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Abstract

We study multi-p eriod nonlinear optimization problemswhoseparametersare un-
certain. We assumethat uncertain parametersare revealedin stagesand model them
using the adjustable robust optimization approad. For problemswith polytopic un-
certainty, we show that quasi-corvexity of the optimal value function of certain sub-
problemsis su cien t for the reducibility of the resulting robust optimization problem
to a single-lewel deterministic problem. We relate this su cien t condition to the quasi
cone-corvexity of the feasibleset mapping for adjustable variablesand preseri seeral
examplesand applications satisfying these conditions.

1 Intro duction

Uncertainty is an inevitable feature of many decision-makingervironments. On a regular
basis engineers,economists,investmen professionals,and others needto make decisions
to optimize a systemwith incomplete information and considerableuncertainty. Robust
optimization (RO) is a term that is usedto descrite both modeling strategiesand solution
methodsfor optimization problemsthat arede ned by uncertaininputs [3, 4]. The objective
of robust optimization modelsand algorithms is to obtain solutionsthat are guararteedto
perform well (in terms of feasibility and near-optimality) for all, or at least most, possible
realizations of the uncertain input parameters.

Standard robust optimization formulations assumethat the uncertain parameterswill
not be obsened until all the decisionvariablesare determined and therefore do not allow
for recourseactions that may be basedon realized values of some of these parameters.
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This is not always the casefor uncertain optimization problems. In particular, multi-
period decision models involve uncertain parameterssome of which are revealed during
the decision process. Therefore, a subset of the decision variables can be chosen after
theseparametersare obsenedin a way to correctthe sub-optimality of the decisionsmade
with lessinformation in earlier stages.Adjustablerobustoptimization (AR O) formulations
model thesedecisionenvironmerts, allowing recourseaction. Thesemodels are related to
the two-stage(or multi-stage) stochastic programming formulations with recourse.

ARO modelswererecertly introducedin [6, 11] for uncertain linear programming prob-
lems. Consider,for example,the two-stagelinear optimization problem given belov whose
rst-stage decisionvariables(x?!) needto be determinednow, while the second-stagaleci-
sion variables (x?) can be chosenafter the uncertain parametersof the problem (A, A2,
and b) are realized:

min fc”x!: Alxt+ A%x?  bg: (1)

X1:X?2
Note that the secondstage variables x2? do not appear in the objective function{this is
what Ben-Tal et al. [6] call the \normalized" form of the problem. We can considerthis
simpler and conveniert form without lossof generality, asdiscussedn [6, 11]. Let U denote
the uncertainty setfor parametersA?, A2, and b, i.e., the set of all potertially realizable
values of these uncertain parameters. The standard robust optimization formulation for
this problemseekgo nd vectorsx! andx? that optimize the objective function and satisfy
the constraints of the problem for all possiblerealizationsof the constraint coe cien ts. In
this formulation, both setsof variablesmust be chosenbeforethe uncertain parameterscan
be obsened and thereforecannot depend on theseparameters. Consequetly, the standard
robust courterpart of this problem can be written as follows:

ry(ilnf c*xl:9x2 8(AA%b) 2 U: Alx1+ A%x?  bg: (2)

In cortrast, the adjustable robust optimization formulation allows the choice of the
second-griod variablesx? to depend on the realized values of the uncertain parameters.
As a result, the adjustable robust courterpart problem s given as follows:

r;](ilnf cxt:8(AL A% D) 2 U; 9x? = x3(AL A% D) : Alxt+ A%x?  bg: (3)

Clearly, the feasibleset of the secondproblemis larger than that of the rst problemin
generaland thereforethe modelis more exible. ARO modelscanbe especially usefulwhen
robust courterparts are unnecessarilyconsenative. The price to pay for this additional
modeling exibilit y appearsto bethe increasedi cult y of the resulting ARO formulations.
Even for problemswherethe robust courterpart is tractable, it can happen that the ARO
formulation leadsto an NP-hard problem; see for example,Theorem3.5in [11]. Oneof the
factorsthat cortribute to the addeddi cult y in ARO modelsis the fact that the feasibleset
of the recourseactions (second-geriod decisions)dependson both the rst-p eriod decisions
and the realization of the uncertain parameters. Consequetly, the pioneering study of



Ben-Tal et al. [6] on this subject considersseeral simplifying assumptionseither on the
uncertainty set, or on the dependencestructure of recourseactionsto uncertain parameters.

Adjustable robust optimization modelsresult from natural formulations of multi-stage
decision problems with uncertain parametersand the dewelopmern of e cient solution
techniquesfor suth problemsrepreseis the next frontier in robust optimization researt.
In this article, we cortribute to this researt by deweloping tractable ARO formulations
for a classof multi-p eriod optimization problemswith nonlinear constraints and objective
functions. After consideringthe simplecaseof nite uncertainty sets,we focuson polytopic
uncertainty setsde ned asa corvex hull of a nite setof points. We investigatesu cien t
conditions under which the ARO problem reducesto a single deterministic optimization
problem. In particular, we show that when the feasiblesetsof the second-griod problem
satisfy a certain quasi-corvexity property sud areductionis possible. We provide examples
exhibiting this property.

The rest of this article is organized as follows. In Section 2 we discussadjustable
robust optimization modelsfor two-period optimization problemswith nite and polytopic
uncertainty sets and derive a su cient condition for the tractability of these problems.
In Section 3 we relate the quasi cone-conexity of the mapping that de nes feasiblesets
for adjustable variablesto the su cient condition introducedin the previous section. In
Section4 we provide se\eral low-dimensionalexamplesof feasibleset mappingsthat satisfy
the quasi cone-corexity property. We discussthe application of the results we deweloped
to problemsin nancial mathematicsin Section5.

2 Adjustable Robust Optimization Mo dels

In this section we considera two-period decision-makingervironmert. We let u and v
represemthe rst and second-griod decisionvariables,respectively, and U andV represen
their feasiblesets. We let p denotea vector of parametersfor the problem. The objective
is to choosefeasiblevectorsu 2 U andv 2 V sud that the objective function, denotedby
f (u;v;p) is minimized:

dgfu \./gfvf (u;v;p): (4)

When the vector p is known and the feasibleset V for the second-riod decision
variablesis independern of u, the rst-p eriod decisions,this problem can be solved as a
deterministic, single-period problem. We consideran ervironmert where the parameter
vector p is uncertain but is known to belongto an uncertainty set P. Throughout the
paper, we will make the reasonableassumptionthat the uncertainty set P is closedand
bounded. We assumethat theseparameters,possiblydeterminedby evens that take place
betweentwo periods, will be realizedand obsened after the rst-p eriod decisionare made
but beforethe second-griod decisionsneedto be made. Furthermore, we assumethat the
feasibleset V for the second-riod decisionsdependson the choice of u as well as the
obsened valuesof the parametersp and therefore,is denotedby V (u;p), or equivalertly,
by Vu (p) in the remainder of the article.



As we mertioned in the Introduction, an example of this framework with a linear
objective function and linear constrains asin (1) is consideredin [6, 11]. Problem (1)
correspndsto the choicesof f (u;v;p) = ¢ u, U = R" for a vector u of dimensionn, and
V(u;p) = fv:Ai(p)u + Ax(p)v  b(p)g. For this problem, in addition to the standard
robust courterpart (RC) problem (2), Ben-Tal et al. [6] introduce and study the so-called
adjustablerobustcounterpart (ARC) problem givenin (3). It is easyto seethat the ARC
is more exible (hasa larger feasibleset) than the RC. Ben-Tal et al. arguethat the ARC
is alsomoredi cult in generalthan the correspnding RC and give examplesof problems
whoserobust courterparts are tractable while their ARC formulations are NP-hard. They
also note two special cases:one wherethe ARC is equivalert to the RC, and thereforeis
easywhenthe RC is, and another wherethe ARC is a simplelinear program. The rst case
ariseswhenthe uncertainty is assumedo be constraint-wise. The assumptionof constrain-
wise uncertainty is discussedn detail in [6, 11] and indicates that uncertain parameters
appearingin a particular constrairt of the problem do not appear in any of the remaining
constrairts. In fact, under the assumptionof constraint-wise uncertainty, Guslitser shavs
that the ARC and RC are equivalert evenfor nonlinearcorvex programmingproblems[11].
The secondcase,namely the casewherethe ARC is a linear program arisesif the matrix
AZin (1) is certain and the uncertainty setfor the matrix vector pair (A*;b) is givenasthe
corvex hull of a nite set. We will exploresimilar uncertainty setsbelow, but for nonlinear
optimization problems.

2.1 Min-max-min Representation of the AR C Problem

For problem (4) with V = V (u;p), the adjustable robust courterpart problem is obtained
asfollows:
uiQL.tft:8p2P Ov 2V (u;p):f (u;v;p) tg: (5)

We sometimes nd it more corveniert to work with the following represemation of the
ARC problem:

I M AU ©
Using the convertion that V2\i/r(1lfj;p)f (u;v;p)=1 whenV(u;p)=; for someu 2 U and
p 2 P, the equivalenceof problems(5) and (6) is shown in the following proposition:

Prop osition 1. The adjustablerobustcounterpart problem(5) and the min-max-min prob-
lem (6) are equivalent.

Proof: As we discussedabove, the ARC problem (5) was proposedin [6] whereu is
called a non-adjustablevector variable and v is called an adjustable vector variable. One
of the following two casesnust hold:

(a) there existsu 2 U such that V(u;p) 6 ; forallp2 P,
(b) for all u 2 U, there existsp 2 P suc that V(u;p) = ;.
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We'll shav that problems(5) and (6) have identical optimal valuesin both cases.

For (a) we assumethat there existsu 2 U sud that V(u;p) 6 ; forall p2 P. De ne
the subsetU® of U as

U® fu2U:V(u;p)6;;8p2Pg:
By our assumption,U® is nonempty. Next we shawv that (6) is equivalert to

inf s inf  f(u;v;p): 7
gt pggvzvl(u;p) (u;v;p) (7)

It is obvious that the optimal value of (6) is lessthan or equalto that of (7) becauseof
U® U, soit is enoughto show that the optimal solutionu 2 U of (6) must lie in U®
for the equivalenceof (6) and (7). Indeed, if we supposethat u 62U, there must exist
p 2 P suc that V(u ;p) = ; and optimal value (6) must be 1 . Recallingour assumption
on the compactnessof P, this cortradicts the fact that SUPp2p infyavu;p) f(u;v;p) is
boundedabove whenu 2 U®. Thereforeu 2 U® and the equivalenceof (6) and (7) is
shown.

Next we show that (7) is equivalent to (5). To \normalize" the problem{this is the term
usedby Ben-Tal et al. [6] for problemswith linear objective functions with no uncertainty{
we introduce an arti cial variablet to represem the objective function of (7) and impose

the constrairt t u:v 8p 2 P:8u 2 U@, Then,
p)ZV(U o f (u;v(p);p); 8p

inf  su inf f(u;v;
uau@ ngVZV(U;p) ( p)

inf  t
( ) u2u()

S.t. u;v t; 8p2P
Vot f(UVRP) € 8P
() uin(f) ft:8p02P 9v2V(u;p):f(u;v;p) tog;
2Ua)t
() jnf ft:8p2P 9v2V(u;p):f(u;vip) tg;

andwe nd that (5) and (6) are equivalert.

In case(b), the ARC problem (5) has no feasible solutions and therefore the opti-
mal value of (5) is 1 . Similarly, we obsene that for all u 2 U, the optimal value of
SUPp2p infyavu;p)f(u;v;p) isalsol . Therefore, both problems(5) and (6) attain the
sameoptimal value 1 . 0 n

In the next two subsectionswe explore ARC problemsfor the casesof a nite uncer-
tainty setand of a polytopic uncertainty set, i.e., a set given as the corvex hull of a nite
number of points.



2.2 Adjustable Robust Counterpart with Finite Uncertain ty Sets

From problem (5), we seethat for every p 2 P, there is a correspnding variable v sat-
isfying constrairts of (5). We introduce new variablesv; to represen the second-griod

infv_ t
st f(uvip) 6 (i=1:::5k) (8)

Despite the increasein the number of variablesthrough duplication, this single-le\el,
deterministic optimization problem is a tractable problem for many classesf functions f
and setsV (u;p). As an example,we considerthe following set up:

f (u;vi;pi) fo(u;vi;p;)

U fu:g(u) 0, "= 1;:::;mQ; 9)
V (u;p;) fvi:f-(u;vi;p) O " =1;:::1;,myg
where
fo(uiviip) = £ (wisp) = wiQ(pwi + a-(p)”"wi + b(p;);” = 0;::;my
g(u)= URu+riu+d; =1;:::;my

wi = (u;vi)’;i=1::k
Above, we can usearbitrary functions Q-(p), g-(p) and b (p) of the uncertain parameter
vector p 2 P aslong asthe imagesof thesefunctions are in the appropriate spaces.Using

(9) anddening Q  Q:(p;);a9; 9:(p;); and b- b (p;) for all i, we rewrite problem
(8) asfollows:

min t
U;Vys Vst
st. W7 Qiow; + gqpw; + ho (i=12::::k) (10)
U"Ru+rZu+d 0 C=121:::,my

wyQrwi+giwi+ b O (i

This is a quadratically constrainedoptimization problem. If all the matricesQ; aswell as
R- are positive-semide nite, then the feasibleset is corvex, the problem can be reformu-
lated as a second-ordercone programming problem as [5] shavs, and can be solved easily
using existing methods and software.

2.3 Adjustable Robust Counterpart with Polytopic Uncertain ty
Sets

and conP) denotesthe corvex hull of P. Using this uncertainty set we considerthe

6



following adjustable robust optimization problem:

inf  su inf  f(u;v;p): 11
uzupZComl?(P)vzwu;p) ( P) (11)

We are interestedin characterizing tractable instancesof this problem. In particular,
we would like to identify conditions under which

Su inf f u;v,; = max inf f u:v: : 12
pZCon\F/)(P)VZV(U:p) ( P) P2P V2V (U:p) ( P) (12)

sothat the ARC problem can be reducedto a single-le\el deterministic optimization prob-
lem asin the previous subsection. For this purpose,we rst focuson the inner max-min
problemin (11). Let us rst de ne:

gu (p) vz'vrlﬂf(p)f (u;v;p): (13)

Recallthat Vy (p) = V(u;p) with givenu 2 U. Then, the inner max-min problemiis:

su inf  f(u;v;p)= su :
p200n\F/)(P)V2VU(p) ( P) p2con\r/)(P)gLJ(p)

A su cien t condition for (12) to hold is that with the givenu 2 U, gy (p) is a quasi-onvex
function in p 2 conP), that is,

qu( ps+ (@ )pz) maxtgu(py);gu(p2)d

holds for any p,;p, 2 con\P) and 2 (0;1). Equivalertly, gy (p) is quasi-onvexif all its
level setsare cornvex sets. We state the following simple result without proof, which canbe
shown in, e.g.,Corollary 2.14of [17].

Prop osition 2. If gy(p) de ned in (13) is a quasi-@nvexfunction in p 2 conP), then

p!!lﬁ‘vxm 9u(p) = rlf??g( u (p):

in (11), and the problem reducesto the single-le\el optimization problem (8) with nitely
many constrairts. In the next section,we will identify necessaryand su cien t conditions
on the setsVy (p) that leadto quasi-comwvex gy (p).

Remark 1. In the remainderof the paper we consider a \normalized" version of problem
(11), and assumethat the objective function of the inner-most minimization problemis lin-
ear in v andis independentof the rst period decision variablesu and the uncertain param-
etersp. This assumptioncan be madewithout lossof geneality asindicated by the following



simple transformation: For givenu 2 U and p 2 conUP), gu(p) = inf p)f (u;v;p) is

Va2vy (
equivalentto:
inf Vo
Vvo
s.t. f(u;v;p) Vo

v 2 Vu(p):
De ning YWy(p) = fv = (v;vo) :v2Vu(p);f(u;v;p) Vog we observethat

gu (p) inf ¢ w: (14)
va2vy (P)

with ¢ = [0 :::0 1. The normalized form of gy (p) is usefulin the suaeeding discussion.

3 Quasi-convex Maps and Functions

We argued in the previous section that the quasi-comvexity of the function gy(p) =
infy2y, (py €V is a sucient condition for the reducibility of the ARC problem (11) to
a single-period optimization problem. Clearly, corvexity properties of this function are re-
lated to the structure of the setsVy (p) foru 2 U andp 2 P. In what follows, we descrike
a necessaryand su cien t condition on the set-valued mapping Vy (p) for gu(p) to be a
guasi-onvexfunction in p. We alsoconsiderexplicit descriptionsof the setsVy (p) through
constrairts and investigate conditions on theseconstraint functions sothat the setsVy (p)
satisfy the necessaryand su cien t condition mertioned in the previoussertence.

3.1 Quasi-convex Maps Vy(p)

For a given real topological vector spaceW, let 2% denoteits power set. Givenu 2 U and
an appropriate choiceof W, Vy (p) canbe consideredas a set-valued map Vy : conP) !

2V, We alsowrite Vy : conyP)  W. Let Q be a closedconvex conein W and de ne a
relation o in W by the closedcorvex coneQ: for vi;vo 2 W, vy Ve, V2 Vv12Q.

De nition 1. A set-valuel map Vy : conVP) W is said to be quasi Q-convex (see
[2, 12)) if

8p;;8p, 2 conV(P); 8v1 2 VU (p,); 8v2 2 Vu(p,); 8 2 (0;1);
if w2 W satisesvy; gW;Vy oW, (15)
then9vO2 Vy( p;+ (1 )py) st vO0 qw:

ConsiderQ = fg:c>g 0Ogde ned usingthe coe cien t vector c of the objective function.

Prop osition 3. Assumethat Vy (p) is closeal, boundel, and nonemptyfor any u 2 U and
p 2 P. Then, gu (p) is a quasi-onvexfunction in p if and only if the set-valuel map Vy (p)
is quasiQ-convexwith Q = fq:c>q 0g.



Proof: We obsene that for every u 2 U the quasi Q-convexity of the map Vy (p) is
su cien t to guarartee that the function gy (p) is quasi-cowex function in p. Indeed,for
any p,;p, 2 con(P), choose

vi2 Vu(py) sit. qu(py) = ¢ vy
Va2 2 Vu(p,) S.t. gu(py) = €7 vy

Sud v; and v, exist sinceVy (p;) are assumedio be closedand bounded. De ne

Vi if c>vy> v,

W =
Vo else,

which indicatesthat vi o w andv, o w. WhenVy is quasiQ-corvex, from (15), we
have that for any 2 (0;1), there existsv®2 Vy( p;+ (1 )p,) such that v° o w.
Then, using the above v°®and w, we obtain

>

qu( P+ @ )p) = v

inf c
V2Vu( p1+(1 )pz)
cvO
cw
= maxfc vy c Vg
= maxfgu(P1);gu(p2)g:

The secondinequality follows from
vi ow ) w vP2Q ) ccw vy o

Therefore, gy (p) is a quasi-cowex function in p.

Next, we show that (15) is alsonecessaryfor gy (p) to be a quasi-cowex function in p.
We supposethat (15) is not satis ed, and then show that gy (p) cannot be a quasi-corvex
function in p.

If (15) is not satis ed, there must exist p;; p, 2 conv(P);v1 2 Vu(py);V2 2 Vu(p,); 2
(0; 1) such that

for somew 2 W s.t. vi qW;Vy oW,
VOS> w;8vP2 Vu( pi+ (1 )py):

From the de nition (14) of gu (p),

gu(py) cvi cCcw

du(p,) Ccvy, cow: (16)

Since8v®2 Vy( p;+ (1 )p,) satisesv®>ow andVy( p,;+ (1 )p,) is compact,

au( P+ (@ )p)>cw: (17)



The above inequalities (16) and (17) shaw that

maxfgu (P1);gu(P2)9< qu( pi+ (1 )py)

and we seethat the condition of quasi-corvex function:

gu( P+ (1 )py) maxtou(pPi);gu(P2)g 8pi;p, 2 conyP);8 2 (0;1)

is violated at p,;p, 2 con(P) and . Thus, if gy(p) is a quasi-covex function in p,
Vu (p) satis es the condition of quasi Q-corvex set-valued map (15). 0

3.2 Functional Description of Vy(p)

In this subsection,we focuson the casewherethe setsVy (p) are descriked explicitly using
constrairts and obtain su cient conditions for quasi Q-convexity of the mapping Vy in
Propositions 4 and 5.

For an arbitrary closedconvex coneK , we considera vector-valued function Fy (v; p)
that satis es

Vu(p) = fvjFu(vip) « Og:

We now investigate conditions on functions Fy (v; p) that guarartee Vy (p) to be a quasi
Q-corvex set-valued map. Not surprisingly, we obsene that quasiK -corvexity of Fy (v; p)
is su cien t for this purpose. We rst de ne this property [16]:

Denition 2. F:D! W is aquasiK -convexvector-valued function in d if 8d,;d, 2 D
and8 2 [0; 1],

F(di+ (2 )d,) k z holds
for any z satisfyingF(d,) «k z; F(d,) « z:

Prop osition 4. Considervector-valued functions Fy (v;p) : V. con P)! W suchthat
Vu(p) = fvjFu(v;p) « Ogfor agivenconeK. If Fy(v;p) is quasiK -convexin (v;p)
for all u 2 U, thenVy(p) = fv ] Fu(v;p) « Og is a quasiQ-convexset-valuel map for
any closal convexcone Q.

Proof: By de nition, for any vi 2 Vy(p,) and vz 2 Vu(p,),
Fu(vi;py) « 0; andFy(va;p,) « O
holds, and under the assumptionthat Fy (v;p) is quasiK -convex, we obtain
Fu( va+ (@ Jva; pi+ (1 )pz) « 00 8 2[01]
which implies vi+ (1  )vo2W( p,+ (2  )p,), 8 2][0;1].

Now, if w 2 V satisesv; g w andv, o w, vi+ (1 )V2 o W holds for
every 2 [0;1], sincew v; 2 Q,w Vv, 2 Q, and the corvexity of Q indicates
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w vy)+(@ Yw vy)=w f vi+ (1 )vog2 Q. Therefore,Vy(p) satis es the

condition (15) of quasi Q-convexity. 0
We stressthat the conesK and Q in the proposition above neednot coincide. Next, we
consideran evenmorespeci ¢ form for Vi (p) by de ning Fy (v;p) = (F4(v;p);: 5 f 0 (v;p))”

whereead f|, (v;p) is a real-valued function and K = R™. If f,(v;p), i = L;:::;m, are

guasi-comvexfunctionsin (v; p), then Fy (v; p) isaquasiR -convex vector-valuedfunction.
Indeed, for any p,;p,;Vvi;Vv,, and arbitrary z = (z1;:::;2Zm)” sudh that f,(vi;p;)  Z
andf(;(v2;pp) z (i = 1;:::;m), we have

fu( vit (@ Vo, prt (1 )p2)  maxtf(viipy);fu(vaip)g  z
8 2[0;1] i=1;:::;m;

which shaws the quasi R -corvexity of Fy (v;p). Therefore, Vy (p) is a quasi Q-corvex
set-\alued map by the proposition.
In fact, whenVy(p) = fv j f,(vip) 0;i = 1;:::;mg with quasi-comwvex functions

Q-corvex setvalued map is de ned in [2, 12]:

8p,;8p, 2 con(P);8vy 2 Vu(p,);8va2 2 Vu(p,); and 2 (0;1); (18)
Ww2Wu( pp+ (1 Jpr)stw o vit+t (1l vz
We end this sectionby preserning the following proposition.

Prop osition 5. Considerthe problem:
P) = inf _ fu(v;p);
Ju ( ) vavy (D) u ( p)

If the objective function f y (v; p) is quasi-onvexin (v;p) and Fy (v; p) is a quasiK -convex
vector-valued function for someconvexcone K, then gy (p) is a quasi-@nvexfunction in

p.
Proof: We considerthe problem

= inf fy(v;p) = inf Vo,
qu (p) 2l u(v;p) Vo o) 0

where
Gup)  f(vivo) :fulv;p) Vo, v 2Vu(p)g
= f(vi;vo) :fu(v;p) Vo, Fu(v;p) « Og:

For any p;;p, 2 conP), (V1;Vo1) 2 Bu(p,) and (V2; Vo2) 2 Bu(p,).

fu(vi;p) Vo, fu(vzpy) Vo2
Fu(viip1) « 0; Fu(va;py) k O

hold and the quasi K -corvexity of Fy (v;p) shows that Fy(v%p9 « 0, wherev®=
vi+(1 )voandp®= p;+(1 )p, forany 2 (0;1). Also, from the quasi-cowexity
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of fu(v;p), weseethat fy(v%p9) maxtfu(vip,);fu(vzaip)g maxfvor;voeg V3.
Therefore, (V&V]) = (vi;v) + (1 )(vz V) is in ¥y (p9Y, and if (w;wp) satis es
(Vi;Vor) o (W;wo) and (Va;Vo2) q (W;wo) with Q = f(g;%) @ ¢  0Og, then
(vev)) o (w;wp) holds. We have shown that ¥y (p) is a quasi Q-corvex set-valued
map, and from Proposition 3, gy (p) is a quasi-cowex function in p. 0w

4 Examples with Quasi-con vex Mappings

We investigate the condition (15) for quasi Q-corvexity of set-valued mappings and two
stronger (more restrictive) variants of this condition by studying three examples.The rst
oneis an exampleof a Q-corvex mapping, the secondoneis that of a naturally quasi Q-
corvex mapping, and the last oneis that of a quasi Q-corvex mapping. The Q-corvexity
condition was descriked above in (18). Before we presen the examples,we de ne the
naturally quasi Q-corvexity condition [2, 12):

De nition 3. A setvalued mappingM : D W is said to be naturally quasiQ-convexif
8d1, dz 2D,
w2 M( di+ (1 )dpy)and9 2 [0;1] s.t. (29)
W o mi+ (1 )ym,:

It is known that ewery convex set-valued map is also naturally quasi-comwvex, and every
naturally quasi-corvex set-valued map is also quasi-covex.

In the exampleswe descrike below, the optimal solution of  sup inf __¢”v is ob-
p2conv(P) V2Vu (P)

tained for p;, 2 P for somei and we can ignore the constrairts induced from the interior
points of conMP). Howewer, Examples2 and 3 do not satisfy the su cien t conditions of
Propositions4 and 5 for quasiQ-corvex setvaluedmapsVy (p). Thus, theseexamplesndi-
catethat conditionsgivenin Propositions4 and 5 are not necessaryor quasiQ-corvexity of
the mapping Vy and more generalproblemscan be reducedto the single-leel optimization
problem (8).

Example 1 (Q-convex V,(p)) : Considerthe ARC problemdescriled below:

min _ max min
u2U P2conv(P) V=(vi;v2)2V(P)

(vi uv) (20)
with P = fe;; e,g and

V(p) = f(visva)i (i p)?+ (v2 p2)> 1 v Og
P1

P2
Vu(p) since this setdoesnot degendon u. The inner max-min problemin (20) is equivalent

Note that conMP) = fp = jp O;py+ p2= 1g. We dropped the subscriptu from
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to: 8 9

< Vo Vi UV
min _ Voj 8p 2 conM(P) 9v : (vi pu)?+ (V2 p2)? 1.
u2U;vo . v OZ '

V(3P1+ §P2) N,

Figure 1. Feasiblesetsand optimal solutions (with u = 1) in Example 1

We observethat the mappingV (p) is Q-convexfor every cone Q containing zem. In-
ded, for any p,;p, 2 con\(P), 2 (0;1), vy 2 V(p,) andv, 2 V(p,), we can construct
the inner point betweenv,; andv,: vi+ (1 )v, whichliesin thesetV( p,;+ (1 )p,),
since V(py) + (1 WP, = V(p,+ (2 )P,). Now, the set-valuel map V satis-
es the condition of Q-convexity (18) with w chosenasw = v; + (1 )Vo, Since

vit(1 v w=020Q.

Since every convex set-valuel map is also quasi-onvex[12], the set-valuel map V is
guasiQ-convexand therefore, g, (p) becomesa quasi-onvexfunction in p, conP) in (20)
can be replaed by P and this problemreducesto the single-leveloptimization problemwith
nitely many constraints.

Indeed, Figure 1 showsthat it is su cient to focus on the extreme casesV(p,;) and
V(p,), since the objective function is linear and an optimal solution is attained in some
senario V(p,) or V(p,).

Remark 2. Note that this examplecontains a constraint in which the coe cients of ad-
justablevector variablev are a e cted by uncertainty:

(vi p)P+ (V2 ) 1, Vi+Vi 2ovi 2pVo+ pi+p; L

But gu(p) is quasi-onvexand conP) can be replaed by the nite setP in the ARC
formulation. It is noted in [6] that whenthe constraint coe cients of the adjustablevariables
v are a e cted by uncertainty, the resulting ARC can be computationally intractable. For

13



example,this caseis exclude in Theorem 2.2 of [6]. The examplealove showsa special
casewhete the resulting ARC problemis still tractable.

Example 2 (Naturally quasi Q-convex V,(p)) : We focuson theinner problemg,(p) =

min ¢’ v with a xed u 2 U, whee
V2V (p)

Vu(p) = f(vi;v2)j U pvi 2u; U pv.  2ug;
P=11g con«P) = [3;1]

We'll showthat the set-valuel map V,(p) satis es the condition of naturally quasi Q-
convexity de ned alove. Indeed, for any p;;p> 2 con\P), 2 (0;1), vi 2 Vy(p1) and
Vo 2 Vu(p2), we can constructw = vy + (1 Wo2 V( prt+ (1 )p2) by computing

2 [0; 1] from
1 1
= —+
prt (1 )p2 P 7]
Therefore, the set-valuel map V, of this examplesatis es the condition (19) of naturally
quasi Q-convexity* wheneverwe take any Q which includes0. Assumingu = 1, Figure 2
shows,in the caseof = 1=2, the inner point of v; andv,: w = v;+ (1 v, 2
Vu( pr+ (1 )pp) with = 1=3.

V2
A
4
o] 1
: 2
3 "'
2 by = 17
1 leetw o= ivi+ 2v,
L 4 3 3
Vu(p2) Ve
1 2 3 4 v

Figure 2: Feasiblesetsand optimal solutions (with u = 1) in Example 2

It is shownin [12] that everynaturally quasi-onvexset-valuel map is alsoquasi-onvex,
andwe nd that the set-valuel mapV of this exampleis quasiQ-convex. However,we note
that someconstraint functions de ning V,(p) are not quasi-onvexin (v;p), and Fy (v;p)
do not satisfy the su cient conditions for the quasi Q-convexity of set-valuel map V,.

LIf an appropriate objective function ¢ v is given (for example,c = vi v, and therefore, Q°= fq :
(vi Vv2)>q 0g), the set-valued map V, might be Q%cornvex.
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Vu (p1)

\
contour cornour

Figure 3: Vu (p) of the right gure is quasi Q-corvex, but that of left gure is not.

Example 3 (Quasi Q-convex Vy(p)) : We now give a geometric exampleof a mapping
Vu (p) that is quasi Q-convexfor someconvexconesQ but not for others. We de ne the
convexcone Q depending on the linear objective function ¢”v asfollows: Q = fq:c”q

Og. In our previousexamplesand discussion,the cone Q in the de nition of quasiQ-convex
functions and mappingswas largely irr elevant. Note howeverthat while the mapping on
the left in Figure 3 does not satisfy the condition (15), the mappingon the right satis es
this condition. In these gur es, each horizontal cross-setion of the hourglassshaped three-
dimensional set correspnds to the image of the mapping Vy (p) with di er ent values of
p. The gure on the left violates (15) with the points vy, Vo, w and = 3 forming the
counter-example.Iln the gur e on the right, we keep the mapping constant. By changingc
and the orientation of the plane de ning the cone Q, we see that the mappingis quasi Q-

convexwith resgect to thetilted cone Q. For the exampleon the right, gy (p) Vzr\r)ir}p) c’v
u

is quasi-onvexin p. Therefore, we can focus on the extreme senario-casesVy (p,) and
Vu (p,), and convP) in (ARC) can be replaed as the setof nite points P.

Althoughin this exampleFy (v;p) of Vu(p) = fv j Fu(v;p) « 0gis not a quasiK -
convexvector-valuad function (if quasiK -convex, vi+ (1 W22 Vu( pp+ (1 )P>,)
holdsfor v; 2 Vyu(py), v2 2 Vu(p,) and 8 2 [0;1], whichis clearly not the case), the
set-valuel map Vy (p) of the right gur e satis es the condition of quasi Q-convexity and
Vu (p) is shownas a quasi Q-convexset-valugl map.

5 Applications

While the quasi cone-comnexity conditions we consideredabove may be dicult to ver-
ify in generalsettings, there are seweral application problemswhere one encourters these
structures. Most natural examplescomefrom the two-period formulation of optimization
problemswith quasi-coivex objective functions wherethe feasiblesetsof the second-@riod
variablesdepend \nicely" onthe rst period variables.

Quasi-corvex (or quasi-concae) objective functions are quite commonin applications.
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A canonicalexamplefrom economicss the utilit y maximization problem wherethe quasi-
concavity of the utilit y function isatypical requiremen. Sinceuncertainty and multi-p eriod
planning/decision making are natural occurrencesand extensionsfor utilit y maximization,
resulting problemscan be addressedhrough the adjustable robust optimization approat
we outlined in the previoussections.

Another rich classof quasi-covex objective functions appearin fractional programming
problems[8, 15]. It is easyto verify that the fractional objective function f (x)  p(x)=qx)
IS quasi-corvex on a corvex domain S if p is convex and q is concave and positive on that
domain [7]. Sud functions arise frequertly in the measuremeh of the e ciency of a
system, e.g., with output to input ratios or reward to risk ratios. In what follows, we
discussapplicationsthat can be seenas particular instancesof the fractional programming
framework.

5.1 Robust Prot Opp ortunities

We consideran investmert ervironment with n risky securities. Let v} denotethe (random)
time 1 value of $1 investedin security i at time 0 and let x° denotethe dollars investedin
security i at time 0. We alsode ne r! = v! 1 to be the return on a dollar for security
i. Letting e denotethe vector of onesof appropriate size, we seethat the initial value of
the portfolio formed at time 0 is e”x° wherex® = [x§; :::; x%]7. At time 1 which is the
end of the initial investmen period this portfolio will have value (v1)”x°. One can treat
vl=[vi; :::; vi]” asarandom vector, and denoteits expectedvalueby v andits n  n
(symmetric, positive semide nite) matrix of variance/covariancesby Q. Similarly de ne
rtandr?, its expectedvalue vector.

The return from this investmert is (r 1) x° and the expected return is (r)>x° with
variance (x %)~ Qx°. For a givenrisk toleranceparameter 0, the quartity

FOO) )X T (X0 Qi

is the risk-adjusted expected return from portfolio x°. In essencef is a utilit y function
and the returns are penalizedbasedon the risk taken to achieve them and the penalty
riseswith , the risk toleranceparameter. If we let X ° denotethe feasibleset of valuesfor
portfolio x°, the problem of maximizing f (x°) subject to x° 2 X° is one of the variants
of the classicalMarkowitz mean-\ariance optimization problem.

Here, we consideran alternative problem. Instead of xing the parameter , we make
it a variable and look for the largestpossible for which the risk-adjusted expectedreturn
is above a threshold value t, typically zero. The formulation we consideris:

p___
sup : s.t. (r1)”x° (x9>Qix0 t; x%2 X°: (21)
X0

The motivation for this alternative formulation comesfrom the models for robust pro t
opportunities (RPOs) dewelopedin [14]. A RPO is de ned as a portfolio that hasa nega-
tive initial investmen (i.e., positive initial cash- ow) and nonnegatiwe future risk-adjusted
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value. A nonnegatiwe risk-adjusted value makes future negative cash- ows unlikely. For-
mally, a portfolio vector x° is an RPO if it satis es

(v x?° P (x9)>Qix° 0; e’x°< 0 (22)

for a positive constart . It is arguedin [14] that RPOs represen next-best alternativesto
arbitrageopportunities, which are often assumedot to exist or persistin nancial markets.
Solving a problem similar to (21) with constraints (22), one nds maximum- RPOs.

While satisfying the inequality of the problem (21) (or the problem with constrairts
(22)) doesnot guarartee that the actual return will be above the thresholdt (non-negative
for (22)), maximization of is intended to maximize the likelihood of that ewvert. It is
easyto seethat maximizing is actually equivalert to maximizing the probability that
the random return vector r * will satisfy the inequality (r})>x° t whenthe joint return
distributions are normal. This argumen is alsorelatedto the 3 conceptsin engineering{if
the mean minus three standard deviations of a random variable is above a threshold, the
random variable will \almost always" be above that threshold.

Next, we considerproblem (21) in a two-period investmert setting. For this purpose,let
v? denotethe (random) time 2 value of $1 investedin security i at time 1, and let x! denote
the dollars investedin security i at time 1. Let r?, r?, Q?, etc. be de ned analogously
to the earlier de nitions. In this two-period investmen setting, the investor will form a
portfolio at time 0O that shewill hold until time 1. At time 1 shewill be able to rebalance
her portfolio in a self- nancing manner and hold this new portfolio until time 2. In the
absenceof transaction costs,the self- nancing constrairt is represeted as follows:

e”x!t= (v1)*x% (23)

i.e., the initial value of the portfolio constructedat time 1 must equalto value of the time
0 portfolio at time 1. Proportional transaction costscan be handledeasily using additional
linear variables. Fixed transaction costshowever would require the useof binary variables.
For simplicity, we do not considereither possibility here.

Sincewe do not know v! beforehand,(23) is an uncertain (random) constrairt. Let
X1(x°%; v?) denotethe feasibleset of portfolios for time 1 de ned by additional constrairts
that may or may not depend on x° and v. We focuson the self- nancing constraint and
treat it separatelyfrom the others. Given a particular value for v! and the choice x° for
the time O portfolio, the problem we want to solve at time 1 is an analogueof (21) with
the additional self- nancing constrairt:

sup ; st (r?)>x?t P (x1)>Q2x1 t; e”xt= (v)*x% x'2 Xi(x%vl):  (24)
X1

For the two-period problem, one must decide how to approad the uncertain constrairt
e”x! = (v!)>x9 Here, we usethe ARO approad and de ne an uncertainty set U that
cortains all possiblevalues of the uncertain vector v:. We further assumethat U is a
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setscommonly seenin robust modeling of nancial problems[10] can be approximated by
uniform samplingfrom the boundary of the ellipsoid and using the correspnding inscribed
polytope.

Then, the two-period adjustable robust optimization model for this problem can be
written as

: o
sup inf  sup st.ext= (v1)'x% (r)”xt T (x)7Qx! t (25)
X 0:X02x 0 V12U .x12x 1(X0:V1)

It is reasonableo assumethat Q? is nonsingular(otherwisethere are redundart or riskless
assetsjandthat 0 62X ! (not doing anything is not an option). Then, (x1)” Q?x? is positive
for all x* 2 X! and we can rewrite the problem as

. >, 1 1y> o 0 (ra>xt t
sup inf sup s.t.e"x = (v) x5 — (26)
X0:X02x 0 V12U X 12x 1(X VY (x1)> Q!
Now we can eliminate the variable and obtain the following equivalert formulation:
. r2y>xt t
sup inf sup p()i s.t. e xt= (v)”x© (27)

X0:X02x 0 VI2U x1ox 1(x0:vyy  (X1)>Q%x?

This is an ARO formulation for a fractional programmingproblem. If X 1(x%;v?) is a quasi-
convex mapping (trivially satis ed when X! is a xed corvex set independer of x° and
v! and the only restriction on x?! from x° and v?! is through the self- nancing constrairt)
the only condition we needto verify to apply Proposition 5 is the quasi-concaity of the
objective function in (27). Note that we needquasi-concaity rather than quasi-cowexity
sincethe inner problem is a maximization problem.

A solution to (27) is meaningfulin the senseof a robust prot opportunity only when
the optimal objective value of this problem is nonnegative. If we assumethat this is
the case,it is su cient to verify the quasi-concaity of the objective function on the set
S = fx : (r?)>x tg since points in the complemen of this set yield neg&tive and
therefore suboptimal objective values. To simplify the veri cation let h(x) X> Q%X
and g(x) (r;)&); . Note that, since Q? is positive de nite, h de nes a norm and
thereforeis a corvex function [7]. Givenxq, X,, and 2 [0;1],denex = x;+(1 )Xo.

~— h (X4) ich i
Also, let ™ = x—ra=yapx,y Which is a number between0 and 1. Then,

(r2>x t
h(x )

(r?)>x t
h(x)+ (1 )h(xz)
Y(x)+ (@2 Ma(x2)
minf g(x1); 9(x2)g

g(x ) =
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establishingthe quasi-concaity of g on S (recall that g is quasi-concae if and only if g
is quasi-corvex and g is quasi-comvex if and only if g(x ) maxt g(xi1); g(x»)g for
ewery X1, Xp and 2 [0;1]). The rst inequality above follows from the convexity of h
and the secondone holds sincea cornvex combination of two numbersis no lessthan the
minimum of the two.

Note that g is not corvexin general. Therefore,the problem (25) represeis an interest-
ing application of the ARO modelsdeweloped herebut not available in earlier works. Using
Proposition 5 and the discussionin Section2, we can write problem (27) as a single-le\el
deterministic problem:

sup S
XO0X1mnXEss
r?>xt ,
S.t. % s, j=1::k
>(Xj1)>Q le o
e xj = (vi)"x% J =Lk

x02 X% xf2 XUx%vi); j =Lk

which is alsotransformedto

sup inf f; (x) s.t. x 2 X; (28)
X i=lik g (X)
where
X (X% xdiinxd); q
fj(x)=(r3)>xt t gx)= (x})>Q}
e’ xi= (vi)*x% j =1k

X X - x02 xo: X2 XHx%vh); j =Lk

Problem (28) is known as max-min fractional program, and there are se\eral kinds of solu-
tion methods for solving this problem sudc as Dinkelbad's algorithm [8] and the interior-
point algorithms proposedby Freund et al. [9] and Nemirovski [13].

In [14], the two-period maximum- RPO problem (25) is solved for the special caseof
Xt R"andX?= fx :e”>x < 0g. The techniquesusedin [14]rely on the homogeneiy of
the objective function aswell asthe constrairts de ning setsX © and X *. Sincewe do not
require sudh assumptionson the constraint sets,our approad hereappliesto more general
RPO problems.

5.2 Maxim um Sharp e Ratio Problem

If the investmen environment contains a risklesssecurity in addition to the risky securities
we already consideredabove, it is possibleto construct zero-irvestmen portfolios by pur-
chasingthe portfolio x after borrowing e” x dollars at the risklessrate r¢. If € x < 0, this
would correspnd to lending e” x dollars. A well-studied problemin portfolio selectionis
that of nding a zero-investmert portfolio that hasthe highestexpectedreturn to standard
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deviation ratio. This scaleinvariant quantity is calledthe Sharpe ratio and can be written
as N N
maxr xp re(e”x)
X x> Qx
wherewe usedthe samenotation asin the previoussubsection(without time superscripts)
and r; represets the risk-free return rate. This function hasthe samestructure as g(x)
in the previous subsectionand henceis quasi-conca&e. Indeed, there is an equivalencebe-
tweenthe maximum Sharpe ratio and the maximum- RPO problem provided that riskless
securitiesare available, see[14]. For the problem of maximizing the nal period Sharpe
ratio in a two-period or multi-p eriod framework, one can dewvelop an analogousformulation
to (27). Therefore, the two-period formulation of the maximum Sharpe ratio problem is
another important exampleof the special nonlinear structures we consideredin Sections2
and 3 that leadto tractable formulations.

(29)
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