in p,
Vu (p) satis�es the condition of quasi Q-convex set-valued map (15).

3.2 Functional Description of Vu (p)

In this subsection,we focuson the casewherethe setsVu (p) are described explicitly using
constraints and obtain su�cien t conditions for quasi Q-convexity of the mapping Vu in
Propositions 4 and 5.

For an arbitrary closedconvex coneK , we considera vector-valued function Fu (v; p)
that satis�es

Vu (p) = f v j Fu (v; p) � K 0g:

We now investigateconditions on functions Fu (v; p) that guarantee Vu (p) to be a quasi
Q-convex set-valuedmap. Not surprisingly, we observe that quasiK -convexity of Fu (v; p)
is su�cien t for this purpose.We �rst de�ne this property [16]:

De�nition 2. F : D ! W is a quasiK -convexvector-valued function in d if 8d1; d2 2 D
and 8� 2 [0; 1],

F (� d1 + (1 � � )d2) � K z holds
for any z satisfying F (d1) � K z; F (d2) � K z:

Prop osition 4. Consider vector-valued functions Fu (v; p) : V � conv(P) ! W suchthat
Vu (p) = f v j Fu (v; p) � K 0g for a given cone K . If Fu (v; p) is quasiK -convexin (v; p)
for all u 2 U, then Vu (p) = f v j Fu (v; p) � K 0g is a quasi Q-convexset-valued map for
any closed convexcone Q.

Proof: By de�nition, for any v 1 2 Vu (p1) and v2 2 Vu (p2),

Fu (v1; p1) � K 0; and Fu (v2; p2) � K 0

holds, and under the assumptionthat Fu (v; p) is quasi K -convex, we obtain

Fu (� v1 + (1 � � )v2; � p1 + (1 � � )p2) � K 0; 8� 2 [0; 1];

which implies � v1 + (1 � � )v2 2 Vu (� p1 + (1 � � )p2), 8� 2 [0; 1].
Now, if w 2 V satis�es v 1 � Q w and v2 � Q w, � v1 + (1 � � )v2 � Q w holds for

every � 2 [0; 1], since w � v1 2 Q, w � v2 2 Q, and the convexity of Q indicates
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� (w � v1) + (1 � � )(w � v2) = w � f � v1 + (1 � � )v2g 2 Q. Therefore,Vu (p) satis�es the
condition (15) of quasi Q-convexity.

We stressthat the conesK and Q in the proposition above neednot coincide. Next, we
consideranevenmorespeci�c form for Vu (p) by de�ning Fu (v; p) = (f 1

u (v; p); : : : ; f m
u (v; p))>

whereeach f i
u (v; p) is a real-valued function and K = Rm

+ . If f i
u (v; p), i = 1; : : : ; m, are

quasi-convex functions in (v; p), then Fu (v; p) is a quasiRm
+ -convexvector-valuedfunction.

Indeed, for any p1; p2; v1; v2, and arbitrary z = (z1; : : : ; zm )> such that f i
u (v1; p1) � zi

and f i
u (v2; p2) � zi (i = 1; : : : ; m), we have

f i
u (� v1 + (1 � � )v2; � p1 + (1 � � )p2) � maxf f i

u (v1; p1); f i
u (v2; p2)g � zi

8� 2 [0; 1]; i = 1; : : : ; m;

which shows the quasi Rm
+ -convexity of Fu (v; p). Therefore, Vu (p) is a quasi Q-convex

set-valued map by the proposition.
In fact, when Vu (p) = f v j f i

u (v; p) � 0; i = 1; : : : ; mg with quasi-convex functions
f i
u (v; p), i = 1; : : : ; m, the mappingVu (p) satis�es the strongerQ-convexityproperty. The

Q-convex set valued map is de�ned in [2, 12]:

8p1; 8p2 2 conv(P); 8v 1 2 Vu (p1); 8v2 2 Vu (p2); and � 2 (0; 1);
9w 2 Vu (� p1 + (1 � � )p2) s.t. w � Q � v1 + (1 � � )v2:

(18)

We end this sectionby presenting the following proposition.

Prop osition 5. Consider the problem:

gu (p) = inf
v2 Vu (p)

f u (v; p);

If the objective function f u (v; p) is quasi-convexin (v; p) and Fu (v; p) is a quasiK -convex
vector-valued function for someconvexcone K , then gu (p) is a quasi-convexfunction in
p.

Proof: We considerthe problem

gu (p) = inf
v2 Vu (p)

f u (v; p) = inf
(v ;v0 )2

�

Vu (p)
v0;

where
eVu (p) � f (v; v0) : f u (v; p) � v0; v 2 Vu (p)g

= f (v; v0) : f u (v; p) � v0; Fu (v; p) � K 0g:

For any p1; p2 2 conv(P), (v1; v01) 2 eVu (p1) and (v2; v02) 2 eVu (p2),

f u (v1; p1) � v01; f u (v2; p2) � v02

Fu (v1; p1) � K 0; Fu (v2; p2) � K 0

hold and the quasi K -convexity of Fu (v; p) shows that Fu (v0; p0) � K 0, where v0 =
� v1+ (1� � )v2 and p0 = � p1+ (1� � )p2, for any � 2 (0; 1). Also, from the quasi-convexity
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of f u (v; p), we seethat f u (v0; p0) � maxf f u (v1; p1); f u (v2; p2)g � maxf v01; v02g � v0
0.

Therefore, (v0; v0
0) = � (v1; v0

0) + (1 � � )(v2; v0
0) is in eVu (p0), and if (w ; w0) satis�es

(v1; v01) � Q (w ; w0) and (v2; v02) � Q (w ; w0) with Q = f (q; q0) : q0 � 0g, then
(v0; v0

0) � Q (w ; w0) holds. We have shown that eVu (p) is a quasi Q-convex set-valued
map, and from Proposition 3, gu (p) is a quasi-convex function in p.

4 Examples with Quasi-con vex Mappings

We investigate the condition (15) for quasi Q-convexity of set-valued mappings and two
stronger (more restrictive) variants of this condition by studying three examples.The �rst
one is an exampleof a Q-convex mapping, the secondone is that of a naturally quasi Q-
convex mapping, and the last one is that of a quasi Q-convex mapping. The Q-convexity
condition was described above in (18). Before we present the examples,we de�ne the
naturally quasi Q-convexity condition [2, 12]:

De�nition 3. A set valued mappingM : D  W is said to be naturally quasiQ-convexif
8d1; d2 2 D,

8� 2 (0; 1); 8m 1 2 M (d1); 8m 2 2 M (d2)
9w 2 M (� d1 + (1 � � )d2) and 9� 2 [0; 1] s.t.
w � Q � m 1 + (1 � � )m 2:

(19)

It is known that every convex set-valued map is also naturally quasi-convex, and every
naturally quasi-convex set-valued map is alsoquasi-convex.

In the exampleswe describe below, the optimal solution of sup
p2 conv(P )

inf
v2 Vu (p)

c> v is ob-

tained for p i 2 P for somei and we can ignore the constraints induced from the interior
points of conv(P). However, Examples2 and 3 do not satisfy the su�cien t conditions of
Propositions4 and 5 for quasiQ-convex setvaluedmapsVu (p). Thus, theseexamplesindi-
catethat conditionsgivenin Propositions4 and 5 arenot necessaryfor quasiQ-convexity of
the mappingVu and moregeneralproblemscanbe reducedto the single-level optimization
problem (8).

Example 1 (Q-convex Vu(p)) : Consider the ARC problemdescribed below:

min
u2 U

max
p2 conv(P )

min
v=( v1 ;v2 )2 V (p)

(� v1 � uv2) (20)

with P = f e1; e2g and

V(p) = f (v1; v2)j (v1 � p1)2 + (v2 � p2)2 � 1; v � 0g:

Note that conv(P) = f p =
�

p1

p2

�
j p � 0; p1 + p2 = 1g. We dropped the subscriptu from

Vu(p) since this setdoesnot dependon u. The inner max-min problemin (20) is equivalent

12



to:

min
u2 U;v0

8
<

:
v0j 8p 2 conv(P) 9v :

v0 � � v1 � uv2;
(v1 � p1)2 + (v2 � p2)2 � 1
v � 0:

9
=

;

v2

p2 = (0; 1)

w = 1
2 �v 1 + 1

2 �v 2

V (p 1 )

�v 2

�v 1

V (p 2 )

V ( 1
2 p 1 + 1

2 p 2 ) v1p1 = (1; 0)

Figure 1: Feasiblesetsand optimal solutions (with u = 1) in Example 1

We observethat the mappingV(p) is Q-convexfor every cone Q containing zero. In-
deed, for any p1; p2 2 conv(P), � 2 (0; 1), �v1 2 V(p1) and �v2 2 V(p2), we can construct
the inner point between �v1 and �v2: � �v1 + (1� � ) �v2 which lies in the setV(� p1 + (1� � )p2),
since � V(p1) + (1 � � )V(p2) = V(� p1 + (1 � � )p2). Now, the set-valued map V satis-
�es the condition of Q-convexity (18) with w chosenas w = � �v1 + (1 � � ) �v2, since
� �v1 + (1 � � ) �v2 � w = 0 2 Q.

Since every convex set-valued map is also quasi-convex [12], the set-valued map V is
quasiQ-convexand therefore, gu(p) becomesa quasi-convexfunction in p, conv(P) in (20)
can be replaced by P and this problemreducesto the single-leveloptimization problemwith
�nitely many constraints.

Indeed, Figure 1 showsthat it is su�cient to focus on the extreme casesV(p1) and
V(p2), since the objective function is linear and an optimal solution is attained in some
scenario V(p1) or V(p2).

Remark 2. Note that this examplecontains a constraint in which the coe�cients of ad-
justablevector variable v are a�e cted by uncertainty:

(v1 � p1)2 + (v2 � p2)2 � 1 , v2
1 + v2

2 � 2p1v1 � 2p2v2 + p2
1 + p2

2 � 1:

But gu(p) is quasi-convex and conv(P) can be replaced by the �nite set P in the ARC
formulation. It is noted in [6] that whentheconstraint coe�cients of theadjustablevariables
v are a�e cted by uncertainty, the resulting ARC can be computationally intr actable. For
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example,this case is excluded in Theorem 2.2 of [6]. The exampleabove showsa special
casewhere the resulting ARC problemis stil l tractable.

Example 2 (Naturally quasi Q-convex Vu(p)) : We focuson the inner problemgu(p) =
min

v2 Vu (p)
c> v with a �xed u 2 U, where

Vu(p) = f (v1; v2)j u � pv1 � 2u; u � pv2 � 2ug;
P = f 1

2; 1g; conv(P) = [1
2 ; 1]:

We'l l showthat the set-valued map Vu(p) satis�es the condition of naturally quasi Q-
convexity de�ned above. Indeed, for any p1; p2 2 conv(P), � 2 (0; 1), �v1 2 Vu(p1) and
�v2 2 Vu(p2), we can construct w = � �v1 + (1 � � ) �v2 2 V(� p1 + (1 � � )p2) by computing
� 2 [0; 1] from

1
� p1 + (1 � � )p2

=
�
p1

+
1 � �

p2
:

Therefore, the set-valued map Vu of this examplesatis�es the condition (19) of naturally
quasi Q-convexity1 wheneverwe take any Q which includes0. Assumingu = 1, Figure 2
shows, in the case of � = 1=2, the inner point of �v1 and �v2: w = � �v1 + (1 � � ) �v2 2
Vu(� p1 + (1 � � )p2) with � = 1=3.

�v 2

1 2 3 4

p1 = 1
2

p2 = 1

1

2

3

4
Vu (p1)

Vu ( 1
2 p1 + 1

2 p2)

Vu (p2)

�v 1

v1

v2

w = 1
3 �v 1 + 2

3 �v 2

Figure 2: Feasiblesetsand optimal solutions (with u = 1) in Example 2

It is shownin [12] that everynaturally quasi-convexset-valued map is alsoquasi-convex,
and we�nd that the set-valued map V of this exampleis quasiQ-convex. However,wenote
that someconstraint functions de�ning Vu(p) are not quasi-convexin (v; p), and Fu (v; p)
do not satisfy the su�cient conditions for the quasiQ-convexity of set-valued map Vu.

1If an appropriate objective function �c> v is given (for example, �c = �v1 � �v2 and therefore, Q0 = f q :
( �v1 � �v2)> q � 0g), the set-valued map Vu might be Q0-convex.
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min

Vu (p1)

Vu (p2)

�v1

�v2

w

contour

Vu ( 1
2 p1 + 1

2 p2)

c> v

min

Vu (p1)

Vu (p2)

�v1

v0

�v2

contour

Vu ( 1
2 p1 + 1

2 p2)

w

c> v

Figure 3: Vu (p) of the right �gure is quasi Q-convex, but that of left �gure is not.

Example 3 (Quasi Q-convex Vu (p)) : We now givea geometric exampleof a mapping
Vu (p) that is quasi Q-convexfor someconvexconesQ but not for others. We de�ne the
convexcone Q depending on the linear objective function c> v as follows: Q = f q : c> q �
0g. In our previousexamplesand discussion,the coneQ in the de�nition of quasiQ-convex
functions and mappingswas largely irr elevant. Note howeverthat while the mapping on
the left in Figure 3 does not satisfy the condition (15), the mapping on the right satis�es
this condition. In these�gur es, each horizontal cross-section of the hourglassshaped three-
dimensional set corresponds to the image of the mapping Vu (p) with di�er ent valuesof
p. The �gur e on the left violates (15) with the points �v1, �v2, w and � = 1

2 forming the
counter-example.In the �gur e on the right, we keep the mappingconstant. By changingc
and the orientation of the plane de�ning the cone Q, we see that the mapping is quasi Q-
convexwith respect to the tilted coneQ. For the exampleon the right, gu (p) � min

v2 Vu (p)
c> v

is quasi-convex in p. Therefore, we can focus on the extreme scenario-casesVu (p1) and
Vu (p2), and conv(P) in (ARC) can be replaced as the set of �nite points P.

Although in this exampleFu (v; p) of Vu (p) = f v j Fu (v; p) � K 0g is not a quasi K -
convexvector-valued function (if quasiK -convex, � v 1 + (1 � � )v2 2 Vu (� p1 + (1 � � )p2)
holds for v1 2 Vu (p1), v2 2 Vu (p2) and 8� 2 [0; 1], which is clearly not the case), the
set-valued map Vu (p) of the right �gur e satis�es the condition of quasi Q-convexity and
Vu (p) is shownas a quasiQ-convexset-valued map.

5 Applications

While the quasi cone-convexity conditions we consideredabove may be di�cult to ver-
ify in generalsettings, there are several application problemswhere one encounters these
structures. Most natural examplescomefrom the two-period formulation of optimization
problemswith quasi-convex objective functions wherethe feasiblesetsof the second-period
variablesdepend \nicely" on the �rst period variables.

Quasi-convex (or quasi-concave) objective functions are quite commonin applications.
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A canonicalexamplefrom economicsis the utilit y maximization problem wherethe quasi-
concavit y of the utilit y function is a typical requirement. Sinceuncertainty andmulti-p eriod
planning/decisionmaking are natural occurrencesand extensionsfor utilit y maximization,
resulting problemscan be addressedthrough the adjustable robust optimization approach
we outlined in the previoussections.

Another rich classof quasi-convex objective functions appear in fractional programming
problems[8, 15]. It is easyto verify that the fractional objective function f (x ) � p(x )=q(x )
is quasi-convex on a convex domain S if p is convex and q is concave and positive on that
domain [7]. Such functions arise frequently in the measurement of the e�ciency of a
system, e.g., with output to input ratios or reward to risk ratios. In what follows, we
discussapplications that can be seenasparticular instancesof the fractional programming
framework.

5.1 Robust Pro�t Opp ortunities

Weconsideran investment environment with n risky securities.Let v1
i denotethe (random)

time 1 value of $1 investedin security i at time 0 and let x0
i denotethe dollars investedin

security i at time 0. We also de�ne r 1
i = v1

i � 1 to be the return on a dollar for security
i . Letting e denote the vector of onesof appropriate size,we seethat the initial value of
the portfolio formed at time 0 is e> x 0 wherex 0 = [x0

1; : : : ; x0
n ]> . At time 1 which is the

end of the initial investment period this portfolio will have value (v 1)> x 0. One can treat
v1 = [v1

1; : : : ; v1
n ]> asa random vector, and denoteits expectedvalue by �v1 and its n � n

(symmetric, positive semide�nite) matrix of variance/covariancesby Q1. Similarly de�ne
r 1 and �r 1, its expectedvalue vector.

The return from this investment is (r 1)> x 0 and the expected return is (�r 1)> x 0 with
variance(x 0)> Q1x 0. For a given risk toleranceparameter � � 0, the quantit y

f � (x 0) � ( �r 1)> x 0 � �
p

(x 0)> Q1x 0

is the risk-adjusted expected return from portfolio x 0. In essence,f � is a utilit y function
and the returns are penalizedbasedon the risk taken to achieve them and the penalty
riseswith � , the risk toleranceparameter. If we let X 0 denotethe feasibleset of valuesfor
portfolio x 0, the problem of maximizing f � (x 0) subject to x 0 2 X 0 is one of the variants
of the classicalMarkowitz mean-varianceoptimization problem.

Here, we consideran alternative problem. Instead of �xing the parameter � , we make
it a variable and look for the largestpossible� for which the risk-adjusted expectedreturn
is above a threshold value t, typically zero. The formulation we consideris:

sup
� ;x 0

� ; s.t. ( �r 1)> x 0 � �
p

(x 0)> Q1x 0 � t; x 0 2 X 0: (21)

The motivation for this alternative formulation comesfrom the models for robust pro�t
opportunities (RPOs) developed in [14]. A RPO is de�ned as a portfolio that has a nega-
tiv e initial investment (i.e., positive initial cash-
ow) and nonnegative future risk-adjusted
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value. A nonnegative risk-adjusted value makes future negative cash-
ows unlikely. For-
mally, a portfolio vector x0 is an RPO if it satis�es

( �v1)> x 0 � �
p

(x 0)> Q1x 0 � 0; e> x 0 < 0; (22)

for a positive constant � . It is arguedin [14] that RPOs represent next-best alternativesto
arbitrageopportunities, which areoften assumednot to exist or persist in �nancial markets.
Solving a problem similar to (21) with constraints (22), one �nds maximum-� RPOs.

While satisfying the inequality of the problem (21) (or the problem with constraints
(22)) doesnot guarantee that the actual return will be above the threshold t (non-negative
for (22)), maximization of � is intended to maximize the likelihood of that event. It is
easy to seethat maximizing � is actually equivalent to maximizing the probability that
the random return vector r 1 will satisfy the inequality (r 1)> x 0 � t when the joint return
distributions arenormal. This argument is alsorelated to the 3� conceptsin engineering{if
the mean minus three standard deviations of a random variable is above a threshold, the
random variable will \almost always" be above that threshold.

Next, weconsiderproblem(21) in a two-period investment setting. For this purpose,let
v2

i denotethe (random) time 2 valueof $1 investedin security i at time 1, and let x1
i denote

the dollars invested in security i at time 1. Let r 2, �r 2, Q2, etc. be de�ned analogously
to the earlier de�nitions. In this two-period investment setting, the investor will form a
portfolio at time 0 that shewill hold until time 1. At time 1 shewill be able to rebalance
her portfolio in a self-�nancing manner and hold this new portfolio until time 2. In the
absenceof transaction costs,the self-�nancing constraint is represented as follows:

e> x 1 = (v1)> x 0; (23)

i.e., the initial value of the portfolio constructedat time 1 must equal to value of the time
0 portfolio at time 1. Proportional transaction costscanbe handledeasilyusingadditional
linear variables. Fixed transaction costshowever would require the useof binary variables.
For simplicity, we do not considereither possibility here.

Sincewe do not know v 1 beforehand,(23) is an uncertain (random) constraint. Let
X 1(x 0; v1) denotethe feasibleset of portfolios for time 1 de�ned by additional constraints
that may or may not depend on x 0 and v1. We focus on the self-�nancing constraint and
treat it separatelyfrom the others. Given a particular value for v 1 and the choice x 0 for
the time 0 portfolio, the problem we want to solve at time 1 is an analogueof (21) with
the additional self-�nancing constraint:

sup
� ;x 1

� ; s.t. ( �r 2)> x 1 � �
p

(x 1)> Q2x 1 � t; e> x 1 = (v1)> x 0; x 1 2 X 1(x 0; v1): (24)

For the two-period problem, one must decidehow to approach the uncertain constraint
e> x 1 = (v1)> x 0. Here, we use the ARO approach and de�ne an uncertainty set U that
contains all possiblevalues of the uncertain vector v 1. We further assumethat U is a
polytopic set and is given as U = convf v 1

1; : : : ; v1
kg. Note that ellipsoidal uncertainty
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setscommonly seenin robust modeling of �nancial problems[10] can be approximated by
uniform samplingfrom the boundary of the ellipsoid and using the corresponding inscribed
polytope.

Then, the two-period adjustable robust optimization model for this problem can be
written as

sup
x 0 :x 02X 0

inf
v 12U

sup
� ;x 12X 1 (x 0 ;v 1 )

� s.t. e> x 1 = (v1)> x 0; ( �r 2)> x 1 � �
p

(x 1)> Q2x 1 � t: (25)

It is reasonableto assumethat Q2 is nonsingular(otherwisethere are redundant or riskless
assets)and that 0 62X 1 (not doing anything is not an option). Then, (x 1)> Q2x 1 is positive
for all x 1 2 X 1 and we can rewrite the problem as

sup
x 0 :x 02X 0

inf
v 12U

sup
� ;x 12X 1 (x 0 ;v 1 )

� s.t. e> x 1 = (v1)> x 0; � �
( �r 2)> x 1 � t

p
(x 1)> Q2x 1

� 0: (26)

Now we can eliminate the variable � and obtain the following equivalent formulation:

sup
x 0 :x 02X 0

inf
v 12U

sup
x 12X 1 (x 0 ;v 1 )

(�r 2)> x 1 � t
p

(x 1)> Q2x 1
s.t. e> x 1 = (v1)> x 0: (27)

This is an ARO formulation for a fractional programmingproblem. If X 1(x 0; v1) is a quasi-
convex mapping (trivially satis�ed when X 1 is a �xed convex set independent of x 0 and
v1 and the only restriction on x 1 from x 0 and v1 is through the self-�nancing constraint)
the only condition we needto verify to apply Proposition 5 is the quasi-concavit y of the
objective function in (27). Note that we needquasi-concavit y rather than quasi-convexity
sincethe inner problem is a maximization problem.

A solution to (27) is meaningful in the senseof a robust pro�t opportunit y only when
the optimal objective value of this problem is nonnegative. If we assumethat this is
the case,it is su�cien t to verify the quasi-concavit y of the objective function on the set
S = f x : (�r 2)> x � tg since points in the complement of this set yield negative and
therefore suboptimal objective values. To simplify the veri�cation let h(x ) �

p
x > Q2x

and g(x ) � ( �r 2 )> x � t
h(x ) . Note that, since Q2 is positive de�nite, h de�nes a norm and

thereforeis a convex function [7]. Givenx 1, x 2, and � 2 [0; 1], de�ne x � = � x 1 + (1� � )x 2.
Also, let ~� = �h (x 1 )

�h (x 1 )+(1 � � )h(x 2 ) which is a number between0 and 1. Then,

g(x � ) =
(�r 2)> x � � t

h(x � )

�
(�r 2)> x � � t

�h (x 1) + (1 � � )h(x 2)

= ~�g (x 1) + (1 � ~� )g(x 2)

� minf g(x 1); g(x 2)g
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establishingthe quasi-concavit y of g on S (recall that g is quasi-concave if and only if � g
is quasi-convex and � g is quasi-convex if and only if � g(x � ) � maxf� g(x 1); � g(x 2)g for
every x 1, x 2 and � 2 [0; 1]). The �rst inequality above follows from the convexity of h
and the secondone holds sincea convex combination of two numbers is no lessthan the
minimum of the two.

Note that g is not convex in general.Therefore,the problem(25) represents an interest-
ing application of the ARO modelsdeveloped herebut not available in earlier works. Using
Proposition 5 and the discussionin Section2, we can write problem (27) as a single-level
deterministic problem:

sup
x 0 ;x 1

1 ;:::;x 1
k ;s

s

s.t.
( �r 2 )> x 1

j � t
�

(x 1
j )> Q 2x 1

j

� s; j = 1; : : : ; k

e> x 1
j = (v1

j )> x 0; j = 1; : : : ; k;
x 0 2 X 0; x 1

j 2 X 1(x 0; v1
j ); j = 1; : : : ; k

which is also transformed to

sup
x

inf
j =1 ;:::;k

f j (x )
gj (x )

s.t. x 2 X ; (28)

where
x � (x 0; x 1

1; : : : ; x 1
k);

f j (x ) = (�r 2)> x 1
j � t; gj (x ) =

q
(x 1

j )> Q2x 1
j ;

X �
�

x :
e> x 1

j = (v1
j )

> x 0; j = 1; : : : ; k
x 0 2 X 0; x 1

j 2 X 1(x 0; v1
j ); j = 1; : : : ; k

�
:

Problem (28) is known asmax-min fractional program, and there are several kinds of solu-
tion methods for solving this problem such as Dinkelbach's algorithm [8] and the interior-
point algorithms proposedby Freund et al. [9] and Nemirovski [13].

In [14], the two-period maximum-� RPO problem (25) is solved for the special caseof
X 1 � Rn and X 0 = f x : e> x < 0g. The techniquesusedin [14] rely on the homogeneity of
the objective function as well as the constraints de�ning setsX 0 and X 1. Sincewe do not
require such assumptionson the constraint sets,our approach hereappliesto more general
RPO problems.

5.2 Maxim um Sharp e Ratio Problem

If the investment environment contains a risklesssecurity in addition to the risky securities
we already consideredabove, it is possibleto construct zero-investment portfolios by pur-
chasingthe portfolio x after borrowing e> x dollars at the risklessrate r f . If e> x < 0, this
would correspond to lending � e> x dollars. A well-studiedproblem in portfolio selectionis
that of �nding a zero-investment portfolio that hasthe highestexpectedreturn to standard
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deviation ratio. This scaleinvariant quantit y is called the Sharpe ratio and can be written
as

max
x

�r > x � r f (e> x )
p

x > Qx
(29)

wherewe usedthe samenotation as in the previoussubsection(without time superscripts)
and r f represents the risk-free return rate. This function has the samestructure as g(x )
in the previoussubsectionand henceis quasi-concave. Indeed, there is an equivalencebe-
tweenthe maximum Sharpe ratio and the maximum-� RPO problem provided that riskless
securitiesare available, see[14]. For the problem of maximizing the �nal period Sharpe
ratio in a two-period or multi-p eriod framework, onecandevelopan analogousformulation
to (27). Therefore, the two-period formulation of the maximum Sharpe ratio problem is
another important exampleof the special nonlinear structures we consideredin Sections2
and 3 that lead to tractable formulations.
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