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In this thesis, we continue the project of classification theory for Abstract Elementary Classes (AECs),
especially tame AECs. Chapter I contains a general introduction and Chapter II provides preliminaries.

Chapter III, “Types of Infinite Tuples,” analyzes Galois type by their length. We show that the number
of types of sequences of tuples of a fixed length can be calculated from the number of 1-types and the

length of the sequences. Specifically, if £ < A, then

sup [S™(M)[ = < sup ISI(M)\>
= Iazl=

We show that this holds for any abstract elementary class with A amalgamation. Basic examples show
that no such calculation is possible for nonalgebraic types. However, we introduce a generalization of
nonalgebraic types for which the same upper bound holds.

Chapter IV, “Tameness and Large Cardinals,” uses large cardinals to derive locality results for AECs.
The main success is showing that Shelah’s Eventual Categoricity Conjecture for Successors follows
from the existence of class many strongly compact cardinals. This is the first time the consistency of
this conjecture has been proven. We do this by showing that every AEC with LS(K) below a strongly
compact cardinal k is < k tame and applying the categoricity transfer of Grossberg and VanDieren. We
obtain similar, but weaker results, from measurable and weakly compact cardinals. We introduce a dual
property to tameness, called type shortness, and show that it follows similarly from large cardinals.

Chapter V, “Nonforking in Short and Tame Abstract Elementary Classes,” uses the conclusions of
the previous chapter to develop a notion of forking for Galois-types in the context of AECs. Under the

hypotheses that an AEC K is tame, is type-short, and fails an order-property, we consider

Definition. Let My < N be models from K and A be a set. We say that the Galois-type of A over M

does not fork over My, written A L N, iff for all small a € A and all small N~ < N, we have that
My

Galois-type of a over N is realized in M.

Assuming property (E), we show that this non-forking is a well-behaved notion of independence.
In particular, it satisfies symmetry and uniqueness and has a corresponding U-rank. We find sufficient
conditions for a universal local character and derive superstability-like property from little more than
categoricity in a “big cardinal.” Finally, we show that under large cardinal axioms the proofs are simpler
and the non-forking is more powerful.

Chapter VI, “Tameness and Frames,” combines tameness and Shelah’s good A-frames. This combina-
tion gives a very well-behaved nonforking notion in all cardinalities. This helps to fill a longstanding gap
in classification theory of tame AECs and increases the applicability of frames. Along the way, we prove
a complete stability transfer theorem and uniqueness of limit models in these AECs.

Chapter VII, “A Representation Theorem for Continuous Logic,” details a correspondence between
first-order continuous logic and L, . In particular, for every continuous object (language, structure,
etc.), there is a discrete analogue. This discrete analogue requires an infinitary description to ensure the
range of the (analogue of the) metric has range in the real numbers. This correspondence can be inverted
and we extend it to types and saturation.

Chapter VIII, “A New Kind of Ultraproduct,” explores a tension revealed in Chapter VII: first-order
continuous logic is compact, but L, ., s, in general, not. The explanation for this tension is the Banach
space ultraproduct. This chapter develops a general model-theoretic construction ITI' M, /U that attempts

to capture the properties of the Banach space ultraproduct.
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Chapter IX, “Some Model Theory of Classically Valued Fields,” applies some ideas from classi-
fication theory to a specific AEC: the class of classically valued fields. The main tool is the analytic
ultraproduct, but its development is entirely self-contained. The classic version of £0§” Theorem fails for

this ultraproduct, but an approximate version is proved.






Chapter 1

Introduction




Model theory is a branch of mathematical logic that seeks to strip away the nonessential structure
of mathematical objects so that similarities between them can be recognized. It is, in some sense, a
descendant of abstract algebra which found the group as a common structure in the addition of numbers,
the composition of functions, and the automorphisms of a field. Where algebra replaces these with a
function (the group operation) and a list of axioms (the group axioms), model theory looks at structures in
some arbitrary language (a collection of functions and relations) that model some arbitrary theory (a set of
axioms in that language). The bulk of model theory works in the context of first order theories, which
allow finite quantification of elements and finite boolean combinations of formulas.

The classification of first order-theories has been one of model theory’s recent successes. This field
began in 1962 with Morley’s Categoricity Theorem from Morley’s thesis, see [Mor65] for the published

version.

Theorem 1.0.1 Morley). If T is a theory in a countable language that is categorical in some uncountable

cardinal, then it is categorical in every uncountable cardinal

This theorem (and Shelah’s later generalization of it to uncountable theories in [Sh31]) state that,
given a theory, if there is only one model of it (up to isomorphism) in some big cardinal, then there is only
one model of it (up to isomorhpism) in every big cardinal; here, “big” is taken to mean “larger than the
theory.” This allows one to conclude, for instance, that since there is only one algebraically closed field
with characteristic zero of size Ny, then there is only one algebraically closed field of characteristic zero
of any uncountable size.

Coarsely viewed, Morley’s theorem implies that countable first-order theories are either very well
behaved (categorical in every uncountable cardinal) or very poorly behaved (categorical in no uncountable
cardinal). This gap between well behaved and poorly behaved, with no example of a theory in between, is
typical of classification theory. Stronger than this is the notion of a dividing line. In addition to having
this gap, a dividing line will imply interesting theorems on both sides (a theory not being categorical does
not seem to imply anything interesting).

Classically, the main dividing line has been between stable and unstable theories. This contrasts well
behaved theories—those that have few types—with poorly behaved theories—those that have an infinite,
definable linear order. Notice here another key feature of dividing lines: both sides are characterized by
positive properties, rather than just being the negation of the other.! That there are no theories in between

is a consequence of the Unstable Formula Theorem.

Theorem 1.0.2 ( [Sh:c].I1.2.2, Partial). Fix a theory T. The following properties of a formula ¢ are

equivalent:
1. Forevery A\ > W, there is A of size X such that |Sg(A)| > .
2. There is some X\ > Vg such that there is A of size X such that |Sy(A)| > A
3. ¢ has the order property.

Initially, stable and stronger (superstable, NDOP, NOTOP, etc.) theories dominated the landscape of
classification theory, although many unstable dividing lines (including the ones below) were introduced

by Shelah in [Sh:a]. However, in the last fifteen years, the classification of unstable theories has been

1Of course, this negation characterization also holds.
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advanced by work on simple theories (Kim [Ki98] and Kim and Pillay [KP97]), NIP theories (see
surveys by Adler [Ad09] and Simon [Si]), and, most recently, NT P, (Ben-Yaacov and Chernikov
[BYCh] and Chernikov, Kaplan and Shelah [CKS1007]). The standard reference for this subject is
Shelah’s aptly named book Classification Theory and the number of nonisomorphic models [Sh:c]
and an excellent visual map of the current dividing lines has been created by Conant [Con] online at
http://www.forkinganddividing.com/.

One of the main tools of classification theory for first-order theories is nonforking, first identified by
Shelah in [Sh:a]. Sometimes called an independence notion, nonforking generalizes the notion of linear
dependence to arbitrary, well behaved, first-order theories. Different dividing lines correspond to different
strengths of nonforking, and where a theory falls in these dividing lines can often be identified by the
particular properties that nonforking has in that theory.

As far reaching as this project has been, it is limited by the restrictions of first-order logic. While
first-order logic is powerful, the compactness theorem implies that many mathematically interesting
properties are not axiomatizeable: any infinite torsion group is elementarily equivalent to a group with
an element of infinite order; the natural numbers are elementarily equivalent to nonstandard models of
Peano Arithmetic; the reals (as an ordered abelian group) are elementarily equivalent to non-Archimedean
ordered groups, etc. In a sense, the compactness theorem can be seen as a strength and a weakness of
first-order logic: it can be used to realize any finitely consistent type, but it also means that any set of
sentences that doesn’t contradict a finite part of a theory must hold in some model of that theory.

Beyond first-order logic, there are a host of stronger logics to choose from. L, ., is the best studied
of the infinitary logics, but is already strong enough to capture each of the properties described in the
previous paragraph; Keisler’s book [Kei71] is a good reference. Stronger infinitary logics allow for
the conjunction of more formulas and for the quantification of more variables, from L) . up t0 Lo o0}
Dickman [Dic75] is a good reference here. Other logics add extra quantifiers, such as the cardinality
quantifier 2, which was introduced by Mostowski [Mos57], or the Ramsey-like quantifiers of Magidor
and Malitz [MM77].

In 1977, Saharon Shelah circulated the paper that would eventually become [Sh88].?> This paper
contained the definition of an Abstract Elementary Class (see Definition 2.1.1; all relevant definitions are
given in the next chapter). An Abstract Elementary Class, or AEC, is a collection of models in a fixed
language, along with a strong substructure relation that satisfies a set of axioms. These AEC axioms
reflect basic model-theoretic facts that can be proved about models of a first-order theory without the
compactness theorem. This avoidance of the compactness theorem means that this framework includes
most of the logics discussed above as special cases.

A natural outgrowth of this work is the classification theory of Abstract Elementary Classes. As
suggested by the title, this thesis focuses on this subject. Classification theory for AECs seeks to find
dividing lines, similar to the first-order case, but also to resolve issues that don’t exist in elementary

classes. These goals are exemplified by the two main test questions in the field:

1. Shelah’s Categoricity Conjecture is the analogue of Morely’s Theorem for AECs. An early version

appeared in the list of open problems from [Sh:c] as D.(3a), but is often stated in the following way.

This would later be revised to [Sh88r], the first chapter of his two-volume work Classification Theory for Abstract
Elementary Classes [Sh:h].

3The exception to this are the logics with quantification for infinite tuples. L., ., is already strong enough to express
well-ordering; thus, many basic questions about this logic turn into set-theoretic questions.
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Conjecture 1.0.3 (Shelah). For every A, there is some py such that if K is an AEC with LS(K) = A
that is categorical in a cardinal greater than or equal to .y, then it is categorical in every cardinal

greater than or equal to [iy.

Note that “categorical above the size of the language” in the first-order version has been replaced
by “categorical above some threshold.” This speaks to its openness and it is unresolved even for
concrete AECs, such as those axiomatized by L, .,. Moreover, most results on this conjecture
further assume the categoricity cardinal is a successor. Major milestones in work on this conjecture
are Shelah [Sh394] (downward transfer from a big cardinal for classes with amalgamation); Makkai
and Shelah [MaSh285] (for AECs axiomatized by L, ., when « is strongly compact); Kolman and
Shelah [KoSh362] and Shelah [Sh472] (weaker results than those of Makkai and Shelah but just
using x measurable); Grossberg and VanDieren [GV06c] and [GV06a] (upward transfer for tame
AECs with a monster model); and Hyttinen and Kesild [HyKe06] [HK07] and [HK11] (for finitary
AECs, but without any successor assumptions).

2. The other main test question is about the existence of models at some cardinal, given some strong
assumptions about the class below. Compactness gives an easy answer to this question in the
first-order case, but it is easy to create L., ., sentences with maximal models; the classic example
is to axiomatize substructures (V,, €) for fixed countable cv. The strongest version of this question

can be phrased as follows.

Question 1.0.4. Let K be an AEC and \ > LS(K). If K is \- and A" -categorical, does K have
a model of size \T1?

Above the Hanf number of a class, the existence of arbitrarily large models follows, so this question
is normally reserved for when A < 3(2 LS(K))+- The first major work on this question was Shelah
[Sh576], which added the assumption that 1 < I(ATT, K) < pr,q(AT) and 2 < 22" < 227" 10
get amodel in A*3. This work further spawned good A-frames (described below) in Shelah [Sh600],
which is a nonforking relation on A-sized models that restricts its attention to a distinguished set of
nonalgebraic types. The goal of this project is to inductively build up structure theory for an AEC
from its local behavior; some work on this project attempts to answer both of these test questions

uniformly.

There are also classification questions that span the two directions described above, such as the
uniqueness of limit models. Limit models, previously called brimmed or (), «)-saturated models, are
models that are the union of a universal chain of models (i.e. M, is universal over M;) of a fixed
cardinality. If these chains start with the same base model, then any two limit models whose chain length
are of the same cofinality are isomorphic over that base by a back and forth argument. If this is true for
chains of any length, then the AEC is said to have unique limit models. This has become a well-studied
question and is a candidate for a dividing line in AECs that is not seen in first-order; see Kolman and
Shelah [KoSh362]; Shelah [Sh600]; Shelah and Villaveces [ShVi635]; VanDieren [Van06] [Van13]; and
Grossberg, VanDieren, and Villaveces [GV V].

This thesis is thematically split into two parts (excluding this introduction and the preliminary chapter):

the first part focuses on more general results in classification theory and consists of Chapters 111, IV, V, and
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VI. The second part considers more concrete examples of AECs and applies some of these classification
results to them; this consists of Chapters VII, VIII, and IX. The rest of the introduction gives some
introduction and motivation for this work, but assumes more familiarity with Abstract Elementary Classes.
An option for unfamiliar readers is to peruse the next chapter for definitions and then come back here for
motivation.

One of the key innovations in AECs has been the introduction of Galois types by Shelah in [Sh300].
Just as syntactic types have become ubiquitous in first-order model theory, so have Galois types become
used throughout work in classification theory for AECs since their introduction. It is not hard to see
that first-order types (as sets of formulas) are not useful in AECs: the class might be “stronger” (e.g.
axiomatized by L, ,,) or “weaker” (e.g. abelian groups with the subgroup relation) than first order and,
thus, lose the tight connection with first-order logic that elementary classes have. Even if the AEC comes
equipped with a logic, which is not always the case, the power of first-order types comes from some of
the special features of first-order logic, such as compactness and interpolation, and does not transfer to
types in other logics.

Instead, Galois types take some of the key semantic consequences of syntactic types and make this
the definition of two types being equal. This definition has turned out to be a great tool in the analysis
of AECs. Certain definitions based on types in first-order—stability through counting types, saturation,
etc.—have been imported to AECs with great success. Much of the analysis has concentrated on types
of single elements or of finite tuples. However, some of the analysis in this thesis (and before: Makkai
and Shelah [MaSh285]; Shelah [Sh:h].V; and Grossberg and VanDieren [GV06b] are examples) relies on
types of infinite tuples. In exploring and defining these types, we discover new results on counting the

number of types of infinite tuples; this appears in Chapter III.

Theorem 1.0.5. If K is an AEC with A-amalgamation and x < ), then

sup |gS"(M)| = < sup IgSI(M)I>
MeK)y MeK,

Unfortunately but expectedly, Galois types are not as well behaved as their first-order cousins.
Concretely, this can be seen in the examples constructed by Hart and Shelah [HaSh323] (revisited with
this issue in mind by Baldwin and Kolesnikov [BK09]) and by Baldwin and Shelah [BISh862].# In both
of these examples, there are types that are “wild” in the following sense: the type is not determined by its
smaller restrictions. Equivalently, there are two types that look the same when restricting to every smaller
type, but are in fact different. This is easily contrasted with first-order types, where any difference of two
types is witnessed by a formula, which contains only finitely many parameters and free variables. In the
Hart and Shelah examples, Baldwin and Kolesnikov identified that this wildness happens for types with
domain of size Ny, for any fixed £ < w. In the Baldwin and Shelah example, this wildness occurs at x
whenever there is an almost-free, non-Whitehead group of size x. We discuss the specifics of this last
case more at the end of Chapter IV, but we mention now that this happens at k = N; as a result of ZFC

and is dependent on set theory for larger «.

*It should be noted that the order of our description does not align with the historical order of development. Hart and
Shelah’s work came first, but they studied categoricity rather than the behavior of types. It wasn’t until Grossberg and VanDieren
defined tameness (introduced below) and proved their categoricity theorem that Baldwin and Kolesnikov looked at the types of
the Hart and Shelah example and that Baldwin and Shelah developed their example.
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To overcome this wild behavior, Grossberg and VanDieren introduced tameness in [GV06b], which
came from the latter’s thesis [Van02]. A weaker notion, now called weak tameness, had been used by
Shelah in the midst of his work in [Sh394]. Tameness essentially says that the wildness described above—in
particular, with relation to the domain of the type cannot occur. A dual notion, type shortness, which
states that a similar wildness with respect to the length of the type cannot occur, is by the author in [Bona],
which is Chapter IV of this thesis. Both notions are formally defined in the next chapter.

These locality notions are powerful in part because they allow the import of even more techniques
and intuition from first-order model theory. Stability transfer results by Baldwin, Kueker, and VanDieren
[BKVO06]; Morley rank by Lieberman [Liel3]; and more have been developed for tame AECs. Perhaps
most strikingly, Grossberg and VanDieren in [GV06¢] and [GV06a] have given an affirmative answer to
Shelah’s Categoricity Conjecture for tame AECs under some standard structural assumptions, i.e. the

existence of a monster model.

Theorem 1.0.6 ( [GV06a]). Suppose K is an AEC with amalgamation, joint embedding, and no maximal
models. If K is x-tame and X" -categorical for some X > LS(K)™ + x, then K is u-categorical in all
= A

This leads to the natural question of which AECs are tame. Of course, the wild AECs above of Hart
and Shelah and of Baldwin and Shelah are not tame. On the other hand, Grossberg and VanDieren already
observed in [GV06a] that all known examples of AECs that have a well-developed independence relation
turn out to be tame; this observation is made precise in Chapter V. To achieve a more global result, we
turn to large cardinals in Chapter IV. Large cardinals have previously seen use in AECs axiomatized
by L, ., in particular, by Makkai and Shelah [MaSh285] with « strongly compact and by Kolman and
Shelah [KoSh362] and Shelah [Sh472] with x measurable. Chapter IV extends these results to general
AECs and proves global tameness properties from the existence of strongly compact, measurable, or

weakly compact cardinals. The main result along these lines is the following.

Theorem 1.0.7 (4.2.5). If K is an AEC and k is strongly compact such that LS(K) < k strongly compact,

then K is < k-tame.

This allows us to prove the consistency of Shelah’s Eventual Categoricity Conjecture for Successors
from large cardinals in Chapter IV. We add “Eventual” to denote that the threshold is not computable from

the class. Most other works consider a threshold bounded by some low iteration of the Hanf number.

Theorem 1.0.8 (4.5.5). If there are class many strongly compact cardinals, then Shelah’s Eventual

Categoricity Conjecture for Successors is true.

Beyond focus on these test questions, much work has been done in exploring notions of nonforking
for AECs. Obviously, the first-order version of nonforking will not work for AECs, so a new definition is
needed. Some of this work has focused on versions of splitting and strong splitting introduced by Shelah
in [Sh394]. From first-order, we expect that non-splitting is not exactly the right independence notion.
However, this has still seen productive use in the work of Grossberg, Shelah, VanDieren, Villaveces, and
others.

In Chapter V, which is joint work with the author’s adviser Rami Grossberg, we introduce a nonforking

notion that generalizes nonforking in stable first-order theories to AECs that are tame and type short. In
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particular, we define L to be the coheir or < k-satisfiability relation. Under reasonable assumptions, this

behaves as desired.

Theorem (5.3.1). Let K be an AEC with amalgamation, joint embedding, and no maximal models. If
there is some k > LS(K) such that

1. K is fully < k-tame;

2. K is fully < k-type short;

3. K doesn’t have an order property; and

4. L satisfies existence and extension,
then L is an independence relation.

We go on to argue that this nonforking relation is robust: we give conditions for when L is equivalent
to the generalization of heir; we use L to give a sufficient conditions for the uniqueness of limit models;
and we develop the U-rank corresponding to L. Other work with Grossberg, Kolesnikov, and Vasey
in [BGKV] furthers this argument by proving, under the same hypothesis, that this nonforking is the only
one.

Another independence notion that has been heavily explored is Shelah’s notion of good A-frames.
Drawing on results regarding the existence test question in Shelah [Sh576], Shelah in [Sh600] defined
good A-frames by providing a list of axioms for a nonforking relation and a set of distinguished types
(called basic) that the nonforking operates on. A key feature of good A-frames is that they only deal with
models of size A. The project of good A-frames—explored in Shelah [Sh600], [Sh705], [Sh734]; Jarden
and Shelah [JrSh875]; Jarden and Sitton [JrSil3]; and elsewhere—is to inductively build up frames of
larger and larger cardinality. This complex process proceeds, in part, by shrinking the AEC and changing
the strong substructure relation and relies heavily on set-theoretic assumptions, such as instances of the
weak continuum hypothesis and the non-saturation of certain weak diamond ideals. In Chapter VI, we
greatly simplify this process by substituting tameness and amalgamation for the other factors.

In the second, more concrete part of this thesis, we look at specific examples of AECs (or near AECs)
and apply the ideas from classification theory to them. Continuous logic has a long history dating back to
the work of Chang and Keisler [CK66] and the many-valued logics of Lukasiewicz. A good reference
for the modern presentation is Ben Yaacov, Berenstein, Henson, and Usvyatsov [BBHUOS]. Continuous
logic provides a framework for complete analytic structures: metric spaces, Banach spaces, etc. Recent
work has achieved success in part because of collaboration between logicians and analysts. Due to its
reliance on complete structures, an L, ,,, property, and its use of [0, 1]-valued formulas, continuous logic
is outside the scope of Abstract Elementary Classes. However, in Chapter VII, we give a presentation
theorem in the style of Chang’s Representation Theorem that shows that the topological completeness
of a continuous structure is the only real barrier to doing this analysis inside of an AEC. We do this by
capturing the structure of an elementary class of continuous structures by axiomatizing the class of their
dense subsets with an L, ., theory. We explore this correspondence and eventually characterize AEC
concepts, such as Galois types, in this class of dense sets.

The final two chapters revolve around variants of the ultraproduct construction. In Chapter IV and the

end of Chapter V, we used sufficiently complete ultrafilters to prove strong results about AECs. However,
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the specific details of the ultraproduct construction were not crucial; all that was needed was a way
to average structures of the AEC into another structure of the AEC. An alternate way to do this is a
variant of the standard model-theoretic ultraproduct that works well for metric spaces and similar contexts.
This variant was introduced by Dacunha-Castelle and Krivine [DCK72] and is a key tool in continuous
first-order logic because it proves the continuous compactness theorem. In Chapter IX, we apply this
ultraproduct to the class of classically valued fields. Classically valued fields are fields that have value
group a subset of the reals. We begin the project of developing the model theory of such spaces by proving
an Approximate £.o§” Theorem.

Chapter VIII provides a further variant on the Banach space ultraproduct. From a model-theoretic
perspective, this ultraproduct does two novel things: it avoids elements of infinite norm by excluding them
and avoids elements of infinitesimal norm by making them equal to 0. While the second step relies on the
specifics of the metric space structure, the first step can be viewed as omitting a type simply by excluding
any element that would realize it. We generalize this to an arbitrary framework of structures omitting a
type by introducing II" M; /U. Under ideal circumstances, this is a structure and satisfies £.o§” Theorem;
this would allow us to apply the classification results from Chapters IV and V. However, circumstances

are often not ideal, so we provide some examples and sufficient conditions for an ideal world.
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Chapter 2

Preliminaries
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In this chapter, we give the basic definitions used throughout this thesis. It is important to note
that we have not made an effort to give an accurate representation of the history or motivation of the
subjects, although this sometimes slipped out. Instead, we have focused on a more logical (to the author)
presentation of mathematical concepts. For a better discussion of the motivation and history, see the
previous chapter or the standard references.

The standard references for this material are books by Baldwin [Bal09], Shelah [Sh:h], and Grossberg
[Grol1X] and the survey article by Grossberg [Gro02].

2.1 Abstract Elementary Classes

The central object in this thesis is an Abstract Elementary Class.

Definition 2.1.1. We say that (K, <) is an Abstract Elementary Class (AEC) iff
1. There is some language L = L(K) such that every element of K is an L(K)-structure;
2. < is a partial order on K;
3. forevery M,N € K, if M <g N, then M C; N;

4. (K, <k) respects L(K) isomorphisms, if f : N — N’ is an L(K) isomorphism and N € K, then
N’ € K and if we also have M € K with M < N, then f(M) € K and f(M) <x N';

5. (Coherence) ifMo, Ml, My € K with M() < Mo, My < Mo, and MO C Mjy, then M() < My,

6. (Tarski-Vaught chain axioms) suppose (M; € K : i < «) is a <g-increasing continuous chain,

then

a) UicaM; € K and, for all i < o, we have M; < U;«oM;; and

b) if there is some N € K such that, for all t < «, we have M; <x N, then we also have
UicaM; <g N; and

7. (Lowenheim-Skolem number) There is an infinite cardinal X > |L(K)| such that for any M € K
and A C M, there is some N <y M such that A C |N| and |N|| < |A| + \. We denote the

minimum such cardinal by LS(K).

As the name suggests, AECs are an abstraction of elementary classes (Mod T, <), where T is a
first-order theory and < is the elementary substructure relation for L(7"). The axioms listed above are
some of the basic properties of elementary classes that can be proved without the compactness theorem.
The avoidance of compactness is key as it allows AECs to encompass many non-compact frameworks.

The following examples (and more) can be found in Baldwin [Bal09].§4 and [Bal07].

o Infinitary Logic
Let T'be an L), theory and F C L), be a fragment containing 7". Then (Mod T', <r) is an AEC

with Lowenheim-Skolem number | F|, where < r is F-elementary substructure.

18



e Cardinality Quantifiers

Let @ be the quantifier where “Q\x¢(x)” means “there are at least A-many a such that ¢(a) holds.”
Then L(Q,) is the logic formed by adding @) to first-order with the obvious syntax and semantics.
Let T be a theory in L(Q)). Then (Mod T', <*) is an AEC with Lowenheim-Skolem number),
where M <* N iff M is an L(Q))-elementary substructure of N and

N E=Qxzp(z;m) = ¢(M,m) = ¢(N, m)

e Vi-theories
Let T be an V3-theory, such as the theory of groups or graphs. Then (Mod 7', C) is an AEC with

Léwenheim-Skolem number |T'].

e Classification over a predicate

Let T be a theory that makes reference to a specific structure N; in practice, this is often a
substructure of an expansion of the reals. We want to consider the class of models of 1" along with
the structure V. This is likely not first-order axiomatizable and is also not an AEC because it is not

closed under isomorphisms. Instead, set

L* = LULN)U{c,:ne N}U{S(")}
T* = TUED(N)U{S(cp);n € N} U{Vz(S(x) = Vpenz =cpn)}

F* = the smallest fragment of L+, that contains 7™

Then (Mod T, <) is an AEC with Lowenheim-Skolem number || N'|| + | 7’| such that each model

comes equipped with an isomorphism to a structure from the intended class.

Note that the first two examples can be combined into L} ,,(Q). More concrete examples are provided
by Baldwin, Eklof, and Trlifaj [BETO07] and by Zilber’s work on pseudoexponentiation [Zil05] [Zil06].

Although AECs are defined semantically, Shelah proved a presentation theorem in [Sh88]. This can
be seen as a generalization of Chang’s Representation Theorem from [Cha68] that shows that infinitary
logic can be seen as omitting types in a larger language. Shelah’s Presentation Theorem says the same for
AECs.

Definition 2.1.2. Let T} be a first-order theory, I' a set of finitary, syntactic Ti-types, and L C L(T})
a language. The pseudoelementary class PC(T1,I',L) = {M | L : M F Ty and omits eachp € T'}
for a theory T, a set of L(T1) types I, and L C L(T1). To say that K is a PC) ,; class means that
K = PC(Th,T, L) for |Th| < Xand |T'| < k.

Theorem 2.1.3 (Shelah’s Presentation Theorem). Suppose K is an AEC with LS(K) = k. There is some
Ly O L(K) of size k, a first-order theory T\ in L; of size k, and a set of Li-types I over the empty
set (so |I'| < 2%) such that K = PC (11,1, L(K)) and for any M, = T1 and N1 C My, if M1 omits
I, then N1 | L(K) <x My | L(K). Moreover, every M € K has an expansion to an L(K) structure
M, € EC(T,T) such that, for all N that is an L(K) structure,

N <xg M <= there is some N1 C M such that N = Ny | L(K)
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Unfortunately, while Chang’s theorem provides a very natural connection between the original class
and the expanded language, Shelah’s theorem offers no natural interpretation for the types. Additionally,
it is not often a productive means of investigation when analyzing AECs. The biggest exception to
this is Ehrenfeucht-Mostowski models, which function similarly to the first-order case and are a direct
consequence of Shelah’s Presentation Theorem and previous results on PC' classes. We also use the
Presentation Theorem in this thesis to prove £.o§” Theorem for AECs (Theorem 4.2.3), which is one of the
key results of Chapter I'V.

The following definitions are useful for discussing AECs.

Definition 2.1.4. 1. Given M, N € K, we say f : M — N is a K-embedding iff f is an injective
L(K)-morphism such that f(M) < N. Whenever we write a function between two models, this

means that it is a K -embedding.

2. Given A\ > LS(K), K<) :=={M € K : ||[M| < A}. K<), K>, and other variations are defined

similarly.

3. A resolution of M € K is a <g-increasing, continuous chain (M; € K : i < ||M]||) such that
M = U1<HMHM1 and ||MZ|| = |’L| + LS(K)

Note that the Tarski-Vaught Chain Axioms are, as their name implies, only directly relevant for chains
of models. However, this can be strengthened. First, using the closure under isomorphisms, it can be

shown that AECs are in fact closed under direct limits of coherent systems.

Fact 2.1.5. If we have (M; € K : i < k) and, fori < j < K, a coherent set of embeddings f; ; :
M; — M,;—that is, one so, fori < j < k < K, fir = fjr o fij—then there is an L(K) structure
M = lingQi(Mi, fi,j) and embeddings f; o : M; — M such that, foralli < j < K, fioo = fjcc0fi;
and, for each x € M, there is some i < k and m € M; such that f; (m) = x. Furthermore, the model
M is in K and each f;  is a K-embedding.

A proof of this fact can be found in [Gro1X]. This first appeared for AECs in VanDieren’s thesis
[Van02] based on work of Cohn in 1965 on the direct limits of algebras. Second, by inducting on the size
of the system, it can also be shown that AECs are also closed under unions of directed systems that are

not necessarily linearly ordered.

Fact 2.1.6. If (I, <) is a directed system and {M; € K : i € I} is a collection of models such that
1 < jimplies M; <x M, then UjcyM; € K. Furthermore, if we had M; <x N forall i € I, then
UserM; <x N.

This second statement is more useful than it might appear at first glance. It allows an end segment of
an AEC to be completely recovered from just a slice of the AEC at a single cardinal. More formally, call
aclass (K, <x) an AEC in \ if it satisfies all of the AEC axioms from Definition 2.1.1, except that the
chain axioms are restricted to chains of length < A* and K only consists of models of size \. Note that
this makes the Lowenheim-Skolem axiom meaningless. This is the slice we wish to use to construct an
AEC with Lowenheim-Skolem number .

Definition 2.1.7 ( [Sh:h].IL.§.23). Ler (K, <k ) be an AEC in \. We define (K"P, <"P) by
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o K" ={M : M is an L(K)-structure and there is a directed partial order I and a direct system
(Mg € K :s€l)suchthat M = Uger M}

o M <"P N jff there are directed partial orders I C J and a direct system (Mg € K : s € J) such
that M = USEIMS and N = USEJMS'

This is denoted K“P because it can recover all of the AEC that is “up above” the given slice.

Proposition 2.1.8 ( [Sh:h].I1.§.23). 1. If (K, <k) is an AEC in \, then (K"P,<"P) is an AEC such
that LS(K"P) = \.

2. If (K, <k)isan AEC and A > LS(K), then (K, <k) is an AEC in X and
(K>x, =K) = ((K))", <"P)

This is useful because it helps local analyses to have global consequences. This is key to Shelah’s
project of good A-frames (Definition 2.3.5 below), which is taken up in Chapter VL.

We now introduce some of the basic definitions for AECs. We follow the literature by dropping the
subscript on the strong substructure (writing < for <) and by referring to the AEC by just the class of
models (writing K for (K, <k )). We also write || M || to denote the cardinality of the universe of M ; the
intention of this notation is to reserve | M| for the universe of M, but we do this only when it clarifies

confusing notation.
Definition 2.1.9. Let K be an AEC.

1. Given LS(K) < X\ < u, k, we say K has the (\, u, k)-amalgamation property iff, for all My € K,
M, € K, and M; € K, such that My < My, Mo, there is some N € K and f; : My — N for
¢ = 1,2 such that fi | My = fo | My. Having the \-amalgamation property means having the
(X, A\, A)-amalgamation property and having the amalgamation property means having the (X, i, K)-
amalgamation property for all \, i, k > LS(K). We often shorten “amalgamation property” to
Jjust AP.

2. Given LS(K) < p, K, we say K has the (i, k)-joint mapping property iff for all M, € K, and
My € K, there is some N € K and f; : My — N for { = 1,2. Having the \-joint mapping
property means having the (A, \)-joint mapping property and having the joint mapping property
means having the (i1, k)-joint mapping property for all u,x > LS(K). We often shorten “joint
mapping property” to just JMP. This is sometimes called the joint embedding property.

3. K has no maximal models iff, for every M € K, there is N € K such that M 3 N.
4. K has arbitrarily large models iff, for every A > LS(K), there is N € K.

The properties listed above all hold of complete elementary classes: no maximal models and arbitrarily
large models follow easily from the compactness theorem and amalgamation and joint mapping follow
from compactness and interpolation/Robinson’s Consistency Lemma. Note that the amalgamation
property is defined assuming the base is a model. In complete first-order theories, a stronger property
of amalgamation over sets holds. However, this seems rare outside of elementary classes: even Shelah
[Sh87a] [Sh87b] only proves amalgamation over good sets. Another stronger form of amalgamation holds

in elementary classes: disjoint amalgamation.
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Definition 2.1.10. An AEC K has disjoint amalgamation iff, for all My, My, My € K such that My <
My, Mo, there is some N € K and f; : My — N for { = 1,2 such that f | Mg = fo [ My and
f(My) N fo(Mz) = f1(Mo).

There are several well known relationships between these properties.
Proposition 2.1.11. Let K be an AEC and LS(K) < \ < u, k.

1. (\, u, k)-AP implies (\, i, kT )-AP.

2. If \-AP holds for all X\ > LS(K), then AP holds.

3. AP and \-JMP imply that K> has JMP.

4. No maximal models implies arbitrarily large models.

5. Arbitrarily large models and JMP imply no maximal models.

6. Categoricity in X implies \-JMP.

7. A-JMP and no maximal models imply K<y has JMP.

An assumption of amalgamation, joint mapping, and no maximal models' has become common in
many works on AECs. Historically, this can be traced back to Shelah’s work in [Sh394], where a global
amalgamation assumption and categoricity at a successor above the second Hanf number were used to
great effect; Baldwin [Bal09] provides an excellent account of this argument. A more mathematical
impetus is that these three assumption together allow the construction of a universal domain or monster
model, here denoted by €. Formally, this is a special model (see [Gro1X].4.4) of cofinality well above any
cardinalities under consideration. Informally, we use it as a highly universal and homogeneous model that
is assumed to contain all models under consideration. The usefulness of the monster model truly shines
when discussing Galois types, which we do now.

There are two ways of defining Galois types, one for the general context (although these are greatly
simplified under amalgamation) and one in the context of a monster model. Obviously, these two

definitions are equivalent with a monster model.
Definition 2.1.12. Let K be an AEC, A\ > LS(K), and I be a set.

L Set K" = {({a; :i € I), M,N) : M € K\,M < N € Ky, ), and {a; : i € I} C |N|}. The
elements of this set are referred to as pretypes.

2. Given two pretypes ({a; : i € I),M,N) and ({b; : i € I),M',N') from Ki’l, we say that
({a; : i € I),M,N) ~ap ((bj : i € I),M',N") iff M = M’ and there is N* € K and
f:N—= N*and g: N' — N* such that f(a;) = g(b;) for all i € I and the following diagram

commutes:

Note that ‘AT’ denotes ‘atomic.’

"Equivalently, this can be replaced by arbitrarily large models
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3. Let ~ be the transitive closure of ~ Ar.
4. If € is a monster model, M < €, and (a; : i € I) and (b; : i € I) are elements from &, then
gtp({a; i € I)/M) = gtp({b; : 1 € I)/M)
iff there is f € Autp € such that f(a;) = b; foralli € 1.

5. For M € K, set gtp({a; : i € I)/M,N) = [({a; : i € I), M, N)]~ and gST(M) = {gtp({a; :

i€I)/M,N): ((a;: i € I)/M,N) € Ky )

6. For M € K, define gSL, (M) = {gtp({a; : i € I)/M,N) € S{(M) : a; € N — M foralli € I}.

It should be noted that amalgamation implies that A-AP implies that ~ 47 is already transitive and,
thus an equivalence relation.> Also, the definition of Galois types in the monster model hints to the choice
of the naming of Galois type from Grossberg [Gro02]. We continue to call these ‘Galois types’ in this
chapter and to use the ‘g’ in ‘gtp’ above and ‘¢.S” below. However, in subsequent chapters, we follow the
literature by simply referring to them as ‘types’ and removing the ‘g’ when there is no confusion with
other notions of type.

Note that we have only defined Galois types over models; this is by design. Some early definitions
of Galois types (as in [Sh394]) and work of Hyttinen and Kesild allow for Galois types over sets as
amalgamation over models is enough to make ~ 47 transitive here. However, more advanced constructions
like Galois-saturated or universal models (defined below) would require amalgamation over sets to work
for this expanded definition of type. Even something as simple as extending a type requires amalgamation
over the base.

Definition 2.1.13. M € K is an amalgamation base iff, for every N1, No € K such that M < N; and
M < N, there is some N € K and fy : My — N for { = 1,2 such that f1 | My = fo | M.

Proposition 2.1.14 (Boney-Vasey). Suppose K has A-AP. Let A be a set. Then A is an amalgamation
base iff, for every p € gS(A) and A C M, p has an extension to M.

Galois types are very useful in analyzing AECs, as evidenced by their wide use in the literature at
large and in this thesis. The author’s informal take on this is that Galois types allow model theorists
to import more of their model-theoretic intuition from the first-order context to AECs; this notion will
return in the next section. While more nuanced concepts can’t be transferred directly, many ideas defined
in terms of types can be defined in AECs in essentially the same way as first order. Thus, we offer the

following definitions of first-order concepts, tweaked for the present context.
Definition 2.1.15. Let K be an AEC and M € K.

1. We say that M is k-Galois saturated iff, for every N < M such that |N| < k and every
p € gSY(N), pis realized in M. We say that M is Galois saturated iff it is | M ||-Galois saturated.

2. We say that M is k-model homogeneous iff; for every N < M and N' = N such that | N'|| < &,
there is some [ : N' —y M. We say that M is model homogeneous iff it is || M

|-model

homogeneous.

*More precisely, A + |I|-AP implies that ~ 47 is transitive on K i"l .
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3. We say that M is k-universal over N iff, forall N' = N such that |N'|| < k, thereis f : N' —n M,
allowing N to be empty. We say that M is universal over N iff it is || M ||-universal over N.

We now state the “model-homogeneity = saturation” lemma for AECs. This has long been known for
first-order theories and first appeared for AECs in [Sh300], although a correct proof was not given in print
until Shelah [Sh576].0.26.1.

Lemma 2.1.16 (Shelah). Let K be an AEC with amalgamation and \ > LS(K). Then the following are
equivalent for M € K:

o M is \-model homogeneous: for every N1 < No € K_) with N1 < M, there is a K embedding
f : No — N M; and

e M is \-Galois saturated: for every N < M with |N| < X and every p € S1(N), p is realized in
M.

Limit models (introduced as (\, a)-saturated in [KoSh362], see the definition below) have been
suggested as a substitute for saturated models and the question of uniqueness of limit models has been
suggested as a dividing line for AECs; see Shelah [Sh576].

Definition 2.1.17. . Let M € K and o < A" be a limit ordinal. N is (), «)-limit over M iff there
N has a resolution (N; € K : i < «) such that Ng = M and M, is universal over M,;.

2. K has unique limit models in \ when, if M, N1, No € Ky and a1, < AV such that Ny is
(X, a)-limit over M, then N1 = No.

It is an easy exercise to show that (2) holds if cf a; = cf as.

2.2 Tameness and Type Shortness

Suppose that p and q are Galois types and we wish to determine if p = ¢. This is, of course, a very general
question, but there are two features of p and ¢ that must align if it is possible for them to be equal: they
must be over the same model and realizations of them must have the same index structure. We call these

properties the domain and length of the type.
Definition 2.2.1. Let p € gST(M). Then
e the domain of p is M, denoted dom p; and
e the length of p is I, denoted ¢(I).

We call I the length of p even though it need not have any particular structure. However, we could
always “rearrange” the type and assume its length was a cardinal or ordinal.

Given these two parameters, we can form the restrictions of types.
Definition 2.2.2. Let p = gtp((a; : i € I)/M; N) € gST(M).

e If Mo < M, thenp | My = gtp({a; : i € I)/Mo; N) € gST(Mo).

o IfIy C I, thenp'® = gtp({a; : i € Iy)/M; N) € gS™(M).
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It is easy to see that this does not depend on the choice of pretype representing p and that p’® | My =
(p | My)™o, although we will always write the former.

We now return to the question of when p = ¢. Again, this question is too general to answer. However,
in the first-order context, there is a local test to determine this. That is, if p # ¢, then this is witnessed by
some ¢(x,b) € p — ¢. This means that there is a restriction of p and ¢ to a finite domain and length that
already sees this difference. Contrapositively, in the first-order context, if two types are equal on all finite
restrictions, then the types themselves are equal. One can ask if there is a similar decision procedure for
AECs, e.g. does it suffice to check equality on all small restrictions?

If the reader has been through the introduction, then the answer is already known to be no. However,
the reader then also knows the importance of tameness and type shortness, the eponymous properties of
this section that imply that there are such procedures for the domain and the length respectively. Tameness
is a property first isolated by Rami Grossberg and Monica VanDieren in [GV06b]. The property is similar
to one used by Shelah in [Sh394], where he derived this property for types with saturated domains from
categoricity in a successor cardinal above the second Hanf number, 3(2:(2 LS(K) )+ )+; Shelah’s property
is now called weak tameness (see [BKV06]). In their papers, Grossberg and VanDieren defined only
x-tameness; the two cardinal parameterization of it appeared later in [Bal09].

We begin with a minor notational definition and then define several levels of tameness:
Definition 2.2.3. Suppose K is an AEC with LS(K) < k < X and I is a linear order.

1. Forany M € K>, we write’®

P'M ={N <M :||N| <k}
2. K is (< k, \)-tame for I-length types iff for any M € Ky and p # q € ST(M), there is some
NeP:Mandp | N #q | N.
3. K is < k-tame for I-length types iff K is (< k, u) tame for I-length types for all . > k.
4. K isfully < k-tame iff K is < k-tame for I-length types for all 1.

5. Writing “r” for “< k” means “< K.

If we omit the /, we mean [ = 1.
Type shortness is the natural dual to tameness and was isolated by the author in [Bona], the bulk of

which appears as Chapter IV in this thesis.
Definition 2.2.4. Suppose K is an AEC with LS(K) < pand k < \.

1. K is (< k, \)-type short over p-sized models iff for any M € K,, and p # q € SAN(M), there is
some I' C I of size < k such thatpll # qll.

2. K is < k-type short over p-sized models iff K is (< k, \)-type short over pi-sized models for all
A > K.

3. K isfully < k-type short iff K is < r-type short over p-sized models for all .

3P M is reminiscent of the set theoretic notation P, A = {X C A: |X| < k}.
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4. Writing “k” for “< k” means “< xk™.”

While this has been isolated more recently than tameness, type shortness has already proved to be of
worth by being a key feature in the development of the nonforking relation in Chapter V.

We describe these properties as dual based on their definition. However, by interchanging domains
and lengths, we get the following implications between them. In particular, type shortness appears to be a

stronger property than tameness.

Theorem 2.2.5. Suppose K is an AEC with amalgamation, joint embedding, and no maximal models. If
K is categorical in p and (< K, ji)-tame for \-length types, then K is (< k, ji)-type short for types of

models over \-sized domains.

Proof: Let M, M’ € K, and N € K} such that tp(M/N) # tp(M'/N). By p categoricity, there is
some f: M = M'; WLOG f € AutC.
Claim: tp(f(N)/M") # tp(N/M’)
If not, then there is some h € Auty€ such ho f(N) = N. Then ho f € Auty€ and ho f(M) =
h(M') = M’', which means tp(M/N) = tp(M'/N), a contradiction. T Claim
Now, by tameness, there is some M~ € P¥M’ such tp(f(N)/M~) # tp(N/M~). Then, by the same
argument as in the claim, we get that tp(f~1(M~)/N) # tp(M~/N), which is what we want because
FM) € PM. :

Theorem 2.2.6. Suppose K is an AEC with amalgamation, joint embedding, and no maximal models. If
K is (< R, p)-type short over the empty set, then it is (< Kk, u)-tame for < p-length types.

Proof: Suppose tp(a/M) # tp(b/M) for M € K, and ¢(a) = ¢(b) < p. Then we have
tp(aM /D) # tp(bM /D). By our type shortness, there is some @’ C a, V' C b, and Xg C M all of
cardinality < & such that tp(a’Xo/0) # tp(b' Xo/0). Then find My < M of size < x that contains X.
Then

tp(a'Xo/0) # tp(tXo/0)
tp(aMo/0) # tp(bMo/0)
tp(a/Mo) # tp(b/Mo)
as desired. 1

While there are many ways of combining these properties, we focus on AECs that are fully < k-tame
and fully < k-type short; this is the conclusion we get from the strongest result of Chapter IV (Theorem
4.2.5) and is the hypothesis for the main theorem of Chapter V (Theorem 5.3.1). In this context, any two
types that differ already differ on some domain and length of size < k; in this case, we call domains and
lengths of size < x “small.” With a little imagination, this is similar to the first-order setting when “finite”
is replaced by “small.” Although this seems like a complete change of context, it gives rise to an intuition
where small types can be treated as formulas. While this analogy has its flaws—it is hard to build types
inductively, restricting to sets of formulas is impossible, etc—this intuition is strong enough to adapt many

first-order arguments and definitions to the < x-tame and -type short context.
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2.3 Nonforking in Abstract Elementary Classes

Since the publication of the first edition of Shelah’s book [Sh:a], nonforking has become widely used in
model theory and is the key tool in classification thoery. We discuss this and different attempts to find the
right notion of nonforking in AECs in the introduction; here we provide the relevant definitions.

The so-called anchor symbol L is the one commonly used for nonforking and we continue that

here. More specifically, L is used for concrete nonforking relations (coheir in Chapter V and a good
A-frame in Chapter VD), wh11e we use J, anytime we wish to discuss an abstract independence relation.
We write A J/ MN or J/(M N, A, M) to mean “gtp(A/N; M) does not fork over M.** Again, in a

departure from first-order, the base and right-hand inputs are required to be models; this is connected to our
requirement that types have models as domains. Work with Grossberg, Kolesnikov, and Vasey [BGKV]
develops the notion of a closure nonforking relation that weakens the requirement on the right hand model;
however, we do not explore this in this thesis. Also, when working with nonforking relations in the context
of a monster model (as in Chapter V), the specification of the ambient model Mis unnecessary as we can
always take M =¢. Thus, we omit it.

The following list of properties is the ideal list of properties that an independence relation might
have. It corresponds to the properties of nonforking in stable first-order theories, although the naming
and presentation draw on Makkai and Shelah’s work. The main departure from this is Symmetry, which,
stemming from the necessity that certain inputs be models, comes from Shelah’s definition in good A-
frames; see Definition 2.3.5 below. Also, in order to present a finer analysis in Chapter IV, we parameterize
the properties of Existence, Extension, Uniqueness, and Symmetry. The order of these parameters is
designed to be as uniformized as possible: the A refers to the size of the left object, i refers to the size of
the middle object, and x refers to the size of the right object. If we write a property without parameters,

then we mean that property for all possible parameters.

Definition 2.3.1. Fix an AEC K. Let L be a ternary relation on models and sets such that A L. N
My

implies that A is a subset of the monster model and My < N are both models. We say that L is an
independence relation iff it satisfies all of the following properties for all cardinals referring to sets and

all cardinals that are at least k when the cardinal refers to a model.

(1) Invariance
*

Let f € Aut € be an isomorphism. Then A L N implies f(A) L f(N).
Mo f(Mo)

(M) Monotonicity

IfAL Nand A’ C Aand My < My < N' < N,, then A’ L N'.
My M6

(T) Trans1t1v1ty

IJCAJ,NandMOJ,NWlthM()%MO, thenAJ,N
M Mo Mo

(C)<k Continuity

*Technically, we need L to satisfy Invariance and Monotonicity (defined below) for this to be well-formed. However, all
nonforking relations under consideration have these properties so there is no confusion.
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a) If for all small A" C A and small N' < N, there is My < My and N’ < N* < N such that

M) < N*and A" L N*, then A L N.
M My

b) If (A;, M} | i < k) are filtrations of A and My and A; L N for all i < k, then A L N.
M Mo
(E)(auy) @ Existence

Let A be a set and My be a model sizes \ and p, respectively. Then A L M.
Mo

b) Extension

Let A be a set and My and N be models of sizes )\, i, and ¥, respectlvely, such that

My < N and A J, N. If NT = N of size x, then there is A’ such that A’ J/ N7 and
My My

tp(A'[N) = tp(A/N).
(S)(\ux) Symmetry
Let Ay be a set, My be a model, and Ay be a set of sizes A\, u, and x, respectively, such that there is
*
a model My with My < My and Ay C |Ms| such that Ay L Ms. Then there is a model My > My
My

*
that contains A1 such that Ay L M.
Mo

(U)(xu,x) Uniqueness
Let A and A’ be sets and My < N be models of sizes \, \, i, and X, respectively. If tp(A/My) =

tp(A’/My) and A L N and A" L N, then tp(A/N) = tp(A’/N).
My Mo

The axioms (E) ) ,,y) combines two notions. The first is Existence: that a type does not fork over its
domain. This is similar to the consequence of simplicity in first order theories that a type does not fork
over the algebraic closure of its domain. As mentioned above, in this context, existence is equivalent to
every model being  saturated. In the first order case, where finite satisfiability is the proper analogue of
our nonforking, existence is an easy consequence of the elementary substructure relation. In [MaSh285],
this holds for < & satisfiability, their nonforking, because types are formulas from L, . and, due to
categoricity, the strong substructure relation is equivalent to <, .

The second notion is the extension of nonforking types. In first-order theories (and in [MaSh285]),
this follows from compactness but is more difficult in a general AEC. We have separated these notions for

clarity and consistency with other sources, but could combine them in the following statement:

Let A be a set and My and N be models of sizes A, u, and x;, respectively, such that My < N. Then
*
there is some A’ such that tp(A’/My) = tp(A/My) and A" L N.
Mp

As an alternative to assuming (F), and thus assuming all models are x saturated, we could simply work
with the definition and manipulate the nonforking relationships that occur. This is the strategy in Section
5.4. In such a situation, x saturated models, which will exist in A<, will satisfy the existence axiom.
The relative complexity of the symmetry property is necessitated by the fact that the right side object
is required to be a model that contains the base. If the left side object already satisfied this, then there is a

simpler statement.

Proposition 2.3.2. If (5) holds, then so does the following

Aot X)
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(S*)(A,/L,x) Let M, My, and N be models of size A\, u, and x, respectively such that My < N and My < M.

Then M L N iff N L M.
My My

In first order stability theory, many of the key dividing lines depend on the local character x(7"), which
is the smallest cardinal such that any type doesn’t fork over some subset of its of domain of size less
than x(7T"). The value of this cardinal can be smaller than the size of the theory, e.g. in an uncountable,
superstable theory. However, since types and nonforking occur only over models, the smallest value the
corresponding cardinal could take would be LS(K)™. This is too coarse for many situations. Instead,
we follow [ShVi635], [Sh:h].II, [GVO06b], and [GV V] by defining a local character cardinal based on
the length of a resolution of the base rather than the size of cardinals. As different requirements appear
in different places, we give two definition of local character: one with no additional requirement, as
in [Sh:h].II, and one requiring that successor models be universal, as in [ShVi635], [GV06b], and [GVV].

*

Definition 2.3.3. x, () = min{\ € REGU{oo} : forall i = cf p > X and all increasing, continuous
chains (M; : i < p) and all sets A of size less than o, there is some ig < p such that A L U;, M;}

0
*

k(L) =min{\ € REG U {oo} : forall p = c¢f u > X and all increasing, continuous chains(M; :

i < w) with M1 universal over M; and k saturated and all sets A of size less than «, there is some
*

io < psuch that A L Ui, M;}
0

In either case, if we omit o, then we mean o« = w.

In Section 5.4, we return to these properties and examine natural conditions that imply that x*(.L) = w.
The main use of these concepts in this thesis is in Chapter V, where we, in joint work with Grossberg,
introduce and develop a nonforking relation for short and tame AECs that generalizes coheir from stable
first-order theories and < k-satisfiability from Makkai and Shelah [MaSh285]. We use this definition in

the context of a monster model, so we omit the ambient model.

Definition 2.3.4. Let My < N be models and A be a set. We say that tp(A/N) does not fork over My,

written A L N, iff for all small a € A and all small N~ < N, we have that tp(a/N ™) is realized in M.
Moy

We also give the definition for good A-frames. With some effort, the definitions above could be
generalized to include the definition of frame as a special case. However, we avoid this to allows easier
comparison with the existing literature. Informally, a good A-frame s consists of an AEC in A denoted

K; a nonforking relation .L on K; and, for each model M € K, a collection of nonalgebraic 1-types
5

Sfjs (M) called basic types on which L operates. Stronger than the properties given above, good A-frames

generalize nonforking in superstable iheories along with the collection of regular types.
Definition 2.3.5. s = (K, \{\,, S’j\s) = (K7, J;, SY) is a good \-frame iff
(A) Ky isan AEC in )\ (we denote this cardinal with \;);
(C) K has AP, JMP, and no maximal models;
(D) (a) 8%(M) C S(M), the domain of 8% is K, and it respects isomorphisms;
(b) SY°(M) C 8"(M);
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(c) Density: if M = N from K, then there is some a € N — M such that tp(a/M,N) €
S (M);

(d) bs-stability: |S2°(M)| < \forall M € Ky;

(E) (a) Invariance: | = | = L is a four-place relation in which the first, second, and fourth
A 5

inputs are models from K and the third input is an element such that L (Mg, My, a, M3)? is
preserved under isomorphisms and implies i) My < My < Ms; ii) a € M3 — M;; and iii)
L(My, My, a, Ms) is equivalent to tp(a/My, M3) € SSS(MO);

(b) Monotonicity: if My < M) < M; < My < My < M3 < Mj and a € MY, then
L(My, My, a, M3) implies L (Mo, My, a, M3) and L (Mg, M7, a, M3);

(c) Local Character: if (M; € K : i < § + 1) is increasing, continuous, a € Ms,1, and
tp(a/Ms, Msyq) € S°(Ms), then there is some ig < & such that L(M;, Ms,a, M5, 1);

(e) Uniqueness: If p,q € $**(M) do not fork over My < My and p | My = q | My, then
p=aq;

f) Symmetry: IfMO < My < Ms, a1 € My, tp(al/Mo, Mg) S Sbs(Mo), and J/(MQ, My, as, Mg),
then there are My and M} such that aa € My, My < My < M, Ms < Mi, and
L (Mo, My, ay, M3);

(g) Extension Existence: I[f M < N and p € 8°*(M), then there is some q € S**(N) such that
p < q and q does not fork over M ;

(h) Continuity: if (M; € Ky : i < ) with § limit, p € Mj, and, for all i < §, p | M; does not
fork over My, then p € 8°(Mj) and p does not fork over My,

The strange numbering is inherited from [Sh:h].II, where frames are introduced. The missing axiom
(B) is the existence of a superlimit model and is omitted as in [JrSh875]. Axioms (E)(d) and (i) are shown

to follow from the other axioms.

Theorem 2.3.6 ( [Sh:h].I1.§2.18, .16). o Axioms (A), (C), (D)(a) and (b), and (E)(a), (b), (e), and (g)
imply Axiom (E)

(d) Transitivity: if My < My < M} < M3 from K, and a € Ms, then L. (Mo, M{,, a, M3) and
L (M, M, a, Ms) implies L (My, M, a, Ms).

e Axioms (A), (C), and (E)(b), (d), (f), and (g) imply Axiom (E)

(i) Non-forking Amalgamation: if, for £ = 1,2, My < M, from Ky, ay € My — My, and
tp(ag/My, My) € SbS(MO), then there are f1, fo, M3 such that My < Ms € K\ and, for
{= 1, 2, we have fg : Mg — My M3 and J,(Mo, fg,g(Mg,g), fg(ag), Mg).

The most general theorem on the existence of good A-frames is the following, which builds on the
work of [Sh576].

Theorem 2.3.7 ( [Sh:h].IL§3.7). Assume 2 < 22" < 22" and

Ms

SWe use this notation to follow Shelah. In the previous notation, this would be a LM 1.
M
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1. K isan AEC with LS(K) < X;

2. K is categorical in \ and \T;

3. K has amodel in \T; and

4. I, K) < prynip(ATT, 22"Y and W DmId(\T) is not Xt -saturated.

Then there is a good N\ -frame.

2.4 Ultraproducts and Continuous Logic

The ultraproduct construction is used heavily in this thesis, so we review it here. Note that we do not refer

to constants directly; instead, we view them as 0-ary functions.

Definition 2.4.1. Suppose that I is an index set and U is an ultrafilter on I. Let {M; : i € I} be a

collection of L-structures.
o IIM; := {f I X UjerM; Vi eI, f(i) € Mz}

e For f,g € 11M;,
fUg <= {iel: f(i)=g(i)}eU

e for F' € L and [f()]U, ceey [fn—l]U S HMZ'/U,

FMU((folu, o [faeilu) = [i = FMi(fo(i), ..., fa1(i)]u

e For R € Land[folu,...,[fn-1]v € IM;/U,

R (foly, .- faal) = (i € T RM(fo(i). ... far (i)} €U

e The L-structure ILM; /U is given by the universe, functions, and relations given above.

Variants of this construction are discussed in Chapters VII, VIII, and IX. When necessary, we distin-
guish the above construction from those by referring to it as the classic or model-theoretic ultraproduct.
The foundation of any model-theoretic analysis of the ultraproduct is Lo§’ Theorem, which connects

the first-order behavior of the ultraproduct to the first-order behavior of a U-large set of models.

Theorem 2.4.2 (L.0S). Suppose that I is an index set, U is an ultrafilter on I, and {M; : i € I} is a
collection of L-structures. If ¢(xo, ..., xn—1) € Land [folu,. .., [fn-1]u € IIM;/U, then

HMZ/U = (ﬁ([fo][], ceey [fn—l]U) e {Z el:M;F ¢(f0(2), e ,fn_l(l))} eU

Importantly, this connection is only first-order. In general, ultraproducts have some degree of saturation.
Indeed, the study of this saturation, using regular ultrafilters, has lead to the study of Keisler’s Order.

Since AECs are often classes of models omitting certain types, this saturation works contrary to our
goals. One method of avoiding this saturation is through the use of more complete ultrafilters; this is
explored in Chapter IV and the end of Chapter V. Another way to avoid this saturation while working
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inside ZFC is to vary the construction itself. As mentioned above, this is done in Chapters VII, VIII, and
IX.

The variations introduced are connected to continuous first-order logic. While not an AEC (although
Chapter VII shows that it can be represented as one), this is a context beyond classic first-order model
theory that has seen much activity in recent years. Continuous logic is based on the idea of a continuous
language. Rather than discrete relations and functions, the symbols of continuous logic are uniformly
continuous functions that take value in the model (for function symbols) or in [0, 1] (for relation symbols);
[0, 1] is the set of truth values in this logic, with 0 representing true and 1 representing false. To make
sense of this, the logic replaces equality with a metric and adds moduli of uniform continuity for each
function and relation symbol.

As a brief aside, given f : (M,d) — (M’,d’), there are two equivalent ways to say that f is uniformly

continuous.
Definition 2.4.3. o A(e) := inf{d(x,y) : z,y € M,d'(f(z), f(y)) > €}

o w!/(3) :=sup{d'(f(z), f(y)) : x,y € M, d(x,y) < &}
Fact 2.4.4. f is uniformly continuous iff A(€) > 0 for all € > 0 iff limg_,o+ w/ (§) = 0.

Formulas are built up using any uniformly continuous function from [0, 1]™ — [0, 1] as connectives
and, thus, formulas are also uniformly continuous. However, as discussed in [BBHUOS].§6, it suffices to
consider a full set of connectives and we will assume that the set used is 1 — x; %; xiy; inf; and sup.
Structures in continuous logic have universes that are complete with respect to the metric and functions
and relations are uniformly continuous with respect to the models.

In order to prove compactness, an analytic variant of the ultraproduct is used. A description can
be found in Iovino [Iov02], but we review the construction here. The notation is different to make
comparisons with later chapters easier. Let {3; : i € I} be a collection of Banach spaces, possibly in
an expanded language, and U be an ultrafilter. Let IT*B; be the collection of bounded sequences, that is
II*B; = {f € I1B; : sup;cy ||xi|li < oo}. Then we can endow this space with a seminorm by taking the
U-limit of the norms. To turn this into a norm, we must mod out by all of the sequences with O seminorm.
That is, given f, g € II*B;, set fU*g iff limy || f(7) — ¢g(4)|; = 0. Then II*B; /U™ is a Banach space.
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Chapter 3

Types of Infinite Tuples
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3.1 Introduction

A well-known result in stability theory is that stability for 1-types implies stability for n-types for all
n < w; see Shelah [Sh:c] Corollary 1.§2.2 or Pillay [Pil83].0.9. In this chapter, we generalize this result to
types of infinite length.

Theorem 3.1.1. Given a complete theory T, if the supremum of the number of 1-types over models of size
A > |T| is p, then for any (possibly finite) cardinal k. < X, the supremum of the number of k-types over

models of size A is exactly p”.

We use our results to answer a question of Shelah from [Sh:c]. Rather than working in the context
of first-order, we work with Galois types in Abstract Elementary Classes. This gives our results broader
applicability. In particular, the above result holds for Galois types in AECs with A-AP; see Theorem 3.3.1.

While the number of types of sequences of infinite lengths has not been calculated before, these types
have already seen extensive use under the name ¢p, in [Sh:c] and T'P; in [Sh:h].V.D.§3. While [Sh:c]
uses them most extensively, it is the use in [Sh:h].V.D.§3 as types of models that might be most useful.
This means that stability in A can control the number of extensions of a model of size A; see Section 3.3.

After seeing preliminary versions of this work, Rami Grossberg asked if the above theorem could be
proved for nonalgebraic types. The examples in Proposition 3.4.1 show that such a theorem is not possible,
even in natural elementary classes. However, we introduce a generalization of nonalgebraic types of tuples
called strongly separative types for which we can prove the same upper bound. In AECs with disjoint
amalgamation, such as elementary classes, nonalgebraic and strongly separative types coincide for types
of length 1. For longer types, we require that realizations are, in a sense, nonalgebraic over each other.
For instance, in AC'Fy, the type of (e, 7) can be considered “more nonalgebraic” over the set of algebraic
numbers than the type of (e, 2¢). This is made precise in Definition 3.4.2.

Finally, in Section 3.5, we investigate the saturation of types of various lengths. The “saturation =
model homogeneity” lemma (recall Lemma 2.1.16) shows that saturation is equivalent for all lengths. We

also use bounds on the number of types and various structural properties to construct saturated models.

3.2 Preliminaries

We investigate the supremum of the number of types of a fixed length over all models of a fixed size. To

simplify this discussion, we introduce the following notation.
Definition 3.2.1. The type bound for A sized domains and r lengths is denoted tby = sup ¢, [9S"™(M)|.

Shelah has introduced the notation of ¢p, in [Sh:c].IIl.1.1 and TP, in [Sh:h].V.D.3 to denote the types
of infinite tuples, with ¢p, having a syntactic definition (sets of formulas) and 7P, having a semantic
definition (Galois types). Thus, tb% counts the maximum number of types of a fixed length x over models
of a fixed size )\, allowing for the possibility that this maximum is not achieved.

Clearly, \-stability is the same as the statement that tb} = \. Also, we always have tb} > ) because
each element in a model has a distinct type. Other notations have been used to count the supremum of the

number of types, although the lengths have been finite. In [Kei76], Keisler uses
fr(k) = sup{|S* (M, N)| : M,N |= T, M < N, and | M| = &}
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In [Sh:c].I.4.4, Shelah uses, for A C L(T) and m < w,

KR (A, T) :=min{u: |A| < Ximplies [ST(A)| < u} = sup (|SR(A)|T)
A=A

The relationships between these follow easily from the definitions

fr(k) = tb}
m " by’ if K7 (X, T) is limit
K[\ T) = sup (|S™(M)[7) = o ,
[ M=A (to)*t if K77 (A, T) is successor
oy’ if tb?), is a strict supremum

(tbf)*  if the supremum in tb;), is achieved

From this last equality, a basic question concerning tbY is if the supremum is strict or if there is a

model that achieves the value. Below we describe two basic cases when the supremum in tb¥ is achieved.

Proposition 3.2.2. Suppose K is an AEC with \-AP and \-JMP and v < \. If cftby < X or if
I(K,\) < \ then there is M € K such that |gS"(M)| = tb5.

Proof: The idea of this proof is to put the < A many A sized models together into a single A sized model
that will witness the conclusion. Pick (M € K : i < x) with x < A such that {|gS"(M/")| : i < x} has
supremum tb%; in the first case, this can be done by the definition of supremum and, in the second case, this
can be done because there are only (K, A\) many possible values for |gS”(M)| when M € K. Using
amalgamation and joint mapping, we construct increasing and continuous (N; € K : i < x) such that
M is embeddable into N;;1. Set M = U;~, N;. Since x < A, we have M € K; this fact was also cru-
cial in our construction. Since M;* can be embedded into M/, we have that [gS™ (M| < [¢S"(M)| < tb%.
Taking the supremum over all ¢ < x, we get tb§ = |gS*(M )|, as desired. T

The use of joint embedding here seems necessary, at least from a naive point of view. It seems
possible to have distinct AECs K™ in a common language that have models M" € KY such that
|gS®(M™)| = tb} = A", each computed in K. Then, we could form K* as the disjoint union of these
classes; this would be an AEC with tb§ = A*“ and the supremum would not be achieved. However,
examples of such K", even with x = 1, are not known and the specified values of |¢S”(-)| might not be
possible.

These relationships help to shed light on a question of Shelah.

Question 3.2.3 ([Sh:c].IIL7.6). Is K[{7 (A, T) = Ki(T)()\, T) form < w?

The answer is yes, even for a more general question, under some cardinal arithmetic assumptions.
+
Below, A\(*2") denotes the AT th successor of A ™.

Theorem 3.2.4. Suppose 2* < XFX) . If A ¢ Fml(L(T)) is such that ¢(x,z,y) € A implies
Jzp(x,2,y) € Aandn < w, then
KX\ T) = KA(A.T)
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Proof: There are two cases to consider: whether or not the supremum in tb" is strict or is acheived. If
the supremum is strict, then we claim the supremum in tb%\ is strict as well. If not, there is some M € K
such that |S*(M)| = tb}. But then, by Theorem 3.3.2,

o}’ > [S™(M)] > [S'(M)[™ = (tb3)™ = tby’
a contradiction. So tbY" is a strict supremum and
Ky (A T) = 0 = tb} = K} 7y (A, T)

Note that this continues to hold if m is infinite or if we consider the corresponding relationship for Galois
types in an AEC with amalgamation. Furthermore, this does not use the cardinal arithmetic assumption.

Now we consider the case that the supremum in tb" is achieved and suppose for contradiction that
the supremum in tb} is strict. Then m > 1 and we assume it is the minimal such m. If tb}* = tb} is
regular, than the pigeonhole argument used in Theorem 3.3.2 can find a model achieving tb}\. In fact, this

argument just requires that
sup{|S™ H(Ma)| : a E p,p € SY (M)} < X

By the remarks above the question, we know that cf tb}\ > ) since the supremum is strict. This gives us
that
A < cf th) < tb} <22

However, this contradicts our cardinal arithmetic assumption because the minimal singular cardinal with
cofinality above X is \(F*") > 2% Thus

Ty A T) = (15)F = (t03)" = K[y (A, T)

3.3 Results on S*(M)

This section aims to prove Theorem 3.1.1 for AECs. In our notation, this can be stated as follows.

Theorem 3.3.1. If K is an AEC with \ amalgamation, then for any k < A, allowing k to be finite or
infinite, we have tb% = (tb})".

We prove this by proving a lower bound (Theorem 3.3.2) and an upper bound (Theorem 3.3.4)
for tbY. Note that when x = ), this value is always the set-theoretic maximum, 2X. However, for
1 < & < min{y : (tb})X = 2*}, this provides new information.

For readers interested in AECs beyond elementary classes, we note the use of amalgamation for the
rest of this section and for the rest of this paper. It remains open whether these or other bounds can be
found on the number of types without amalgamation. One possible obstacle is that different types cannot
be put together: if we assume amalgamation, then given two types p, ¢ € gS* (M), there is some type
r € gS%(M) such that its first coordinate extends p and its second coordinate extends ¢. This will be a
crucial tool in the proof of the lower bound. However, if we cannot amalgamate a model that realizes p

and a model that realizes ¢ over M, then such an extension type does not necessarily exist.
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For the lower bound, we essentially “put together” all of the different types in gS' (M) as discussed

above.

Theorem 3.3.2. Let K be an AEC with \-AP and \-JMP. We have tb% > (tb})". In particular, given
M € K, |gS™(M)| = |gS* (M),

Proof: We first prove the “in particular” clause and use that to prove the statement. Fix M € K and
set ;1 = |gS*(M)|. Fix some enumeration (p; : i < p) of gS1(M). Then we claim that there is some
M™ = M that realizes all of the types in gS*(M).

To see this, let N; = M of size A contain a realization of p;. Then set My = M and M; = Nj.
For o = 8 + 1, amalgamate Mg and Ng over M to get M, = Mg and f : Ng —pr M,; since Ng
realizes pg € S(M), f(Ng) realizes f(pg) = pg. So M, does as well. Take unions at limits. Then
M = Ug<q Mg realizes each type in gS*(M).

Having proved the claim, we show that |gS*(M)| > p*. For each i < p, pick a; € | M| that realizes
pi. Foreach f € "p, setay = (ayq) : i < x). We claim that the map (f € "u) — gtp(ay/M, M™") is
injective, which completes the proof.

To prove injectivity, note that gtp(a; /M, M™) = gtp(ax/M, M) iff j = k. Suppose gtp(ay/M,M™) =
gtp(ag/M, M™). Then, we see that gtp(ayi) /M, M™") = gtp(ayi/M, M) for each i < k. By our
above note, that means that f(i) = g(i) for every i € k = dom f = domg. So f = g. Thus,
|gS™(M)| > |*p| = p*, as desired.

Now we prove that tb > (tb})”. This is done by separating into cases based on cf (tb} ). If cf (tb}) > &,
then it is known that exponentiating to x is continuous at tb%\. Stated more plainly, if X is a set of cardinals

such that cf (sup,cx X) > K, then

(sup x)" = sup(x"”)
xEX XEX

Then, we compute that

(t03)" = ( sup |gS'(M)])* = sup (|gS"(M)|") < sup |gS™(M)| = tb§
MeK) MeK) MeK)

If cf (tb}) < , then we also have cf (tb}) < \. By Proposition 3.2.2, we know that the supremum of tb}

is achieved, say by M* € K. Then

(t03)" = ¢S (M*)|* < |gS"(M*)| < sup [gS"(M)| = tb5
MeK)

Now we show the upper bound. We do this in two steps. First, we present the “successor step” in
Theorem 3.3.3 to give the reader the flavor of the argument. Then Theorem 3.3.4 gives the full argument

using direct limits.
Theorem 3.3.3. For any AEC K with \-AP and any n < w, tb} < tb}.

Note that, since it includes the || M || many algebraic types, gS* (M) is always infinite, so this result
could be written tb} < (tb})™.

Proof: We prove this by induction on n < w. The base case is tb} < tb}. Suppose tb%} < tb} and set
1 = tb}. For contradiction, suppose there is some M € K, such that |gS™ ! (M)| > . Then we can
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find distinct {p; € S"*!1(M) | i < '} and find (a’ | j < n+1) = p; and N; = M that contains each
ajforj <n+1.

Consider {gtp(<a§- | j <n)/M,N;):i<ut} C gS™(M). By assumption, this set has size p. So there
is some I C p of size pu such that, for all i € I, gtp((a’; | j < n)/M, N;) is constant.

Fix ig € I. For any i € I, the Galois types of (aj : j < n) and (a} : j < n) over M are equal. Thus,
there are N = N;, and f; : N; — s N} such that fi(aé.) = a} forall j < nand

N;y — N/

&

M ——~ N;

commutes. Now consider the set {gtp(fi(al)/Ni,, Ni) | i € I'}. We have that |I| = ™ and [ S (N;,)] <
tb} = p, sothere is I* C I of size u™ so, forall i € I*, gtp(fi(al)/Niy, Nj) is constant. Leti # k € I*.
Then gtp(fi(al,)/Niy, Ni*) = gtp(fr(ak)/Niy, Ni). By the definition of Galois types, we can find N**,

gk : N — N**,and g; : N} — N** such that g (fx(a¥)) = g:(fi(a},)) and the following commutes

N’;k 9k N**
| Tgi

We put these diagrams together and get the following:

N**
gi
9k
N N
Ik Ni, fi

Ny, Ni

N

M

Thus, we have amalgamated N;" and N over M. Furthermore, for each j < n + 1, we have
g (fi(ah)) = gi(fi(ai)). This witnesses gtp((al | j < n+1)/M,N;) = gtp({al | j < n+1)/M, N;),
which is a contradiction.
Thus, |gS™ 1 (M)| < pu = by forall M € K as desired. T

This proof can be seen as a semantic generalization of the proof that stability for 1-types implies
stability. Now we wish to prove this upper bound for types of any length < A.

The proof works by induction to construct a tree of objects that is indexed by (tbi)—called 4 1n the
proof—that codes all s length types as its branches. Successor stages of the construction are similar to
the above proof, but with added bookkeeping. At limit stages, we wish to continue the construction in a
continuous way. However, we will have a family of embeddings rather than an increasing < g-chain. This

18 fine since closure under direct limits follows from the AEC axioms; recall Fact 2.1.5.
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We now prove the main theorem.
Theorem 3.3.4. If K is an AEC with \-AP and k < ), then tb% < (tb})"~.

Proof: Set i = tb}. Let M € K and enumerate gS*(M) as (p; € gS®(M) : i < x), where
X = |gS*(M)|. We will show that x < u, which gives the result. For each i < y, find N} € K such
that M < N¢ and there is (a$ € |N}| : a < k) = p;.

The formal construction is laid out below, but we give the idea first. Our construction will essentially
create three objects: a tree of models (M,, : 7 € <" u); for each i < x, a function n; : K — ; and, for
each i < , a coherent, continuous system { N}, fé o 1 B < a < k}. The tree of models will be domains
of types such that the relation of M, to M,~; is like that of M to N;, in Theorem 3.3.3. We would like
the value of the function 7; at some o < « to determine the type of af* over M,,,. This can’t work
because aj' isn’t in a model also containing M, ; instead we use its image fA& a1(a$) under the coherent
system. At successor stages of our construction, we will put together elements of equal type over a fixed
witness (i, here standing in for ¢ in Theorem 3.3.3). At limit stages, we take direct limits.

Once we finish our construction, we show that the map ¢ € x — 1; € "u is injective. This is done by
putting the type realizing sequence together along the chain (M), : @ < &) to show that 7); characterizes
pi.

More formally, we construct the following:

1. A continuous tree of models (M, € K : n € <") with an enumeration of the types over each
model gS* (M;) = {p] : j < |gS" (M;)|}-

2. For each ¢ < x, a function 7; € "p.
3. For each n € <"y, an ordinal i,, < .

4. For each ¢ < , a coherent, continuous system {Ng,fga : Né =M, 5 N : B <a< k)l
that is, one such that v < 8 < a < k implies ﬁy,a = J?é,a ) fff 3 and so 0 < k limit implies
(3, fos)a<s = @AKBQ;(N& Iy.8)-

Our construction will have the following properties for all 7 € #1 when 8 < k.

(A) i, =min{i < x : n < n;} if that set is nonempty.
(B) My~ = Ny~ 9 and M,, 5 < Nj.
(©) Ifn™(j) < m, then p = gtp(]/‘% ﬁ(af )/ My, Né) In particular, this is witnessed by the following
diagram
i .
Nj N,
M, —— Né

in’

with f§ 5,1(a7) = foly ¥ (a _ )

™ ()
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Construction: At stage o < & of the construction, we will construct (M, : n € “u), n; [ «, and
{Ng‘“fg’a : B < a}foralli < .

o = (: We set My = M and note that N/, is already defined. Then f6,0 1s the identity.

o is limit: For each n € *pu, set M;, = Ug<q M5 and (N, J%,a)ad = hﬂKBd(Né, /\;B) as
required. The values of 7); | « are already determined by the earlier phases of the construction.

o = B + 1: We have constructed our system for each v € 1. This means that there are enumerations

{p% : k <|gS*(M,)|} of the 1-types with domain M,,. Then, if i < x such that v = n; | B, we set
7i(B) = k, where k < p is unique such that gtp(]?é,ﬁ(af)/Ml,, Né) = py

Then, for each n € “p set i, = min{i < x : m; [ a = n} if this set is nonempty; pick it arbitrarily
otherwise. Then, for all 7 < , we have that

-~ ; /‘i.,l. « 74'72- o
gtp(fo.p(a]) /My, N3) = gtp(Jo3" (@) )/ My, N3™'®)

This Galois type equality means that there is a model NV é e N;"”a and a function f/% G4l Né' —M,
Né 1 such that

Foa(Fapal)) = fore @l )

n;la
%t M, = Ngi ' (note that this doesn’t depend on the choice of i) and, for v < £, set ﬁy g1 =
f;i 541 © f;j 3 This completes the construction.

This is enough: As indicated above, we will show that the map from ¢ to »; is injective. We do this
by showing that 7; = 7; implies p; = p; and, recalling that the enumeration of the p; were distinct, we
must have ¢ = j.

Let ¢, j < x such that n := n; = 7,;. We want to show p; = p;. We have the following commuting

diagram of models for each 5 < a < k:

Ny Mo Ny
) |

N} M, 5 Nj
o

Ngz Mn{a Ngc

with the property that, for each o < k, we know

-~ i
fé,a—i—l(aia) = O?o[za+l(ag;ra+1)
= fé,aJrl (a?)

Note that this element is in M,,1. Now set M= Ua<rxMiya-
Let k stand in for either i or j. Set (NF, ﬁjm)aq = @7<5<K(N§v ﬂ“ﬂ) This gives us the
following diagram.
Ni<— M ——= N}

N

—

Nie M— > NJ
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Then we can amalgamate N7 and N over M with
Ni 9 N+
]
7

Then, for all @« < k and k = 1,7, ﬁ{oo(ag) = Z“+1700(!]ﬂ()“7a+1(ag)). We know that fg‘iaﬂ(ag) €

| Myja+1], so it is fixed by fg for 3 > o + 1. This means it is also fixed by J/”ZY“H’OO. Then

Tk Tk 7k Tk Pinta
fO,oo(ag) = fa—l—l,oo(fo,a—&—l(ag)) = fO,a—l—l(ag) = O,Iol i (a?:]erl)

Since this last term is independent of whether £ is ¢ or ] we have fo (@) = J?g,m(ajq‘) € M for all
a < K. Since our amalgamating diagram commutes over M, f ( fO( ) = g(]?g( a3)).
Combining the above, we have

]goféoo *
NN

T Tfofé,oo

with f o fi . ((a¢ | a < K)) = go f§ ({a¥ | a < K)).
Thus,
pi = gtp((af | a < k)/M, N§) = gtp({a$ | o < k)/M,Nj) =

Since each p;, was distinct, this implies that ¢ = j. The map ¢ — 7); is injective and x < u” as desired. }

As mentioned in the Introduction, the above result gives us the proof of Theorem 3.1.1:
Proof of Theorem 3.1.1: As discussed in the last section, (Mod T, <1(7)) is an AEC with amalga-
mation over sets. Given a set A, passing to a model containing A can only increase the number of types.

Thus, even in this case, it is enough to only consider models when computing tb. Thus,

o
sup  |SH(A)] = tb} = (tb})" = sup  [S'(A)
ACMET,||All=A ACMET, | All=A

as desired. T

After seeing this work, Alexei Kolesnikov pointed out a much simpler proof of Theorem 3.3.4 for first
order theories or, more generally, for AECs that are < w type short over A-sized domains; in either case, a
type of infinite length is determined by its restrictions to finite sets of variables. Fix a type p € ST(M)
with [ infinite. The previous comment means that the map

p = yen<wp™
from ST(M) to Hye(n<eS*(M) is injective. Then

S (01)]

IN

e ()< | S(M)] = Txep<e | S (M)
S (M) |1 = | St (M)

This is in fact a strengthening of Theorem 3.3.4 as in Theorem 3.3.2.
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We now examine local types in first order theories. For A C F'ml(L(T)), set

Atby = sup  [SK(M)]
MET,| M=

If A = {¢}, we simply write ¢tb}. Unfortunately, there is no semantic equivalent of A-types, so the
methods and proofs above do not transfer. For a lower bound, we can prove the following in the same way
as Theorem 3.3.2.

Proposition 3.3.5. If T is a first order theory and A C Fml(L(T)), then for any k we have that
|SX(A)| = wimplies that |SK (A)| > p~.

If A is closed under existential quantification, the syntactic proofs of Theorem 3.3.3 (see, for instance,

[Sh:c].2) can be used to get an upper bound for Atb} when n is finite.
Proposition 3.3.6. If for all p(x,z,y) € A, we have 32¢(x,z,y) € A, then Atb} < Atb} forn < w.
With this result for finite lengths, we can apply the syntactic argument above to conclude the following.

Proposition 3.3.7. If T is a first order theory and A C Fml(L(T)), then for k < A

AtbY < (sup Atby)"

n<w

In particular, if A is closed under existentials as in Proposition 3.3.6, then Atby < (Atbi)”.

We now turn to the values of ¢tb for particular ¢. Recall that Theorem [Sh:c].I1.2.2 says that T’
is stable iff 7' is \ stable for A\ = A1 iff it is \ stable for ¢ types for all ¢ € L(T). This means
that if 7" is unstable in A = Al”!, then there is some ¢ such that gf)tb%\ > . Further, suppose that
sup{ytb} : ¢ € L(T)} = A\*" for some 1 < n < w. Then, since A™™ is a successor, this supremum is

acheived by some formula ¢y. Then, since AT = )\, we can calculate

Patb) = sup {wtb}} < tb} < Mycpp)(tb}) < (pato})?! =
YeL(T)

= WITT= AT AT = A1 = gt
So gb)\tbi = tb}\. Thus, for all kK < A, we can use Theorems 3.3.5 and 3.3.4 to calculate
(6ath})" < Path] < tb] = (1b))" = (9atb})"
This gives us the following result:

Theorem 3.3.8. Given a first order theory T, if X is a cardinal such that N'T! = X and sup{|Si(A)| :
Y € L(T), |A| < A} < X, then there is some ¢ € L(T) such that, for all & < X, tb5 = Ptb¥.

Returning to general AECs, in [Sh:h].V.D.§3, Shelah considers long types of tuples enumerating a
model extending the domain. In this case, any realization of the type is another model extending the
domain that is isomorphic to the original tuple over the domain. Thus, an upper bound on types of a certain
length « also bounds the number of isomorphism classes extending the domain by x many elements. More

formally, we get
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Proposition 3.3.9. Given M € K,
{N/ =y N e K,M 2 N,|N—M|=r}| <tby

If we have an AEC with amalgamation where any extension can be broken into smaller extensions,
this could lead to a useful analysis. Unfortunately, this provides us with no new information when x = A
since 2* = tb§ is already the well-known upper bound for A-sized extensions of M and there are even
first order theories where M 2 N implies |N — M| > || M ||. Algebraically closed fields of characteristic

0 are such an example.

3.4 Strongly Separative Types

One might hope that similar bounds could be developed for non-algebraic types. This would probably
give us a finer picture of what is going on because a model M necessarily has at least ||A/|| many
algebraic types over M, so in the stable case, the number of non-algebraic types could, a priori, be
anywhere between 0 and || M||; the case ¢S}, (M) = () only occurs in the uninteresting case that M has
no extensions.

However, as the following result shows, no such result is possible even in basic, well-understood first

order cases:

Proposition 3.4.1. 1. Let Ty be the empty theory and M = Ty. Then |S},(M)| = 1 and |S%,(M)| =
By, for all n < w, where By, is the nth Bell number. In particular, this is finite.

2. LetTy = ACFyand M = T. Then |S},(M)| = 1 but |S2,(M)| = || M]|.

Note that these examples represent the minimal and maximal, respectively, number of long, nonalge-
braic types given that there is only one non-algebraic type.

Proof:

1. Lettp(a/M, N1),tp(b/M, N3) € S} (M) and, WLOG, assume ||N1|| < ||Nz2||. Then let f fix M,

send a to b, and injectively map N1 — M — {a} to Ny — M — {b} arbitrarily. This witenesses
tp(a/M, N1) = tp(b/M, N).
Given the type of {(a,, : n < k), the only restriction on finding a function to witness type equality is
given by which elements of the sequence are repeated; for instance, if a # b, then tp(a,b/M, N) #
tp(a,a/M, N). Thus, each type can be represented by those elements of the sequence which are
repeated. To count this, we need to know the number of partitions of n. This is given by Bell’s
numbers, defined by By = 1 and B, +1 = ZZ:O (Z) By,. See [Wil94].1.6.13 for a reference. Then,
the number of n-types is just B,,.

2. This is an easy consequence of Steinitz’s Theorem that there is only one non-algebraic 1-type, that
of an element transcedental over the domain.
Looking at 2-types, let M € K and e € N > M be transcendental (non-algebraic) over M.
For each polynomial f € M]|x], set py = tp(e, f(e)/M,N). Then, for f # g, we have that
P # pg € S2,(M). Also, tp(e, /M, N') is distinct, where r is transcendental over M (e). This
gives at least || M || many 2-types.

We know there are at most || M || many because the theory is stable. Therefore, the results of last
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section tells us that there are exactly || M||2 = ||M || many 2-types, so there are at most || M || many

non-algebraic 2-types. T

This shows that a result like Theorem 3.3.4 is impossible for non-algebraic types. As is evident in the
proof above, especially part two, the variance in the number of types comes from the fact that, while the
realizations of the non-algebraic type are not algebraic over the model, they might be algebraic over each
other. This means that even 2-types, like tp(e, 2e/A, C), that are not realized in the base model can’t be
separated: any algebraically closed field realizing the type of e must also realize the type of 2e.

In order to get a bound on the number of these types, we want to be able to separate the different
elements of the tuples that realize the long types. This motivates our definition and naming of separative
types below. We also introduce a slightly stronger notion, strongly separative types, that allow us to not
only separate realizations of the type, but also gives us the ability to extend types, as made evident in
Proposition 3.4.6. Luckily, in the first order case and others, these two notions coincide; see Proposition
345.

Definition 3.4.2.

1. We say that a triple ({a; : i < a), M\, N) € K i’a is separative iff there are increasing sequences of
intermediate models (N; € K : i < «) such that, forall i < o, M < N; < N and a; € N;y1 — N;.

The sequence (N; : i < «) is said to witness the triple’s separativity.

2. For M € K, set ¢S, (M) = {gtp({a; : i < o,)/M,N) : ({a; : i < o,), M,N) € Ki”a is

sep

separative}.

3. We say that a triple ((a; : i < a), M,N) € Ki’a is strongly separative iff there is a sequence
witnessing its separativity (N; : i < «) that further has the property that, for any i < « and
Ni" = Nj of size A, there is some Ny = Ni* and g : Ni11 —n, N3~ such that g(a;) ¢ Ny

4. For M € K, set gS%,...,(M) = {gtp({a; : i < a,)/M,N) : ({a; : i < a,), M,N) € Ki’a is

strsep

strongly separative}.
The condition “a; € N;+1 — NV;” in (1) could be equivalently stated as either of the following:
e Forall j < o, a; € N;iff1 < j.
e gtp(a;/N;, N;iy1) is nonalgebraic.

Note that the examples in Proposition 3.4.1 only have one separative or strongly separative type of any
length: for the empty theory, this is any sequence of distinct elements and, for AC Fy, this is any sequence
of mutually transcendental elements. Theorem 3.4.8 below shows this generally by proving the upper
bound from the last section (Theorem 3.3.4) holds for strongly separative types. Before this proof, a few
comments about these definitions are in order.

First, the key part of the definition is about triples, but we will prove things about types. This is not an
issue because any triple realizing a (strongly) separative type can be made into a (strongly) separative type

by extending the ambient model.

Proposition 3.4.3.
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1. If gtp({ag : B < a)/M,N) € gS%, (M), then there is some Nt = N such that ({(ag : <

sep
ay, M, N is separative.

2. The same is true for strongly separative types.

Proof: We will prove the first assertion and the second one follows similarly. By the definition of
g5, there is some separative ({bg : 8 < a), M, N1) € K:\Q”O‘ such that gtp((ag : 8 < o)/M,N) =
gtp({bg : B < &)/M, N). Thus, there exists some N* = N and f : N1 =7 N7 such that f(bg) = ag
forall 5 < a. Let (Ng : B < «) be a witness sequence to ((bg : 5 < «), M, N1)’s separativity. Then
(f(Ng) < N*: B < ) is a witness sequence for ((ag: f < a), M, NT). T

Second, although we continue to use the semantic notion of types (Galois types) for full generality,
these notions are new in the context of first order theories. In this context, the elements of the witnessing
sequence (N, : i < «) are still required to be models, even though types are meaningful over sets. An
attempt to characterize these definitions in a purely syntactical nature (i.e. by only mentioning formulas)
was unsuccessful, but we do know (see Proposition 3.4.5 below) that all separative types over models are
strongly separative for complete first order theories.

Third, we can easily characterize these properties for 1-types.
Proposition 3.4.4. Let K be an AEC and p € gS*(M).
e p is separative iff p is nonalgebraic.

e p is strongly separative iff, for any N = M with |N| = | M

, there is an extension of p to a

non-algebraic type over N. Such types are called big.

Finally, strongly separative types and separative types are the same in the presence of the disjoint

amalgamation property.

Proposition 3.4.5. Let o be an ordinal and M € K. If K satisfies the disjoint amalgamation property

when all models involved have sizes between | M| and || + | M (M) =

9Ssep(M).

Proof: By definition, ¢S, ,.,(M) C ¢S%, (M), so we wish to show the other containment. Let

strsep sep

gtp({ag : B < a)/M,N) € gS%,(M). Let (Ng : B < ) be a witnessing sequence and let N~ = Ng,

sep

, inclusive, then gSg, q.,

of size || Ng, || for some 3y < . By renaming elements, we can find some copy of N;' that is disjoint
from Ng,11 except for Ng,. So there are Nand f : Ny =Nsy N such that N N Ngy+1 = Ng,. Then,

we can use disjoint amalgamation on Nand N 8o+1 over Ng, to get N* and g : Ng,11 — N™ s0

Nt LN N*
\ T ]g
Ngy — Ngy+1

commutes and N N g(Ng, 1) = Ng,. Thus, since ag, is in Ng, 1 and not in Ng,, we have that g(ag,) is
in g(Ng,+1) and not in N. Let f be an L(K)-isomorphism that extends f and has N* in its range. Then

we have

~

F M g(ag) & FHN) = f7HN) = N}
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Then we can collapse the above diagram to

N —— fH(N)

N

Npy — Ngy+1

0

This diagram commutes and witnesses the property for strong separativity with N} = ]?_1 (N*). 1

It is an exercise in the use of compactness that every complete first order theory satisfies disjoint
amalgamation over models, see Hodges [Hod93].6.4.3 for a reference. For a general AEC, this is not the
case. Baldwin, Kolesnikov, and Shelah [BKS927] have constructed examples of AECs without disjoint
amalgamation. On the other hand, Shelah [Sh576] has shown that disjoint amalgamation follows from
certain amounts of structure (see, in particular, 2.17 and 5.11 there). Additionally, Grossberg, VanDieren,
and Villaveces [GV V] point out that many AECs with a well developed independence notion, such as
homogeneous model theory or finitary AECs, also satisfy disjoint amalgamation.

In order to prove the main theorem of this section, Theorem 3.4.8, we will need to make use of certain

closure properties of strongly separative types. These also hold for separative types as well.
Proposition 3.4.6 (Closure of gSs¢rsep)-

1. Ifp € gSGysep(M) and I C «, then ple gSOtp(I)(M).

strsep

2. If p € 9SG sep(M) and My < M, thenp [ Mo € gS My).

gﬁrsep(

We now prove the main theorem.

Definition 3.4.7. The strongly separative type bound for A\ sized domains and « lengths is denoted

Strseptbi = SupMEKA |gS?trsep(M)|'
Theorem 3.4.8. Ifstrseptbi = p, then strseptbs < u* for all (possibly finite) k < AT.

Proof: The proof is very similar to that of Theorem 3.3.4, so we only highlight the differences.
(M) = (p; : i < x), and find N} = M of size A +  and
a® € |N§| fori < x and o < & such that (a? : @ < k) F p;.

As before, let M € K, enumerate gS*;

strsep

Then, we use strong separativity to find a witnessing sequence. That is, for each ¢ < x, we
have increasing and continuous (*N} € Ky : a < k) so, for each o < x, M < *N} < N{ and
a® € aJrlNé' _aNS

¥ .

As before, we will construct (M, € Ky : 1 € <*p), (p] € 9Sttrsep(My) 1§ < |9S8rsep(Mp)]),

(ip€x:me <Fu),and (n; € "p:i < x) asin (1) — (3) of the proof of Theorem 3.3.4 and

5 “NL | B < a < k}, models

(4*) For i < x, a coherent, continuous {O‘Né,fé’a : ﬁNé M,

(“FIN? : o < k), and, for each 8 < a < &, functions
e hl, : N} — N,
. géﬂ PHING ﬁ“]\fé; and

o f;);+1 : ﬁ+1N§ =M, 15 BNg.
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These will satisfy (A), (B), and (C) from Theorem 3.3.4 and

(D) Ifa = B+ 1, then hi, = f o g, and, if a is limit, then * N} is the direct limit and, for each § < a,

the following commutes
§N6 aNz
P
5]V8 a]VS
(E) If a < &, then
o ho [ ONG = gop1 [ NG
b 924—1(“?) ¢ aNciz
. il
* hopi(af) = ga”iﬁ (afimﬁ
i f&,oﬁ-l = fé+1
Construction:
The base case and limit case are the same as in 3.3.4. In the limit, we additionally set A%, = | s<a h%.
For {(n) = a = [+ 1 we will apply our previous construction to the separating models. Fix
some v € Pu. For each i < y such that n; | 8 = v, we have hl ﬁNO — ﬁNl We know that

gtp(a?/ﬁNg, A+IN{) is big by Propositions 3.4.6 and 3.4.4. Thus we can find a blg extension with
domain (h%)*l(ﬁNé). Then, applying 1 to this type, we get some g, : T Nj — ﬁ“]\fé SO

5Nf3 S BHN/@

h%T Tgé+1

ﬁN(% > ﬁ—l—lNé’

commutes and gtp(gé _H(a? ) /Ml,,ﬂHNé) is big and, therefore, strongly separative. Note that this
extension uses that these types are strongly separative and not just separative. Then we can extend 7; by
ni(B) = k where k < p is the unique index such that gtp(g%ﬂ(af)/My, 6“]\%) = py.

Then set i, ~(;y = min{i < x : 7; [ @ = v (i) }. This means that, for all i < x, we have

9tp(gh1(al) /My, PTINE) = gtp(gily (af] | /M, PN

Thus, we can find TN} | > BHN "' from K and fBJr1 D PHING =g, PTING, ) such that

. . i . . .
féﬂ(ggﬂ(a?)) gﬁnj_l (a; *B ) Finally, set M;, = BHNﬁm and hjy | = fh, 005,
This is enough: For each 1 < x and every o < 3 < K, we have

Myjo ONG ——=PNG —— *Nj —= Nj

A

My1s — PN},

e
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that commutes. Note that this is almost the same diagram as before, except we have added the separating

sequences. Then we can proceed as before, setting
1. M= Ua<sMpjas
2 (N fooe) =l (PN Fo )
3. N = Uqex®NE < NG
4. f;: Nj = Niby f; = Uncn(faoo 0 h): and
5. m; € "usuchthati € I, forall a < k.

Then, if x > p~, there are i # j such that 1; = 7);. As before, this would imply p; = p;, but they are
all distinct. So y < p” as desired. 1

In the previous theorem, we allowed the case x = A\T. Most of the time, this is only the set-theoretic
bound strseptb§+ < 2", However, if we had strseptb} = 1, then we get the surprising result that
strseptbﬁ+ < 1. This will be explored along with further investigation of classifying AECs based on

separative types in future work.

3.5 Saturation

We now turn from the number of infinite types to their realizations. The saturation version of Theorem

3.3.1 is much simpler to prove.
Proposition 3.5.1. If M € K is Galois saturated for 1-types, then M is Galois saturated for A-types.

Proof: Let My < M of size < X and p € gS*(Mj). By the definition of Galois types, there is some
N = M, of size A that realizes p. Find a resolution of N (IV; € K. | i < cf A) with N9 = Mj. Then use
Lemma 2.1.16 to get increasing, continuous f; : NV; — M that fix My. Then f := U;cpfi : N —p, M.
This implies f(N) = f(p) = p and since f(N) < M, M = p. T
We can get a parameterized version with the same proof.

Proposition 3.5.2. If M € K is u-Galois saturated for I-types, then M is u-Galois saturated for
[-types.

The seeming simplicity of the proof of Proposition 3.5.1, especially compared to earlier uses of
direct limits, hides the difficulty and complexity of the proof of Lemma 2.1.16. Although the statement
is a generalization of a first order fact, its announcement was a surprise and many flawed proofs were
proposed before a successful proof was given. Building on work of Shelah, Grossberg, and Kolesnikov,
Baldwin [Bal09].16.5 proves a version of Lemma 2.1.16 which does not require amalgamation. This gives
rise to a version of Proposition 3.5.1 in AECs even without amalgamation.

There is also a strong relationship between the value of tbi and the existence of \T-saturated
extensions of models of size A\. The following generalizes first order theorems like [Sh:c] Theorem
VIIL4.7.

In the following theorems, we make use of a monster model, as in first order model theory, to reduce

the complexity of constructions. The first relationship is clear from counting types.
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Theorem 3.5.3. Let K be an AEC with amalgamation, joint embedding, and no maximal models. If every
M € K, has an extension N € K, that is k*-saturated, then tb}{ <A\

Proof: Assume that every model in K, has a ™ -saturated extension of size \. Let M € K, and
N € K be that extension. Since every type over M is realized in N, we have [¢gS(M)| < ||N| = .
Taking the sup over all M € K., we get tb. < ), as desired. ]
Going the other way, we have both a set theoretic hypothesis and model theoretic hypothesis that

imply instances of a x " -saturated extension. The set-theoretic version is well known.

Theorem 3.5.4. Let K be an AEC with amalgamation, joint embedding, and no maximal models. If
A = ), then every M € K, has an extension N € K that is k™ saturated.

Note that the hypothesis implies tbi < . Without this set theoretic hypothesis, reaching our desired
conclusion is much harder. A® = X means that we can consider all x size submodels of a A sized model
without going up in size. Without this assumption, things become much more difficult and we must rely
on model theoretic hypotheses. The following has a stability-like hypothesis, sometimes called ‘weak
stability;” see [JrSh875], for instance.

Theorem 3.5.5. Let K be an AEC with amalgamation, joint embedding, and no maximal models. If
’tb}€ < kT, then every M € K, has an extension N € K, 1 that is saturated.

Proof: We proceed by a series of increasingly strong constructions.
Construction 1: For all M € K,, there is M* € K.+ such that all of S'(M) is realized in M*.
This is easy with |S1(M)| < k7.
Construction 2: For all M < N from K, and M < M’ € K, .+, there is some N' = (M, N, M') €
K,.+ such that N, M’ < N’ and all of S'(NN) are realized in N'.
For each p € SY(N), find some a, € |€| that realizes it. Then find some N’ < € that contains
{ap, :p € SY(N)}U|M'| U |N| of size ™. This is possible since |S*(N)| < x™.
Construction 3: For all M € K, + there is some M+ € K, + such that M < M™ and, if My < M of
size r, then all of S1(Mj) are realized in M.
Find a resolution (M; : i < k™) of M. Set Ny = (My)*, Niv1 = *(M;, M; 11, N;), and take unions at
limits. Then Mt = U;_,.+ N; works.
Construction 4: For all M € K, +, there is some M# € K, + such that M < M7 and M7 is saturated.
Let M € K. Set My = M, M;, = (M;)™, and take unions at limits. Then M# = M,_; is saturated.
Then, to prove the proposition, let M € K. Since K has no maximal model, it has an extension M’ in
K,.+. Then (M")# is the desired saturated extension of M. T

3.6 Further Work

In working with Galois types, as we do here, the assumption of amalgamation simplifies the definitions
and construction by making F 47 already an equivalence relation in the definition of types; see Definition
2.1.12. Could we obtain some bound on the number of long types in the absence of amalgamation?

In this paper, we introduced the definitions of S, and Srsep. There are several basic questions to

explore.
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First, is S¢rsep necessary? That is, is there an AEC where the size of Sg,s¢p is well behaved, but Sy,
is chaotic as in Proposition 3.4.1; or can the proof of Theorem 3.4.8 be improved to provide the same
bound on seqtb? By Proposition 3.4.5, any example of this chaotic behavior must have amalgamation but
not disjoint amalgamation. Perhaps one of the examples from [BKS927] can be refined for this purpose.

In the original definitions of separative and strongly separative types, any ordered set I was allowed
as an index set and the separation properties were required to hold for all subsets instead of just an initial
segment. We give the original definition here under the names unordered separative and unordered

strongly separative types.
Definition 3.6.1.

1. For M € K, define gSy,,(M) = {gtp({a; : i € I)/M,N) € gSL(M) : forall Iy C I, there is
some M < Ny, < N such that a; € Ny, iffi € Ip}.

2. For M € K, define gS,fstrsep(M) ={p=gtp({a; :i € I)/M,N) € gSL{sep(M) cforall Iy C 1
and M < N, < N, ifwith a; € Ny, iff© € Iy, then for every f : Ni, — Nf' with HN1+H = Ny,
there is some g : N — Ny such that f C gand g({(a; :i € [ — Ip)) & N}

Are these definitions equivalent to the ones given in Section 3.4, or is there some example of an AEC
where the two notions are distinct? This question will likely be clarified by a lower bound for strseptb or
an example lacking amalgamation.

A more lofty goal would be to attempt to classify stable, DAP AECs by the possible values of
natb) = septb}. That is, we know that natb} is a cardinal between 1 and \ and that this controls the
value of septb for all k < \. For each value in [1, A\] N CARD, does an AEC with DAP and exactly that
many non-algebraic types of length one exist? Of particular interest is the discussion after Theorem 3.4.8.
The conclusion of only one separative type (or strongly separative type, if we wish to drop the assumption
of DAP) of any length over a model seems to be a very powerful hypothesis.

Looking back to the first order case, it would be interesting to find a syntactic characterization of
separative types, keeping in mind that separative and strongly separative types are equivalent in this

context.
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Chapter 4

Tameness and Large Cardinals
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4.1 Introduction

In this chapter, we investigate the relationship between large cardinals and tameness. Our main result
(Theorem 4.2.5) is the following

Theorem 4.1.1. [f K is an AEC with LS(K) < k and k is strongly compact, then K is k-tame.

This is combined with the result of Grossberg and VanDieren to give us the consistency of Shelah’s
Eventual Categoricity Conjecture for Successors. Section 4.5 provides more details, including the
derivation of amalgamation. This result also improves [MaSh285] by showing that their categoricity result
holds even for AECs that are not axiomatized by an infinitary theory.

The above result is part of a larger investigation of tame AECs that began with Grossberg and
VanDieren’s introduction of tameness in [GV06b]. In the introduction of [GV06a], Grossberg and
VanDieren list several previously studied nonelementary classes that turn out to be tame. This list includes
previous AECs for which a classification theory exists. This lead them to the following conjecture about

categoricity and tameness.

Conjecture 4.1.2. [Grossberg-VanDieren] Suppose K is an AEC. If K is categorical in some A >
Hanf(LS(K)) (or some other value depending only on LS(K)), then there exists x < Hanf(LS(K))
such that K is x-tame.

Our main theorem can be seen as proving a stronger version of this from the existence of a strongly
compact cardinal instead of the categoricity assumption.

Some assumption (categoricity, large cardinals, etc.) is known to be necessary for any theorem that
concludes tameness for all AECs. This follows from the examples of nontame AECs mentioned in the
introduction: the Hart and Shelah [HaSh323] examples and the Baldwin and Shelah examples [BISh862].
Section 4.6 further discussion these examples.

In addition to tameness, we use a dual locality property called type shortness. This property is defined
explicitly in Chapter II, but briefly says that if two types of long, infinite sequences indexed by the same
set differ, then there is a short subsequence where they already differ. Comparing this with tameness,
we are replacing the condition on the domain of the type with a condition on the index of the type. The
combination of these properties can be used to obtain a new notion of nonforking that can be seen as an
AEC analogue of coheir; this is done in the next chapter.

We now outline the chapter. The main results of this chapter are in Sections 4.2, 4.3, and 4.4. Each of
these sections assumes a different large cardinal axiom and uses a different technique to prove various
levels of type shortness and tameness: Section 4.2 uses the ultrafilter definition of a strongly compact
cardinal; Section 4.3 uses the elementary embedding definition of a measurable cardinall and Section
4.4 uses the indescribability definition of a weakly compact cardinal. Section 4.5 combines the results
from this paper with the papers mentioned in the introduction. This section contains Theorem 4.5.5,
the consistency of Shelah’s Eventual Categoricity Conjecture for Successors. Finally, Section 4.6 poses
some new questions, especially in the area of the large cardinal strength of different universal tameness
properties.

Before proceeding, we offer another definition. Given a large cardinal x, we want to identify the class
of AECs which are closed under the elementary embedding or other structure coming from their large

cardinal definition. Typically, this occurs when the AEC is described by a definition “smaller” than k.
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Definition 4.1.3. For a cardinal k, we say that an AEC is essentially below « iff a) LS(K) < k or b)
K = (ModT,=<5) forT a L., theory.

In either case, the key pieces of the definition exist below «; in the case of a theory in L, ,, the theory
itself might consist of more than x-many sentences, but each sentence is defined from x-many pieces.

There are other properties of AECs that assert different locality properties of types. [BISh862] contains
some of these. The arguments in the following sections are also useful in deriving those properties.

After seeing a preliminary version of this work, Jose Iovino pointed us to the work on Metric Abstract
Elementary Classes (MAECs) by Hirvonen and Hyttinen [HHO09] and others. This is a more general
framework that extends AECs as continuous first-order logic extends first-order logic and is more suited
for dealing with analytic concepts like being a complete metric space. Although there is a slightly different

notion of ultraproducts, the theorems of this chapter still hold in that context.

4.2 Strongly Compact

We begin with a study of AECs under the assumptions that there is a strongly compact cardinal x and
a given AEC is essentially below « (see Definition 4.1.3), but has a model above «. Since & is strongly

inaccessible, this is equivalent to the AEC having a model above its Hanf number.

Definition 4.2.1 ( [Jec06].20). An uncountable cardinal k is strongly compact iff every x-complete filter
can be extended to a k-complete ultrafilter.

Equivalently, L, ., and L, . satisfy the compactness theorem.

Equivalently, for every \ > k, there is some elementary (in the first-order sense) embedding j : V. — M
with critical point k such that j(k) > X and there is some Y € M of size \ such that j"\ C Y.
Equivalently, for every X > &, there is a fine, k complete ultrafilter U on P;\; that is, a k complete
ultrafilter so, for every a < k, we have [a] = {X € P.A:a € X} e U.

In this section, we prefer to use the latter ultrafilter formulation because it is more model-theoretic in
nature. In the next section, on measurable cardinals, we discuss the elementary embedding formulation of
a large cardinal that is preferred by set theorists.

The most basic and fundamental model-theoretic fact about ultraproducts is L.o§” Theorem, which
tells us that Mod T is closed under ultraproducts. We wish to prove a version of L.os” Theorem for AECs.

This will generalize the version for L, ,, when & is measureable.

Theorem 4.2.2 (Lo$’ Theorem for L, ). Let U be a k-complete ultrafilter over I, L be a language, and
(M; - i € I) be L structures. Then, for any [filv,...[fn]v € OIM;/U and ¢(x1,...,x,) € Ly 0, we

have

IM; /U |= ¢(lhlo, - falo) i {i € T2 Mi | ¢(f1(0), ..., ful@))} €U

This is proved similarly to the first-order version. Our version for AECs is necessarily more complex
since we do not have any syntax. Thus, the characterization must be done semantically. However, the
following theorem aims to obtain the same results as the first-order version. Of particular interest are parts
(5) and (6): (5) says that if M = U;,M; for (M, : i < k) increasing, then we can cannonically embed
M into ITM; /U and (6) says the same thing for (M; : i < k) a directed set.

53



Theorem 4.2.3 (L.o§” Theorem for AECs). Suppose K is an AEC essentially below k and U is a k-

complete ultrafilter on I. Then K and the class of K-embeddings is closed under k-complete ultrapowers

and the ultrapower embedding. In particular,

1.

if (M; € K :i€l), thenlIM; /U € K;
if(M; e K:iel),(N; € K :i€l)and, foreveryi € I, M; <x N;, then IIM; /U <g IIN;/U

if (M; € K :1i €),(N; € K :4 € I)and, for every i € I, there is some h; : M; = N,,
then 11h; : 1IM;/U = IIN,;/U, where 11h; is defined by taking [i — f(i)]y € IIM;/U to
i o> ha( £(0))]or € TIN/U;

if(M; € K :i€I),(N; € K:1i¢€ I)and, for every i € I, there is some h; : M; — N,
then 11h; : IIM;/U — IIN;/U, where 11h; is defined by taking [i — f(i)]ly € IIM;/U to
[i = hi(f(i)]v € IIN;/U;

if Il = kand (M; € K : i < k) is an increasing sequence, then the ultrapower embedding
h:U;c, My — 1IM; /U defined as h(m) = | fm]u, where

Foli) = m ifm € | M;|

arbitrary  otherwise
is a K-embedding; and

if (M; € K :i € 1) is adirected set, so in particular M := | J,c; M; € K and, for all m € |M]|,
we have [m| = {i € I : m € M;} € U, then the ultrapower embedding h : M — IIM;/U is a
K-embedding, where h(m) = [fn]u and

arbitrary otherwise

Proof: If K is an AEC essentially below «, then either it is a model of an L, theory or LS(K) < k.

In the first case, this follows from £.0§” Theorem for L .
If LS(K) < K, then Shelah’s Presentation Theorem above says that K = PC(T1,T", L(K)) for
|T1| = LS(K) < k. During the following proofs, we use the fact observed at [Sh:c].V1.0.2 that an

ultraproduct of reducts is the reduct of the ultraproducts.
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1.

Each M; € K = PC(T1,T', L(K)), there is some L(7}) structure M € EC(T},I") such that
M; = M} | L(K). Then TIM; /U = TI(M; | L(K))/U = TIM; /U | L(K), such that TIM; /U
is the restriction to L(K) of a L(1}) structure. Furthermore, there is an L, ,, sentence 1 st, for
any L(T7) structure M, M = ¢ iff M € EC(Ty,T"). Thus, forall i € I, M} = . So by
Lo§” Theorem for L, ., IIM /U = +. Thus, IM*/U € EC(T1,T') and IIM; /U = TIM; /U |
L(K) € PC(T1,T, L(K)) = K.

From Shelah’s Presentation Theorem, for each NV;, there are , M*, N} € EC(T,T") such that
M? | L(K) = M;, N/ | L(K) = N;, and M C N;. By the above part, [IM;/U,IIN; /U €
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EC(T1,T) and, by the definition of an ultraproduct, IIA* /U C ILN;/U. Again applying Shelah’s
Presentation Theorem, we get that

(IIMG/U) | L(K) = IIM; /U <k IIN; /U = (IIN{/U) | L(K)

3. First we note that ITh; is a bijection. If [f]y € TIN;/U, then [i — h; '(f(i))]y € TIM;/U and
Whi([i = b *(f()]v) = [flo- X [flu # [9lv € TIM; /U, then {i € I : f(i) = g(i)} ¢ U. But
this left hand side is {7 € I : h;(f(7)) = hi(g9(3))}, so Ih;([flv) # hi([g]r).

Now we must show that it respects L(K'). Suppose that R € L(K) is an n-ary relation. Then

IOM;/U = R([fi]u, - - -, [falv)

{iel: M R(fi(i),.... fu(i))} €U

{i € I:N; = R(hi(f1(2)), .., hi(fn(0)))} €U
IIN; /U = R(Th; /U([f1]ur), - - -, IThi /U ([ fa]vr))

as desired. The same proof works for functions, or assume L(K) is relational by replacing functions

with their graph.

4. For each ¢ € I, we have a h; : M; = h;(M;) with h;(M;) <x N;; see the definition of a K-
embedding. From above, we know that I1h;(M;) /U < IIN; /U and I1h; : IIM; /U = 11h;(M;)/U.
So by the definition of a K embedding, we have our conclusion.

5. This follows from the next one. Note that, by x completeness, [m] = {a < k: a > 5} € U, where
B =min{y < k:m € |M,|}.

6. Since we modulus by U, the definition of f,, only matters on a measure one set, namely [m].
We proceed as in (1) and (2). We can extend each M; to M} € EC(T1,T'). Then IIM;/U =
II(M; | L)/U = (IIM}/U) | L. Then this induces an L(T}) expansion of h(M) called
h(M)* CIIM* | L/U.Soh: M — IIM;/U. ]

Note, in particular, that in (3) and (4), we have defined the ‘ultraproduct’ of a series of embeddings.
We will generally refer to this as the average of those embeddings and will later use this fact in particular
when N € K and we have many f; € AutN; then we know that ITf; € AutIIN/U.

In our definition of essentially below, we hoped to capture all AECs that are closed under complete
enough ultraproducts in the sense above. However, this is not the case: we could take an AEC K which is
essentially below  and form the AEC K’ = (K .+ )" (recall Definition 2.1.7) by taking out all models of
size x or smaller. Then K’ is not essentially below «, but is still closed under x-complete ultraproducts.

However, the hypothesis of an AEC which is essentially below « is natural and somewhat tight, in the
sense that there are simple examples of AECs that just fail to be essentially below  and are not closed
under x-complete ultraproducts. The following example mirrors the construction of nonstandard models
of PA.

Example 4.2.4. Let L = {<,ca}a<x and set 1 € L+ , to be the sentence

“< is a linear order” N\Vz (Vo< = cq) N ( /\ Ca < )
a<f<k
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Let F be a k-sized fragment containing 1. Then K = (Mod v, <r) is an AEC with LS(K) = &, so it
‘just fails’ to be essentially below k. Any M € K is isomorphic to (k, €, &)a<x. Thus, K is not closed

under k-complete ultraproducts.

The results in this chapter that have a hypothesis of “essentially below” will all continue to hold in
any AEC that is closed under sufficiently closed ultraproducts.

Now we are ready to establish the main theorem of this section, that AECs that are essentially
below a strongly compact cardinal are tame and type short. This allows us to connect our large cardinal
assumptions to known model theoretic properties. Afterwards, we will continue our investigation of
ultraproducts of AECs; these results will make more sense in light of the fact that types are determined by
their < k restrictions.

In this theorem, we assume that K has a monster model. However, this is not necessary and we do not
even need to assume amalgamation for the conclusion. We include the stronger assumptions to simplify

the proof, but provide Theorem 4.3.4 as a “proof of concept” that this assumption can be removed.

Theorem 4.2.5. Suppose K is essentially below k, k is strongly compact, and K has amalgamation,
Jjoint embedding, and no maximal models. Then types are determined by the restrictions of their domain

to < (k + LS(K)")-sized models and their length to < k-sized sets; that is, given M € K and
p.q € ST(M),

if plo | Mo = ¢% | My for all Iy € P.I and M, € P:+LS(K)+M, then p = q.

The inclusion of ‘+LS (K )™ is needed for the case that K is the class of models of some theory in a
fragment F of L, , with LS(K) = |F| > &; in this case, it would be impossible for K to be < x tame
because there would be no models of size < k.

First, we prove a technical lemma. In our proof of Theorem 4.2.5, there is a place where we will want
to take an ultraproduct of our monster model. However, this would run counter to our intuition of the
monster model containing all models since the monster model cannot contain its own ultraproduct. To
avoid this, we introduce a smaller model that functions as the monster model exactly as we need, but
without any blanket assumptions of containing all models or being model homogeneous. We call such a

model a local monster model.

Lemma 4.2.6 (Local Monster Model). Suppose we have some collection {M; € K<, : i < pu} and
{fi € Aut€ : i < p} such that each M; < €. Then there is some N € K,, such that for each i < ji we
have M; < N and f; | N € AutN.

Proof: Let No < € of size p1 such that |, [M;| C [No|. Then each M; < No. For n < w, if we
have Ny, set N1 < € to be of size p such that it contains [Ny, [ U ;. , (fi[Nn] U £ Y [Ny]). Then set
N - Un<wNn- T

Proof of Theorem 4.2.5: Let p,q € ST(M) be as above. Find X = (z; : i € I) = p and
Y = (y; : i € I) = q. Then, by Lemma 4.2.6, we find a local monster model A such that, for all
(Io, My) € P,I x P, sy M. there is some fir, ary) € Aut pr, N such that f(z, a0y (2:) = y; for all
¢ € Ip. Next, by the final equivalent definitions of strongly compact cardinals from Definition 4.2.1, we

find a fine, x complete ultrafilter U on P.I x P’ , M that is, one such that [(i, m)] = {(Io, My) €

+LS(K)
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P.I x P:+LS(K)+M 21 € lop,m € My} € Uforalli € I andm € M.
Then, by Theorem 4.2.3.6, IIN /U € K and our average of these automorphisms f € AutIIN /U. Recall
that f takes [(/o, Mo) — g(lo, Mo)]u to [({o, Mo) — f(14,0m,)(9({0, Mo))]u. Now we must prove two

claims

o ffixes h(M)
Let m € |M|. Given any ¢ € I, [(i,m)] € U and, if (Ip, Mp) € [(i,m)], then m € M, such

f(IO,MO)(m) = m. Thus,
[(5,m)] € {(Jo, Mo) € Pl X Py 1gr)+ M = fi1o,010)(m) = my € U
and f o h(m) = [(Io, Mo) — f(IO7M0)(m)]U = [(Io, M(]) — m}U = h(m)

o f(h(x;)) = h(y;) for every i € I
Leti € I. Given any m € |M
f(to,M0)(%i) = yi. Thus,

, [(i,m)] € U and, if (Ip, My) € [(i,m)], then i € I, so

[(2,m)] € {(Zo, Mo) € Pl x Pr o)+ M = frig,m0) (i) = wi} € U

and f o h(z;) = [(lo, Mo) = fi19,m0)(%i)]u = [(Lo, Mo) — yilu = h(yi)-
Now we have the following commutative diagram

Ilnu

I

M——-N

with f o h(z;) = h(y;) forall i € I. Thus, p = q. T

The above theorem can be interpreted as saying that if we have two different types, then they are
different on a “formula,” if we take formula to mean a type of < & length over a domain of size < x. With
this definition of formula, we can replace a large type by the set consisting of all of its small restrictions
and type equality will be preserved. In the rest of this section, we will see that, since x is strongly
compact, this notion of formulas as small types will be fruitful. We now return to the development of our
ultraproducts with a version of £.o§* Theorem.

Also, we strengthen our hypothesis to LS(K) < « instead of just K essentially below ~. This is
because [MaSh285].2.10 has shown that, with a monster model, Galois types in models of a L, , theory
correspond to consistent sets of formulas from a fragment of L, ,, so the following results are already
known.

Note that the following theorem only requires a measurable cardinal.

Theorem 4.2.7 (Lo$’ Theorem for AECs, part 2). Suppose that K is an AEC with amalgamation,
joint embedding, and no maximal models and k is a measurable cardinal such that k < LS(K). Let
N~ <N e Kandp e S(N7)with ||N~| + £(p) < k and U be a k-complete ultrafilter on I. Then
lg]lu € TIN/U realizes h(p) iff {i € I : g(i) E p} € U, where h : N — IIN/U is the canonical

ultrapower embedding.
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Proof: < Suppose that [g]y € IIN/U with X := {i € I : g(i) F p} € U. Leta F p. By Lemma
4.2.6, there is a local monster model N such that, for each i € X, there is f; € Auty-N such that
fig(2)) = a.

Define f* : IIN/U — IIN/U to be the average of these maps. That is, f* of [i — k(i)]y is
[i — fi(k(i))]u; although these f;’s don’t exist everywhere, they exist on a U-large set and this is enough.
Then, by Los” Theorem for AECs, f+ € Autj,(y—IIN'/U. Note that h(N~) is h” N~ and not [IN~/U.
Also, f; sends g(i) to a on a large set, so f*([g]y) = h(a). So [g]u realizes tp(h(a)/h(N~)) = h(p) as
desired.

= Let [g]y € IIN/U realize h(p) € S(h(N™)). Foreach g € S(N7), set X, = {i € I :
g(7) realizes ¢}. Since different ¢’s are mutually exclusive, these are all disjoint and they partition 1. We
easily have |S(N~)| < 2N < k. Since U is k-complete, this means that, for some gy € S(N),
Xy, € U. By the previous direction, that means that [g] realizes h(qp). But by assumption, the type of
[g]t over h(N ™) is h(p), so p = qo. Thus X, = {i € I : g(i) realizes p} € U, as desired. T

Now that we have £.0o§’ Theorem, we prove a companion result to Theorem 4.2.5. This motivated our
conception of types as sets of smaller types or “formulas.” Here we show that, as with the first-order case,
any consistent set of formulas can be completed to a type, even when the set is incomplete.

We introduce some notation to make this as general as possible. Even with a strongly compact cardinal,
a key difference between small types and formulas is that there is no negation of a type: given a type p,
there is no type g such that all elements realize either p or ¢ and not both. To compensate for this, we want
to allow specification of both types to be realized and types to be avoided. In the following, X represents

the types to be realized and —.X represents the types to be avoided.

Definition 4.2.8. Fix M € K and I a linear order. Let X C {p € S"0(M~) : Iy € Pl and M~ €
P*MYand—X C {g€ S(M~): Iy € P and M~ € P*M).

o We say that a = (a; : i € I) realizes (X,—X), written a = (X,-X) iff, for every p € X,
(a; : i € U(p)) E pand, forevery q € =X, (a; : 1 € £(q)) ¥ q. We say that (X, —X) is consistent

iff it has a realization.

o We say that (X,—X) is < k consistent iff (Xo,—~Xo) is consistent for every Xy € P.;X and
-Xo € P.—X.

Theorem 4.2.9. Suppose K is an AEC with amalgamation, joint emebedding, and no maximal models
and k is strongly compact such that LS(K) < k. Let M € K and I be a linear order. Given X C {p €
Slo(M~=) : Iy € Paland M~ € PM} and =X C {q € S"o(M~) : Iy € P.Iand M~ € P:M},

(X, X)) is consistent iff it is < Kk consistent.

Proof: One direction is obvious, so suppose that (X, =X ) is < k consistent. For every N € P M, let
Xyv={pe X :domp < N}and Xy = {g € =X : dom ¢ < N}. Then, by assumption (X, " Xy)
is consistent, so there is ay = (af\] ;1 € I) that realizes (X, 7 Xn); if Xy = =Xy = 0, then pick ay
arbitrarily. Let M = M contain all ay and let U be a x complete, fine ultrafilter on P* M. Recall that
h: Mt — IIM™ /U is the canonical embedding.

For each i € I, seta; := [N + al¥]y fori € I and seta := (a; : i € I). We claim that
aFh(X,-X)={h(p) :pe X}, {h(q) : ¢ € = X}). Suppose p € X and M~ < M and Iy C I such
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that p € ST0(M~). Then
MT]={NePM:M~<M}C{NecPM:(a:icl)Fp}

by construction. Since this first set is in U by fineness, (a; : i € Iy) E h(p) by the previous theorem. Now
suppose ¢ € =X and M~ < M and Iy C I such that ¢ € S (M ). For contradiction, suppose that
(a; : i € Iy) E h(q). Then, by the previous theorem, {N € P:M : (a :i € Iy) F ¢} € U. Then let
N' € {N € P:M : (al :i € Iy) F q} N [M~]; this intersection is nonempty because it is in U. Then
(aN" : i € Iy) both realizes and does not realize ¢, a contradiction. Thus, (a; : i € Iy) does not realize
h(q) and we have shown a F h(X, =X, as desired.

Let bt be an L(K) isomorphism that extends % and has image IIM* /U. Then (h*)~!(a) witnesses

the consistency of (X, =.X). T

We can use a similar argument to transfer saturation from M to IIM /U.

Theorem 4.2.10. Suppose K is an AEC with amalgamation, joint embedding, and no maximal models
and k is strongly compact such that LS(K) < k. For all M € K and linear order I, there is some k
complete U such that, for any p € ST(M) that has all < k restrictions realized in M, 1M /U |= h(p).

Proof: Let U be a x complete, fine ultrafilter on P,.I x P;M and, for each small approximation
plo | M~ pick some alloM™) .— (aEIO’Mi)
([(To, Mp) — a> M)

i
argument as the previous theorem, this sequence realizes h(p). T

eM:ielyk plo | M~. Now consider the sequence
(o.Mo) ¢ pr By the same

)

lu =4 € I). This sequence is in IIM /U since each a

Corollary 4.2.11. If M € K is < k saturated, then there is some r-complete U such ITIM /U realizes all
types over M.

4.3 Measurable

We now turn our attention to what happens if our large cardinal is only measurable.

Definition 4.3.1 ( [Jec06].17). An uncountable cardinal k is measurable iff there is a normal, k-complete
ultrafilter on k. Equivalently, there is some elementary embedding j : V- — M with critical point k such

that "M C M.

Unsurprisingly, we don’t get as strong results here. Instead, we just get results of (< A, \)-tameness
and type shortness whenever cf A = k. Reexamining the above proof, an argument readily presents itself
by using the x-complete ultrafilter on x and redoing the above arguments. Instead of repeating the above
proof, we prove this theorem in two different ways: once with a monster model and using the ultrapower
definition, and the second time using ultrafilters but no assumption of amalgamation at all. We do these
proofs in order to showcase different large cardinal techniques on AECs. The use of the elementary
embedding is of particular interest, because this is the formulation of large cardinals most studied by
modern set theorists and will hopefully shed light on future work in this direction, while the proof without
amalgamation shows the we get the results from just large cardinals and do not need additional, structural

assumptions on K, like amalgamation.
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Theorem 4.3.2. Suppose K is an AEC essentially below k measurable with amalgamation, joint emebed-
Myand I =\, _, 1o and p # q € ST(M). Then, there
is some oy < K such that p'eo | M,, # qleo | Mey,.

ding, and no maximal models. Let M = | J

a<k a<k

Proof: Let M = J,_, M;andp # g € S(M), asabove. Let X = (x; :i € I)andY = (y; : i € I)

realize p and q respectively. Since & is measurable, there is some normal, x-complete ultrafilter U on s

a<k

such that we get the following commuting and elementary diagram

ij//\/t

nv/U

where i is the ultrapower embedding, 7 is the Mostowski collapse, critj = k, and "M C M. Since
V' is the set-theoretic universe, we also have M, IIV/U C V. Similarly, j(I) = U, o and
Il =Uper jUa). Set X[, = (x; :i € I) and Y, = (y; =i € I,).

By elementarity, we have that j(p) # j(¢) € (S (j(M))M and j(M) = Ua<jr) Ma» where
(M} : a < j(k)) = j((My : @ < K)) and, for a < K, M} = j(M,). (M}, : a < j(k)) is continuous,
50 M, = Up o Mp, = Uy 5 (M),

A priori, all that is known is that j(M) € j(K), which M thinks is an AEC. In fact, j(K) = K™, this
follows from Theorem 4.2.3 since, for any N € K, i(N) = IIN/U € K. Since 7 is an isomorphism,
moi(N)=j(N) € K.

For any N € K, we note that i“N € K is isomorphic to N and has universe {[a« — n]y : n € |N|},
soi“N < i(N) =IIN/U by the above. So i“M, < i(M,) for every o < x. Thus i“M, < i(Mg) for
every 8 > « and, taking a union over the 5 < k, i“M,, < Uﬁ<n i(Mg). Now taking a union over o < k,
Uacr Mo = i“M < g, i(Mgp). Applying 7 to both sides yields

JM = (moi)“M < w(| ] i(Mp)) < | woi(Mg) = M}
B<K B<kK

Since M. < j(M), which is the domain for j(p) and j(q), we have that j(p) | M and j(q) | j”M are
defined. Similarly, 7¢I C I}, so j“X C X/ and j“Y C Y.
We wish to show j(p)’* | M’ and j(q)' | M are different. So we compute

i(p) = tp(i(X)/i(M)
= tp((IIX/U)/(IM/U))
and i(q) = tp((I1Y/U)/(IIM/U)). However, we know that tp(X /M) # tp(Y/M). Sotp(i“X/i“M) #

tp(i“Y/i“M). Since i“M < IIM /U, i“I C I1I/U and non-equality of types goes up, we have that
i(p)™ T [ i“M #i(q)"T | i“M. Applying our isomorphism 7, we get

w(i(p)™! 1isM) # w(ie) TiM)
mog) “I r (ﬂ,oi)uM 7& ﬂ,oi(q)(ﬂo’i)“l r (FOZ-)“M
i@ TiM # Gy M

ﬂoi(p)(

as desired. Since j“M < M’ and j“I C I, we have that j(p)'x | M/ # j(q)™ | M.

So far, we have argued completely in V. However, since equality of types is existentially witnessed and a
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witness in M would also be a witness in V/, this holds true in M as well. So, we get the following

M i) 1M # (@) T My
M = Fa < j(k) stfor N = the ath member of j((Mp : f < )) and J = the ath member of

i(Ig: B < k). i) TN #i(0)” I N
V E 3Ja < wstfor N = the ath member of (M3 : § < ) and J = the ath member of

(Ig:B<r)p’ IN#¢ IN
V E 3Ja<kstple | My # ¢ | M,

Since V is the universe, there is some ag <  such that p’eo | My, # qleo | My, . T

Corollary 4.3.3. K is fully (< A\, \)-tame and fully (< A, \)-type short whenever cf\ = k and \ >
LS(K).

Finally, we wish to weaken the assumptions on the theorems above to remove the use of the monster
model. Note that, because, in these contexts, we can always take an ultrapower and M = IIM /U for any
M € K at least the size of the completeness of the ultrafilter, we already have no maximal models. So, in
particular, we remove the assumptions of amalgamation and joint embedding. The loss of amalgamation
is particularly worrisome because it is used to prove that ~ 47 is an equivalence relation and we only have
that ~ is a non-trivial transitive closure of ~ 47. Also, we now use the complete strength of the closure

theorem for ultraproducts of AECs.

Theorem 4.3.4. Suppose K is an AEC essentially below  measurable. K is fully (< X\, \) tame and
fully (< X\, X) type short for X\ > LS(K) with cf A = k.

Proof: For ease, we only show tameness. Type shortness follows similarly, but would add extra
notation to an already notation heavy proof. Let M € K and let p,q € S(M) suchthatp [ N =q | N
forall N € Py M. Find a,b, N°, N such that p = tp(a/M, N°) and g = tp(b/M, N*'). Then we can
find resolutions (M;, N°, N} € K_y :i < k) of M, N°, and N! respectively such that a € |N{| and
b € | N}|. Then we know that, for all i < &, (a, M;, N?) ~ (b, M;, N}). Since ~ is thg: transitive closure

of ~ a7, for every i < k, there is some n; < w such that, for all £ < n;, we have N,"* and a;} such that
a
i n

ah = a, al,, = b, every a, € |N;""|, and

1 n;—1

(a, M;, N?) ~ar (aLMz‘,Nﬁ) ~Ar - ~ar (a M;,N; ™ ) ~ar (b, M;, N}')

i
un -1
Since there are only countably many choices for n; and cf x > w, there is some n that occurs cofinally
often; WLOG, we may thin our sequence and assume n; = n for all ¢ < k. In particular, note that
Theorem 4.2.3.5 does not require continuity. Now, by the definition of ~ 47, for all i < x and ¢ < n,
J4

41 ¢
there is some Ni’fl = N,™ and f;,: N — Ni’jg such that
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commutes and fi7g(a%) = a} 41~ Looking across all £ < n, we get the following commuting diagram

N N
Tfi,l T
* 1 n—l fz n—1 *
Nz,O%Nin N; " Ni,n—l
fz 0 \ / /
NY? M; N}

so fie(ay) = aj,, foralli < kand ¢ < n.

Let U be some x-complete ultrafilter on x. Now we take the ultraproduct of the above diagrams.

Recall that we use I1f; to denote the average of maps f;; see the discussion after the proof of Theorem
4.2.3.

[N}, /U e [N}, /U
s I}
HN*O/U<—HN JU [N, * Ly e —STINY, 4 /U
IINO /U < IIM; /U N} /U

Also by our hypotheses, if we take the function h : M — IIM;/U given by h(m) = [i — m]y, then
this is a K embedding. Note that, although the function ¢ — m is not well-defined for all ¢, by U’s k
completeness, it is defined on a measure one set, so the h is still well-defined. We can similarly define
ho : No — IIN?/U and hy : Ny — IIN}!/U. Note that, for all m € M, h(m) = ho(m) = hy(m).
These allow us to construct the following commutative diagram

1IN}, /U 1IN}, /U

o i

HN;‘O/U<—HN"/U HN o U—>f” ! N}, /U

wl N ST

IN? /U M, /U 1IN} /U

NO h N1

M

This is essentially the diagram that we want, but we have to do some renaming to get it into the desired
form. Foreach 1 < ¢ < n, seta, = [i — aj]y and N} < HN;/U of size A + ¢(a) containing ay
and h(M). Then find some L(K) isomorphism f; that contains h with range N} and N; such that
fo: N} =2 N;}. Setap = f[l(ag) € |N/|. This gives us the diagram
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LN, /U o LN, o/U
Tnfi,lofl Tfn—l

* fl * * Hfi,nflofnf %
HNi,O/U Nl e anl Ni,n—l
I1fi,00ho
\ /

NO M N1

This witnesses that

(CL, Ma NO) ~AT (alaMu Nik) AT T YAT (an—].)Ma N:;—l) ~AT (ba M7 Nl)

So (a, M, N®) ~ (b, M,N') and p = q. t

4.4 Weakly Compact

In this section, we establish a number of downward reflection principles using indescribable cardinals.
Tameness follows because it is a downward reflection of type inequality, but these principles apply to

many other AEC properties as well.
Definition 4.4.1 (Indescribable Cardinals, [Kan08].1.6).

1. For m,n < w, a cardinal  is II]"-indescribable iff for any R C V,; and 117*-statement ¢ in the
language of {€, R}, if (Vi, €, R) E ¢, then there is a < k such that (V,,€, RN V) E ¢

2. k is totally indescribable iff x is II]"-indescribable for all n, m < w.

Although the indescribability definition is stated in terms of a single R C Vj, a simple coding

argument shows that it is equivalent to allow finitely many Ry, ..., R, C Vj in the expanded language.

Remark 4.4.2 ( [Kan08]). An uncountable cardinal x is weakly compact iff k is 11} indescribable.
Another definition is that any k sized set of sentences from Ly ,; is consistent iff all of its < k sized subsets
are. For context, if k is measurable then it is H% indescribable and, moreover, for any normal ultrafilter U

on K, {a < Kk : ais totally indescribeable} € U.

In the following lemma, we are going to code models of an AEC K with LS(K) < « as a subset of

V. In order to do this, we use the fact that there are two definable functions g and & so

e g: xk — P,k is abijection such that, for all 4 < k, we have that g [ i : u — P, is a bijection;

and

o h:kx LS Vi is an injection such that, for all oLS(K) 1 < Kk, we have that h | p :

p x P32 5 V7, is an injection.

Lemma 4.4.3 (Coding Lemma). Suppose K is an AEC such that LS(K) < k. There is Cx C Vi
and 11V formulas ¢(x),v(z,y), o(x,y), 7(,y,2), 7 (z,y, 2) € L({€,Ck}) such that for o < k and
XY, f C Vyanda € V,, we have
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<Va7 6701( N Va> = ¢(X) —
Ck decodes from X an L(K) structure My and Mx € K|,

<Va> SN CK N VC!) = Qb(X?Y) —
Ck decodes from X and Y L(K) structures Mx and My, Mx, My € K|, and Mx <x My

(Va,€,Cx NVy) Eo(X,a) <
Ci decodes from X L(K) structures Mx € K| and a € Mx

<Va3670K ﬂv&> = T(X7Kf) <~
Ck decodes from X and Y L(K) structures Mx and My such that Mx, My € K|y, and
f : MX — My

L <Va7 6701( N Va> ': T+(X7Y7 f) <~
Ck decodes from X and Y L(K) structures Mx and My, Mx, My € K\, and f : Mx = My

Proof: In the statement, we make reference to a “decoded structure,” which we will explain. By
Shelah’s Presentation Theorem, we know K = PC(T},I', L(K)). Additionally, we can code <g
as an AEC with Lowenheim-Skolem number LS(K): set Ko = {(M,|My|) : My <x M} and
<k_= {((M,|Mp]), (N, |No|) € K4 x K5 : M <g N and My <x No}. Then we have that K, =
PC(T3, 1", L(K)'). WLOG, we can assume that these objects are in Viyrs(x)y+w and L(T1) = (R; 1 i <
|L(T1)|) and L(T) = (S; : i < |L(Ty)) are relational. Set C = ((2L5UEN+w L(K), T, Ty, T, Ty).
Define a ITY formula ¢ such that (Vj;, €, Cx N'V,) = ¢(X) asserts all of the following

1. Ck is an ordered sextuple whose first element is an ordinal; this guarantees that the V, that models

9LS(K)

it is above and, thus, can see the other elements.

2. X isin the range of h and (h~1)" X is of the form {(4, f;) : i < a}. Set C; = {j € a: fj(i) = 1}.

3. ¢"Cy should be a set of singletons; denote | J ¢”"Cy by | Mx]|.

n
4. ¢"C; should be a set of tuples whose length match the arity of R;; denote this set RZMX

N
5. My = (|Mx]|, RZMX>Z-<LS(K) models 7 and omits each p € I".
6. Finally, M is the model MY | L(K).

Thus, (Vi., €,Cx NV,) = ¢(X) iff Mx € K by Shelah’s Presentation Theorem.

For ¢)(X,Y), we do a similar decoding process with 75 and I".

For o (X, a), we need to say that a is in the image of our decoding of Cj, which requires a quantifier
over an element of X.

For 77(X,Y, f), we use ¢ to determine that X and Y are codes for elements of our PC class and
then say that f is an isomorphism, which again just quantifies over elements of our models and L, all of
which we have given.

For 7(X,Y, f), we have a definable way to talk about the image of X under f and combine ¢ and 7

to say that f is an isomorphism between X and its image and that X ’s image is a < submodel of Y.

Now we are ready to begin proving theorems from this coding.

64



Theorem 4.4.4 (Tameness Down for I1}). Suppose K is an AEC such that LS(K) < k with k-AP and k
being W}-indescribable. Then K is (< k, k)-tame for < k-types.

Proof: Let C'x be as in the Coding Lemma. Let M € K, and p # ¢ € S(M). Then we have
p = tp(a/M,N;y) and ¢ = tp(b/M, Ny) for M < N1, Ny € K, anda € Ny and b € N,. WLOG,
|N1| U |N2| C V. Then

= M,Ni, N € K,
AN M < Ny, No
A a€ Ny,be Ny AVN* € K., Vfi: Ny — N*(Vm € M(fl(m) = fz(m)) — fl(a) 7& fg(b))

Let X, Y7, Yy C V,, code M, N1, N», respectively, according to C'rc. Then we rewrite the above as

o(X1,a) No(Xa,b)
VYY", fi, fo CVRl(@(Y") AT(Y1, Y, f1) AT(Y2, Y7, fa) A
AlVz € Vo (X, z) = (fi(z) = fa(2))]) = (fi(a) # f2(0))]

<Vm EvCKva Yleéa {CL}, {b}> ): QZ)(X) A QZ)(Yi) A ¢(§f2) A @D(X,}/l) A w(Xa}/?) A
A
A

Since everything is first-order except for the single universal quantifier over subsets of Vj, this is a IT{
statement. So it reflects down to some o < k. Since for this to happen, {a} N V,, and {b} N V,, must be
nonempty, we must have a,b < . Let X' = X NV, Y{ =Y; NV,, and Y = Yo N V,. Then we have
that tp(a/Mx+, Ni) = p | Mxs and tp(b/Mx/,N3) = q | Mx.

Claim: p | Mx' # q | Mx/

If not, then there is some N* € K|, and f; : Nj — N* that witnesses this with f1(m) = fa(m) for all
m € M and fi(a) = fa(b). However, WLOG, |N*| C «, so we can code N* as Y* C V* according to
Ck. Then f1, fo C V,and Y™, fi1, fo serve as a counterexample for our downward reflection.

Thus, we have our M x+ € K such that p and q differ on their restriction to M x-. T

Above, we assumed amalgamation to simplify the exposition. However, we could drop this assumption
without difficulty by adding a (first-order) quantifier to see how many steps it might take to show p and ¢

are equal.

A similar argument gives us a result for type shortness.

Theorem 4.4.5 (Tameness Down for I1}). Suppose K is an AEC such that LS(K) < k with k-AP and k
being W}-indescribable. Then K is (< k, k)-type short over < k-sized models.

This method is not just useful for tameness and type shortness. It can be used to reflect many AEC
properties down. Only the amount of indescribibility required changes from property to property. For

instance,

Theorem 4.4.6 (Unbounded Categoricity Down for I13). Suppose K is an AEC such that LS(K) < k
with k being T}-indescribable. Then for every N\ < &, there is some X\ < u < r such that K is

p-categorical.
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Proof: Let A < k. Code K by C'x. We want to find A < p < & such that that K is p-categorical.
Since K is k categorical,

= VM,Ne€K,3f: M=N
Ve, €,Cr, {AT}) | VXY CVidf CVi[p(X) A G(Y) = 77(X, Y, )] AJz(x € {AT})
Then this reflects down to some « < k. Since V, N {\T} is not empty, we get that a« > A, so |a| > A.

Set ;1 = | and let M, N € K,. WLOG,
Then

M]|,|N| C «, so we can code these by X and Y, respectively.

(Va, €,Cx NVa) = ¢(X) A oY)

Since our statement of categoricity reflects down to «, there is some f € V,, such that f : M = N. So K

is u categorical. T

Remark 4.4.7. Recalling what has been said about work on Shelah’s Categoricity Conjecture, one may
initially hope that this downward reflection might be massaged to make the downward reflection hold
at a successor cardinal. However, this is unlikely, since successor (and singular limit) cardinals are

necessarily first-order describable, so all we could guarantee of . is that it is strongly inaccessible.
We have many other theorems of this type:

Theorem 4.4.8 (Unbounded (Disjoint) Amalgamation Down for I13). Suppose K is an AEC such that
LS(K) < k with k (disjoint) amalgamation and k being H%-indescribable. Then, for every A < k, there
is some \ < p < k such that K has the u (disjoint) amalgamation.

Theorem 4.4.9 (Unbounded Uniqueness of Limit Models Down for I12). Suppose K is an AEC such that
LS(K) < k with k being I3-indescribable. If K, has a unique limit model, then, for every \ < k, there

is some \ < p < K such that K, has a unique limit model.

The general heuristic for determining how much indescribability is required to transfer a property
of an AEC down is to look at the quantifiers needed to state this property and translate quantifiers over
elements to I1° quantifiers; over models or embeddings to II' quantifiers; and over sequences of models
or embeddings to II? quantifiers. Following this, sequences of sequences of models would require 113

quantifiers, but there seem to be no useful AEC properties requiring a quantifier of this sort.

4.5 Conclusion

In this section, we prove the consistency of Shelah’s Eventual Categoricity Conjecture for Successors by
combining our results with those of [GV06a] and [Sh394]. After doing so, we apply our results to other
results in the literature.

Before we can apply the results of of [GV06a] and [Sh394], we must show that categoricity implies
their hypotheses of no maximal models, joint embedding, and amalgamation. If K is the class of models
of some L, ,, sentence, then this is done in [MaSh285].§1. We generalize these arguments to an AEC K

with LS(K) < k by introducing the notion of universal closure as a generalization of existential closure.
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Definition 4.5.1. M € K is called universally closed iff given any N < M and N' = N, both of size
less than k, if there is M = M and g : N' —x M, then there is f : N' —n M.

We omit the parameter « from the name because it will always be fixed and clear from context. Note
that if there is an M+ witnessing that M is not universally closed, then there is one of size || M||.

Recall that M is an amalgamation base when all M; and M5 extending M can be amalgamated over
M.

Lemma 4.5.2. Suppose K is an AEC and k is strongly compact such that LS(K) < k. Then any

universally closed M € K>, is an amalgamation base.

Proof: Let M be universally closed and M < M, Ms. First, we show we can amalgamate every
small approximation of this system. Let N < M and N, < M, such that N < N, for / = 1,2 with
N, Ny, Ny € K. Then My is an extension of M such that N, can be embedded into it over N. Since M
is universally closed, there is f; : Ny —x M. Find N, < M of size < & such that f1(N1), fo(N2) < N,.
Then this is an amalgamation of /N7 and N> over N.

Now we will use our strongly compact cardinal. Set
X ={N=(NN NN NNy e (K. : NN < M, NN < My, NN < N} for ¢ = 1,2}

For each N € X, the above paragraphs shows that there is an amalgam of this triple. Fix f}N : NN — NN
to witness this fact. For each (A, B, C) € [M]<" x [M;]<" x [M3]<", define

[(A,B,0)]:={NeX:AcNY Bc NN ,Cc N}

’

These sets generate a k-complete filter on X, so it can be extended to a x-complete ultrafilter U. By Lo$§

Theorem for AECs, since this ultrafilter is fine, we know that the ultrapower map h is a K-embedding, so

h:M — IINN/U
he: My - TINN/U  forl=1,2

Since these maps have a uniform definition, they agree on their common domain M. Furthermore, we can
average the ff maps to get
N Ny /U — INN /U

and the maps agree on IINN /U since each of the individual functions do. Then we can put these maps
together to get the following commutative diagram that witnesses the amalgamation of M; and My over
M.

N N
ONN/U s INN/U
e
My Y
oNN/U ONN/U
/ %
M My
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Now we use this result to derive the needed properties from categoricity. We focus on the case where
K is categorical in \ of cofinality at least x because it is simpler and suffices for our application. However,
the methods of [MaSh285] can extend these results to categoricity in other cardinals. We use here the

result of Solovay [Sol74] that cf u > « implies <" = y when & is strongly compact.

Proposition 4.5.3. Suppose K is an AEC such that LS(K) < k strongly compact. If K is categorical in

A such that cf X > kK, then K>, has amalgamation, joint embedding, and no maximal models.

Proof: K>, has no maximal models by Lo§” Theorem for AECs, since a model can be strictly
embedded into its ultraproduct. This doesn’t use categoricity and only needs ~ to be measurable.

For joint mapping, we can use categoricity and no maximal models to get joint mapping below and at
the categoricity cardinal. Above the categoricity cardinal, we use amalgamation and categoriciy. This
relies only on the other properties and not directly on any large cardinals.

For amalgamation, we use the above result that universally closed models are amalgamation bases.

First, we show that a universally closed model exists in any cardinal p of cofinality at least x, which
includes the categoricity cardinal. Let M € K, and consider all possible isomorphism types of N < N’
from K., with N < M. There are at most <" - 2<% =y many such types. We enumerate them
(Na, N)) for o < pi. Set M = M. Then for each o < p, if there is some M} > M, of size u such that
thereis g : N/, —n., M} butno f: N/ —n. M,, then set M1 = M. Otherwise, M1 = M,. At
limit o, we take limits of the increasing chain. Set M* = Uy, M, € K.

Now we iterate this process x many times: set M? = M, Mt = (M®)*, and M* = U;gM" for
limit @ < k. Then, M* is universally closed. By A categoricity, this means that every model in K is
universally closed.

Second, we show that every model in K- ) is a universally closed. Let M € K. ). Suppose that there
are N < N' € K.,and M™ = M = Nandg: N —yx M™. Let M’ < M be of size X and contain
N. Then, by the above, M’ is universally closed with M+ = M’, so thereis f : N’ —y M’. Then
f: N —xn M. Since N and N’ were arbitrary, M is universally closed.

Third, we show that all models in K>, are amalgamation bases and, thus, K> has the amalgamation
property. Let M < My, M. If M € K>, then M is universally closed and, thus, an amalgamation base
by Lemma 4.5.2. If not, then we can find some x complete ultrafilter U and take an ultraproduct to get a

proper extension

1M, /U
A
Mo
IM/U 1M, /U
/ /
M M,y

This is a larger triple of models that, if we could amalgamate it, would give us an amalgamation of

M, M5 over M. Then, we can continue to take ultrapowers of this triple, taking direct limits at unions,
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until the base model has size at least A. Then, by the above, it must be an amalgamation base, so we can
amalgamate M7 and Ms over M.

Thus, all models in K>, are amalgamation bases, so K>, has the amalgamation property. 1

Now that we have amalgamation, joint embedding, and no maximal models, we can generalize the

result of [MaSh285] to all AECs essentially below a strongly compact.

Theorem 4.5.4. Suppose k is a strongly compact cardinal and K is an AEC essentially below k. If
K is categorical in some successor \* greater than k* + LS(K)™, then it is categorical in all . >

min{A", o ran o))+ -

Proof: By Theorem 4.2.5, K is < (k+ LS(K)™) tame, so itis k + LS(K)™ tame. Then, K> is an
AEC with LS(K>,) = « that is k-tame. Additionally, by Proposition 4.5.3, K has amalgamation, joint
embedding, and no maximal models. Thus, by [GV06a].5.2, we know that K is categorical for every
i > AT, Then K is definitely categorical in a successor above :(QHanf(LS(K)))+. So, by [Sh394].9.5, it is

categorical everywhere down to :(2Han FLS(F)))+- T

Note that the downward categoricity transfer result from [Sh394] does not use any tameness assump-
tion. This result shows that given an AEC wtih amalgamation that is categorical in a successor cardinal A
above 3(2Hanf(LS(K)))+, this AEC is also categorical in all cardinals in the interval [:(gHanf(LS(K)))J,-, Al

Now we show that Shelah’s Eventual Categoricity Conjecture for Successors follows from large

cardinal assumptions:

Theorem 4.5.5. If there are proper class many strongly compact cardinals, then Shelah’s Eventual

Categoricity Conjecture for Successors holds.

Proof: Let \ be a cardinal and pick ) = min{u™ : 4 > X and p is strongly compact } Note that
:l(szm Fo0y+ < P If K is categorical in some successor i above py, then Theorem 4.5.4 implies that K

is categorical everywhere above f1). T

While the hypothesis of this theorem seems very strong, we do note that [Jec06].20.22 and .24 show
that the consistency of it follows from the existence of an extendible cardinal A; in fact, V) is a model of
the hypothesis.

Beyond the categoricity result, [MaSh285] introduces a very well behaved independence relation
similar to the first-order notion of coheir. We generalize this in the next chapter and its uniqueness is
established in Boney, Grossberg, Kolesnikov, and Vasey [BGKV]. Of particular note is that no large
cardinal hypothesis is need, only the conclusions of Theorem 4.2.5 for a specific AEC.

Of particular interest in the proof of 4.5.5 is that we get, from the hypothesis of a proper class of
strongly compact cardinals, the conclusion that every AEC with arbitrarily large models is eventually tame.
Examining the ZFC counterexamples of [HaSh323] [BK09], the proven failure of tameness occurs at
some small level bounded by N,,. However, these classes have arbitrarily large models, so our results can
apply. In particular, if there is a strongly compact cardinal, these classes exhibit the strange behavior of
being (Ng, Ny )-tame very low, failing to be (X, Ny 1)-tame, and then becoming < k tame at the strongly

compact cardinal.
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Turning to measurable cardinals, [KoSh362] derive amalgamation from categoricity and [Sh472]
proves a downward categoricity transfer in L, ,,. However, the papers do not use the specifics of L,
beyond that it is closed under x complete ultralimits, see [KoSh362].1.7.1. The methods of Theorem 4.2.3
can be used to show closure under these ultralimits as well. Thus, we can extend their work to get the

following results:

Theorem 4.5.6. Suppose K is an AEC such that LS(K) < k measurable. If K is categorical in some
A > K, then

1. Kips(ky+rn) =AM € K : LS(K) + k < [|[M|| < A} has the amalgamation property; and
2. if Xis also a successor above :(2LS(K))+, then K is categorical in all y with D(QLS(K>)+ <p <A

Beyond ultralimits, stronger large cardinals have more complicated constructions that witness their
existence, such as extenders for strong cardinals [Jec06].20.28. Again, arguments similar to Theorem

4.2.3 will show closure under these constructions as well for AECs essentially below them.

4.6 Further work

As always, new answers lead to new questions.

In this paper, we have shown that the following statements follow from different large cardinals:

(%),. Every AEC K with LS(K) < kis (< K, k)-tame.
() Every AEC K with LS(K) < k is < k-tame.

(¥) Every AEC K with arbitrarily large models is < A-tame in some A > LS(K).

We proved the same results for type shortness, but we focus this discussion on tameness because more
is known.

A natural investigation is into these properties on their own. Can they hold at small cardinal? If so, do
they have large cardinal strength?

A basic first result is that none of these properties can hold at R, for £ < w. This follows from the
Hart-Shelah examples [HaSh323] [BKO09].

A second result is that (), for x regular and not weakly compact implies V' # L. To see this, first
recall that Baldwin and Shelah [BISh862] construct an AEC that is not (< &, k) tame from an almost
free, non-free, non-Whitehead group of size . In L, such a group is known to exists at precisely the
non-weakly compact, regular cardinals; see Eklof and Mekler’s book [EM02]. Combining these two facts,

we have our proof. The construction in Eklof and Mekler has two main steps:

e non-reflecting stationary sets are used to construct almost free, non-free groups of every cardinality;

and

e weak diamond on every stationary set is used to inductively show that all Whitehead groups are

free.
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The non-reflecting stationary sets suggest a natural tension with the compactness of the cardinals used
in this paper. However, also being non-Whitehead seems to be a crucial part of the Baldwin and Shelah
construction. It is not currently known if non-tameness follows just from almost free, non-freeness nor
what the precise conditions for the existence of an almost free, non-free, non Whitehead group are.

A potential first step in achieving (%), and the other properties at small cardinals is the work of

Magidor and Shelah in [MaSh204]. Starting from w many supercompact cardinals, they construct
1. amodel where every R 2 -free group is N 2, o-free; and
2. amodel where every r-free group is free for K = min{\A € CARD : A = X, }.

In the first model, there is no known candidate for a counterexample to (*)g ) and, in the second, there
w+2
is no known candidate for a counterexample to (x)y, . Further investigation will be needed to determine if

these properties hold or if there are more non-tame AECs.
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Chapter 5

Nonforking in Short and Tame
Abstract Elementary Classes
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5.1 Introduction

In this chapter, we generalize the nonforking relation of coheir from stable first-order theories to type
short and tame AECs without the weak k-order property.

As an intermediary, between the first-order case (described in Pillay [Pil83]) and the AEC case, we
review the results of Makkai and Shelah from [MaSh285]. They analyzed categoricity in L., when
k is strongly compact. This puts them in the context of the last chapter and they directly showed that
Galois types correspond to consistent sets of formulas from a fragment of L, ,.. Armed with this syntax,
they define a nonforking relation by p € S(B) does not fork over A iff every ¢(x,b) € p is satisfied
by an element of A. Note that ¢(x, b) comes from L, ., so this relation trades the finite satisfiability of
first-order coheir of for < x-satisfiability. This chapter, which is joint work with Rami Grossberg, is an
extension and generalization of these results.

Recall the following definition from Chapter II.

Definition 5.1.1. Ler My < N be models and A be a set. We say that tp(A/N) does not fork over My,
written A L N, iff for all small a € A and all small N~ < N, we have that tp(a/N ™) is realized in M.
Mo

Thus a type does not fork over a base model iff all small approximations to it, both in length and
domain, are realized in the base model. This definition is a relative of the finite satisfiability—also known
as coheir—notion of forking that is extensively studied in stable theories.

We deal with a more general situation than [MaSh285], as our class is assumed to be an AEC that
doesn’t have a specific logic that axiomatizes it. Instead of categoricity, we assume a stability-like lack of
a weak x-order property and, instead of their large cardinal assumption, we assume the (weaker) model
theoretic properties of tameness and type-shortness.

Unfortunately, there is no free lunch and we pay for this luxury. Our payment is essentially in assuming
tameness and type-shortness. As was shown in the last chapter, these assumptions are corollaries of certain
large cardinal axioms, including the one assumed by Makkai and Shelah. It seems to be plausible that
tameness and type shortness will be derived in the future from categoricity above a certain Hanf number
that depends only on LS(K), see Conjecture [GV06a].1.5.

In this paper, we introduce a notion that, like the one from [MaSh285], is an analogue of the first order
notion of coheir. One of our main results is that, given certain model theoretic assumptions, this notion is

in fact an independence notion.

Theorem (5.3.1). Let K be an AEC with amalgamation, joint embedding, and no maximal models. If
there is some k > LS(K) such that that

1. K is fully < k-tame;

2. K is fully < k-type short;

3. K doesn’t have an order property; and
4. L satisfies existence and extension,

then L is an independence relation.
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In a meeting at AIM that was dedicated to Classification Theory for AECs, there was a problem session
moderated by Andres Villaveces [Vi06]. John Baldwin asked “Does Shelah’s rank satisfy the Lascar
inequalities, or is there another rank which does?” (in the context of Shelah’s excellent classes). Theorem
5.5.7 provides an affirmative answer (for a much wider context). Another question asked by Baldwin and
Grossberg at that meeting was “What is superstability for AECs?”. While several approximations were
offered by various authors, Theorem 5.5.9 provides an approximation to this question.

Section 5.2 gives a fine analysis of when parameterized versions of the axioms hold about our forking
relation. Section 5.3 gives the global assumptions that make our forking relation an independence relation.
Section 5.4 introduces a notion that generalizes coheir and deduces local character of our forking from this
and categoricity. Section 5.5 introduces a U rank and shows that it is well behaved. Section 5.6 continues
the study of large cardinals from the last chapter and shows that large cardinal assumptions simplify many
of the previous sections.

The following hypotheses are used throughout this chapter.

Hypothesis 5.1.2. Assume that K has no maximal models and satisfies the \-joint embedding and
A-amalgamation properties for all X > LS(K).

Fix a cardinal k > LS(K). All subsequent uses of k will refer to this fixed cardinal, until Section 5.6.
If we refer to a model, tuple, or type as ‘small,” then we mean its size is < k, its length is of size < K, or

both its domain and its length are small.

Although we do not use it in this chapter, we explain the changes that must be made if we don’t work
inside of a monster model but still assume amalgamation. In that case, the definition of the type of A
over /N must be augmented by a model containing both; that is, some M € K such that A C |]\/4\ | and
N < M. We denote this type tp(A/N, M ). Similarly, we must add this fourth input to the nonforking

M — —~
relation that contains all other parameters. Then A L N iff My < N < M and A C |M | and all of the
Mo

small approximations to the type of A over N as computed in M. The properties are expanded similarly
with added monotonicity for changing the ambient model M and the allowance that new models that are
found by properties such as existence or symmetry might exist in a larger big model N. All theorems
proved in this paper about nonforking only require amalgamation, although some of the results referenced
make use of the full power of the monster model.

We end this section with an easy exercise in the definition of nonforking that says that A and [V must

be disjoint outside of M.

Proposition 5.1.3. Ifwe have A L N, then AN |N| C |My.
Mo

Proof: Let x € AN |N]|. Since N is a model, we can find a small N~ < N that contains x. Then,
by the definition of nonforking, ¢tp(z/N~) must be realized in Mj. But since x € |N |, this type is

algebraic so the only thing that can realize it is x. Thus, = € |Mj]. T

5.2 Connecting Existence, Symmetry and Uniqueness

In this section, we investigate what AEC properties cause the axioms of our independence relation to hold.

The relations are summarized in the proposition below.
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Proposition 5.2.1. Suppose that K doesn’t have the weak k-order property and is (< k, \ + x)-type
short for 0-sized domains and (< k,0)-tame for < k length types. Then

]. (E)(Xﬂ’)\) lmplles (S)()\ﬁ’X).
2. (8)(<k.0,<r) implies (U)(x 0,y)-
This proposition and the lemma used to prove it below rely on an order property.

Definition 5.2.2. K has the weak x-order property iff there are lengths o, 3 < k, a model M € K,
and types p # q € S“B(M) such that there are sequences (a; € ®C : i < k) and (b; € P€ : i < K)
such that, for all i,j < K,

i <j = tp(abj/M)=p
1>] — tp(aibj/M):q

This order property is a generalization of the first order version to our context of Galois types and
infinite sequences. This is one of many order properties proposed for the AEC context (we introduce
another one in Section 5.4) and is similar to 1-stability that is studied by Shelah in [Sh1019] in the context
of Ly g theories where 6 is strongly compact. The adjective ‘weak’ is in comparison to the (< &, x)-order
property in Shelah [Sh394]. The key difference is that [Sh394] requires the existence of ordered sequences
of any length, while we only require a sequence of length x. We discuss the implications of the weak
k-order property property in the next section. For now, we use it to prove the following result, similar to
one in [MaSh285].

Lemma 5.2.3. Suppose K is an AEC that is (< K, 0)-tame for < k length types and doesn’t have the weak
k-order property. Let My < M, N such that | My|| = 0 and let a,b,a’ € € such that {(a) = £(a’) < K,
lb) <k, be N,andd € M. If

tp(a/My) = tp(a'/My) and a L N, and b L M
Mo Mo

then tp(ab/My) = tp(a’b/My).

Proof: Assume for contradiction that ¢tp(ab/My) # tp(a’b/My). We will build sequences that
witness the weak k-order property. By tameness, there is some M~ < M of size < & such that
tp(ab/M~) # tp(a’b/M~). Set p = tp(ab/M~) and ¢ = tp(a’b/M~). We will construct two
sequences (a; € Y My : i < k) and (b; € “®) My : i < k) by induction. We will have, for all i < x

1. a;bF p;

2. a;bj F gforall j <1,
3. ab; E ¢; and

4. a;b; E pforall j > i.

Note that, since b; € My, (3) is equivalent to a’b; F gq.

This is enough: (2) and (4) are the properties necessary to witness the weak r-order property.
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Construction: Let ¢ < x and suppose that we have constructed the sequence for all 5 < 7. Let

NT < N of size < k contain b, M, and {b; : j < i} Because a’ L N, there is some a; € M that
Mo

realizes tp(a/NT). This is witnessed by f € Aut y+€ with f(a) = a;.

Claim: (1) and (2) hold.

f fixes M~ and b, so it witnesses that tp(ab/M ~) = tp(a;b/M~). Similarly, it fixes b; for j < i, so it
witnesses ¢ = tp(ab; /M ™) = tp(a;ib; /M ™).  tciaim Similarly, pick M+ < M of size < & to contain

M~,d’,and {a; : j <i}. Because b L. M’, there is b; € My that realizes tp(b/M ™). As above, (3) and
Mo
(4) hold. t

Now we are ready to prove our theorems regarding when the properties of . hold. The first four

properties always hold from the definition of nonforking.
Theorem 5.2.4. If K is an AEC with LS(K) < k < A, then L satisfies (1), (M), (T'), and (C) <.

To get the other properties, we have to rely on some degree of tameness, type shortness, no weak order

property, and the property (E).

Proof of Proposition 5.2.1:

1. Suppose (E)(X 9,)) holds. Let Ay J/ M and Ay C | M| with |Ag| =

Let M> contain Ay and M, be of 51ze A. By (E )(X79,)\), there is some A} such that tp(Al/Mo) =
tp(A}/Mp) and A} L Ms. It will be enough to show that tp(A; Ay /My) = tp(AjA2/Myp). By
M,

0
(< K, A + x)-type shortness over 6-sized domains, it is enough to show that, for all a; € Ay and
corresponding a; € A; and @} € A} of length < k, we have tp(ajas/My) = tp(aaz/My). By
(M), we have that a} \L Ms and az L M, so this follows by Lemma 5.2.3 above.

O
Now that we have shown the type equality, let f € Auty, € such that f(A; Ag) = A} As. Applying
fto A} L My, we get that A; L f(Ms) and Ay = f(A2) C f(Ma), as desired.
Mo MO

2. Suppose (S)(<x,0,<x)- Let A and A’ be sets of size A and My < Ny of size 6 and x, respectively,
so that

tp(A/My) = tp(A’ /M) and A J/ Nand A L N
0
As above, it is enough to show that tp(AN/My) = tp(A’N/Mjy). By type shortness, it is enough
to show this for every n € N and corresponding a € A and o’ € A’ of lengths less than k. By

(M), we know that @ L. N and o J, N. By applying (.5) (<,9,<x) to the former, there is N, = My
My
containing a such that n L Nj. As above Lemma 5.2.3 gives us the desired conclusion. T
Mo

5.3 The main theorem
We now state the ideal conditions under which our nonforking works.
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Theorem 5.3.1. Let K be an AEC with amalgamation, joint embedding, and no maximal models. If there
is some k > LS(K) such that

1. K is fully < k-tame;

2. K is fully < k-type short;

3. K doesn’t have the weak k-order property;, and
4. L satisfies (E)

then L is an independence relation.

Proof: First, by Theorem 5.2.4, L always satisfies (I), (M), (T'), and (C') <. Second, (E) is part
of the hypothesis. Third, by the other parts of the hypothesis, we can use Proposition 5.2.1. Let y, 6,
and A be cardinals. We know that (E), g 1) holds, so (S)(» g,y) holds. From this, we also know that
(8)(<r,0,<x) holds. Thus, (U)(y g,y) holds. So .L is an independence relation. 1

In the following sections, we will assume the hypotheses of the above theorem and use L as an
independence relation. First, we discuss these hypotheses and provide some examples that satisfy them.

“amalgamation, joint embedding, and no maximal models”

These are a common set of assumptions when working with AECs that appear often in the literature;

see [Sh394], [GV06a], and [GV V] for examples. Readers interested in work on AECs without these

assumptions are encouraged to see [Sh576] or Shelah’s work on good A-frames in [Sh:h] and [JrSh875].
“fully < k-tame” and “fully < k-type short”

As discussed in [Bona].§3, these assumptions say that Galois types are equivalent to their small approxi-
mations. Without this equivalence, there is no reason to think that our nonforking, which is defined in
terms of small approximations, would say anything useful about an AEC.

On the other hand, we argue that these properties will occur naturally in any setting with a notion
of independence or stability theory. This is observed in the introduction to [GV06a]. Additionally, the
following proposition says that the existence of a nonforking-like relation that satisfies stability-like
assumptions implies tameness and some stability.

*

Proposition 5.3.2. [f there is a nonforking-like relation L that satisfies (U), (M), and k(L) < o0,

*

then K is (< p, i) tame for less than o length types for all regular i > ko (L).

Proof: Let p # g € S<%(M) so their restriction to any smaller submodel is equal and let
(M; € K., : i < p) be aresolution of M. By the local character, there are i), and i, such that p
does not fork over M;, and q does not fork over M;,. By (M), both of the types don’t fork over M; 1;,
and, by assumption, p | M; ;. = q [ M;,44,. Thus, by (U), we have p = ¢. 1

The results of Chapter II allow us to get a similar result for type shortness.
The arguments of [MaSh285].4.14 and Theorem 6.3.1 show that this is enough to derive stability-like
bounds on the number of Galois types.

“no weak k order property”

In first order model theory, the order property and its relatives (the tree order property, etc) are well-studied
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as the nonstructure side of dividing lines. In broader contexts such as ours, much less is known. Still,
there are some results, such as Shelah [Sh:e].Ill, which shows that a strong order property, akin to getting
any desired order of a certain size in an EM model, implies many models. Note that he does not explicitly
work inside an AEC, but his proofs and definitions are sufficiently general and syntax free to apply here.

Ideally, the weak x-order property could be shown to imply non-structure for an AEC. While this is
not currently known in general, we have two special cases where many models follows by combinatorial
arguments and the work of Shelah.

First, if we suppose that & is inaccessible, then we can use Shelah’s work to show that there are the
maximum number of models in every size above . We will show that, given any linear order, there is an
EM model with the order property for that order. This implies [Sh:e]’s notion of “weakly skeleton-like",
which then implies many models by [Sh:e].I11.24.

Proposition 5.3.3. Let k be inaccessible and suppose K has the weak k-order property. Then, for all
linear orders 1, there is EM model M*, small N < M*, p # q € S(M), and (a;,b; € M* : i € I) such
that, forall i,j € 1I,

ZS] —— tp(aibj/M):p
i>j — tp(aibj/M):q

Thus, for all x > k, K, has 2X nonisomorphic models.

We sketch the proof and refer the reader to [Sh:e] for more details.

Proof Outline: Let p # ¢ € S(N) and (a;,b; : i < k) witness the weak order property. Since
K has no maximal models, we may assume that this occurs inside an EM model (see [Bonb] for
details). In particular, there is some ® proper for linear orders so N < EM (k,®) | L that contains
(@i, b; : i < k), L(P) contains Skolem functions, and « is indiscernible in EM (k, ®) [ L. Recall that,
for X ¢ EM(k,®), we have Contents(X ) := N{I C k: X C |[EM(I,®)|}. By inaccessibility, we
can thin out {Contents(a;b;) : i < k} to {Contents(a;b;) : i € J} that is a head-tail A system of size ~
and are all generated by the same term and have the same quantifier free type in . Since k is regular
and Contents(N) is of size < k, we may further assume the non-root portion of this A system is above
sup Contents(NV).

By the definition of EM models, we can put in any linear order into EM (-, ®) | L and get a model
in K. Thus, we can take the blocks that generate each a;b; with ¢+ € J and arrange them in any order
desired. In particular, we can arrange them such that they appear in the order given by I. Then, the order
indiscernibility implies that the order property holds as desired.

We have shown the hypothesis of [Sh:e].II[.24 and the final part of our hypothesis is that theorem’s

conclusion. 1

We can also make use of these results without large cardinals. To do so, we ‘forget’ some of the
tameness and type shortness our class has to get a slightly weaker relation. Suppose K is < ' tame and
type short. Let A be regular such that M=\ > K. By the definitions, K is also < A tame and type
short, so take A to be our fixed cardinal «. In this case, the ordered sequence constructed in the proof of
Lemma 5.2.3 is actually of size < x’. This situation allows us to repeat the above proof and construct 2"

non-isomorphic models of size k. Many other cardinal arithmetic set-ups suffice for many models.
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(E)
This has already been discussed after Definition 2.3.1. Here we show that Existence, the simplicity style
assumption that is equivalent to every models being « saturated, follows from categoricity in a cardinal

with favorable cardinal arithmetic.

Theorem 5.3.4. Suppose K is an AEC satisfying the amalgamation property. If K is categorical in a cardi-
nal \ satisfying X = \<", then every member of K> is r-saturated, where X = min{\, sup.<x(3an)+)}-

Proof: First, note that by using the AP and the assumption A\ = A" we can construct a x-saturated
member of K. Since this class is categorical, all members of K are x-saturated.

The easy case is when A < x: Suppose M € K is not x-saturated and || M| > \. Then there is some
small M~ < M and p € S(M ™) such that p is not realized in M. Then let N < M be any substructure
of size A containing M ~. Then N doesn’t realize p, which contradicts its x saturation.

For the hard part, suppose M € K is not  saturated and || M| > sup,, ., (J(au)+). There is some
small M~ < M and p € S(M ) such that p is not realized in M. We define a new class (K, <) that
depends on K, p and M~ as follows:

L(K") :=L(K)U{cy :me |M~|} by

Kt = {N:Nisan L(K") structure st N | L(K) € K, there exists
h: M~ — N | L(K) a K-embedding such that h(m) = (¢,,)~
forallm € M~ and N [ L(K) omits h(p)}.
N;y <*' Ny <= Ni | L(K) < Ny | L(K)and Ny Cpg+) No.

This is clearly an AEC with LS(K™") = ||M~|| + LS(K) < x and (M, m),e(n-| € K.

By Shelah’s presentation Theorem K is a PC), ou for pu := LS(K ™). By Thoerems VIL.5.5(2) and
VIL.5.5(6) of [Sh:c] the Hanf number of K is < T+ < x

Thus, K has arbitrarily large models. In particular, there exists N* € K j\r Then NT | L(K) € K
is not k-saturated as it omits its copy of p. T

Remark 5.3.5. While for the rest of the results we assume that K satisfies Hypotheses 5.1.2, in the proof
of Theorem 5.3.4 we use only the amalgamation property and also avoid any use of tameness or type

shortness.

Before continuing, we also identify a few contexts which are known to satisfy this hypothesis,
especially (1), (2), and (3) of Theorem 5.3.1.

o First order theories Since types are syntactic and over sets, they are < Ny tame and < Ng type
short and (4) follows by compactness. Additionally, when (3) holds, the theory is stable so coheirs
are equivalent to non-forking. While we don’t claim to have discovered anything new about first-
order theories, formally speaking our framework apply to K7 where T is a superstable first-order

theory and K is the class of |T'|"-saturated models (our £ is |T'|T).

e Large cardinals Chapter I'V of this thesis proves that (1),(2), and Extension hold for any AEC K
that are essentially below a strongly compact cardinal « (this holds, for instance, if LS(K) < k).
Slightly weaker (but still useful) versions of (1) and (2) also hold if k is measurable or weakly

compact. See Section 5.6 for more.
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e Homogeneous model theory The homogeneity of the monster model ensures that the types are
tame and type short. Hyttinen and Shelah [HySh629]

e Zilber’s pseudoexponentiation See page 190 in Baldwin’s book [Bal09].

5.4 Getting Local Character

Local character is a very important property for identifying dividing lines. In the first order context, some
of the main classes of theories—superstable, strictly stable, strictly simple, and unsimple—can be identified
by the value of x(7"). By finding values for (L) under different hypotheses, we get candidates for
dividing lines in AECs.

Readers familiar with first order stability theory will recall that there is a notion of an heir of a type
that is the dual notion to coheir, which our nonforking is based on. Heir is equivalent to to the notion
of coheir under the assumption of no order; see [Pil83].1 and .2 as a reference. We develop an AEC
version of heir and explore its relation with nonforking. We further show that there is an order property
that implies their equivalence. This equivalence allows us to adapt an argument of [ShVi635] to calculate
k(L) from categoricity. In this discussion, we only assume the properties of nonforking that follow
immediately from the definition, like those in Theorem 5.2.4, and explicitly state any other assumptions.
In particular, note that Theorem 5.4.6 doesn’t assume (F), the failure of the weak k-order property, or
tameness or type shortness.

Recall that ‘small’ refers to objects of size < k.

Definition 5.4.1. We say that p € ST(N) is an heir over M < N iff for all small Iy C I, M~ < M,
and M~ < N~ < N (with M~ possibly being empty), there is some f : N~ — - M such that
f(p | N7) < p;thatis, f(p) | f(N~) = pl | f(N7). We also refer to this by saying p is a heir of
pl M.
M— N
I
M~ — N~
At first glance, this property seems very different from the first order version of heir. However, if we
follow the remark after Theorem 5.3.1, we can think of restrictions of p as formulas and small models as
parameters. Then, M~ is a parameter from M, N~ is a parameter from N, f(N ) is the parameter from
M that corresponds to N~ (notice that it fixes M ), and f(p | N~) < p witnesses that it the original
formula p [ N~ is still in p with a parameter from M.
If we restrict ourselves to models, then the notions of heir over and nonforking (coheir over) are dual

with no additional assumptions.

Proposition 5.4.2. Suppose My < M, N. Then tp(M/N) does not fork over My iff tp(N /M )is an heir

over M.

Proof: First, suppose that M/ L N and let a € |N| be of length < «. Let M, < Mgand M~ < M
Mo

both be of size < « such that M;” < M~. Find N~ < N of size < k containing M and a. By the
definition of nonforking, ¢p(M ~ /N ) is realized in M. This means that there is g € Aut),— € such that
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g(M~™) < My. Set f =g [ M~. Then f : M~ —ng; Mo such that ftpla/M™)) = tpla/f(M™)).
Since a, M, , and M~ were arbitrary, tp(N/M) is an heir over M.

Second, suppose that tp(N/M) is an heir over M. Let b € M and N~ < N both be of size < k.
Since M is a model, we may expand b to a model M~ < M of size < k. Then, if we can realize
tp(M~/N~) in My, we can find a realization of tp(b/N ) there as well. By assumption, there is some
f: M~ — Mysuchthat tp(f(N7)/f(M™)) = tp(N~/f(M™)). This type equality means that there
is some g € Aut ;)€ such that g(f(N7)) = N~. Thus, go f is in Auty-€ and sends M~ to
f(M™) < My. Thus, tp(M~/N~) =tp(f(M~)/N~) and is realized in My, as desired. T

This proposition was proven just from the definitions, without assuming any tameness or type shortness.
If we assume even the weak symmetry (5*), then we have that nonforking and heiring are equivalent for

models. Assuming full symmetry (.5) is enough to get the full implication in one direction.

Theorem 5.4.3. Suppose L satisfies (S). If p € S(N) and M < N, then p does not fork over M holds

implies p is an heir over M.

Proof: Suppose p € S(IV) does not fork over M. Then, given A that realizes p, we have A L N. By
M
(S), we can find M = M containing A such N .. M. By Proposition 5.4.2, we then have tp(M ™ /N)
M
is an heir over M. By motonicity, p = tp(A/N) is an heir over M. T

However, for the other direction, this does not suffice. It would be possible to completely redevelop
the stability theory of the previous sections for the notion of heiring, but this would not help us understand
the real connection between nonforking and heiring. Instead, we draw a parallel to the first order case.
There, the equivalence of heir and coheir uses the order property, as does the first order version of Lemma
5.2.3 above. Following this, we introduce a new order property, orders, that characterizes the relationship
between nonforking and heiring. We refer to ordery as “an order property” because, like Definition 5.2.2,

it is witnessed by a sequence whose order is semantically definable inside of the AEC.

Definition 5.4.4. We say that an AEC K has the (\, «)-ordery property iff there are parameters b and
(bi : i < ) and models (N; € K : i < «) such that £(b;) + |N;|| < X\ and, for all i, j < c, we have

i <Jiffbj = tp(b/Ni)

We now prove that no orders property means that heiring implies nonforking. This follows the first

order version as presented in [Pil83].2.2.

Theorem 5.4.5. Let K be an AEC and M < N be models such that M is k saturated. If there is
p € S(N) that is a heir over M and also forks over M, then K has the (k, k)-ordery property, and it is

witnessed in M.

Proof: Suppose that b F p. Since —(b.L N), there is some N~ < N such that tp(b/N~) is
M
not realized in M. We are going to construct two sequences (b; € |M| : i < k) and increasing
(N, =< M :i < k) that witness the (k, x)-ordery property.
Suppose that we have our sequences defined for all j < ¢ for some fixed ¢ < k. Set small M;r < M to
contain all {Nj_, bj:j< i} and Ni+ < N to contain M;r and N, both of size < k; if i = 0, then we

82



just take M;" = () and N;" = N~. Since tp(b/N) is a heir over M, we can find some f; : N;” —, + M
such that tp(f;(b)/fi(N;)) = tp(b/ fi(N;")). Set N, = fi(N;") and extend f; to an automorphisril fir
of €. By the x saturation of )M, there is b; € |M | that realizes tp(b/N, ).

Now we want to show that these exhibit the orders property:

i < j: By construction, N;” < N, so, in particular, ¢tp(b/N;") < tp(b/N;"). Also, b; & tp(b/N;), so
we have b; E tp(b/N;").

i > j: Suppose b; = tp(b/N;”). This means

by F tp(b/N;)

b, E tp(f;T(b)/N;) by the definition of heir
(7)) F tp(b/NF)

bj E tp(b/N;") bj € |M;]

b, £ tp(b/N7) N~ < N

which contradicts our assumption that ¢p(b/N ™) is not realized in M.

So (b;, N, : 1 < k) witnesses the (k, k)-ordery property. T

)

Now that we have established an equivalence between nonforking and being an heir, we aim to derive
local character. For this, we use heavily the proof [ShVi635].2.2.1, which shows that, under certain
assumptions, the universal local character cardinal for non-splitting is w. Examining the proof, much of
the work is done by basic independence properties—namely (1), (M), and (T)—and the other assumptions on
K-—namely categoricity, amalgamation, and EM models, which follow from no maximal models. Only in
case (c), defined below, do they need the exact definition of their independence relation (non p-splitting)

and GCH. In this case, we can use the definition of heir to complete the proof.

Theorem 5.4.6. Suppose that K has no (k, k)-orders property, is categorica lin some A\ > K, and is
stable in k. Then k(L) = w. That is, if

1. (M; € K, : i < «) is increasing and continuous;
2. each M;, is universal over M; and k saturated;
3. cfa=a<pt <\ and
4. pe S<¥(My)
then, for some i < «, p does not fork over M;

Proof: Deny and set M = M. As in [ShVi635], we consider the three following cases:

(a) foralli < a, p | M; does not fork over Mj;

(b) (a) is impossible and for all i < a, p [ Ma;41 forks over Ms; and My; 42 does not fork over Ma; 41

(c) (a) and (b) are impossible and &« = p > x and for all ¢ < «, p | M; 1 forks over M;
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Shelah and Villaveces first show that, using only (M), (I), and (T), one of these three cases must hold.
Then, cases (a) and (b) are eliminated using categoricity and EM models, both of which are part of the
assumptions. Thus, we can assume that we are in case (c).

Then, by Theorem 5.4.5 and the assumption of no (x, x)-ordery property, we know that p [ M, is
not a heir over M; for all 7 < «. Find the minimum o such that 2° > k. Then 0 < k and 2<7 < k. We
are going to contradict stability in by finding 2° many types over a model of size 2<7.

Step 1: We define (M? < N* | i < «) as follows: for each i < a, since p | M1 is not a heir over M;,
there exists some M* < N* € K., such that M* < M; and N* < M; 1 and for any h : Nt — i M;
we have h(p [ N%) # p | h(N?).

Now define (M; < N; € K, | i < o) increasing and continuous and g; : N; =, M1 by setting
Mo = MO and No = N?and taking unions at limits. If we have Ml and NZ defined, then we can use the
saturation of M; 1 = M; to find some g; : N; — 57, Mit1. Then pick Mg < M; 41 to contain gi(Ni)
and M1 and N; 1 < M5 to contain N“*! and M;;.

Now that we have finished this construction, notice that g; [ NV PN M M,qu < M;41, so
gi(p | N¥) # p | g;(N?). Since inequality of types always transfers up, we have g;(p | NZ) #pl gZ(NZ)
Step 2: First, we relabel elements as standard. We change:

No; Nojq Nojio

T 924 T %1 T
My; M1 —— Majy9g — ...

to
fait1

No; Noit1 Nojio

T 92i T \ T
Mo; Moip1 —— Majjo — ...

by setting fo;+1 = gg_iil; Mo = 92_,£1+1(M2i+2)= Moi11 = Moii1; Nojio = gg_iil(Nzwz), and
Na;t1 = Naip1. We do this so we have identities where we want them and embeddings (the for11’s)
on paths we ignore. Now define, for each i < o, N; < N}, N2 < N;;1 all in K., with (N; | i < «)
increasing and continuous and h; : N} —y, N? such that h;(p | N}!) # p | hi(N}'). This is done by
setting N; = Mo;, N} = Ny, N? = Mo i1, and h; = go;.
Step 3: We now construct a tree of types of height « that will all be different at the top. For each np € <72,

we are going to construct
. /ﬁn € Aut ¢
e increasing, continuous N, € K, such that ﬁn(Ng(n)) = N,; and
e increasing p, € S(INVy).
We work by induction on the length of 7.
e When n = 0, set /}\l@ =ideg, Ny = Nog, and pg = p | M.
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e When 7 is the successor of v, set ﬁl,ﬂo = El, and ﬁ,,ml = El, o hy(,). Then set Ny~; =
hu~i(New+1)), as required, and py, = hy(p [ Ne(n)).

o~

e When 7 is a limit, set N;; = Uqcp)Nyja- Then we have that (hyjo [ Nyjo @ a < £(n))

is an increasing sequence, so set h;, to be any automorphism of € extending their union and
Py = hy(p [ Nepy)-

Once we have completed this construction, note that our choice of ¢ guarantees that there is some M *
of size  such that N,, < M* for all n € <?2. Thus, N,, < M* for all n € ?2. Then, for each ) € 72,
we can extend p,, to some p;, € S(M*). Once we prove the following claim, we will have contradicted
stability in  since 27 > k.

Claim: If n # 7’ € 72, then p) # p;,.

Setv =nNn and i = £(v). WLOG, v0 C nand v 1 C #'. From their construction, we know the
following things about these types:

~

o Pom0=hu~o(p | Niz1) = hu(p | Nit1) < pys

o D1 =hu~1(p | Nig1) = hu(hi(p | Niy1)) < pyys
e p | N} <pl Nij1:

o hi(p) I N7 < hi(p) | Ni+1;and

o p | N} #hi(p) | N

Since inequality of types transfers upwards, this is enough. The bottom three lines imply that p [ N;+1 #
hi(p) | Nit1. Since the first two lines show that the same map 71\1, maps the lefthand-side as a subtype of
py and the righthand-side as a suptype of p,, this finishes the claim and the proof. T

This construction could not go further than x many steps because the definition of heir requires all of
the models and tuples involved to be of size < k. Thus, we need to know that stability fails at . If we
knew that nonforking and nonsplitting were the same, instead of just nonforking and heiring, then we
would have a more general argument. The connection between these two notions of independence and
other is explored more in [BGKV].

Once we have the universal local character, we can get results on the uniqueness of limit models.
While many results in this area are described in Chapter II, the most relevant for our context is the proof
that is outlined in [Sh:h].I.4 and detailed in the next chapter. There, Shelah’s frames are used to create a
matrix of models to show that limit models are isomorphic. Inspecting the proof, the only property used
that is not a part of an independence property is a stronger continuity restricted to universal chains. This

follows from universal local character.

Corollary 5.4.7. Suppose there is some . > LS(K) such that
1. K is fully < k-tame;
2. K is fully < k-type short;

3. K doesn’t have the weak k-order property or the (k, k)-ordery property;

85



4. L satisfies (E); and
5. it is categorical in some A > K

Then K has a unique limit model in each size in [k, \). Moreover, if X is a successor, then K has unique

limit models in each size above k.

Proof: The first part follows from Theorems 5.3.1, 5.4.5, and 5.4.6 and Lemma 6.8.1. The moreover
follows from the categoricity transfer of [GV06a]. T

Note that the uniqueness of limit models as stated does not follow trivially from categoricity because

it requires that the isomorphism fixes the base.

5.5 The U-Rank

Independence relations and ranks go hand in hand in first order theories: in the appropriate contexts,
splitting is equivalent to an increase of the two-rank [Gro1X].6.4.4, non-weak minimality to an increase
of the Deg [Sh31].4.2, forking to an increase in the local rank [Sh:c].Theorem II1.4.1.

Here we develop a U-rank for our forking and show that, under suitable conditions, it behaves as
desired. The U-rank was first introduced by Lascar [Las75] for first order theories and first applied to AECs
by [Sh394]. They have also been studied by Hyttinen, Kesala, and Lessman in various nonelementary
contexts; see [Les00], [Les03], [HyLe02], and [HyKe06].

For this section, we add the hypotheses of the main theorem so that .. will be an independence
relation. Indeed, the results of this section do not use our specific definition of nonforking, but just that it

satisfies the axioms of an independence relation given in Definition 2.3.1.
Hypothesis 5.5.1. Suppose that there is some . > LS(K) such that
1. K is fully < k-tame;
2. K is fully < k-type short;
3. K doesn’t have the weak k-order property; and
4. L satisfies (E).
Definition 5.5.2. We define U with domain a type and range an ordinal or oo by, for any p € S(M)
1. U(p) > 0;
2. U(p) > alimitiff U(p) > B forall f < «;

3. U(p) > B+ 1iff there is M' = M with ||M'|| = ||M|| and p' € S(M") such that p' is a forking
extension of pand U (p') > f3;

4. U(p) = aiff U(p) > aand =(U(p) > o+ 1); and

5. U(p) = o0 iff U(p) > afor every c.
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First we prove a few standard rank properties. The first several results are true without the clause
about the sizes of the model, but this is necessary later when we give a condition for the finiteness of the

rank for Lemma 5.5.8.
Lemma 5.5.3 (Monotonicity). If M < N,p € S(M), g € S(N), andp < q, then U(q) < U(p).

Proof: We prove by induction on « that p < ¢ implies that U(q) > « implies U(p) > «. For limit a,
this is clear, so assume & = 8+ 1 and U(q) > 8 + 1. Then there isa N’ = N and ¢ € S(N') thatis a
forking extension of g and IU(q") > . By (M), it is also a forking extension of p. Then U(p) > « as
desired. 1

Lemma 5.5.4 (Invariance). If f € Aut€ andp € S(M), then U(p) = U(f(p)).

Proof: Clear. 1

Proposition 5.5.5 (Ultrametric). The U rank satisfies the ultrametric property, that is, if we have M < Nj,
p € S(M) and distinct (g; € S(N;) | i < ) are such that a |= p iff there is an ig < o such that a = g,
then we have U (p) = max;<q U(q;).

Note that, as always, we assume « is well below the size of the monster model.

Proof: We know that p < ¢; for all i < «, so, by Lemma 5.5.3, we have max;<, U(¢;) < U(p).
Since we have a monster model, we can find some N* € K that contains all NV;. By (F), we can find
some pt € S(N*) such that p* is a non-forking extension of p. Now, let a = p™. Since p < p*, a = p.
Since ‘p(€) = Uj<aqi(€), there is some ip < « such that a = ¢;,. But then a J]\Z N implies a JN? Ni,

by (M), so tp(a/N;,) = gi, does not fork over M. Then

U(p) = Ulai) = maxUl(a:)

We want to show that same rank extensions correspond exactly to non-forking when the U-rank is
ordinal valued. One direction is clear from the definition. For the other, we generalize first order proofs to

the AEC context; this proof follows the one in [Pil83]. First, we prove the following lemma.
Lemma 5.5.6. Let Ny < N1 < N1, Ny < Ny < Ny, and Ny < No be models with some ¢ € Ny. If

NlJ/Z\_/anngJ,Nl
NO ]\70

then there is some N3 extending N1 and No such that

CJ./Ng
No

Proof: We can use (.S) twice on Ny L N7 to find Ny extending N3 and N such that Ny L Ny. This
No N
contains ¢, so (M) implies that Nac L N;. By applying (.5) to the other nonforking from our hypothesis,
N

we know N . Ni. By (T), this means that Noc L Ny.
No No
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Applying (S) to this, there is some N} extending No and containing ¢ such that Ny L Ni. By (M),

No
we have that N7 L N3. Applying (.S) one final time, we can find an N3 extending N7 and N5 such that
N2
C J./ Ng. T
Na

Theorem 5.5.7. Let p € S(My) and q € S(My) such that p < q and U(p),U(q) < cc. Then
U(p) =U(q) <= q is a nonforking extension of p

Proof: By definition, U(p) = U(q) implies ¢ does not fork over M. For the other direction, we show
by induction on « that, for any ¢ that is a nonforking extension of some p, U(p) > « implies U(q) > a.

If v is O or limit, this is straight from the definition.

Suppose that U(p) > « + 1. Then, there are Ms = My and p; € S(M5) such that p; is a forking
extension of p and U(p1) > a.

Claim: We may pick M5 and p; such that there is a M3 extending M; and M5 and ¢; € S(M3) so

® q1 > q,p1;and
e g1 does not fork over Ms.

Once we prove this claim, we will be done.
Assume for contradiction that ¢; does not fork over M;. By [BGKV].6.9, a right version of transitivity

also holds of our nonforking:

if AL M;and A L My with My < My < Mo, then A L My
Moy My My

Thus, ¢; would also not fork over M;. By (M), this would imply that p; does not fork over Mj, a
contradiction. Thus, ¢ is a forking extension of g of U rank at least «. Thus, U(q) > a + 1.
To prove the claim, let d realize g and d’ realize p;. Since both of these types extend p, there is some
[ € Autpy, € such that f(d') = d. Set M}, = f(Ma). We know that d]T/[L My, so by (S), there is some
0

My = M that contains d so My L M. Pick My < € that contains My and M;. By (E), there is some
_ MO _ _
M3 so that tp(M3/ My) = tp(My /Mo) and My L M. Let g € Aut ;€ such that g(Ms) = M;'; note
My
that this fixes d.

We may now apply our lemma. This means there is some M3 that extends MY and M; such that

d L Ms. Now this proves our claim with M} and tp(d/M}) = g(f(p1)) and witnesses M3 and
My

q1 = tp(d/Ms). T

We now give a condition for the U rank to be ordinal valued, as in [Sh394].5. First, note that clause

about the model sizes in the definition of U gives a bound for the rank.
Lemma 5.5.8 (Ordinal Bound). If M € K, and p € S(M), then U(p) > (2") implies U(p) = .
Theorem 5.5.9 (Superstability). Let M € K, and p € S(M). Then the following are equivalent:

1. U(p) = oc.
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2. There is an increasing sequence of types (py : n < w) such that py = p and py11 is a forking

extension of p,, for all n < w.

Proof: First, suppose U(p) = oo and set pp. We will construct our sequence by induction such that
U(py) = oo. Then U(py,) > (2#)* + 1, so there is a forking extension p;, 1 with the same sized domain
and U (pp+1) > (2#)". But then U(py,+1) = oo and out induction can continue.

Second, suppose we have such a sequence (p,, : n < w) and we will show, by induction on «, the
U(pn) > afor all n < w. The 0 and limit stages are clear. At stage « + 1, p,,+1 is a forking extension of
pr, with rank at least . Thus, U(p,,) > o+ 1. T

Ranks in a tame AEC have also been explored by Lieberman [Liel13]. Under a tameness assumption,

he introduces a series of ranks that emulate Morley Rank.

Definition 5.5.10 ( [Lie13].3.1). Let A\ > K, where K is k-tame. For M € Ky and p € S(M), we define
R(p) inductively by

o RMp| >0
o R p| > o for limit o iff RNp] > B forall B < o; and

o RMNp| > B+ Liffthereis M' = M and (p; € S(M') : i < \*) such that p < p; and R [p;] > B3
foralli < \*.

If|M|| > Xand p € S(M), then
R p] = min{R*[p [ N|: N < M, |[N|| = A}

Our U-rank dominates these Morley Ranks at least for domains of size A. Thus, the finiteness of the
U -rank, which follows from local character, implies us that an AEC is totally transcendental and that the

stability transfer results of [Liel3].§5 apply.
Theorem 5.5.11. Let M € K, p € S(M), and X\ > k. Then U(p) > RM*(p).

Proof: We prove, simultaneously for all types, that RM*(p) > « implies U(p) > « for all a by
induction. For o = 0 or limit, this is easy.

Suppose RM*(p) > o + 1. Let M’ and (p; € S(M’) : i < AT) witness this. p has a unique
nonforking extension to M’, call it p*. Thus, almost all of the p; fork over M; let p;, be one of them.
Then, p;, # p*, so there is some My < M’ of size < k such that p;, | My # p* | My. Let M" < M’
contain M and M such that ||M || = ||M"|| and p’ = p;, | M". Then

e p extends p;
e 7’ is a forking extension of p because it differs from the nonforking extension, p* | M;,; and
e RM*(p') > RM*(p;,) by [Liel3].3.3. So RM*(p') > a. By induction, this means U(p) > a.

SoU(p) > a + 1, as desired. T
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5.6 Large cardinals revisited

In this section, we discuss the behavior of non-forking in the presence of large cardinals. We return to just
assuming Hypothesis 5.1.2, that K satisfies amalgamation, joint embedding, and no maximal models.

In Chapter IV, we showed that the tameness and types shortness part of the hypothesis of Theorem
5.3.1 follows from x being strongly compact. We now explore how this and other large cardinals affect
the other parts of that hypothesis.

The following details a construction that will be used often in the following proof. This construction
and the proof of the following theorem draw inspiration from [MaSh285]. Suppose that M < N and
U is a xk complete ultrafilter over /. Then L.o$’ Theorem for AECs states that the canonical ultrapower
embedding h : N — IIN/U that takes n to the constant function [i — n]y is a K-embedding. We can
expand h to some A that is an L(K) isomorphism with range IIN/U and set NV := (hT)~[IIN/U].
This is a copy of the ultraproduct that actually contains N. Similarly, we can set MYV := (b))~ [IIN/U].
The following claim is key.

Claim: MY L N.

Proof: Let 31]1\142111 N~ < Nanda € MY. Then h*(a) = [f]y for some [f]; € IIM/U. Denote
tp(a/N~) by p. Then, by £.o$” Theorem, version 2, we have

a E p
K (a)=1[flv E h¥(p)=h(p)
X = {iel:fi)Ep}teU
Since [f]y € IIM /U, there is some iy € X such that f(ig) € M. Then f(ig) F p as desired. T

We now show that non-forking is very well behaved in the presence of a strongly compact cardinal.
Note that the second part says that the local character property holds very strongly if the type does not
fork over its domain and the third part improves on Theorem 5.3.4 by showing that categoricity implies an

analogue of superstability instead of just an analogue of simplicity.
Theorem 5.6.1. Suppose k is strongly compact and K is an AEC such that LS(K) < k. Then
1. L satisfies Extension.

2. If M = U M;, p € SX(M) for (possibly finite) x < cf o, and p does not fork over M, then there

is some ig < a such that p does not fork over M;,
3. If K is categorical in some A\ = \<", then L is an independence relation with r,(L) < w + |a|.
Proof:

1. Suppose that A J, N and let Nt = N. In particular, this means that A \L N and every < Kk

approximation to tp(A/N ) is realized in N. We can use this to construct U as in the previous

chapter such that h(tp(A/N)) is realized in IIN/U. That means that tp(A/N) is realized in NV

Call this realization A’. By the above claim, NV L N*. By (M), this implies A’ L N*. Since
N N

tp(A/N) = tp(A’/N), A’ L N by invariance. Thus, by (T), A’ L N, as desired.
My Mo
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2. We break into cases based on the cofinality of a.

If cf o < K, then, as before, we can use the fact that p does not fork over M to find a x complete
ultrafilter U on I such that p is realized in MY Since cf o < & and U is s complete, we have that
MY = Ui<aMiU. Let A € MU realize p. Since A if of size y and y < cf «, there is some iy < «
such that A € Mi(({. Thus, by the claim,

Thus, p = tp(A/M) does not fork over M;,.

Now suppose that cf @ > «. For contradiction, suppose that p forks over M; for all ¢ < a. We
now build an increasing and continuous sequence of ordinals (i, : 7 < x* + Ng) by induction. Let
19 < « be arbitrary. Given ¢, we know that p forks over Mij. By the definition, there is a small
M~ < M and small Iy C x such that p’© | M~ is not realized in M;;. Since cf o > k, there is
Then p [ M;, ., forks over M;,. Set M™ = U, + M;;.
Then, by Monotonicity, p [ M* forks over M;; for all j < xT. Since x < k, this contradicts the

some i;j41 > 7; such that M~ < Min. i

first part.

3. Note that the results of the last Chapter say that this categoricity assumption also implies that K>
has amalgamation, joint embedding, and no maximal models, which significantly weakens the

reliance on or eliminates the need for Hypothesis 3.1.

From inaccessibility, we know that sup,,,,(3(ox)+) = K, so Existence holds by Theorem 5.3.4.
Then Extension holds by the first part, so (£) holds. Theorem 4.2.5 tells us that K is <  tame and
type short. Finally, as outlined in the discussion after Theorem 5.1, the weak x order property with
K inaccessible implies many models in all cardinals above «, which is contradicted by categoricity
in A\ T

Additionally, with the full strength of a strongly compact cardinal, we can reprove much or all
of [MaSh285].§4 in an AEC context. One complication is that Definition [MaSh285].4.23 defines weakly
orthogonal types by having an element in the nonforking relation where we require a model. However,
this definition has already been generalized at [Sh:h].III.6.

The last chapter also proves weaker of Theorem 4.2.5 from assumptions of measurable or weakly
compact cardinals. These in turn could be used to produce weaker versions of Theorem 5.6.1. However,
[MaSh285] is not the only time independence relations have been studied in infinitary contexts with
large cardinals. Kolman and Shelah [KoSh362] and Shelah [Sh472] investigate the consequences of
categoricity in L, ,, when x is measurable. In [KoSh362], they use heavily ‘suitable operations,” by which
they mean taking x complete ultralimits. The denote such an ultralimit of M by Op(M ) and the canonical
embedding by fo, : M — Op(M). In [Sh472], Shelah introduces the following independence relation.

Definition 5.6.2 ( [Sh472].1.5). Let K be essentially below k measurable. Define a 4-place relation ® L
M3

by Mi° L My iff there is an ultralimit operation Op with embedding fop and h : M3 — Op(My) such
M,

0
that the following commutes

91



My d

2 Op(M)
h
3 /
T
2
h

fOp

M.
M

AN
/

In these conditions, this notion turns out to be dual to our non-forking. Thus, by Proposition 5.4.2, it

My

Op(M)

is equivalent to heir over.

Theorem 5.6.3. Let K be an AEC essentially below k measurable and let My < My, My € K. Then

M3
MlJ/MQ < 3M3 SO MQS\LMl
My My

Proof: First, suppose that M7 L. Ms. Then we can find a x complete ultrafilter U such that Mé]

Mo
realizes tp(M;/Ms).Then MY L Ms. Thus, there is some f € Autyz, @ such that f(M;) < M. Set
My

Ms= =1 [MQU |. Then we have the following commuting diagram:

h

M, MY "M, U

N\
|
N,

My My

h

+
Mo/ U

Collapsing this diagram gives

M, h

1M, /U

M3

|

M

“\
/

Pz
1

Xo];
M, h

IIMy/U
Note that an ultraproduct is a suitable ultralimit operation, and the ultrapower embedding is its corre-

M3
sponding embedding. Thus My L M;.
Mo
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M3
Second, suppose that there is an Mjs such that M>° | My. The claim above generalized to

My
ultralimits implies fég(Op(Mo)) L M. We have that b : M; — Op(My), so by Monotonicity
Mo
fop(h(My)) L My. By the diagram, f, oh fixes My, we have that tp( fo, (h(Mh))/Ma) = tp(My/Ma).
My
By Invariance, this means that My L M. T
Mo

5.7 Future work

As always, new answers lead to new questions.

Based on the results that we have, a further investigation of type shortness would be useful. Be-
cause it was only defined recently, there has been no study of type shortness outside of this thesis. A
starting place would be to look at known examples of AECs and determine whether or not they are
type short. The relationship between tameness and type shortness explored in Chapter II suggests that
the examples of [HaSh323], [BK09], and [BISh862] would be good places to look for the failure of
type shortness, while the list of tame AECs given in [GV(06a] would be good candidates to prove type short.

In addition to type shortness, the above results require that the AEC be tame for long types, not just
for types of length 1. Unfortunately, tameness for 1-types is the property that is typically studied. Thus,
it would be interesting to see if there is some transfer theorem that shows, given 8 < «, if tameness for
[-types implies tameness for a-types or if there is some counterexample. A partial transfer theorem has
recently been obtained by Boney and Vasey [BoVa] by using Shelah’s good A-frames.

A natural question to ask following the introduction of a strong independence relation in this contexts
is if it is the only such relation, akin to first order results of Lascar for superstable theories [Las76], Harnik
and Harrington for stable theories [HH84], and Kim and Pillay for simple theories [KP97]. This has been
explored by Boney, Grossberg, Kolesnikov, and Vasey in [BGKV] with a positive answer:

Theorem 5.7.1 ( [BGKV].7.1). Under the hypotheses of Theorem 5.3.1, L is the only independence
relation on K. In particular, if L satisfies (I), (M), (E), and (U), then L. = L.

93






Chapter 6

Tameness and Frames
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6.1 Introduction

In this chapter, we combine two recent developments in Abstract Elementary Classes (AECs): tameness
and good A-frames. Doing so allows us to extend a good A-frame s, which operates only on A-sized

models, to a good frame > s that is a forking notion for the entire class. Precisely, we prove the following.

Theorem 6.1.1. If K is A-tame for 1- and 2- types, s is a good A-frame, and K satisfies the amalgamation
property, then > s is a good frame. In particular, K>\ has no maximal models, is stable in all cardinals,

and has a unique limit model in each cardinal.

The first volume of [Sh:h], Jarden and Shelah [JrSh875], and Jarden and Sitton [JrSi13] are focused
on using frames to develop classification theory for AECs. This is done by taking good A-frames and
shrinking the class as the size of the models goes up. We avoid this very complicated process by the
use of tameness. Shelah defines a more general notion of an extended frame > s, but does so only as
“an exercise to familiarize the reader with A frames” [Sh:h](p. 264). He shows that some of the frame
properties follow (see Theorem 6.1.3). Here we use tameness to derive the remaining properties. Note
that we use the definition of frames from the more recent [JrSh875]. This definition leaves out some of
the redundant clauses and, more significantly, does not require the existence of a superlimit model.

Prior to this work, there has been no work examining frames and tameness together. Hopefully, this
will change. While the concepts might seem orthogonal at first glance, there is a surprising amount
of interplay between them. Beyond Theorem 6.2.1, which shows Uniqueness for > s is equivalent
to A-tameness for basic types, many aspects of frames and frame extensions rely on tameness-like
locality principles and, in the other direction, many tameness results, such as categoricity transfer, rely
on the concept of minimal types, which were introduced in [Sh576] and eventually turned into a frame
(see [Sh:h].I1.§3.7).

It should be noted that there is a loss when these two hypotheses are combined. We consider here
tameness in an AEC with full amalgamation and joint embedding. These assumptions commonly appear
in addition to tameness: amalgamation is used to make types well behaved and joint embedding then
follows from A-joint embedding. However, these global assumptions are in contrast to the project of
frames, which aims to inductively build up a structure theory, cardinal by cardinal, and derive these
properties along the way with the aid of weak diamond. On the other hand, the existence of frames in the
most general setting (see [Sh:h].II.§3) uses categoricity in two successive cardinals (and more). If we
add no maximal models to this hypothesis, this is already enough to apply the full categoricity transfer
of [GVO06a].

On the other hand, the combination of these hypotheses gives much more than just the sum of their
parts. Despite the categoricity transfer results under a tameness hypothesis, there is no robust indepen-
dence notion for these classes. The closest approximation is likely Chapter V of this thesis, where an
independence notion of ‘< & satisfiability’ is developed. Although this notion is well-behaved, additional
methods beyond tameness are needed. Using these method in this paper, we have an independence notion
for tame and categorical AECs under some very mild cardinal arithmetic assumptions; see Theorem 6.7.3.
Looking at good A-frames, the method for building larger frames is a complicated process that changes
the Abstract Elementary Class and drops many of the models; see [Sh:h], especially 11.§9.1. Although this
is fine for the end goal, a process that deals with the whole class would likely have more applications. We

provide such a process for tame AECs.
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The sections of this chapter show that the various properties of frames extend to > s under the
assumption of tameness. They are organized so that the results only rely on the principles assumed in
previous section. In particular, the stability transfer results of Section 6.3 do not rely on the tameness for
2-types assumption introduced in Section 6.5. We then discuss an application to superstability for AECs
in Section 6.8 and conclude with an example in Section 6.9.

Important hypotheses are introduced at the end of Sections 8.1, 6.2, and 6.5.

Most of the citations in this chapter are from Chapter II of [Sh:h], which had previously been circulated
as [Sh600]. Occasionally, we will prove a slight variation or weakening of a result from there. We denote
this by adding an asterisk or minus sign, respectively, to the citation and indicate the change.

The following is Shelah’s exercise in increasing the size of frames. This can be seen as a generalization
of the standard technique of taking an AEC in A and blowing it up to an AEC; recall Definition 2.1.7.

We replace his notation .~ with “.L”” because it is more consistent with the notion of referring to the
<oo >s

extended frame > 5 = (K,8%,, L).
=
Definition 6.1.2.
[Sh:h].IL.§2.4.1) K3 = K;’fs = {(a, M, N) € K3" :there is M' < M from K such that, for all M" € K,
M' < M" < M implies that tp(a/M", N) € §°*(M") does not fork over M'}

[Sh:h].11.§2.7/.8.1) For M € K,

SbZSS(M) = {p € S(M) : for some/every tp(a/M,N) = p, (a, M, N) € K>}

[Sh:h].I1.§2.5) We say that L (My, M1, a, M3) holds iff My < My < M3 € K, a € Mg — M, and there is
>s5
M < My from Ky such that if M < M{ < My and M| U {a} C M} < Mz with M], M} € K,
then L (M}, M7, a, M3).
5

[Sh:h].IL§2) If s is a good \-frame, then set > s = ((K3)*?,8%., L).
20 3

1. > s is a good frame iff it satisfies the axioms for good \-frames after removing the restriction on

the size of the models and length of sequences.
Many of the properties of good A-frames transfer upwards immediately.

Theorem 6.1.3. If s is a good A-frame, then > s is a good frame, except possibly for (C), (D)(d), and
(E)e), (f), and (g).

Proof: By the results of [Sh:h].I1.§2. Specifically, Invariance and (D)(a) are 8.3, Density is 9, Mono-
tonicity is 11.3, Transitivity is 11.4, Local Character is 11.5, and Continuity is 11.6. 1

At least some additional hypothesis is necessary to transfer all properties of a good A-frame s to a good
frame > s. This can be observed by observing that the Hart-Shelah examples [HaSh323] (reanalyzed more
deeply by Baldwin and Kolesnikov in [BK09]) have good A-frames at low cardinalities, but the upward
extension fails Uniqueness and Basic Stability (and only those) exactly at the cardinal that tameness

breaks down; see Section 6.9 for details.
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In light of this, to prove that > s is a good frame, we need to additionally show amalgamation,
joint embedding, no maximal models, uniqueness, basic stability, extension existence, and symmetry. In
order to avoid any mention of categoricity or non-structure arguments that require instances of the weak
continuum hypothesis (as in [Sh576] or [Sh:h].I1.§3), we assume amalgamation. This leads us to our first
hypothesis.

Hypothesis 6.1.4. K is an AEC with LS(K) < A = A\ with amalgamation and s is a good \-frame.

Although joint embedding is not included in this hypothesis, we may freely use it due to the following
fact.

Fact 6.1.5. If K is an AEC with amalgamation and K\ has joint embedding, then K>, has joint
embedding.

Additionally, Jarden and Shelah [JrSh875] introduce the notion of semi-good A;-frames, which replace
Basic Stability with Almost Basic Stability, which requires that [S2*(M)| < A\ for all M € K,. The
following could also be done for semi-good frames, although Section 6.3 shows that, assuming tameness,

> s will be stable everywhere strictly above Ag, even if s is just a semi-good A;-frame.

6.2 Tameness and Uniqueness

Tameness is the key property that is necessary in extending frames, needed both for Uniqueness and
Symmetry. In this section, we show that tameness for 1-types is equivalent to the frame having uniqueness.

We will prove the following.
Theorem 6.2.1. K>, is \;-tame for basic types iff > s satisfies Uniqueness.

We can parametrize this result and get that (g, 1)-tameness is equivalent to Uniqueness for models

of size p. To prove this, we use and prove the following variation of a claim from Shelah’s book:

Claim 6.2.2 ( [Sh:h].I1.§2.10%). Iftp(a/M,N) € Slgs(M), then there is some My € K; with My < M
such that tp(a/My, N) € 82(My) and

if Mo < M' < M, thentp(a/M',N) € szss(M/) does not fork over M.

Our trivial variation is to permit M’ € K>, rather than restricting to the case M’ € K,. We offer a
proof for completeness because [Sh:h] omits one.

Proof: Since tp(a/M,N) € szgs(M), we have that (a, M, N) € Ki’fs. So, by definition, there is
some My < M of size A = )\ so, for all M € K, -

My < M"<M = L(My,M" a,N)
5

Now we just need to prove (1).

Let M’ € K such that My < M’ < M. First, we see that (a, M', N) € Kifs as witnessed by M.

Now we want to show that (Mo, M’, a, N) and, in fact, we claim that M is the witness M, for this.
>5

If M| € K, such that My < M) < M, then, since M’ < M, M| < M. Thus, by the definition of
My as the witness for (a, M,N) € Kggs’ tp(a/M],N) € Sts(M]) does not fork over My. So then
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L(My, M’ a,N) as desired. T
>5

We define an equivalence relation £3,, as in [Sh:h].IL.§2.7.3, for M € K>, on Sbszs(M) by p&3,q
iffp | N=q| Nforall N < Min K, = K.

We quote:

Fact 6.2.3 ([Sh:h].IL.§2.8.5). &3, is an equivalence relation on Sszs(M) and if p,q € SI’ZES(M) do not
fork over N € K, such that N < M then

pEg <= (P N=¢q[N)

Proof of Theorem 6.2.1: First, suppose that > s satisfies Uniqueness for some M € K, with p1 > As.
Letp,q € szﬁs(]\/[) suchthatp [ N = ¢ | N forall N < M of size A\. Then we can find M,,, M, as in
Claim 6.2.2 above. Let M’ < M of size A contain both. Then by Monotonicity, we know that p and ¢
both don’t fork over M’. However, by assumption, p | M’ = ¢ | M’. Then, by Uniqueness, p = q.
Second, suppose that K is (s, ;) tame for basic types. In particular, this means that £, is equal-
ity forall M € K. Let M € K, p,q € szgs(M), and M’ < M such that p and ¢ do not fork
over M’ (in the sense of > s) and ¢ [ M’ = ¢ | M’. By Claim 6.2.2, there are M, M, < M of
size A such that p [ M’ does not fork over M, and ¢ | M’ does not fork over M,. As above, find
My < M’ of size A to contain M, and M,; then by Monotonicity, p | M’ and g [ M’ do not fork over
M. Then by Transitivity, p and ¢ don’t fork over M. Also, since My < M’ andp | M' = q | M’,
we have p [ My = g | My. Then, by [Sh:h].I1.§2.8.5, p£3,q. But, by tameness, this is equality, sop = q. T

Additionally, if 5 is type full (S?® = S™®), then we can extend our result on tameness to not mentioning
basic types at all.
Corollary 6.2.4. If > s is a type full good frame, then K> is \s tame.

Note that [Sh:h].II.§6.36 says that we can assume s is full if it has existence for Ki;uq (see [Sh:h].IL.§5.3).
In light of these results, we add the following hypothesis.

Hypothesis 6.2.5. K is \;-tame for basic 1-types.

6.3 Basic Stability

In this section, we use only tameness for 1-types (and therefore no symmetry) to prove that an extended
frame leads to basic stability in all larger cardinals. This is similar to the first order argument that stability
and x(7T") = w together imply superstability. This has been done in non-elementary contexts by Makkai
and Shelah [MaSh285].4.14.

Theorem 6.3.1. Forall k > )\, K is k-stable for > s basic types; that is, for all M € K,

In particular, (\, < k)-tameness for basic 1-types implies k-stability for basic types.

S%.(M)| < k.

Proof: We proceed by induction on A < i < k. If p = A, then this is the hypothesis. For p > A, let
M € K, and find a resolution (M; € K| ) : i < cf ) of M. By Local Character for > s, for each
p < Sgss(M ), there is some 4, < cf p such that p does not fork over M;, in the sense of > s. By Theorem
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6.2.1, > s satisfies Uniqueness for domains of size p, so the map p — M; is injective from Slgs (M) to
Ui<cf,u szSﬁ(M) So

SE(M)| < Y ISE(Mi)| =
i<cf

In particular, this uses only Local Character and Uniqueness. We can extend this to full stability
using [Sh:h].I1.§.4.2.1, which shows that stability for basic types implies stability for all types using
amalgamation, Density, Monotonicity, and Local Character. Thus, we get the following stability transfer
which improves on results of Grossberg and VanDieren [GV06b]; Baldwin, Kueker, and VanDieren
[BKVO06]; and Lieberman [Liel3], but adds the assumption of a good \-frame.

Corollary 6.3.2. Suppose K is x-tame for 1-types and has a good x-frame except possibly for the
assumption of basic stability. If K is stable (or just stable for basic types) in some > ¥, then it is stable
inall p > k.

6.4 Extension Existence

We now turn to the existence of nonforking extensions of basic types. One of the difficulties of using
Galois types (compared to syntactic types) is that an increasing sequence of types need not have an
upper bound. Shelah and Baldwin [BISh862].3.3 construct an example of an AEC that has an increasing

sequence of types with no upper bound from 280 = Ry, Oy, ¢ gR2 s and [y,. However, if we require

that the sequence is coherent (see below), then there is an upper bocltlrlld. Equivalently, Shelah [Sh576] and
others work with increasing sequences from K i’na.

In essence, we will show that a good A-frame and A-tameness imply that types are local and apply an
argument similar to [Sh394] (proved as [Bal09].11.5) to show that compactness follows; see [BISh862]
for the relevant definitions, although we will not use them here. This is essentially the same argument
used in the proof of [GV06a].2.22, where they work with quasiminimal types. In all cases, there is some
property—locality, quasiminimality, or Uniqueness—that ensures that there is only one possible extension
at limit steps. We reprove this here because previous contexts have worked inside of a monster model,

which we do not have. However, the ideas in Proposition 6.4.2 are not new.

Definition 6.4.1. Given increasing sequences (M; : i < 0) and (p; € S(M;) : i < 0), the sequence of
types is called coherent iff there are, for j < i < §, models N;, elements a;, and maps f;; : Nj — N; so

1. forallk < j <i <, wehave fr.; = fjio fr;
2. tp(ai/M;, Ni) = pi;
3. fjifixes M; for all i > j; and

4. fj,i(aj) = a;.
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fri

fr,j fii
(N, a) s (N, aj) == (N;, a;)

]

Mk Mj Mz

If we have a coherent sequence of types, it must have an upper bound. Namely, taking M = | J, 5 M;
(N, f5)ics = hﬂj<kz<6(Nk’ fjk), and a* = f§(ao), the upper bound is tp(a* /M, N).
The above does not require frames. However, if we have a frame, then all nonforking sequences of

types are coherent.

Proposition 6.4.2. Let (M; € K>y, : i < d) be an increasing, continuous sequence. If (p; € S’;s(MZ-) :
i < 0) is an increasing sequence of basic 1-types such that each p; does not fork over My, then p; is

coherent. Thus, there is ps € Sgsé (Ms) extending each p.

Note that Uniqueness (which follows from Theorem 6.2.1 since we assumed tameness for basic types
in Hypothesis 6.2.5) is the key property used in this proof.

Proof: For i = 0, set (ag, My, Nog) € K>P to be some triple realizing po.

For ¢ limit, set (Nj, fji)j<i = liﬂkk;q(Nk” fik)- Then M; < N;. Set a; = fo(a;), which is equal
to f;i(a;) forany j < i. Foreach j < i, f;; fixes M}, so a; F p;. Thus, tp(a;/M;, N;) doesn’t fork over
M. Since this is true for all j < 4, Continuity says that tp(a;/M;, N;) does not fork over M. Since p;
also does not fork over M, Uniqueness implies that tp(a;/M;, N;) = p;, as desired.

For i = j + 1, find (a}, M;, N/) such that tp(a,/M;, N) = p;. Since p; [ M; = pj, a; and a; realize

the same type over M;. Thus we can construct the following commutative diagram

N; fii

| |

M; —> M; — N!

so fji(aj) = a;. Thenset f; = fj; 0 fr; forany k < j.
Once we have constructed the coherent sequence, there is some p € S(M) for M = U;5M; that

extends each p;. By Continuity, p € S’;s(M ) and p does not fork over M. 1

Now we prove that Extension Existence holds in > s. We proceed by induction.
Theorem 6.4.3. > s satisfies Axiom (E)(g).

Proof: We want to show:

If M < N from K>, and p € szgs(M), then there is some g € szss(N) such that p < ¢ and ¢ does
not fork over M (in the L sense).
>s5

We will prove this by induction on || N||.
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Base Case: || N|| = As
Then || M|| = Xs as well, and this follows from s = (> s) | As being a good A-frame.

Inductive Step: ||N|| = pu > As
We break into two cases based on the size of M.
If | M]|| < ||N]|, then we find a resolution (N; € K., | i < p) such that Ng = M. By induction, we will
construct increasing p; € szss(Ni) such that p; does not fork over Ny and extends p. Clearly, pg = p.
For 4 limit, by Proposition 6.4.2, we can find some p; such that p; [ N; = p; forall j < i. Then p; [ N;
does not fork over M for all j < 4, so, by Continuity, p; does not fork over M.
For ¢ = j + 1, we use our induction to extend p; to some p; € szﬁs(Ni) that doesn’t fork over [Vj; this is
valid since || N;|| < || V]|
Then, we use Proposition 6.4.2 a final time to find q € S%ss(N ) such that g | N; = p;. By Continuity,
this means ¢ does not fork over M as desired.
If | M| = ||N||, we find My < M in K; as in Claim 6.2.2 such that if My < M’ < M, p | M’ does
not fork over M. Then we use this as the start for a resolution (M; € K., | i < cf u) of M. Set
pi = p | M;; note that p; does not fork over My. Now we find a resolution (N; € K., | i < cf ) of N
such that M; < N;. We are going to find increasing ¢; € SbZSS(Ni) by induction such that g; does not
fork over My and p; < g;.
We use the induction hypothesis to find gy € SbZSS(N ) that extends py and does not fork over M.
For ¢ limit, use the induction hypothesis to find ¢; € SbZES(NZ-) that extends all g;. By continuity, g; does
not fork over M or over INV; for all j < i.
For ¢ = j 4+ 1, use induction to find ¢; € SbZES(NZ-) such that ¢; > ¢; and ¢; does not fork over
N;. Then, by Transitivity, ¢; does not fork over Mj. Also note that p; does not fork over My and
g | My =po = p; | My, so Uniqueness tells us that ¢; [ M; = p; | M; = p;.
Now we use Proposition 6.4.2 to set g € SszS(N ) to extend all ¢; and pg. Again by Continuity, ¢ does
not fork over M. Also, q [ My = pyp = p | My so, since p also does not fork over M, we can use
Uniqueness to get that ¢ | M = p. Finally, by Monotonicity, we have that ¢ does not fork over M. 1

6.5 Tameness and Symmetry

In this section, we show that tameness for 2-types implies Symmetry in > s. Unfortunately, unlike Section
6.2, this is not shown to be an equivalence. This is enough for our goal of extending a frame, but a
characterization of exactly when Symmetry holds in > s would be better. We know that tameness for 2-
types (or even tameness for basic 2-types in the sense of [Sh:h].II1.§5.2) is not this characterization because
the Hart-Shelah examples have frames with Symmetry at all cardinals, including after the tameness fails;
see Section 6.9. Additionally, the precise relationship between tameness for 1-types and tameness for

2-types is not currently known, although tameness for 2-types clearly implies tameness for 1-types.
Theorem 6.5.1. If K satisfies \; tameness for 2-types, then > s satisfies Axiom (E)(f).

For reference, a diagram of the models involved in the proof is included in the proof. This diagram
and the naming convention for models deserves some explanation and we are indebted to the referee for

pushing us to a better presentation. Functions like f and g above arrows have their usual meanings (that f
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is a K embedding between models), but we write elements under arrows to indicate that the element is in

the end model but not the starting model.

The majority of models are names M3, j, x] for ¢ and j natural numbers and x a cardinal, either
or \s. The cardinal y denotes the size of the model and the sizes separate the models into two levels. If
we have M[i, j, x] and M[i, j', x'] withi < 4, 7 < 4/, and x < ¥/, then this will mean that M, j, x]
is embedded into M|, j’, x'] by the map indicated by the diagram. In particular, we do not have an
embedding of M4, 2, \s] into M [3, 1, p1], even though the first model is below the second in the diagram
(and the nonstandard indices for the first model are picked to indicate this). The exception to this
convention are the models M —, My, and M;;. These models are all contained in M [0, 0, \s] and are used
as “helper models;” that is, they lend properties to M [0, 0, \;], but are not directly used in the proof.
Proof: Suppose we have M[0,0, u], M[0,1, ], M[1,1, ] € K, suchthati,(M[O, 0, p], M0, 1, p], a1, M[1,1, i
5

and ay € M0, 1, u] such that tp(ag/M]|0,0, u], M[1,1,u]) € S?E(M[O,O,u]). Let M[1,0,u] € K,

such that M10,0, u] < M[1,0,u] < M[1,1, u] and a1 € M][1,0, u]. By Extension Existence, there is

M[2,1,p] € K, suchthat M[1,1, u] < M[2,1,p]and o’ € M[2,1, p] such that L(M]0,0, ], M (1,0, u], a’, M[2,1,
>s

and tp(a’ /M]0,0, u], M[2,1, p]) = tp(az/M][0,0, ], M[1,1, u]). We want to show that this type equal-

ity still holds if we add a;.

Main Claim: tp(aja2/M][0,0, u], M[1,1, p]) = tp(ara’ /M0, 0, u], M[2,1, u])

This is Enough: Let N € K, witness the above type equality; that is, M[1,1, ] < N and there is f :
M12,1, ] = prp0,0,) N suchthat f(aja’) = ajas. Then apply f to i;(M[0,0,,u], MI1,0,u),a', M[2,1, u]);

this shows that L (M]0,0, u], f(M[1,0, 1]), az, N). This proves Symmetry since a; € f(M][L,0, ).
>s5

Proof of Main Claim: Fix M~ < M]0,0, ] of size A\;. From the assumption of tameness for

2-types, it suffices to show
tp(arag /M~ /M[1,1,p]) = tp(ara’ /M ~, M[2,1, u])

By the definition of > s, there are My, M;; € K, such that My, M;; < M][0,0, | and that witness
(in the sense of the definition of L, see Definition 6.1.2) L (M0, 0, u], M[0,1, u], a1, M[1,1, u]) and

>5 >5

L(M[0,0, 1), M[1,0, ], @, M[2,1, ]), respectively. Let M[0,0, \s] € K, such that M[0,0,0]5, <
>5

M0, 0, ] and it contains M —, Mj, and Mj;. Then, since M0, 0, \;] contains witnesses to the nonfork-
ing, we have that

1. if there are M, M’ € K, with a; € M’ such that M[0,0, ] < M < M[0,1, ] and M < M’ <
MI1,1, p], then L(M]0,0, \s], M, a1, M'); and
)

2. if there are M, M’ € K, with a’ € M’ such that M[0,0, \s] < M < M]|1,0, | and M < M’ <
MI2,1, ], then L(M][0,0, \s], M,a’, M").
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M][3,0, 1] M[3,1, 1]

MI1,0, u MI1,1, u

M][0,0, 1] MI[0,1, 1]

M][3,0, As] M[4,2, ]

al

MI[1,1, )]

prd

M[Ov 17 )\5]

M[Oa 07 )\5]

a2

Since \s > LS(K), there are M0, 1, \s], M[1,1, As] € K, such that M[0,0, As] < M[0,1, \s] <
M]J0,1, p] and ag € M0, 1, As];and M0, 1, Ag] < M[1,1,As] < M[1,1,p]anda; € M1, 1, \;]. From
the definition of M0, 0, \s], this implies L (M0, 0, As], M [0, 1, A], a1, M[1,1, As]). Since Symmetry

>s

for s holds, there are M (3,0, \s], M [4, 2,;\5] € K, such that M[0,0, \s] < M[3,0, A\s] < M[4,2, \s]
and M[1,1, \s] < M4, 2, \s] with a1 € M[3,0, \] and L(M][0,0, \e], M[3,0, Ae], az, M[4, 2, \e]).
>s

By chasing diagrams, tp(ay/M][0,0, A}, M[1,0,4]) = tp(a1/M][0,0, X, M[3,0, Xs]), so there are
MI3,0,u] € K, and f : M[1,0,p] — 0,00, MI[3,0, ] such that M[3,0,s] < M][3,0, ] and
f(a1) = a1. Since > s satisfies Extension Existence and K has the amalgamation property, there
is a nonforking extension of f(tp(a’/M]|1,0,u], M[2,1, u])) to M[3,0, u]. This means that there are
M[3,1,pu] € K, a" € M[3,1,pu),and g : M[2,1, ] — M3, 1, p] such that

o M[3,0,pu] < M[3,1,pu;
e fCuy
o tp(a”/f(M[1,0,4]), M[3,1,4]) = tp(g(a’)/ f(M1,0,p]), M[3,1, pu]); and

o L(f(M[1,0,u]), M[3,0,p],a”, M[3,1, p])

>s

Extend g to an L(K)-isomorphism G with range including M [3, 1, u].
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Then L(M(1,0,p], G~ (M[3,0, u]), G~(a"), G~H (M3, 1, ) and tp(G~ (a") /M 1,0, 1], G~ (M3, 1, ]))
tp(a’/MﬁfO, w), M[2,1, u]). Since L(M]0,0, \s], M[1,0, u},a’, M[2,1, u]), this type equality means
that L (M[0,0, \s], M[1,0, y], G_l(zas”), G~Y(M][3,1, u])). Since > s satisfies Transitivity, we have
J,(]\ﬁ(),o,)\s],G_I(M[3,0,u]),G_l(a”)7G_1(M[3,1,u])). Since G D g D f fixes M|[0,0, \s] and

>s
> s satisfies Invariance, we have L (M]0, 0, A\s], M[3,0, u],a”, M[3,1, u]). By Monotonicity, we have

>s5
L(M][0,0, s, M[3,0,Ns],a”, M[3,1, u]). Recall that we picked M [3, 0, \] such that
>5
L(M][0,0, ], M[3,0, As], a2, M[4,2, \s]) and that
>s

tp(as/M[0,0, ], M[4,2,7]) = tp(a’/M[0,0, N, M[2, 1, 1))
= tp(g(a/)/M[0,0,As],M[&l,u])
= tp(a”/M[OvO?AS]vM[&17:“’])

since g fixes M [0, 0, \s]. By Uniqueness, tp(as/M[3,0, \s], M[4,2, \s]) = tp(a”’ /M[3,0, \s], M[3,1, pu]).
Since a; € M[3,0,\s] and M~ < MJ0,0, \s] < M3,0, Ag], this implies tp(ajas /M=, M[4,2,\s]) =
tp(ara” /M~, M[3,1, u]).

On the other hand, since f(a1) = a1 and f fixes M [0, 0, As], we have that

tp(a”/f(M[1,0, u]), M3, 1, ) tp(g(a’)/ f(M[L,0,pu]), M[3,1, 1])
tp(ara”/ f(M[1,0,p]), M[3,1,u]) = tp(arg(a’)/f(M[L,0,pu]), M[3,1, 1))
tp(ara” /M~ M[3,1,p)) = tp(arg(a’)/M~, M[3,1, u]) = tp(ara’ /M, M2, 1, ])

So tp(aras/M—, M[1,1, u]) = tp(ara’ /M ~, M[2,1, u)), as desired.
Since M~ < M0, 0, p] of size A\s was arbitrary and K is \;-tame for 2-types, we have tp(ajas /M0, 0, p], M1, 1, u])
tp(ai1a’/M|0,0, u], M (2,1, p]). This proves the claim and the theorem. T

Thus, we add the following hypothesis. Note that basic types are only defined for types of length one,

so a hypothesis of “tameness for basic 2-types” would not make sense.
Hypothesis 6.5.2. K is \;-tame for 2-types

We focus on this method for obtaining Symmetry due to its similarity to Hypothesis 6.2.5. However,
there is another way to derive Symmetry that does not rely on the structure of extending the frame s. Recall
from Shelah [Sh576] that a type p € S(M ) is minimal iff it has at most one non-algebraic extension to any
N > M with | N|| = || M|| and that basic types in the frame from Theorem 2.3.7 are exactly the rooted
minimal types. Then [Sh:h].I1.§.3.7 combines the minimality of basic types with disjoint amalgamation in

s to derive Symmetry for s. This proof can be adapted to get the following.

Theorem 6.5.3 (Without Hypothesis 6.5.2). If basic types for s are minimal and K> ), satisfies disjoint
amalgamation, then > s satisfies Axiom (E)(f).
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6.6 No Maximal Models

Recall that we are working under Hypotheses 6.1.4, 6.2.5, and 6.5.2; these are that s is a good A-frame and
K> has amalgamation; that K is A-tame for basic 1-types (in the sense of > s); and that K is A-tame
for 2-types. The results so far have shown that > s is a good frame except possibly for the “no maximal
models” clause.

In this section, we adapt the proof of [Sh:h].I1.§4.13.3 to show that if K>, has a good frame > s,
then K>, has no maximal model. This is no real change in the proof, except to include the case of
where the size of the model is a limit cardinal. This proof makes use of a strengthening of Non-Forking
Amalgamation that Shelah calls Long Non-Forking Amalgamation. We include a proof of the final result,
which combines the work of [Sh:h].I1.§4.9.1, .12.1, and .13.3, to show all of the details.

Theorem 6.6.1 ( [Sh:h].I1.§4.13.3%). Assume \ < k and K, is non-empty. Then K, has no maximal

models.

Proof: Let N’ € K, and let (N € K[, ,) : i < ) be a resolution. From Density, we know
that, for each i < k, there is some a; € N, ; — N? such that tp(a;/N?, N?, ) € Slgs(NiO) and some
p € tp(b/N§, N}) € S%,(N9); we might have ap = band N{ = N{, but this is okay.

We will construct, by induction on v < ), a coherent sequence (N, f5 o : Ng — Ny | 8 < a < ) such
that

1. N < N},

2. i—’(Nga Ng+17 fO,a-l—l(b)? N(}H-l)’ and
>5

a = 0 is already defined. For o limit, we take a direct limit. For « = 3+ 1, we have that N < N}, N? 11
with tp(aa/NO, N2, 1), tp(fo,5(b) /N2, N}) € 8% _(NY). Then we use Non-Forking Amalgamation to

[

find f5 : Nj — N, with N < N, so >¢(Ng, NY, fa(fo5(b)), N1) and >¢(Ng, f3(N}), aa, N,). For
25 >5

v < B, set fra = fao frp-
This completes our construction. Now we have that N = {J,_, N 2 ,\ Na = N' € K, since
for(b) & NO. Since N° € K, was arbitrary, we are done. T

This allows us to prove the existence of arbitrarily large models.

Corollary 6.6.2. K has no maximal models. In particular, it has models of all cardinalities.

6.7 Good Frames

We drop the previous hypotheses for this section, although K will always be an AEC.

We combine our previous results into the following theorem.

Theorem 6.7.1. Suppose K is an AEC with amalgamation. If K has a good \-frame s and is \s-tame
for 1- and 2- types, then > s is a good frame.
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Proof: From Theorem 6.1.3, we know that > s satisfies all of the axioms of a good frame except for
amalgamation, joint embedding, no maximal models, uniqueness, basic stability, extension existence, and
symmetry. Amalgamation and joint embedding follow from the assumption of this theorem. Uniqueness,
basic stability, and extension existence follow from tameness for 1-types by Theorem 6.2.1, Corollary
6.2.1, and Theorem 6.4.3. Symmetry follows from tameness for 2-types by Theorem 6.5.1. Finally, no
maximal models follows from tameness for 1- and 2-types by Corollary 6.6.2. T

This is the main theorem promised in the introduction. We provide proofs of some of the other claims
as well. First, we can trade the assumption of no maximal models in the categoricity transfer of [GV06a]

for a set-theoretic assumption, a slight increase in tameness, and an extra categoricity cardinal.
Theorem 6.7.2. Let K be an AEC with amalgamation and LS(K) < k < X such that
1. K is k tame for 1- and 2-types; and
2. K is categorical in \ and \* with
() 22 < 22" < 22" and WDmId(A'") is not Xt -saturated.
Then K is categorical in all ;1 > A.

Proof: By 2. of the hypothesis and Theorem 2.3.7, K has a good A" -frame s. By Theorem 6.7.1
and tameness, > s is a good frame. In particular, X has no maximal models. Then, we can apply the
categoricity transfer of [GV06a] to show that K is categorical in all > A" and we have p = ) as part of
the hypothesis. T

All in all, this is not a very good trade. On the other hand, during this proof we constructed our
promised independence relation in a tame and categorical AEC. There are two related sets of assumptions
that allow us to do so, both of which utilize the work of Shelah, Grossberg and VanDieren, and Theorem
6.7.1.

Proposition 6.7.3. Let K be an AEC with amalgamation that is k-tame for 1- and 2- types and is
categorical in \T with A\ > k > LS(K). If either of the two following hold

1. K has no maximal models and joint embedding and there is some j > min{A*,3,} for x =
(2:l<2LS(K>>Jr )t such that 2 < 247 < 20" and W DmId(u") is not 't -saturated; or

AT

2. K is categorical in X and 2* < 2% < 227" and W DmId(\T) is not Xt -saturated;

+

then there is a good frame > s with \s = p in case (a) and \s = X\ in case (b).

Proof: Case (b) was handled in Theorem 6.7.2 above. In case (a), the assumption of joint embedding
and no maximal models means that we can use the results of [GV06a] and [Sh394] to conclude that K is

categorical in every cardinal above min{\™, :l( v+ }; in particular, iz and . Then we can use

2:(2LS(K))+

Theorem 2.3.7 to derive a good p* frame s. By Theorem 6.7.1, > s is a good frame with \; = p*. 7
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6.8 Uniqueness of Limit Models

Recall that M, is a (A, «)-limit model over M) iff there is a continuous, increasing chain (M; € K :
i < «) such that M, is universal over M; for all i < . An easy back-and-forth argument shows that a
(A, 01)-limit model and (\, 82)-limit model over M are isomorphic over M if cf §; = cf . The general
question of uniqueness of limit models asks if this is true for all #1, f5 < A™. Shelah outlines the proof of
the uniqueness of limit models from the existence of a good A-frame, culminating in [Sh:h].I1.§4.8. We fill
in the details because the outlines Shelah offers are very sparse (see, for instance, [Sh:h].I1.§4.11) and to
hopefully quell the doubts expressed in [GVV].6. Primarily, we provide a detailed proof of a weakening
of [Sh:h].IL.§4.11 that constructs a matrix of models, the corner of which is both a (A, 61 ) and (A, 62) limit

model over the same base.

Lemma 6.8.1 (I1.§4.11-). Suppose we have a good \-frame s and
1. regular 01,05 < X such that 61 = A ® 01 and 65 = A\ ® 05
2. M € K.

Then, we can find functions € : 61 — 03 and 1) : 09 — 01, an increasing, continuous matrix of models and
embeddings (M, 3 € Ky : o < 01, 3 < 02) and coherent <f((a1’§01)) t Moy 80) = My 8 | 0 < a1 <
81; B0 < B1 < 82), and (b}, € Moti,e(a)+1 2 @ < 01) and (bﬁ € Mygy41,5+1 : B < d2) so

« 02) a 1 « 3
(1 (T oy 00/ F T (Mas,), M1 5,) does not fork over fo70%2) (Mo c(ay ).

o1, 41,8+1 61,B8+1
(V2 (i sy B3 F S5 (Ms, 5), Ms, 511) does not fork over F0U 1) (Mi5) 1 5).

(8)1 Forall a < 61,3 < 69,p € 8" (M, g11), there are X\ many o/ > « such that 8 = (o) and

tp(bL, /f(s gifﬂ)(Ma’,BH)v M1, 8+41) is a nonforking extension Off(a;_:gﬂ)(p).

8)e Forall a < 61,8 < 8a,p € 8**(My1 ), there are X many ' > o such that o« = n(8') and
+ 76

1,8 +1 . . . 1,8 +1
tp(b%,/f((s:_rl §,+ )(MaHWg/), M 41,8+41) is a nonforking extension off(((fil’g;r )(p).

The minus indicates that the original lemma has several clauses that aren’t needed for this application,
so we drop them. Our numbering is, again, to be consistent with [Sh:h]. Here, coherent means that for
ag < a1 <ag <dand fy < B1 < Bo < do, we have f 2‘02502) = f((ﬁf,’gf)) f((sol,,gg))

Proof: There are disjoint (u), ; C 01 : v < 61,4 < A) and (uﬁﬂ C 02 : B < 02,7 < A) such that, for

each / = 1,2 and each o,y < §y and i < A, we have
o |u ;| = \;and
a,il T 7Y
o v E uf;l implies v > a.

We want to reindex these sequences based on the types of our matrix models to, for instance, <“}1 gp C
61 < 81,8 < 8g,p € S¥(M, 5,1)) by changing the i’s to 3, p’s. Since |d2| = A and K is bs-stable
in A, there is no problem with the cardinalities. However, we have not defined the models M, g yet.
Formally, we should index these in terms of «, 3, j for j < A and, once M,, g1 is defined, enumerate the
types. However, this adds more complexity to an already technical proof. Thus, we write them now as

(ul 5, Co1:a <61,B<02,p€S™(Mygi1))and (u2 5 C62:a < 61,8 < by,p€S”(Mag1p)),
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noting that they still satisfy the above properties. Define € : 0; — 62 by e(a) = Biff a € u! and
define  : 0 — &1 by n(B) = «iff B € u?
implies 5 > (.

Now we build the rest of our objects by induction so

a0,8,p0

o.0.po- Note that €(a) = 8 implies a > ap and n(3) = «

1. Moo= Myg = M forall « < 47 and 8 < do.
2. for each (o, B) € 91 X 69,

a) (i) ife(a) < B, tp(f (a+1,58) J41) (bl)/f(aH’B (Ma,g); Mq+1,8) does not fork over

(a+1,e(a)
f((zi(la)ﬁjﬂ)(Ma,e(a)Jrl)

(ii) if e(a) = B, then a € u(lloﬁp for some ag < a and pg € S (M,, 541) and
we pick bl € M, p+1 that realizes the nonforking extension of f SOJF; f;; 1)(]oo) to
ot (Ma).

b) () ifn(p) < a, tp(f((:(’gﬂll)ﬂﬂ)(bz)/f(sg;rl (Mg ), My g+1) does not fork over
Sr+t.s)Moay 1.0

(i) if n(B) = a, then B € ui Bo.p, for some Bo < B and py € Sbs( a+1,3,) and
we pick b2 € Mg41,8+1 that realizes the nonforking extension of f 2‘111 504)—1)(}70) to
ot )

Construction: The edges of the matrices are our base cases.
If « or 3 is limit, then we construct the model via direct unions and check that our conditions hold.
So we are in the case where we have a@ < 01 and 8 < J2 and we need to construct M1 341 and
the embeddings given M1 g and M, g1. Before we construct our model, we do some preparatory
work and find N, = M, g41 and Ng = Myy18; aa € No — My i1 and ag € Ng — MQH 3> and
N € Mqay1, 50 its type over f((i;)l’ﬁ) (M, g) is basic and ng € M, g41 so its type over f ’6+1)(Ma,/3)
is basic.

1. If (@) < B, then we have tp(f\* ") (b1 /f O‘H B)(Me g, Moy, 5) is basic, so pick ng =

(a+1,e(a)+1)
f((gill fé)a) +1) (bl). Otherwise, use the Density to ple ng arbitrarily. Note that this axiom is not

necessary, but helps to make our construction more symmetric.

by construction, so by Extension Existence, there is tp(aa /M g+1, Na)
o,8+1)

B+1
$0 M, s+1 has been constructed prior to this step, so this enumeration is well defined.

2. Ife(a) = Bthenoz€ua Bupo

that is a nonforking extension of f( )(po). Otherwise, pick them arbitrarily. Note that oy < a,

3. If n(8) < a, then we have tp(f((%’g;:_ll) B+1) (62)/f ’ﬁH (Mayg), M, p+1) is basic, so pick ng =

(8118 H)(b%). Otherwise, pick ns arbitrarily.

4. If n(B) = a, then B € u?

nonforking extension of f

ov.50.po> SO find, by Extension Existence, tp(ag/Ma+1,4, Np) that is a

(a+1,8)

(a+1 ,6’0)( po). Otherwise, pick them arbitrarily. As above, Sy < £, so this

is well defined.
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Now that we have this, we apply Non-Forking Amalgamation to get the following

98

Ng Ma1,641
MOH‘LB Ja
Jsicsy
Mo, — 55 Ma 1 Na
(e, 8)
1L,B+1 1,8+1
Set f(S:l g;r ) — 93 | Myy1,5 and f§;+f+ ) = 9o | My pgy1. Then compose the rest of the

embeddings to make everything coherent.

1. If e(a) < B3, then €(ar) < 5+ 1 and nonforking amalgamation tells us (after a little rewriting) that

a+1, 1 a+1 1
tp(f((a:17€ﬁ(;r)ll)(b + 1)/f(a;+f+ )(M B+1)s Mat1,841)
does not fork over f a+1’6+1)(Ma’5) 6.1)

By induction, we have that tjr)(f((zj_rll’f()o‘)Jrl (b: )/f a+1 2 (Ma 3), Mq41,3) does not fork over

fra (a+1 ﬁ (Ma7€(a)+1) Applying f, ao‘j:l g U (o this and applying Monotonicity, we get that

a+1 1 a+1 1
tp(f((ail fz)ﬂ (bs,) /f + P (Mo g), Mot gi1)

does not fork over f O‘H’)B:ll))(M e(a)+1) (6.2)

Then, we apply Transitivity to Egs. (9.1) and (9.2) and get that

+1,841) +1,8+1) +1,8+1
tp(f ) o) FEENI (Mo 1), M1 1) does not fork over £ L7 HD (M (21).

as desired.

2. If e(a) = B, then we set b}, = go(an) € Mai1,5+1. We know that a, F f(goﬁﬁill))(po), SO

bl realizes f a+ﬁl f;gl)(po). Additionally, we picked aq 80 tp(an/Mea g+1, No) does not fork

over f (o g J:E)(M B+1)- Applying go D f, sgi’f 1 to this and using Monotonicity, we get that

1,841 1,841
tp(be, /f(§;4f+ )(Ma,BJrl)a Mo 41,3+1) does not fork over f Oé+f3f$ )(Maoﬁﬂ)-

3. If n(B) < aorn(B) = a, the proof is symmetric, since our goal and our set-up is symmetric.
This is enough: Now we want to show that our construction has fulfilled the lemma.

(7)1 Set & < 4;. For each 8 > e(«), we know that tp(f((sillga)ﬂ)(bl )/ f z;)l ’6)( M), Mot18)
(a+1,58)

does not fork over f (ae(a) Jrl)(]\Ja’e(a)ﬂ) by 2.(a)(i) of the construction. If we apply the map

f((aill gz and use Monotonicity, we get that tp( f ((2‘:11 52 ( 1y f((;wﬁrl %) (M 5), Mag1,s,) does
not fork over f(a+1 351)1) (Mg e(a)+1) for every e(a) < 3 < d2. Then, by Continuity, we have that

o d2) « 6 a+1,0
([T (bl)/f 5% (Mg 5,), Mat1.6,) does not fork over f{o! 92 (My, (o)1), as

(a+1,e(ex) (a,02) a,e(a)+1)
desired.
(0)1 Fix @ < 01,8 < 62,p € S"(Mq41). Then ul 5 = e '({8}) has size A and, for every
such o, tp(b?, /f “ ;}rfﬂ)(Ma/’ﬁH), Myr41,5+1) is a nonforking extension of f 2‘;}1@3“)( ) by
2.(a).(00).
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(7)2, (8)2 Similarly.

This completes the proof of the lemma. T

For reference and, in particular, for use in the previous chapter, we note that the only frame properties
used were Amalgamation, Density, bs-stability, Monotonicity, Transitivity, Symmetry, Extension Exis-
tence, and Continuity. In particular, Continuity was only used for chains of length 61 and 65. We can now

prove the uniqueness of limit models.
Theorem 6.8.2 ( [Sh:h]I1.§4.8). If we have a good A-frame, then K has unique limit models.

Proof: Let N} be a (A, 01)-limit model over M and N3 be a (A, 02)-limit model over M. Apply the
lemma above to get functions € : 1 — &9 and 17 : d3 — &1 and an increasing, continuous matrix of models

and embeddings (M, g € K) : a < 61, 3 < d2) and coherent <f((§;’§g)) t Mag,80) = Mar,8) | g <

ap <6360 B < (52) and <ba S Ma+1,e(a)+1 ra< (51> and <b% S Mn(ﬂ)+1,5+1 < 52> as there.
By renaming, we get increasing continuous <M32 :a < 61) and (Mgl : B < d2) such that Mg2 = Mgl =
M and M(?Ql = Mgf, which is the renaming of Ms, s, with the property

(¥); if & < &) and p € 8*(M?2), then there are A-many o/ > « such that tp(bé,/Mi?, Mi?ﬂ) isa

nonforking extension of p.

(x)2 if B < d9 and p € SbS(Mgl), there there are A-many 3’ > 3 such that tp(b%,/Mg?, M§?+1) is a

nonforking extension of p.

Once we have established these, we use [Sh:h].I1.§4.3 (see Theorem 6.8.3) to see that Mgf is (A, 07)-
limit over M and Mg is (A, f2)-limit over M. Then, by uniqueness of limit models of the same length,

we get that
Ny =n Myl = Mg) =p No

For reference, [Sh:h].I1.§.4.3 is stated below and has a detailed proof at the reference and uses only

Density and Local Character.
Theorem 6.8.3 (Shelah). Assume s is a good \-frame and
1. 6 < AV is a limit ordinal divisible by \;
2. (My € Ky : o < 0) is increasing and continuous; and

3. ifi < 0 and p € 8% (M;), then for \-many ordinals j € (i,0), there is ¢ € M1 realizing the
nonforking extension of p in S (M;).

Then Ms is (A, ¢f 0)-limit over My and (therefore) universal over it.
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6.9 Good Frames in Hart-Shelah

In this section, we show that some additional hypothesis is necessary to extend a good A-frame s to a
good frame > s. This example was included in response to a referee question about Theorem 6.1.3, and I
would like to thank the referee for the question and Alexei Kolesnikov for helpful discussions.

We recall the main result from [BKO09].

Theorem 6.9.1 ( [BK09]). For each n < w, there is ¢, € Ly, o, SO

~

. @n is categorical in all pp < Np;

2. ¢y is not N, -stable;

W

. @ Is not categorical in any p > N,;;

RN

. @n, has the disjoint amalgamation property, and

“

ifn >0, then

a) ¢n is (Ro, Ny,_1)-tame; in fact, Galois types over models of size < W,,_1 are first order,

syntactic types;
b) ¢, is u-stable for i < N,,; and

c) ¢p isnot (N,_1,N,,)-tame.

Note that the sentences ¢,, have been reindexed (as compared to [BK09]) in order to avoid unnecessary
subscripts such that “¢,,” here is “¢,, 12" there. We will not give the full definition of ¢,, (it can be found
in [BK09].§1), but will outline some of the key features. Each model M consists of an index set I (M)
(often called the spine) and additional elements built off of this spine, mainly variously indexed copies
of Zs including fibers over [I(M)]"*2 consisting of elements of from the direct sum of Z, indexed by
[I(M)]"*2. Included in the language are also various projection functions and addition functions. Added
to this is an (n + 3)-ary predicate ) which codes the addition of n + 2 many fibers without explicitly
including it.

[BKO9] improves on (and introduces a minor correction to) the original analysis in [HaSh323]. In
addition to the theorem above, they show that the class of models of ¢,, is model complete ( [BK(09].4.8).

If n > 0, then ¢, is categorical in at least two successive cardinals (X,, and R,,_1, for instance), so the
results of Shelah [Sh576] imply that there is a good A-frame under favorable cardinal arithmetic (recall
Theorem 2.3.7). However, the Hart-Shelah example is well-enough understood that cardinal arithmetic is
not needed for the existence of a good A-frame in this case. Additionally, we have the existence of a good

Ng-frame in ¢g, which is only categorical in Ny, a result not predicted by [Sh:h].II.
Theorem 6.9.2. Fixn < w and i < Ry There is s, such that

1. sy, is a good p~frame for ¢n;

2. 0fp <y <Ny, then (> EZ) = sz,; and

3. ifu' >N, then (> 52) I 1’ is a good p-frame for ¢, except for Uniqueness and Basic Stability,
both of which fail.
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Although this proof does not assume any cardinal arithmetic and, therefore, does not use the results

of [Sh576] to find a frame, the frame definition given is inspired by that frame.
Proof: Fix n < w. Then, for this proof, we set K" to be the models of ¢,, from [BK09] and set
M <" N iff M <, ., N. This is the same as M C N by model completeness.

n

Fix ;1 < R,,. We define the frame s = (K7, L, S0 ) by:

I

o for M € K", tp(a/M,N) € 8%, (M) iff a € I(M) — I(N); and

n
° J_/(Mg,Ml,a, Mg) iff My <" My <™ M3z and a € I(Mg) — I(Ml)
i

From the definitions, it then follows that, for any M € K>,

o ip(a/M,N) € 8% (M) iff a € I(M) — I(N); and
=\Vu

€ (Mo,Ml,a, M3) iff My <" My <™ Msanda € I(M3) — I(Ml)

>(s7)

This establishes 2. To show 1. and 3., we will show that > (s}}) satisfies all of the good frame axioms

except bs-Stability and Uniqueness and that bs-Stability and Uniqueness hold if the models are of size

< N,,. We do this by going through the axioms of Definition 2.3.5 and showing that they hold. For

n
notational ease, set K := K", s:=sj;, L = .1, and Shs .= Sfjn. Many of the frame properties follow

m

immediately from the definition and the observation that, given p € 8**(M) and My < M, p does not

fork over Mjy. The non-trivial arguments are given below.

(C) By [BK09].3.1, K has the stronger property of disjoint amalgamation. By [BK09].2.15, K is

categorical in Ny. Combining this with amalgamation implies that K has joint embedding. We know

D)

(E)

that K has arbitrarily large models by [BK09].1.3. This, plus amalgamation and joint embedding

from above, show K has no maximal models; see [BLS1003].3.3. Thus, K, has no maximal

models. This can also be seen directly be extending the spine, 1.

(©

(d)

®

(2)

Density: The elements of M are determined (up to isomorphism) by /(M ). Thus, M X N
implies I(M) C I(N).

bs-stability: Below X,,, full stability holds by [BK09].7.1; this clearly implies bs-stability. At
N, and above, the proof of [BK(09].6.1 show that there are the maximal number of Galois
types of elements from 1.

Uniqueness: By [BK09].5.1 , Galois types of finite tuples over models of size less than N,,
are syntactic, first-order types. Any two non-algebraic elements in the spine have the same
syntactic type, so Uniqueness holds. At X,, and above, the proof of [BK09].6.8 shows that
tameness for basic types fails, so, by Theorem 6.2.1, Uniqueness fails as well.

Symmetry: Let My < M; < M3 with ay € I(M;) — I(My) and ay € I(Ms) — I(My).
Take M5 to be the substructure generated by My and ay in M3. Then I(Mz) = I(Mp) U{az}
and, in particular, a; ¢ I(M>), as desired.

Extension Existence: Let M and p € S?B(M) and N = M. Set p = tp(a/M, N') and find
a disjoint amalgam N* > N and f : N’ —); N*. Then g = tp(f(a)/N, N*) is a nonforking

extension of p. 1
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In addition to showing that some additional hypothesis is needed to extend a good frame, this example
gives a non-trivial example of a frame in ZFC, i.e. without cardinal arithmetic assumptions. Additionally,
this gives an example of a partially categorical AEC with a supersimple-like independence notion, that is,

one that has Local Character, Extension Existence, etc., but not Uniqueness.
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Chapter /

A Representation Theorem for
Continuous Logic
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7.1 Introduction

In the spirit of Chang and Shelah’s presentation results, this chapter gives a presentation theorem for
continuous logic. That is, given a continuous signature L, we find a discrete signature L™ and an le’w—
theory Tijense such that the continuous L-structures correspond to the LT -structures that model T e, c.
Obviously, this correspondence cannot be exact as continuous structures are complete and this property
is not L, ., axiomatizable. Conversely, T cyse Will have models in cardinalities of countable cofinality,
which cannot occur for most metrics.

Instead, we avoid the question of topological completeness by focusing on the dense subsets of
complete models. Dense sets are not quite restrictive enough, so we introduce nicely dense sets to require

them to be closed under functions.

Definition 7.1.1. Given a continuous model M and a set A C | M|, we say that A is nicely dense iff A is
dense in the metric structure (|[M|,d™) and A is closed under the functions of M.

7.2 Models and Theories

In the what follows, we will often want to prove similar results for both “greater than” and “less than.” In
order to avoid writing everything twice, we often use [J to stand in for both > and <. Thus, asserting a
statement for “r[Js” means that that statement is true for “r > s” and for “r < s.”

Our goal is to translate the functional formulas of L into classic, true/false formulas. We do this
by encoding relations into L™ that are intended to specify the value of ¢ by deciding if it is above or
below each possible value. To ensure that the size of the language doesn’t grow, we take advantage
of the separability or R and only compare each ¢ to the rationals in [0, 1]. For notational ease, we set
Q' :=10,11NnQ.

The main thesis of this chapter is that model-theoretic properties of continuous first order structures
can be translated to model-theoretic (but typically quantifier free) properties of discrete structures that
model a specific theory in an expanded language. The main theorem about this presentation is the

following:

Theorem 7.2.1. Let L be a continuous language. Then there is
(a) adiscrete language L™ ;
(b) an Lj;l w theory Tiense;

(c) a map from continuous L-structures M and nicely dense subsets A to discrete L™ -structures M

that model Tyep, e,
(d) a map from discrete Lt structures A that model T ey to continuous L-structures A
with the properties that

1. M4 E A has universe A and, for any a € A, ¢(x) € FmI°L, r € Q', and O standing for > and

<, we have
Ma F Ryo,la] <= ¢M(a)Or
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2. Ais a dense subset of A and, for any a € A, ¢(x) € FmI°L, r € Q', and O standing for > and <,
we have
AF Ryl <= ¢ (a)Or

3. these maps are (essentially) each other’s inverse. That is, given any nicely dense A C M, we have
M =4 M4 and, given any L -structure A = Tyepse, we have (A) 4 = A.

The “essentially” in the last clause comes from the fact that completions are not technically unique as

the objects selected as limits can vary, but this fairly pedantic point is the only obstacle.

Proof: Our proof is long, but straightforward. First, we will define L™ and T}j.,,s.. Then, we will
introduce the map (M, A) — M 4 and prove it satisfies (1). After this, we will introduce the other map
A+ A and prove (2). Finally, we will prove that they satisfy (3).

Defining the new language and theory

We define the language L™ to be

(F{, Ryxy>r R <r)ic L d(x)eFmic (L) reQ/

with the arity of FZ.Jr matching the arity of F; and the arity of Ry x)m, matching £(x). Since we only use a
full (dense) set of connectives, we have ensured that |L™| = |L| + Ro.

We define Tyep6e C L:jl  to be the universal closure of all of the following formulas ranging over
all continuous formulas ¢(z) and (z’), all terms 7(z,2"), and all 7, s € Q' and t € Q' — {0}. We have
divided them into headings so that their meaning is (hopefully) more clear. When we refer to specific
sentences of Ti.,,se later, we reference the ordering in this list. As always, a [] in a formula means that it
should be included with both a ‘>’ and a ‘<’ replacing the L.

1. The ordered structure of R

a) ~Ryz)>r(X) = Ry(z)<r(%)
b) “Ry(z)<r(X) = Ryz)>r(X)
c) If r > s, then include = Ry(5)>,(X) V 7 Rg(z)<s(X)
d) If r > s, then include
* Ry@)<s(x) = Ry)<,(x); and
® Ryp>r(X) = Ry(z)>s(x)
e) Ry(zy>r(X) V Ryzy<, ()
) Nncw Vi seq jr—sj<2 Bo<r(X) A Rg>5(x)
8 (Mn<wBygy>r 1(X) = Ryz)>r(x)
) (An<wRy@)<ry 1(X) = Ro@y<r(x)

2. Construction of formulas
a) Ry(z)>0(%) A Ryz)<1(x)
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b) = Ro>¢(x) A "Ri<1-¢(x);
©) Ro,, (%) <= Ry)>or(x)
d) R¢(2z)§T(X) <~ R¢(Z)§27‘(X)’

e) Ry, (z’)>r(x7x,) = Ve (Ry@z)<s(X) A Ry(z)>r4s(%))
D) Ry p@)<r(3X) <= Ve ("Ry()<s(X) A Ryay<rs(X));
8 Rsup,(yy) Sr( X) <= VrR; )< (2,%)

h) R (x) <= An<wIzR (a: X) ;

sup,, 7(y,y) > T(y,y)>r—

) Ring, r(yy)<r(X) <= /\n<wEIxRT(y’y)§T+%(x,X)

)
.]) Rlnf >r X) <~ V$R¢(y7y)2r(g;’x);
© Rwy)DT(T(XI) x) = Ro(r(y) 0 (X %)

3. Metric structure

a) Rd(yvy/)go(:’cﬂ l‘/) < T = x/;
b) Ry(yyon(2,2") <= Ry, (', @);
C) /\7’6@’ (Rd(y,y/)Zr (fl:, CC/) — v'f// \/SGQ'Q[O,T] Rd(y,y/)25($; xl/) A Rd(%y/)z’r—s(x”’ x,))

4. Uniform Continuity

a) Foreachr,s € Q' and i < Lp such that s < Ap, (r), we include the sentence
NicnRa(z2n<s(Ti, i) = Rag.n<r(Fi(x), Fi(y))
b) Foreachr,s € Q' and j < Lg such that s < A R; (r), we include the sentence
Nicn Rz <s(Ti, Y1) = (BR, () 2R, @)<r (% Y) A RRy(2) 2Ry (2)<r (Y X))

We have been careful about the specific enumeration of these axioms for a reason. If the original
continuous language is countable, then T, is countable. In particular, we could take the conjunction
of it and make it a single L « sentence. This means that it is expressible in a countable fragment of
L, «,. Countable fragments are the most well-studied infinitary languages and many of the results in, say,

Keisler [Kei71] use these fragments. In general, Tyey e is expressible in a | L|+ R sized fragment of L L

From continuous to discrete...

This is the easier of the directions. We define the structure M 4 so that all of the “intended” correspon-

dences hold and everything works out well.

Suppose we have a continuous L-structure M and a nicely dense subset A. Now we define an L™

structure M 4 by
1. the universe of M4 is A;
2. (FH)Ma = FM | Afori < Lp;and
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3. forr € Q' and ¢(x) € Fml°(L), set
Rif4 ={ac A:¢M(a)Or}

This is an L™ -structure since it is closed under functions. The real meat of this part is the following
claim, which is (1) from the theorem.
Claim: My E Tyepnse and, forany a € A, ¢(x) € Fml°L,r € Q', and O =>, <, we have

My E R¢>E|r [a] <~ ¢M(a)Dr

Proof of Claim: This is all straightforward. From the definition, we know that, for any a € A and
formula ¢(x) € Fml¢(L) and O € {>, <}, we have

My E R¢>E|r [a] <~ qﬁM(a)Dr

This gives an easy proof of the fact that M 4 & Tje,,s. because they are all just true facts if ‘R, (a) is
replaced by ‘¢Ur. TClaim

...and back again

This is the harder direction. We want to ‘read out’ the L-structure that A is a dense subset of from the
L7 structure. First, we use the axioms of T}, to show that we can read out the metric and relations
of L from the relations of L™ and that these are well-defined. Then we complete A and use the uniform
continuity of the derived relations to expand them to the whole structure. In the first direction, Tiyey,se
could have been any collection of true sentences about continuous structures and the real line, but this

direction makes it clear that the axioms chosen are necessary.
Suppose that we have an L -structure A that models T}.,,... The following claim is an important step
in reading out the relations of the completion of A from A.
Claim 7.2.2. For any ¢(x) € Fml¢(L) and a € A, we have
sup{t € Q' : A= Ryx<i(a)} =inf{t € Q' : A= Ryx)>1(a)}
Proof: We show this equality by showing two inequalities.
eletre{tcQ : A Ryx«(a)}ands € {t € Q' : A|E Ryx)>¢(a)}. Then

A E Ryxy>r(a) A Ryx)<s(@)

Then, since M satisfies lc, we must have 7 < s. Thus sup{t € Q' : A |= Ryx)<,(a)} < inf{t €
Q' A Ryxy>i(a)}.
e By 1f, we have
AFE Nico Vo seqirsi<2 Bopo<r(@) A Rgxo>s(a)
Let € > 0. Then there is ng < w such that ¢ > nio By the above, there are r, s € Q' such that
Ir —s| < T%O and
M™ = Ryx<r(@) A Ryx=s(2)
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As above, 1c implies 7 > s, so we have 7 — 5 < 7710 <e Thusr < s+eands € {t € Q :
A ): R¢(x)§t(a)} and r € {t S @/ A ): Rd’(X)Zt(a)}' Then, inf{t S Q/ A ): Rd’(X)Zt(a)} <
sup{t € Q" : A = Ryx)<i(a)}- TClaim

The first relation that we need is the metric. Given a,b € A, we set

D(a,b) = sup{r € Q" : AF Ry >r[a,b]}
= inf{r € Q' : AF Ry < [a,b]}
These definitions are equivalent by Claim 7.2.2. We show that this is indeed a metric on A.
Claim 7.2.3. (|A|, D) is a metric space.
Proof: We go through the metric space axioms. Let a, b € |A|.
1.
D(a,b)=0 = inf{re@Q :AF Ryy < (a,b)} =0

1

= VYn<wdr, € Q' s0 Al Ryyy)<r, (a,b) and r,, < -

= 14 n<w,AERy, y<1(a,b)
= 1h A ): Rd(x,y)ﬁﬂ(aJ))

0 a=1>b

a=b = AF Rygy<ola,b)
— inf{r S Q, A ): Rd(x7y)§r(a, b)} =0
=  D(a,b)=0

D(a7 b) = sup{?“ € @/ DA ): Rd(az,y)Zr(av b)} =3b sup{?“ € @, t A ): Rd(a:,y)Zr(ba (1)} = D(bv CL)
3. Let c € |A]. We want to show D(a,c) < D(a,b) + D(b,c). It is enough to show
vr € Q' (D(a,c) >r = D(a,b) + D(b,c) >r)

Thus, let 7 € Q" and suppose D(a,c) > 7. Thensup{s € Q' : A = Ry(;4)>s(a,c)} > r. By 3c,

this means
sup{s € Q" : A = Vieqnjo,s| Ra(z,y)>t (@, b) A Rz yy>s—i(b,€)} > 7
Fix n < w. There is some s,, € Q' such that s, > r — % and
A E Vien(o,sn] Ra(z,y)>t(@,0) A Ry(z4)>s, (D, )
Thus, there is some t,, € Q' such that 0 < t,, < s,, and
A Rigpy)>t,(a,0) A R g)>5, -1, (b; )

By the definition of D, this means that D(a,b) > t, and D(b,c) > s, — t,; thus, D(a,b) +
D(b,c) > sy. Since this is true for all n < w, we get that D(a, b) + D(b, c) > r as desired.
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Thus, D is a metric on |A|. TClaim

Now we define partial functions and relations on (| A|, D) such that they are uniformly continuous. In

particular,

1. fori < Lp,set f; := F/* with modulus Ag(r) =sup{s € Q' : AFEVao,. .., Tnp)—1; Y505 - - s Un(F)—1
(Nicn(Fy) Ra(z,2n<s(®i, i) = Ragzzny<r (Fi(x), Fi(y))}-

2. forj < Lp, setrj(a) :=sup{r € Q' : AF Rp,(s)<,[a]} with modulus A, (r) = sup{s € Q" :

A = VXYY (Nicn(ry) Rz, <s(Tis Yi) = (RR, ()R, (2)<r (%) A RR ()R, () <r (Y, X)) }-

These functions are not defined on the desired structure (ie the completion of A), but they already
fulfill our goal in terms of agreeing with the discrete relations in the following sense.

Claim: For all a € A and all formulas ¢(x) built up from these functions and D, we have that
qS(a)Dr — AFE R(b(Z)DT’ [a]

Proof: We proceed by induction on the construction of ¢(x). We assume that (1 is > in our proofs,

but the proofs for < are the same.
o If ¢ is atomic, then it falls into one of the following cases.
- Suppose ¢(x) = R;(7(x)) for some term 7. Then

Ri(r(a)) >r <<= inf{s€ Q' : A Rp,x>slr(@)]} =7
1
=  VYn<w,3s, €Qsos, >r— —and A= Ry, [7(2)]
= g In<w AE Ry (x >T77[7‘(a)]
<~ 1y A ): RRj(x)Zr[ (a)]
< o A BR(ry)>r(al

— Suppose that ¢(x,y) = d(71(x),72(y)) for terms 71 and 75. The detail are essentially
as above: DM (7i(a), 72(b)) iff (by 1d, the definition of sup, and 1h and 1g) M+ |=

Rd(m,y)Zr[Tl (a)v 7—2( )] iff (by 2k) M+ ): Rd(T1 (x),m2(y))>r (a, b)

e For the inductive step, we deal with each connective (from our full set) in turn. The induction steps

forz +— 0, 2z +— 1, and z > 3 are clear.

— Suppose ¢ = 1)—7, where T is a formula and not a term. Note if 7 = 0, then this is obvious.

So assume r # 0. Recall that

YM(a) - (a) ifyM(a) >0

0 otherwise

¢ (a) = M (a) 7" (a) =

Thus, we can assume we are in the case that /™ (a) > 7Y (a).
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* First, suppose 1 (a) — 7™ (a) > r. Since M (a) > 7 (a), there is some s € Q' such
that ™ (a) > s > 7M(a). Then 7™ (a) < s and ¥ (a) > s + r. By induction, we
have that

M* ): RT(X)gs[a] A Rd)M(x)Zs-i-r [a]
Then, by 2e, we have that M |= R, - - [a] as desired.

* Now, suppose Mt = Rw4727"[a]‘ Again, 2e implies there is is some s € Q' such that

M & Rr<s[a] A Ry>rislal
By induction, we get 7™ (a) < s and /™ (a) > r + s. Then
oM(a)=pM(@) ~ 7Y (@) 2 (r+s)—s=r

as desired.

— Suppose ¢(x) = sup,, ¥ (x, x). We will consider both sides of the inequality since they’re not
symmetrically axiomatized (see 2g and 2h), but we won’t worry about inf.

* Suppose that sup, ¢ (z,a) > r. Then for any n < w, there is some a,, € |M | such that
oM (an,a) >r — % Since ¢ is uniformly continuous, there is some § > 0 such that,
if d(an,b) < 6, then [¢M (an,a) — ¢™ (b, a)| < 5. Since M is dense in M, there is
some a], € M such that d(ay, a},) < 6. Thus, " (a},,a) > r — 1. By induction, we
have that

Mt /\n<wE|xR¢(y’y)Zr_%(x, a)
Then 2h says that M+ = Raup, 6(y.y)>r(2)-

* Suppose that M T |= Rqup, 6(y,y)>r[@l. Then, by 2h, M* = An<wITRy(, 5,1 (7, ).

So, for each n < w, there is some a, € M™ such that M™ |= Ry, >, 1[an,a]. By

1
induction, we have that ng (an,a) > 1 — % Since this is true for each n < w, we get
sup, oM (y,a) > r.

+ The other direction is easier and we can combine the two parts

sup ™ (z,a) <r = Va € M¢pM(a,a) <r

— VYa € MT¢(a,a) <r
< Induction M+ ): V$R¢Sr(:c,a

<~ 2 M+ ): Rsupx o(z,x) [a]

We have given these functions moduli, but do not know they are uniformly continuous. We show this
now. It is also worth noting that these moduli might not be the same moduli in the original signature
L. Instead, these are the optimal moduli, while the original language might have moduli that could be
improved.

Claim: The functions f; and r; are continuous.

Proof: We do each of these cases separately.
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e Sub-Claim 1: FM " is uniformly continuous on (|M*|, D) with modulus Af,.
Letr € Q and let a,b € |M ™| such that max;<y, D(a;,b;) < Ap,(r). Thus, for each i < n,
D(ai,b;) = inf{s € Q' : M" = Ry,<s(ai,bi)} < Ap,(r). Since this is strict, there is
some s; € Q' such that M+ | Rg(zy)<s, (@i, b;). Note that 1d implies that the set A, (r) is

supremuming over is downward closed. Thus, s’ = max;-,, s; is in it. Thus, we can conclude
M™ = Ry )<, [Fi(a), Fi(b)]
This means that D(F;(a), F;(b) < r, as desired.

e Sub-Claim 2: R;W " is uniformly continuous on ([0, 1], | - |) with modulus A R;-
Letr € Q' and a,b € |M ™| such that A<, D(a;, b;) < AR, (r). From the infimum definition of
D, for each i < n, there is 5; € Q' such that s; < Ag,(r) and M |= Ry, ./)<s,[as, bi]. Thus,

M™E Rp,(2)=Ry(a)<r(@ D) A R () g ()< (D: @)

For this next part, we need some of the future proofs, but essentially we have enough to show that
this implies
RM"(a)~RM"(b) < rand RM"(b)-RM " (a) < r

This implies \R;W T(a) — Rj-w “(b)| < r, 0 Ré” " is uniformly continuous. T

Now we have a prestructure, see [BBHUO08].§3. Now we complete | A| to |A| in the standard way;
see Munkries [MunO0] for a reference for the topological facts. In particular, we define the continuous L

structure A by
e |A| is the completion of (|A|, D);
e the metric d* is the extension of D to |Al;
e fori < Ly, F/\ is the unique extension of f; to | A[; and

e forj < Lp, R}-‘i is the unique extension of r; to | A.
Essential inverses

Proposition 7.2.4. Given any continuous L-structure M and dense subset A, we have that M =, M4

and, given any L structure A that models Ty ., we have that (/_1) 4= A

Proof: First, let M be a continuous L-structure and A C |M| be nicely dense. We define a map

f: M — (My) as follows: if a € A, then f(a) = a. Fora € M — A, fix some (any) sequence

(an € A : n < w) such that lim,,_,~ a,, = a (this limit computed in M). We know that (a,, : n < w)

is Cauchy in M, so it’s Cauchy in (M 4). Then set f(a) = lim,,_ o a,, where that limit is computed in

(M 4). This is well-defined and a bijection because A is dense in both sets. That this is an L-isomorphism

follows from applying the correspondence twice: for all a € A and ¢(x) € Fml°(L)

oM(a)Or <= Ma F Rypnrlal <= M4 (a)0r
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and the fact that the values of ¢ on A determines its values on M and (My).

Second, let A be a L™ structure that models T}j.,,s.. Clearly, the universes are the same, ie, (/_1) Al =

|A|. For any relation Ry, and a € |A|, we have
AE Ryopla] < ¢ (a)0r < (A)4 F Ryoyla]
Given a function F;“ and a, a € A, we have that

(Fi+)A(a) =a <+ AF Rd(Fﬁj(x),x)go[a’ a)

— (AaF Rd(Fj(x),x)go[au al < (Fz‘+)(A)A (a) =a

We can extend this correspondence to theories. Suppose that 7" is a continuous theory in L. Following
[BBHUO8].4.1, theories are sets of closed L-conditions; that is, a set of “¢ = 0,” where ¢ is a formula

with no free variables. The following is immediate from Theorem 7.2.1.

Corollary 7.2.5. If “¢ = 0" is a closed L-condition, then
oM =0 <= M4 F Ry<o

With our fixed theory T, set T to be Tyense U { Rg<o : “¢ = 0" € T'}. Then our representation of
continuous L-structures as discrete LT -structures modeling T}.,,s. can be extended to a representation of

continuous models of 7" and discrete models of 7.

7.3 Elementary Substructure

We now discuss translating the notion of elementary substructure between our two contexts. Depending
on the generality needed, this is either easy or difficult.

For the easy case, we have the following.

Theorem 7.3.1. Let M, N be continuous L structures. Then M <1, N iff; for every nicely dense A C M
and B C N such that A C B, we have that M4 C;+ Np.

Note that the relation between M 4 and Np is just substructure. So even though they are models
of infinitary theories, their relation just concerns atomic formulas. This is because we have built the
quantifiers of L into the relations of L.

Proof: <—: Let A = M and B = N. Then M C N, so My; Cy+ Ny by assumption. Thus
they agree on all relations concerning elements of M. Now we want to show that M <7 N. Let

¢(x) € Fml°L and a € M. From the theorems proved last section, we have, for each r € Q’,

oM(a)Or < My E Ryxor(al Theorem 7.2.1
<~ NN':R¢(X)Dr[a] Myr Cr+ Ny
— ¢N(a)Or Theorem 7.2.1

Thus ¢ (a) = ¢™V(a) and M < N as desired.
—:Let A C M and B C N be nicely dense so A C B. We want to show that M4 C;+ Np.
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e Let F* € Lt and a € A. Then, by definition of the structures,
(FHMa(a) = FM(a) = FN(a) = (F")"?(a)

e Let Ryrr(x) € LT anda € A.

My F Ryxyorlal <= oM (a)0r Theorem 7.2.1
— ¢N(a)Or M <N
<= Ny F Ryxorla] Theorem 7.2.1

Similarly, we have the following.
Theorem 7.3.2. Given A, B = Tyense, if A Cr+ B, then A <, B.

However, these are not the best theorems possible. In particular, the requirement that A C B limits the
scope of this theorem. We would like to know when L™ structures complete to L-elementary substructures
even when the dense substructures are not subsets or each other; for instance, the completions of Q N[0, 1]
and Q + /2 are nicely related, but the previous theorem does not see that. We would like to develop a
criterion for L™ structures A, B F Ty, that is equivalent to A < B.

Our first attempt is the following.

Theorem 7.3.3. Suppose M < N are continuous L-structures and A C M and B C N are nicely dense.
Then

1. My Cy+ Ng, where C is the closure of AU B under the functions of N.

2. There is a nicely dense B’ C N such that M4 Cr+ Npr and |B'| = |A| + de(N) + | L.
Proof:

1. Note that A C C' and C is nicely dense in N. By Theorem 7.3.1, M4 C;+ Nc¢.

2. Let B” C N be dense of size dc(N) and let B’ be the closure of B” U A under the functions of N.
By Theorem 7.3.1, M4 C;+ Npr.

While this is an improvement, it is still not the best desireable. In particular, it still makes reference to
the continuous structures. We would prefer a correspondence that only involved L™ structures. To that

end, we give the following definition of inessential extensions.

Definition 7.3.4. Given A C Lt B, we say that B is an inessential extension of A iff for every b € |B|
andn < w, there is some a € |A| such that BE Ry, ., 1[b,a].

Proposition 7.3.5. If B is an inessential extension of A, then A = B.
This gives us the following theorem.

Theorem 7.3.6. Let A, B E Tepse. Then TFAE
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b

1. A< L B.
2. There is an L structure C such that A, B < Lt C and C'is an inessential extension of B.

3. Thereis an L structure C' & Tyepse such that A, B C;+ C and C is an inessential extension of
B.

4. There is an extension of the functions and relations of L™ to AU B such that AU B F Tyepnse

that are still uniformly continuous and such that for every a € |AU B| and n < w, there is some
b€ |B|suchthat AUBE Ry, 1[b,a].

Proof:

(2) Take C = (B)aus.
(3) Immediate.
(4) Take the extension inherited from C.

(1) We have A, B < AU B from the first condition and B = A U B form the second.

7.4 Compactness and Ultraproducts

We pause here only briefly to point out a strange occurence: first-order continuous logic is compact
(see [BBHUO08].5.8), but L, ., is incompact. Yet, we have seen that continuous logic can be embedded
into L,,, ., a seeming contradiction. The solution to this is that the compactness of continuous logic
comes from a different ultraproduct than the model-theoretic one, namely the Banach space ultraproduct.
In model theoretic terms, the Banach space ultraproduct avoids having elements of nonstandard norm
by explicitly excluding all sequences with unbounded norm from the product. This is put into a general

framework for type omission in the next chapter.

7.5 Types and Saturation

In this section, we will connect types in the continuous logic sense to types in the discrete sense. However,
just as elements in the complete structure are represented by sequences of the discrete structure, we
represent types by sequence types. Recall from [BBHUOS].8.1 that a type over B is a collection of
conditions of the form “¢(x, b) = 0” with b € B.

Definition 7.5.1. e We say that (ry, : n < w) is a sequence (-type over B’ iff ro(x) is an {-type over
B’ and ry,41(x,y) is a 2(-type over B’ such that there is some index set I, (possibly repeating)
formulas (¢; : i € I); and (possibly repeating) Cauchy sequences ({(b!, € B'), <, : i € I) so

d(bi, bl ) < 5 such that

= 10(x) = {Ry, (5.2)<woi(2) (x,b}) :i € I}; and
- ry1(x,y) = {R¢i(z7z/)§w¢i(2in)(xybiwrl) i€ty {Rd(z7z’)§%(xk7yk) vk < (3
e A realization of a sequence type (r,, : n < w) is (a, : n < w) such that
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— ag realizes ro, and

— apt1ay, realizes ry41.

Note that the use of 2% is not necessary; this could be replaced by any summable sequence for an
1 1

equivalent definition (also replacing ;= by the trailing sums). However, we fix 5 for computational

ease. The fundamental connection between continuous types and sequence types is the following.

Theorem 7.5.2. Let A C | M| be nicely dense.

1. If B C |M| and r(x) is a partial {-type over B, then for any B' C A such that B' > B, there is a

sequence { type (r, : n < w) over B’ such that
M realizes r iff M 4 realizes (ry, : n < w)

2. If B C Aand (r,, : n < w) is a partial sequence (-type over B', then there is a unique (-type r

over B’ such that
M realizes v iff M 4 realizes (r, : n < w)

We can denote the type in (2) by lim,,_,~ 7. In each case, we have that (a,, € My : n < w) realizes
(rp : m < w) implies lim,,_, oo a,, realizes lim,, .

Proof:

1. Recall that r(x) contains conditions of the form “¢(x,b) = 0” for ¢ € Fml°(L) and b € B. For
n <wandb € B, set B (b) = {t/ € B' : dM(V/,b) < 5= }. To make the cardinality work out
nicer, fix a choice function G, ie G(B,,(b)) € By, (b). Then B],(b) and G(B],(b)) have the obvious

meanings. Define

ry (%) = {R¢(z;y)<w¢(2n%l)(x; G(By(b))) : “p(x;b) =07 € r}
ro(x) = 1y (x)
ra1(X,y) = 1l (x)U {Rd(z’z,)<%(a:i,yi) D1 < l(x)}

Then (r,, : n < w) is a sequence type over B’; we can see this by taking r as the index set, ¢; = ¢,
and b’ = G(B/,(b)) fori = “¢(x;b) = 0” € r. To show it has the desired property, first suppose
that (a, : n < w) from M4 realizes (r, : n < w). We know that (a, : n < w) is a Cauchy

sequence; in particular, for m > n,

" o1 om+l-n _ q
d (an,am)SZ?:W
=n

Since M4 = M is complete, there is a € M 4 such that lim,,_, - a,, = a. We claim that a = r. Let
“¢(x;b) = 0" € r. Then

1
2n71

414 (ab; 2,G(B (b)) = max{d" (a,a,), " (b, G(B, (b))} < max{}_ 55} =

Thus,
1

2n—1)

|9M (a;b) — ¢M (an; G(B,(b)))] < w?(
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Letting n — oo, we have that

1

ono1) =0

M4 (a;b) = lim ¢ (an; G(B, (b)) < lim w(

n—oo

as desired.

Now suppose that a € M realizes r. Since A is dense, we can find (a,, € A : n < w) such that

dM(an,a,41) < 3 and a, — a. We want to show that 7,7 (a,,) holds. Let “¢(x,b)” € r. We

know that
4 (@, G (B, (b)), ab) = 5
, SO we get
6V (30, G(B (b)) = 16 (2, b) — 6" (n, G(B, ()] < ()
as desired. 1

2. Let {r, : n < w) be a partial sequence ¢-type given by I, (¢; : i € I), and ((b®), <, : i € I).
Then set
r(x) := {¢i(x, lim b)) =0:i € I}
n—oo

First, suppose that (a,, € My : n < w) realizes (r, : n < w). Then, since a,1a, F rni1,

we have dMa (ant1,an) < 2% and, thus, the sequence is Cauchy. Since M is complete, let

a = limy, 00 @, € M. Then, by uniform continuity, we have

oM(a,b’) = ¢M(lim a,, lim b)

n—oo n—oo
. M ;
= lim ¢;" (an, by)
1
< lim w?( )

n—o0 on—1
=0
SoakFr.

Now suppose that a € M realizes {. Then, by denseness, we can find a Cauchy sequence

(a, € A : n < w) such that d(ay11,a,) < 5=. Then d(ab’,a,b) < Qn—l,l Then we can

conclude
¢ i 1
61 (a,b) = 6} (2, B)| < 0 ()
i 1
¢MA (an7 an) < w¢1(2n71)
So (a, : n < w) realizes (ry, : n < w). ;

We now connect type-theoretic concepts in continuous logic (e.g. saturation and stability) with
concepts in our discrete analogue.
Recall (see [BBHUO08].7.5) that a continuous structure M is k-saturated iff, for any A C M of size

< k and any continuous type r(x) over A, if every finite subset of r(x) is satisfiable in M, then so is

r(x).



Definition 7.5.3. o If (r, : n < w) is a sequence type defined by an index set I and Iy C I, then
{rn : n < W) is the sequence type defined by I.

o We say that M g E Tyepse is k-saturated for sequence types iff, for all B’ C A and sequence type
(1, : m < w) over B' that is defined by I, if (r,, : n < w)™ is realized in M 4 for all finite Iy C I,

then (ry, : n < w) is realized in M 4.
Theorem 7.5.4. 1. If M is k-saturated and \™° < k, then M 4 is AT saturated for sequence types.
2. If My is k saturated, then M is k saturated.
Proof:

1. Let M be k-saturated and A C M be nicely dense. Let B’ C M 4 of size A and let (r,, : n < w) be
a sequence type over B’ that is finitely satisfiable in M 4. Set r = lim,, o 7, from Theorem 7.5.2;
this is a type over B’ where | B’| < A®0 < k. We claim that 7 is finitely satisfiable in M. Any finite
subset of r~ of

r={¢i(x, lim bi):ieI}
corresponds to a finite Iy C I. Then, by Theorem 7.5.2, r( is realized in M iff (r,, : n < w>]0 is
realized in M 4. Then, since each (1, : n < w)™ is realized in M4 by assumption, we have that
r is finitely satisfiable in M. By the k-saturation of M, r is realized in M. By Theorem 7.5.2,
(rp :m < w) is realized in M4. So M 4 is AT -saturated.

2. Let M4 be x-saturated for sequence types. Let B C M of size < x and 7 be a type over B that is
finitely satisfied in B. Find B’ C A such that B’ D B:; this can be done with | B'| < |B| + R < k.
Then form the sequence type (r,, : n < w) over B’ that converges to r,, as in Theorem 7.5.2. As
before, since r is finitely satisfiable in M, so is (r, : n < w) in M 4. So (ry, : n < w) is realized in

M 4 by saturation. Thus, r is realized in M. 1

We immediately get the following corollary.

Corollary 7.5.5. If k = (AY)* or, more generally, k = sup, _.(A\°)* and M is of size k, then M is
saturated iff M 4 is saturated for some nicely dense A C M of size k.

7.6 T, as an Abstract Elementary Class

In this section we view the discrete side of things as an Abstract Elementary Class; see Baldwin [Bal09]
or Grossberg [GrolX].

Theorem 7.6.1. Let T be a complete, continuous first order L-theory. Then let L and T y.,,s. be from
Theorem 7.2.1. Set K = (Mod (Tgense UT*, Cr+). Then

1. K isan AEC;
2. K has amalgamation, joint embedding, and no maximal models; and

3. Galois types in K correspond to sequence types (Definition 7.5.1).
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Note that if T" were not complete, then amalgamation would not hold. However, the other properties
will continue to hold, including the correspondence between Galois types and sequence types.

Proof: Tjese UT T is a Ly, ., theory, so all of the examples hold except perhaps the chain axioms.
For those, consider a C; +-increasing chain (My, : ¢ < «). Then, by Theorem 7.2.1 and Theorem 7.3.2,
the sequence (My, : i < a) is <-increasing chain that each model 7. Then by the chain axiom for
continuous logic, there is M = Ui<C;M A, that models 7. Additionally, A := U;-,A; is nicely dense in
M. Thus, Mg = U;<q My, is as desired. Additionally, if M4, Cy+ Mp for some B, then M <, Mg,
so My Cr+ Mp.

These properties all follow from the corresponding properties of continuous first-order logic. For
instance, considering amalgamation, suppose M4 C;+ Mp, Mc. Then we have M4 <7, Mp, Mc. By
amalgamation for continuous first-order logic, there is some N >, Mp and elementary f : Mc — MyN.
Let D C N be nicely dense that contains B U C. Then we have Mp C;+ Np and f | Mc : Mc =,
Np; this is an amalgamation of the original system.

Finally, we wish to show that Galois types are sequence types and vice versa. Note that there are
monster models in each class. Further more, we may assume that, if € is the monster model of 7', that
there is some nicely dense U C € such that the monster model of K is Mj;; in fact, we could take U = |€].
Let continuous M F T and A C M be nicely dense. If we have tuples a and b, then

gtpx(a/Ma) = gtpx(b/M4) <= 3f € Auty,My.f(a)=Db
< 3Jf € Auty, & f(a)=b

> tp(a/M) = tp(b/M)

b

. a
<~ lim r, = lim r)

n—oo n—o0

where (1} : n < w) is the sequence type derived from ¢p(z /M) as in Theorem 7.5.2 using A as the dense
subset. 1
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Chapter 8

A New Kind of Ultraproduct
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8.1 Introduction

In this chapter, we provide a variant of the model-theoretic ultraproduct construction that, in some
circumstances, can preserve type omission. Beyond giving this definition, the goal is to provide some
sufficient conditions for when this behaves as desired and to demonstrate that there are strong consequences
of this, mainly that the analogs results of Chapter IV and V hold in this context. Note however that this
ultraproduct is defined entirely in ZFC as does not need any large cardinal hypotheses.

The motivation for this ultraproduct comes from the analysis of the previous chapter. The repre-
sentation of continuous first order logic (which is compact) by L,,, ., (Which is incompact) creates an
obvious tension. As discussed there, the resolution to this tension is the Banach space ultraproduct. As
detailed in Chapter II, that ultraproduct has two steps: only consider sequences that are bounded and
to take those sequences modulo the U-limit of their distance. The second step has an analogue in the
model-theoretic ultraproduct, although it is strengthened by some considerations specific to metric spaces.
The first step does not. Essentially, it takes the type of an element that has infinite norm (i.e. one that
realizes p(x) = {||z|| > n : n < w}) and forces it to be omitted by excluding all sequences that would
realize it. We generalize this procedure to an arbitrary model-theoretic setting with the I'-ultraproduct.

Fix a collection of structures {M; : ¢ € I} in some fixed language L that all omit each 1-type
from I'. For ease, we enumerate I' = {p/(z) : j < a} and p/ (x) = {¢i(:c) : k < (7}, although the
specific enumeration does not matter. In many natural examples, I' is a single, countable type, but we
develop a more general framework. The following definition outlines the crucial change from the classic

ultraproduct.
Definition 8.1.1. °

H{eIMi ={f €IllM; : thereissome Xy € U such that, for each j < «, there
isaky < 37 such that M; = _@i} [f(2)] for each i € X}

Set k(f) := (k:gc 1 j < a) € I1B%. Such a sequence is called a witness. Note that there might be

several witnesses for a single function. If I = {p}, then we write TIP M.

o FormII' M; /U by giving it universe 1" M; /U := {[f]v : f € II' M;} and inheriting the functions
and relations from the full ultraproduct I1M;/U.

Unfortunately, IT" M; /U might fail to be an L-structure. That is, there is no reason that, in general

II" M; /U is closed under L-functions, as shown by the following example.

Example 8.1.2. Set M = (w,+,],2), I = w, p(x) = {(2* | 2) A (x # 0) : k < w}. Then [n
g, [n— 2" = 1)y € IIPM /U, but

e Ly +[ne 28 — 1y = [n— 2%y & IPM/U

The above example shows that forcing the 2-adic valuation to be finite except on 0 does not work in
this chapter. For this case, the next chapter provides a fix by returning to the Banach space ultraproduct.
In Section 8.2, we provide some criteria for when II' M; /U is an L-structure and when it satisfies
Lo$” Theorem. In Section 8.3, we apply the results of previous chapters to this ultraproduct. Finally,
Section 9.6 outlines some examples, although an example in ZFC where the full version of £.o$’ theorem

holds is not known at this time.
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8.2 Properties of 11" M/; /U

The following is a simple criterion for IT" M; /U to be a structure.
Proposition 8.2.1. I1'' M, /U is a structure iff

forall F € L, all fy, ..., fn_1 € IV M, there is some X € U such that, for all j < c, there is some

k= k‘}‘?-fo o such that, for all i € X,

M; E =gl (F(fo(i), ..., fa-1(9)))

This is proved just by looking at the definition of what it means for IT" M; to be closed under functions.

We can also offer the following sufficient condition for when IT' M; /U is an L-structure.

Definition 8.2.2. The data is okay iff for all j < aand F € L, there is a function g% : (H,B» yE) Bj
such that, for all i € I and ao,...,apypy—1 € M;, we have M; F —mbi,( (ag, an(ry—1)) for k' =

va(k(ao)a cosklanr)-1))

The g% give a way to calculate where an element fails to realize a type based on how it is generated.
Proposition 8.2.3. If the data is okay, then TI' M; /U is an L-structure.

If 1TV M; /U is a structure, then this is already enough to make a weak form of £.o$” Theorem hold.

Theorem 8.2.4 (Universal £.0§° Theorem). Suppose 11" M; /U is a structure. If ¢(xo,...,z,) is a
universal formula and [folu, - .., [fa_1]u € II' M; /U, then

{iel: M E=¢(foli),....fa1(i)} €U = T'M;/U = ¢([folu,-- - [fa1lv)

Proof: We go through formulas by induction and collect some results about implications between
what holds in IT" M; /U and what holds in a large set of M.

e Atomic Formulas

Let R be an n-ary relation (possibly equality) and 7y, . .., 7,—1 be L-terms. Then
nr'mM; /U ov'a, /U T A,
(o Lol (Ufnmal)) € R
. ot a; /u . It v, JU . s
= fiel:(m "Rl)@; - m Y (famal)@) € B e U

= {iel: (" (fol@), - i (far(@)) € RMY

e Conjunction/Disjunction
Suppose that ¢ = [y, where [Jis A or V, and

M /U = o([folo, - - [famtly) © {i€T: M= v(fo(i),..., fa1(d)} €U
HFMZ‘/U ): X([fo}U, ey [fn—l]U) O {Z el: Mi ): X(f()(i), .. .,fn_l(i))} eU
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where ¢i1s =— , <—, or <= . Then

I"M; /U = ¢([folus - - [fa1lv)
— T"M/U E(folu, - [faalo)OT'M; /U = x([folu, - [failv)
o {iel: My y(fo(i),..., fa1()} € UD{i € T: My = x(fo(i),- ., fu1(i)} €U
= {iel: M Eo(foli),... fa1()Ox(foli), ..., fa-1(i)} €U
= {iel: M ¢(foli),..., far(i))} €U

e Negation
Suppose that ¢ = —) and that

IEM; /U = ([folu, - - [faatly) © {i€I:M;=w(foli),..., fa1(i)} €U

where ¢is =— , <—, or <= . Then

"M /U = é(([folu, - -+ [failv)

"M /U | =4 ([folvs - [fa1]v)

"M /U W= ([ fol, -5 [failv)

reverseo {i €I : M; E¥(fo(i),..., fuo1(i))} ¢ U
—  {itel:MiE(foli),.... fn1(i)} €U

— {tel: M o(foli),..., fa1(1)} €U

—
—

e Universal
Suppose that ¢(x) = Vai)(x, x) such that

{iel: Ml v(foli),.... (@)} €U = I'M;/U = ¥ folu, ..., [falv)

and let [folu, ..., [fa 1l € |TI"M;/U|. Suppose {i € I : M; = ¢(fo(i),..., fn1(i))} € U
and let [g]y € [TV M;/U|. Then

{iEI:Mi |: Qb(fo(l)vvfn 1( ))}EU = {ZGI M )ZVW/)( fO(i)v""fnfl(i))}EU
= {iel: Mil=4(9(), fo(i), .., far(i))} €U
= I'M;/U E4(glu, [folu, - - [failv)

Since [g]y was arbitrary, we get IV M; /U = é([folu, - - -, [fn_1lv)

From this, we immediately get several corollaries and a type omission result for existential types.

Corollary 8.2.5. Suppose 11" M; /U is a structure. If ¢(zq,...,T,) is a quantifier-free formula and
folu, -, [fn-ilu € HFMi/U, then

{i€ I M= 6(fo(i),.... fa1(D)} €U = I'M;/U = ¢([folu, - - - [fa-1]v)
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Proof: If ¢ is quantifier-free, then both ¢ and —¢ are universal. Then we apply Theorem 8.2.4. 7

Corollary 8.2.6. Suppose II"' M; /U is a structure. If ¢(xq, ..., xy,) is an existential formula and
[folus -+ [fna]u € IV M; /U, then

I"M;/U E ¢([folus - [fa-1lv) = {i € 1 Mif= ¢(fo(i), ..., fa—1(i))} €U

Proof: If ¢ is existential, then —¢ is universal. So

"M /U E ¢([folu, - fnilu) = TM/U W =¢([folu,- - [fa1]v)
— {’L cl: Mz ): ﬁ(ﬁ(fo(l), .. ,fn_l(’t))} € U
= {iel:M;Eo(foli),..., fuo1(2)} €U

Proposition 8.2.7 (Weak Type Omission). Suppose II" M; /U is an L-structure. If j < o and p*(z)
consists of existential formulas, then TI' M; /U omits p’.

Proof: Let [f]y € II"M;/U and j < «. Then, by definition, for every i € Xy, we have M; F
—wﬁi ; [f(7)]. In particular, this is a U-large set. Since qbi: ; is existential, —@i ; is universal. So, by Theorem
8.2.4, we have

" M;/U E ﬂﬁ; ([flv)
Thus IV M; /U omits p/. f
Ideally, the full version of £.o§* Theorem would hold if II" M; /U was a structure, but this might not

be the case.

Example 8.2.8. Ler L be the two-sorted language (N1, No;+1, X1, 11; +2, X2, 12; X1,2) where X1 2 :
N1 X Ny — Ny. Take M = (N,N';+, x,1; 4/, X', 1"; x*) where N and N’ are disjoint copies of the
naturals and x* is also normal multiplication. Then this structure omits the type of a nonstandard element
of the second sort p(x) = {Na(x) A (14 ---+ 1 # x) : n < w} and models the sentence

(;5 = “Vz e N1§|y S NQ(].l X12Y = x)”

Then IIPM /U is a structure. In particular, No remains standard but N is just IIN/U. Thus, our sentence

¢ is no longer true and t.os’ Theorem must have failed.
However, we introduce the following condition that implies that £.0§” Theorem holds.

Definition 8.2.9. The data is strong iff for all j < o and “Jxp(x;y)" € L, there is a function g%m sry)
(H,Bj/)g(Y) — Bj such that, for all i € I and ag, . .., ayyy—1 € M;, we have

if M; F 3x¢(x; a0, - - -, ayy)—1), then there is b € M; such that M; & ¢(b; ag, . . ., agy)—1) and
M; = ﬁqbil(b)for K = g%x(é(x;y)(k(ao)a v 7k(af(y)—1))
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So being strong means that there is a uniform way to compute the places at which a witness to an
existential fails to realize the types of I' from the places at which the parameters fail to realize to types of
I". The uniformity is not necessary for £.o§” Theorem, but is potentially helpful in applications.

The following facts are immediate:
Proposition 8.2.10. If the data is strong, then the data is okay.

Proof Sketch: Take gfp = g%x(x: Fy)" 1

Proposition 8.2.11. The data is strong iff there is a skolemization of the data that is okay.

. J )
Proof Sketch: Set B32p(zsy) = IFpiasy)” f

The main use of strongness is that it gives a sufficient condition for L.os’ Theorem.

Theorem 8.2.12 (Los’ Theorem). Suppose the data is strong. If ¢(xo,...,xy) is a formula and
[folus- -y [fa1]u € IV M; /U, then

{iel: M ¢(foli),... far(i)} €U = I'M;/U E é([folv, .-, [fa-1lv)

Proof: By Proposition 8.2.10 and Theorem 8.2.4, all that needs to be shown is that adding an
existential quantifier maintains transfer from “true in U-many M;’s” to “true in II" M; /U That is,

suppose ¢(y) = Jzp(z,y) such that

{iel:Ml=yp(foli),...,fui)} €U = T"M;/U = ¥([folu,---, [falv)

We want to show that

Xi={iel: M¢(foli),..., fo1(i))} €U = I"M;/U &= ¢([folu, - [fa1]v)

Let g%m - from strength. By definition, for i € X, there is some b; € M; such that

Ty
o M; EY[b;; fo(i),. .., fa—1(7)]; and
o Mk =g}, (bi) for k' = g2 oo (R(fo), -+ (fu1)).

Define h € IIM; by
b; ifi e X
arb. ifi g X

h(i) =

Now we claim that h € TI' M; since k(h) = <g;m¢(x,y)(k(fo), ooy k(fa-1)) 1 j < ) is a witness on
X.
Then

{fie T :9(h(i); foli),...,fa1(i))} =X €U
HFMZ‘/U = w([h}UQ[fO]Uw-'a[fn—l]U)
'My/U = ¢((folu, - [failv)
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as desired. T

Once we have the full strength of L.o§” Theorem, we are guaranteed the the end structure omits the

desired types.

Proposition 8.2.13 (Type Omission). Suppose the data is strong (or just £os’ Theorem holds). Then
" M; /U omits each type inT.

Proof: Let [f]y € II'M; /U This is witnessed by k(f) = (k} : j < ). Fix j < a. Then

{iel:ME- i;(f(z‘))}:Xer

By Theorem 8.2.12, this means
' M; /U E ﬁaSJk; ([flv)

So every element of TI"' M; /U does not realize any type from T 1

Summarizing our results so far, we have the following.

Corollary 8.2.14. If the data is strong, then II' M; /U is an L-structure that satisfies Los’ Theorem and
omits every type in . In particular, if M; € EC(T,T) for alli € I, then TI" M; /U € EC(T,T).

Proof: By Theorems 8.2.12 and 8.2.13. 1

We now turn our attention to ultrapowers, where M; = M for all ¢ € I. In this case, set up : M —
1" M; /U to be the ultrapower map by up(m) = [i — m]y. This is a function even if IT" M; /U and Los’
Theorem is equivalent to up being an elementary embedding. We would also like to know when this

construction gives rise to a new model. Unfortunately, this is not always the case.

Example 8.2.15. Let U be an ultrafilter on I. Take the ultraproduct of N = (w,+,-, <) omitting
p(z) ={z>n:n<w} thenup: N =T1IPN/U.

Proof: First, we need to show that this Data is strong. It is obviously weak: g4 (z,y) = = +y
and ¢.(z,y) = x - y. This is enough to make the conclusion well-formed (ie II’N/U is a structure), so
we omit the details of strength. If f € IIPN, then there is some k¢ < w such that f(i) < k¢ for all
i € I. Since U is w-complete (as are all ultrafilters) and ky is finite, there is some ny < ky such that
{iel: f(i)=ny} e U. Thus, [fly = [i = ns]y and the mapping & : [I’PN/U — Nby h([f]y) = ny

is an isomorphism. ]

This did not give rise to a new model because the value of k(f), here a single natural number,
determined which element of N the function represented. In order to insure that up is not surjective, we

need to ensure that there are many choices that give rise to the same k( f).

Theorem 8.2.16. Suppose M is a model omitting I" and there is some (k; < B j < a) and infinite
X C |M| such that for every x € X and j < o, we have M E —mbij (x). Then up is not surjective onto
ntm/u.
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Proof: Let U be a nonprincipal ultrafilter on w. Then let f : w — X enumerate distinct members of
X. By definition of X, f € II' M. Since U is nonprincipal, f g for any constant g € II' M. Thus,
[f]v is an extra element in I M /U. T

Corollary 8.2.17. If | M| > |ILj<a /3’|, then up is not surjective.

Proof: For each z € M, pick k* = (k] : j < 8) such that M F —¢? (). There are |I137| many

J
possible values for £*. Since || M || is greater than this, there must be some infinite X C |M| such that the
choice is constant. Then apply Theorem 8.2.16. 1

Corollary 8.2.18. Suppose p is countable and M is uncountable. If U is nonprincipal, then TIP M /U %
M.

8.3 Abstract Elementary Classes
Definition 8.3.1. An AEC K is nice when
1. K = EC(T,T) for some theory T, set of types T = {p (z) : j < o} withp (z) = {¢}(z) : k <
B3
2. <k==pr); and

3. if U is an ultrafilter on an index set I and {M; € K : i € 1}, then this data satisfies Los’ Theorem.

Note that this does not depend on the enumeration given.

The first consequence of strength is proper extensions.
Proposition 8.3.2. Suppose K is nice. Then K5 has no maximal models.

This immediately follows from Theorem 8.2.16 and the corollary that follows it.

This result gives the first strength of a class being closed under some notion of ultraproduct: the
ability to create new models. However, ultraproducts go beyond this; they allow the construction of a new
model whose properties are, in a sense, the average of the properties of some other model. We use the
ultraproducts to emulate the locality results of Chapter IV and to develop an independence relation as
in Chapter V. Because the ultrafilter is only required to be w-complete, we get the best possibly locality

results.
Theorem 8.3.3. Suppose K is strong. Then K is fully LS (K )-tame and fully < w-type short.

Proof: We prove the second part and note that it implies the first by Theorem 2.2.6. Suppose that
X=(x;eMy:icl)yandY = (y; € My : i € I) are given such that, for all I € P, I,

gtp((x; =i € lo)/0; Mr) = gtp((yi : i € lo)/0; M2)

That is, there is N7, € K and ffo : My — Ny, such that f}o (x;) = fIQ0 (y;) forall i € Iy. Let U be a
fine ultrafilter on P, /. Then, following Chapter IV, set
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° N:HE)EPWINIo/U;
o fY:M;— Nisgivenby f“(m) = [Io — ff (m)lu

N is well-defined by hypothesis and f* is a K -embedding by Lemma 8.3.4 below. For each i € I,
{Iy € P,I : f}o(azz) = f?o(yz)} contains [i] := {Ip € P,I : i € Iy} € U by the fineness. So
fY(z;) = f?(y;) foralli € I. Then

gtp(X/0; My) = gtp(Y/; Ma)

Lemma 8.3.4. Suppose that (M; : i € I) and (N; : i € I) and f; : M; — N; is elementary. Then
f0 M /U — VN /U by f([i = mily) = [i = fi(my)]u is elementary.

Proof: First, we need to know that [i ~— f;(m;)]y is in II'N;/U. This is true because, by the
elementarity of each f;,
M; E =gl (m;) = N; E = (fi(ms))

So Ek([i — m;]rr) is a witness for [i — f;(m;)]y. Thus, Los” Theorem 8.2.12 shows that f is elementary.f

We could repeat the proofs if we knew there were more complete ultrafilters.

Theorem 8.3.5. Suppose K is strong for r-complete ultrafilters and r is measurable. Then K is (< A, \)-
tame and -type short for cf A = k.

Theorem 8.3.6. Suppose K is strong for k-complete ultrafilters and k is strongly compact. Then K is
Sully < k-tame and -type short.

Now, following Chapter V, we define the following notion of coheir.
— —~ M
Definition 8.3.7. Given M < N < M and A C M, we say that A L N iff
M

forall N— < N of size LS(K) and A~ C A of size LS(K), gtp(A~/N—; ]\7) is realized in M.

This ultraproduct allows us to weaken the requirements on getting this to be an independence relation
the same way as in Chapter V.§6.

Theorem 8.3.8. Suppose that K is a strong AEC with amalgamation and joint embedding. If K has no

order property and satisfies Existence, then L is an independence relation.

8.4 Partial Examples

In this section, we discuss some examples.

Banach spaces are our prototypical example and the motivating example for this work, flowing from
the representation of model theory for metric structures as a certain infinitary fragment in the last chapter.
We outline how this can be put into this framework.

Let Ly = (B,R;+B,08;+R, 'R, 0r, LR, <R, Cr; || - ||, *scalar)rer be the two sorted language of

normed linear spaces. Then 7}, says that
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e Risacopy of R; and
e B s a vector space over R, withnorm || - || : B — R.

We want to ensure that, in the ultraproduct, R and F' each have no nonstandard elements. Note
that ensuring just one of these is not enough as we might run into issues of the ultraproduct not being a
structure. Similarly, we cannot forbid infinite elements and rely on the field structure to imply there are no
infinitesimals. Instead, we have to forbid each possibility explicitly. Thus, we wish to omit the following

types. We drop the subscripts on the language for notational ease.
o poo(z) ={R(x)AN(x < —nVn<zx):n<w}
o pr(z) ={R(z) N (x # ¢cr) A (CF% <z < CT+%) :n <w}forr € R;
o ¢o(z) ={B(z) A (||z]| < —n vV n < ||z]]) : n < w}; and
o ¢ () ={B(x) A(||z] # ¢) A (cr_% <r<cyi):in<wh

n

SetT' = {p,(z) : 7 € RU{oo}} U {q,(z) : r € R=ZOU {0} }. We claim that IT* B; /U is an Ly-structure
for any B; and ultrafilter U. We omit the details, but standard real number that two sequences correspond
to, which are their witnesses to inclusion in II' 3;, can be used to calculate which number their sum or
product corresponds to. Thus, it is closed under functions and satisfies the Universal £.0o§” Theorem.

The next example is abelian torsion groups. Let L, = {+,0, —} and T, be the theory of abelian
groups. Abelian torsion groups are models of T}, that omit p(z) = {n -z # 0 : n < w}. We claim that
abelian torsion groups are okay.

Suppose we have the following data.
e [, an index set;
e U, an ultrafilter on I;
e L, = {+,0,—}, the language of groups;
e p(z) ={n-x #0:n < w}, the type of an element with infinite order;
e {G; :1i € I}, aset of abelian torsion groups.
Proposition 8.4.1. This data is okay.

Proof: Given g € G, we have that G; F —(n - g # 0) exactly when o(g) | n. Since o(g) = o(—g)
and o(g1 + g2) = lem(o(g1),0(g2)) | o(g1)o(g2), setting g—_(n) = n and g4 (n,m) = nm shows the
data is okay. 1

Our final example shows that, if there are very complete ultraproducts, then this new ultraproduct

coincides with the classic one.
Theorem 8.4.2. If U is x-complete and x > (3 for all j < o and x > a, then I M; /U = TIM; /U.
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Proof: We always have II' M; C IIM;. Let f € IIM,;. We want to show f € II' M; by finding a
witness. For each j < a, set X,{’j ={iel:M;F —@i(f(z))} Then {X,{’j : k < 37} is a partition of
I into 37 many pieces. Since 3/ < Y, there is some k; < /37 such that X ,{]j € U. Then

X =njeaX]’ €U

shows that k(f) = (k;j : j < ) is a witness. Thus IT' M; = TIM,;. T
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Chapter 9

Some Model Theory of Classically
Valued Fields
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9.1 Introduction

In this chapter, we begin to explore the model theory of classically valued fields. These are fields that are
equipped with a map (called a valuation) into R that satisfies certain axioms; the prototypical example
is the p-adic valuation on Q that counts divisibility by p. The adjective “classic” (sometimes “rank 1)
denotes that the range of the valuation (called the value group) is a subset of R contrasts with Krull
valuations, where the the value group is allowed to be an arbitrary ordered abelian group. Note that the
condition that the valuation maps to R is equivalent to requiring that the value group be Archimedean.

The model theory of Krull valuations has been well-studied; van den Dries [vdD] and Haskell,
Hrushovski, and Macpherson [HHMOS] provide good refeerences. The focus on Krull valuations by
model-theorists is due to the fact that they are first-order axiomatizable and the theory becomes complete
with the additional specification that the field is algebraically closed and the choice of the characteristic
for the field and residue field. However, the methods used are not always applicable to classical valuations
because the Archimedean property requires infinitary logic to express.

Instead, we use some AEC machinery developed in the previous chapters, especially Chapters IV
and V, to analyze it. In particular, the workhorse of this analysis is an ultraproduct construction. The
model-theoretic ultraproduct will not work; it is well known that the value group of an ultraproduct is the
ultraproduct of the value groups and, thus, will fail to be Archimedean in an interesting case. Instead, we
use the ultraproduct from analysis described in Chapter II. This ultraproduct is well studied in analysis
in the context of Banach spaces and metric spaces and, as mentioned in Chapter VII, is the ultraproduct
used for continuous logic. In fact, Ben Yaacov [BY] has previously studied classically valued fields in
the continuous logic. However, he does so by passing to the projective line in order to avoid unbounded
spaces, while we are able to work with the valued field directly. More generally, we avoid continuous
logic because we don’t fit within its framework (we deal with unbounded spaces, we don’t require the
spaces to be complete, etc.) and to work with true/false valued formulas.

We begin by reviewing some facts from valued field theory. Then we give the ultraproduct construction
in Definition 9.3.4 and prove some basic transfer facts; although this construction is not new, we reprove
some results in this context for completeness. Section 9.6 computes some examples of ultraproducts of
p-adics to familiarize the reader with this construction. Section 9.7 begins the model-theoretic analysis by

using quantifier elimination results of Robinson [Rob56] to prove a variant of £.0§* Theorem.

9.2 Preliminaries

A good reference for classical valuations is Ribenboim’s book [Rib99]. The model theoretic references
given above ( [vdD] and [HHMOS]) also review some valuation theory, but typically for the context of
Krull valuations.

There are three equivalent ways to develop valuation theory: absolute values, valuations, or valuation

divisibilities. We work with absolute values, but the other definitions would work as well. More precisely,

given a non-Archimedean' absolute value |-|, this gives rise to a valuation v(z) := — In |z| and a valuation
divisibility | by z | y iff v(z) < v(y).
Definition 9.2.1. e Given a commutative ring with unity K, | - | : K — R is an absolute value iff

"t is crucial to distinguish the notion of an ordering being Archimedean from the notion of an absolute value being
Archimedean, which means it is equivalent to the standard absolute value or that it doesn’t satisfy the ultrametric property
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L |x|=0ifz=0;

IL |xy| = |z||y|; and

I |z +y| < |z| + |y
o An absolute value is called non-Archimedean iff I1l. can be strengthened to
ar. |z +y| < max{|z|, [y[}.

The most basic example of an absolute value is the standard absolute value on R. However, this is
Archimedean and, thus, corresponds to no valuation. The most basic non-Archimedean example is the
p-adics: fix a prime p and, for x € Z set ny(z) to be the number of times p divides =. Then the p-adic
absolute value on Q is | ¢|, = p~ (@4 (®) with |0|, = 0. This gives rise to inequivalent absolute values

for each p and, with the standard absolute value, characterizes all nontrivial absolute values on Q.

9.3 Basic Construction

For each i € I, let (K, | - |;) be a commutative ring with unity with an absolute value. Eventually, K;
will be an algebraically closed field and | - |; will be a nontrivial, non-Archimedean absolute value, but we

delay this until necessary.

Definition 9.3.1. Ser II'K; := {f € IIK; : Iny.Vi € I, |f(i)]; < ns}.
For f,g € II*K;, set

fU*g iff forall k < w, X}C,g ={iel:|f(i)—g(i)i< 3} eU.

In fact, it is equivalent to require just that there are unboundedly many k& < w such that X l}’ g EU. We
wish to take the functions IT* K; modulo the equivalence relation U*. However, we must first prove that
U™ is indeed an equivalence relation and, moreover, a congruence relation for the field operations and the

absolute value.
Claim 9.3.2. U* is an equivalence relation on I1* K;.

Proof: Clear. 1

Claim 9.3.3. Suppose fo, go € II*K; for £ < 2 such that foU* f1 and goU*g1. Then
1. (fo =+ g0), fogo € II"K5;
2. (foxgo)U*(fi £q);
3. fogoU" fi1g1; and
4. limy [ fo(2)]; = limy | f1(3)]s.
Proof:
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1. Forall: € I,
|fo(@) £ g0(D)li < |fo(D)i + 1g0(8)li
so taking n s 44, = nyf, + ng, witnesses fo &= go € II* K;. Similarly,

| fo(2)g0()]i = | fo(@)]ilgo (@)l

SO N f g0 = N fuMyg, Witnesses fogo € 1" K.

2. Forall: € I,

|(fo(2) £ go(2)) — (f1(2) £ g1()]i < [fo(@) — f1(9)]i + |go(2) — g1(3)]s
Thus,
X]J?mgo N lefl,gl C X%figo,higl eU

So fo £ goU™ f1 £ g1.

3. Fixk <w.Forallie Xt Xk .

|fo(1)go(i) — fr(D)g1(D)li = [fo(i)go(i) — fo(é)g1 (i) + fo(i)g1(i) — fi(i)gr()l:

< | fo(@)lilgo(@) — g1(8)]s + |g1(3)]s| fo(3) — fr (@)
1 1 Ny + Ng,
R S

So, for any | < w,

1 l (nf +ng )l
Xf07f1 N Xgo,g1 C Xfog(()J,f1g11 ev
So fogoU* f191.

4. Note that 0 < |f(i)|; < ng forall ¢ € I, so the ultrapower limit exists. Then f,U* fi_¢, so
limgr | fe(3) — fi—¢(i)]; = 0. Since | - |; is an absolute value,

0 = lién‘fg(i)—fl—ﬁ(i”i

> lim |fe(0)]; — lim | Froe()]

So limy | fo(i)]; > limy | f1—¢(3)]i- So limy [ fo(7)[; = limy | f1(3)]s. t

By the above, we can make the following definitions and they are well-defined.
Definition 9.3.4. We define the structure (II*K; /U™, | - |*) by

e the universe is {[fly~ : f € I*K,;};

o [flus £[glux = [f £ glu~;

o [flu-lglu- = [fglu=; and

o |[flusl« = limy [ £(3)]:.
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9.4 Properties of [I"K;/U*

We now explore the properties of IT* K; /U*. As expected, it inherits its properties from those of the K;.
Some results below are phrased as “If each Kj is P, then. .. ”; each of these could be stated as “If there is
X € U such that K; has property P forall : € X, then....”

Claim 9.4.1. IT*K; /U™ is a commutative ring with unity.

Proof: The commutative ring part holds by definition of + and -. Note that |1;|; by the definition of
absolute value, so [1;]y+ € II*K; /U*. T

Claim 9.4.2. [f each K; is a field, then II"K; /U* is a field.

Proof: By above, IT*K; /U* is a commutative ring with unity.Let [f];; # [0]y-. Since f U™*0, there
is some ky < w such that {i € I : |f(i)]; < é} ¢ U. Thus,

X::{iGI:|f(i)|i2i}€U
ky

So, for all 7 € X, we have

s < |f()]s <ng
Define h € 11K by
1 . .
0 ifi g X
Subclaim: h € IT* K.
Take ny, = ky + 1. Then
1 op -
—1; ifreX
|h()|; = SOl <kf+l=ny
0 ifi ¢ X

Subclaim: [h]y+[f]v- = [1]u+
Foralli € X, h(i)f(i) = 1, so |h(i) f(i) — 1|; = 0. This means that A fU*1, as witnessed by X,’iff,1 =X

Since all elements have inverses, IT* K; /U™ is a field. T

Claim 9.4.3. [f there is a prime such that {i € I : K; is a field of characteristic p} € U*, then II*K; /U

is a field of characteristic p.

Proof: If {i € I : K; is a field of characteristic p} € U, then for any f € II*K;, (p- f)U*0. Thus,
IT* K; /U* has characteristic p. T

Claim 9.4.4. If each K; is an algebraically closed field, then so is II*K; /U*.
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Proof: We use Claim 9.5.1 that | - |, is an absolute value; this is proved later but independently. Let
2" + [fa_1]u=2™ L + - + [fo]u+ be a polynomial over IT* K; /U*. For each i € I, there is a root of

"+ foo1 (D)™ 4 fo(i) =0
Let g € I1K; pick one out for each ¢ € I. By Cauchy’s Theorem (reproduced below), we know that
9@l < 1+ max|fi(i)]; <1 +maxng,
Thus, ng := 1 + maxy, ny, shows that g € II* K;. Then we have
[9]" + [farlo=[g]" ™+ -+ [folos = [i > 9(0)" + fao1(D)g(D)" ™" + -+ fo()]v+ = [0
So IT*K; /U* is algebraically closed. 1
Cauchy’s Theorem used in the proof is a well known bound on the roots of a polynomial. It is

classically proved for real or complex polynomials, but the proof is robust enough for our context; we

reproduce a proof to show this.
Fact 9.4.5 (Cauchy). If z € (K,| - |) is a root of 2" + ay—12™" 1 + ... ag € K|x], then

|z| <14+ max |a
0<i<n—1

Proof: If |z| < 1, then obvious. Suppose |z| > 1 and z is a root. Setting N = maxo<j<,—1 |ai|, we
have
M= —ag—agz— - —ap_12" "
2" < laol + laallz] + -+ + an—a||z[*
< Nzl +---+]2"
2" =1
<
B 2] — 1
n
-1
|2["
2] < 1+N
T

9.5 Properties of | - |.

We now explore the properties of |- |.. As above, its properties are inherited from the properties of U-many
|- i
Claim 9.5.1. |- | is an absolute value.

Proof:

L. Clearly, |[0]y+|« = limy |0]; = 0. Now suppose |[f]v=

« = 0. By the definition of U-limit, for
all k < w, we have {i € I : |f(i)|; < +} € U. This is exactly the definition of fU*0, so

[flo+ = [0]y~
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II. Clear, because limg(a;b;) = (limy a;) (limg b;).

II. Clear, because lim (a; + b;) = limy a; + limy b; and a; < b; on a U-large set implies limy a; <
limgs b;.

Recall that an absolute value is non-trivial iff the value group properly contains {0, 1}.

Claim 9.5.2. | - |, is a nontrivial absolute value iff there is are m < n < w such that {i € I : 3k; €
K,m< ‘kz|z < n} eU.

Proof: If | - |, is nontrivial, then there is some [f]y+ such that |[f]y+|« > m > 1. Then each f(i)
witnesses the existential in {i € I : 3k; € K;.m < |ki|; <nyg} € U.
If there are such m < n < w, let f € IIK; pick out a witness on a U-large set X and be 0 elsewhere.
Then n witnesses that f € IT*K; and X witnesses that |[f]y+|. = limy |f(7)]; > m. T

We have the following natural condition for the following claim to apply.
Corollary 9.5.3. If each (K, | - |;) is non-trivial and algebraically closed, then | - | is non-trivial.

Proof: We show that the second half of Claim 9.5.2 is true with m = 2 and n = 3. Since K; is
nontrivial, there is some k; € K such that |k;|; > 1. Since Kj is algebraically closed, we can find r; € Q
such that 2 < |k;*|; < 3. Thus, [i — k;*]y~ is in IT*K; /U™ and has absolute value in [2, 3]. T

The following example shows that the condition in Claim 9.5.2 is not always satisfied.
Example 9.5.4. There is (K;, |- |;) such that each | - |; is non trivial on K, but | - |, is trivial on II* K; JU*.

Proof: Take ] = w and set K,, = (Q,]| - |5); that is, the absolute value on the nth copy of Q is
the standard 2-adic absolute value raised to the n. Note that the value group of K, is 2"%. Then let
[flu«IT* K, /U* such that |[f]y+|« # 1. We claim that |[f]y+|« = 0. Suppose not. Then by considering

[f]u~ and ﬁ, we may assume |[f]y«|« > 1. Then
X ={n<w:|fn),>1}eU
But, by examining the value group, for each n < w, |f(n)|, > 1 implies | f(n)], > 2™. Then f # II*K,,

a contradiction. So | - |, is trivial. ¥

Claim 9.5.5. If| - |; is non-Archimedean, then so is | - |..

Proof: Easy from the same facts that shows | - |, is an absolute value. ¥

Claim 9.5.6. If (K, | - |:) is complete, then so is (II"K; /U*,| - |.).
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9.6 Examples

Now we compute some examples of some ultraproducts of p-adics. Let U be an ultrafilter on the index
set. As a refresher, recall that any 7 € Q — {0} can be uniquely factored as II}, primep® with each e, € Z.
Then the p-adic absolute value |#|, = p~°. The choice of base is not crucial; any v > 1 will yield an
equivalent absolute value and, moreover, any absolute value on QQ is equivalent to the standard one or

some p-adic absolute value. Let Q, denote (Q, | - ).

1. Fix a prime p. We compute IT*Q,/U* when U is an ultrafilter on w.

a) The universe of IT*Q,/U* is the subset of IIQ/U given by
@ @
b b

That is, 7 is the ratio of elements that are only divided by p a finite number of times, although

€ II*Q,/U* <= — € IQ/U and there is some n < w such that p" ™ |/ab or % =0

it can be divisible by other standard primes or infinite primes arbitrarily many times.
b) Addition, multiplication, and subtraction are inherited from I1Q/U.

¢) | %]« counts the multiplicity of p in the prime factorization of § in IIQ/U seen as the field of

fractions of IIN/U; we know that this is some element of Z.

2. Fix a prime p and an ultrafilter U on w. For each n < w, set K, = (Q, | - |,,) where |¢|, = p~"P;
note that this is equivalent to the p-adic absolute value for each n < w. Considering [n — p|y+
as an element of IT* K, JU*, this is equal to [0]y+ since its absolute value is lim,, o, p~" = 0.
However, considering [n — p|y+ as an element of H*Qp /U, this is nonzero since it’s absolute
value is lim,,_, o 10_1 = 0. Thus, one must be careful when dealing with abstract Archimedean
value groups and take the specific isomorphism to a subset of R into account; there are many. In
particular, Theorem 9.7.4 requires that the absolute values of each copy of K are actually equal,

rather than just equivalent.

3. Let (p,, : n < w) enumerate the primes of N and let U be an ultrafilter on w. Let (K, |- |,) =

(Q,| - |n), where |¢]; = 27 that is, the p,-adic absolute value normalized to 2.

a) The universe of I1*Q,, /U™ is the subset of IIQ/U given by

7 €II"Q,, /U* <= § €IIQ/U and there is some n < w such that Pt ab for all i <

a __
worE—O

That is, ¢ is the ratio of elements that are only divided by each standard prime only a bounded
number of times, although they may be divisible by inifinitely many primes and by nonstandard

primes arbitrarily.
b) Addition, multiplication, and subtraction are inherited from I1Q/U.

¢) To compute |7|. with a 7 0, first note that, for each i < w, the normalized p;-adic absolute

value (naturally extended to I1*Q,, /U*) is in 2l=mnNZ for ny as in 3a. Thus, setting
) a
X ={i<w: |5’pi =M

for k € [—n,n| N Z, the X}, partition w into finitely many pieces. So, there is kg < w such
that X, € U. Then, |%|, = 2,
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Note that this means that there are 22° many inequivalent absolute values on the universe of
IT*Q/U* described in 3a (note that this does not actually depend on U): the extension of the p-adic
for each standard prime p and | - |, for each ultrafilter U (see Jech [Jec06].7.6; compare this with Q.

Note also that the examples demonstrate the fragility of the construction under expanding the language.

In particular, the first example 11*Q,,/U* is not closed under exponentiation:

-1

The functions [n +— %]U* and [n — pn + 1]y- are both in IT*Q,, /U™ because |1lo‘P =p - and

|pn + 1|, = 1. However, the natural definition of exponentiation creates an element not in IT*Q,,/U*: we
[n—>pn+1]y«

have |Iﬁ\p = pP"*1 is unbounded, so [n %]U* =[n— ﬁ]w is not in IT*Q, /U ™.

9.7 Model theoretic Properties

We now explore some model-theoretic ideas in this context. In this section, we assume all absolute values
are non-Archimedean and nontrivial. First, we can give a semantic interpretation of syntactic types. As

above, A denotes the algebraic closure of A.

Proposition 9.7.1. Suppose that (K1, |- |1) and (Ka, | - |2) are algebraically closed fields with absolute
values that both contain A and their absolute values agree on A. If ay € Ky for { = 1,2 such that

tp(a1/A; K1) = tp(ag/A; Ks)
then there is f : Aa; =4 Aas such that f(a1) = as.

Proof: We build f by induction. We start with f; defined as id4 U {(a1, a2)}. Since the first-order
types are the same, we can extend this to the field closure of Aa;. Now we must show that we can extend

it to the algebraic closure. The following lemma does this and finishes the proof.

Lemma 9.7.2. Let g : (K, |- |k) = (L,| - |1), K’ be a splitting field for the irreducible polynomial h(x)
with an absolute value | - | ¢ that extends | - |, and L' be a splitting field for the irreducible polynomial

h9(z) with an absolute value | - |/ that extends |- |1. Then thereis g’ : (K',|-|k/) = (L, |-|1/) extending

g.

Proof: By results of Galois theory, we can find a field isomorphism f : K’ = L’ extending g. This
gives two non-Archimedean absolute values on L': ||z and |f~!(z)|xs. They both extend |z}, and
L’ | L is a normal extension of finite degree. By [Rib99].4.2, there is some o € Auty L' such that
x| = |f " (o(x))| k. Then g’ := o~ o f is the desired function. T

To make full use of the ultraproduct, we need to connect the behavior of the ultraproduct to the
behavior or a U-large set. However, the following example shows that the classic version of £.0o§’ Theorem

fails.

Example 9.7.3. Tuake the ultrapower of countably many copies of the 2-adics, ie II*Qqo /U™ where U is
any ultrafilter on w. Set f : w — Q by f(n) = 2". Then, fU*0, so II*Q2/U* E [f]y~ = [0]y~. However,
{n<w:QyF f(n)=0}=0.
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The problem here is obvious: the ultraproduct considers things that are approximately equal as equal,
even if they are actually equal nowhere. Thus, we prove an approximate version of L.os’ Theorem; see
Theorem 9.7.5 below. First, we show that, if we just consider the constant functions in an ultrapower, we

already have a result.

Theorem 9.7.4. Let (K, |- |k ) be an algebraically closed field with non-Archimedean absolute value and
let U be an ultrafilter on I. Then the ultrapower map j : K — II*K /U* defined by j(k) = [i — k|y~ is

elementary.

Proof: We show that j(K) C II*K/U*; by Robinson [Rob56].3.4.21, ACVF is model-complete so

this is sufficient. We show this by induction on terms:

e For ¢ being +, —, or - and ko, k; € K, we have

j(ko <>k‘1) = [7, — ko Okl]U* = [Z — kO]U* i [Z — kl]U*
= ko) o j(k1)

[7(k) | = lim |j(k)(9) s = lim |k| = |k|

Thus, j : K < II*K/U*. T

In this proof, we made essential use of the model theoretic properties of ACVE. The same is true
of the approximate version of L.os’” Theorem. Robinson showed in [Rob56] that ACVF has quantifier
elimination by abstract methods. It follows that the /-definable subsets of K™ are Boolean combinations
of {x: f(x) =0} and {x: |f(x)| > |g(x)|} for polynomials f,g € K[x]"; see Holly [Hol95]. That is,
any ¢(x) is equivalent to

VICA 120l=00A 0 A G100 AC A 1F200] > 624 ()]

. 0,1 . 1,1 . 2,1
I<ng J<ng J<ng J<ng

for f;f’;., ggz € K|[x] for the appropriate indices. Then, given ¢(x) and k < w, we define an approximation
¢, (x) by

VICA W51 < DACA 18561 DA CA 185600 2 62601 = 1)
I<ng j<n3>’l j<n$)’l j<ni’l

There is some inexactness in this definition, but it is not crucial: ¢(x) might be equivalent to several
different Boolean combinations of that form, which would give rise to different computations of ¢;.

However, it suffices to pick one of these forms. The only relation between them that we use is that

(Vj<n Ni<m, Vi) = Vi<n Ni<m; (V)%

when each v is one of the ‘basic’ forms : [ f(x)| =0, | f(x)| # 0, or | f(x)| > [g(x)|.
In what follows, “3°fk < w.1¢)” is an abbreviation of “Jky < w.Vk < w(k > ky = 1)” and
“J>°k < w.1p” is an abbreviation for “Vk' < w, 3k > k’.4).” In particular, “cof” stands for “cofinitely.”
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Theorem 9.7.5 (Approximate Los’ Theorem). Let (K, |- |;) be an algebraically closed field with absolute
value for i € I and let U be an ultrafilter on 1. If $(x) € Ly such that all free variables are from the
field sort and [holy+, . . ., [hn]u~ € II*K; /U, then the following are equivalent:

(A) (IK;/U*, | - [«) E ([holu=, - - -, [hn]u=)
(B) 3Tk <wst{iel: (K| |;)F ¢;(ho(s),...,hn(i)} €U
(C) Ik <wst{iel: (K| |i)F ¢i(ho(i),...,hn(i))} €U

Proof: First, we prove this for the ‘basic’ terms: |f(x)| = 0, | f(x)| # 0, and |f(x)| > |g(x)|. We
break into cases based on which term it is.

e 9(x) ="f(¥)| =

“If
Then ¢ (x) \f(x)| < 1.7 By definition,

Ki;/U* E |f([ho]u=, - [hn]u=)| =0 hg}ﬂf(ho(i)v o hn(@)]i =0

Vi <w,{i €I:|f(ho(i),..., ha(0))|; < %} eU

(A

Where the equivalence of Vk; 3°°/ k; and 3°°k is because, for the statements following, being true

for k implies it is true for k — 1.

p(x) ="|f(x)| #0”
Then ¢} (x) ="|f(x)| > 1.” By definition,

I K; /U E | f([holu=, .- s [halu)| #0

e Tho <w.lim [ F(ho(i)s .., hn(D))]i > —
U ko

= Ty < wVk > ko, | F(ho (i) .. ha(i)): > %
< Jdko <w.Vk > ko, {i € I :|f(ho(3),...,hn(2))]; > %} eU
— Ik <wliel:|f(ho(i),... ha(0))i > %} eU
e Th<wlicl: | fhol),. .. hni)s > %} cU

Where the equivalence of 3°°f k and 3°°F is because, for the statements following, being true for k

implies it is true for k + 1.
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o H(x) ="

fE) = 1g(x)”

Then ¢ (x) ="|f(x) > |g(x)| — 1.” First, suppose

'K, /U*  E

—
—

—

=

|f([holus - s Thalu=)| = 1g([Rolu, - - -, [ha]u+)
Vk < w, [f([holu=, -, [halu=)| > |g([holu=, - - -, [An]u=)| — %
Vk < w,3cx € R|f([holu=, - - -, [hn]u+)

i), e hn(l))h > ¢ and

> ¢, and

1
Cr g > lg([holu=, - -, [hn]u=

Vk <w,3exp € R{i € I:|f(ho
1 . )
it 1> lo(ho(0), - ha(i)]} €U

)
(

Vk <w, {7’ el: |f(h0(l)’ ) hn(l))|l > |g(h0(i)’ LR hn(z))| -

1

k
3ol k < w i € 12 |f(ho(i), ... hn(i)li > lg(ho(0), ..., hu())| —

teU

1
%}GU

3k < wfi € T+ |f(ho(@), - k()i > 19(ho(0), -, hn(0))] — %} cU

Now suppose that k& < w such that

1

{i € I 1£(ho(d), ., hu(@)li > lg(ho(d)s- .. ha(@)]s — £} € U

k

By the monotonicity properties of the U-limit,

’f([hO]U*V"?[hn]U*”* = hgl‘f(hO(Z)7ahn(Z))|z

1

1

> limlg(ho(@), ... ha(D)li — o = lg([holu=, .- [hn]u<)l =

k

Taking the supremum over cofinally (or just infinitely) many k£ < w, we get the desired result.

Now we suppose that ¢ = Vj<n Ai<m; ¥j1 Where 1;; are of the above form; we suppress the

parameters for notational ease. By the above quantifier elimination, this covers all formulas. For
additional ease, let K* denote I1* K;/U*. By the above, we already know that

K*Ev < Elcofk‘{i €l:K;F ()it €U

— I®k{iel K;F )€U

Now we have the following; numbered equations have additional explanations later (and unnumbered

equations are deemed to be ‘obvious’).

(A) = (B)

K*E ¢
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Jj < nVl <m;K* E

Fj <nvl <m;3°Tk{i € I: K F ()i} €U
3 <nIRVl <mi{i e I K E ()i} €U
303 <Vl <m{i € T Ki F ()i} €U
3Tk {i € I: K; F Vjcn Niam, ()5} €U
Flkfiel: K E (o)} eU

el

O.1
9.2)

9.3)



For implication 9.1, we can take the maximum of all thresholds for each [; this will be a threshold
for all [ < my; as desired. For implication 9.2, note that 3eof is short for a IV-formula and, in
general, 3(3V) implies (3V)3. For implication 9.3, note that ¢}, = Vj<n Ai<m; (¥1)5-

(B) = (C) Clear because 3%/ implies 3°°.
©) = (A)

I*k{ie K;E ¢} €U I%kFj <nVl <mi{iel: K;E ()€U

< nI°RVl <my{i € I Kk (Y);} €U (9.4)
<oVl <mT%k{i e I: K; = ()i} €U (9.5
Jj <Vl <m;K* E

K E¢

A

Implication 9.4 holds by the Pigeonhole Principle: each of infinitely many k is associated with some
j from a finite set (i.e. n); thus there is some j that has infinitely many k associated with it. For
implication 9.5, we use that 37 is short for a Y3 formula and that, in general (v3)3 implies 3(V3).t

Note that the above results relied heavily on the field being algebraically closed. A direct proof of
the above theorem for non-algebraically closed fields would likely be more difficult as it cannot rely on
quantifier elimination. Instead, one can simply close each of the fields algebraically, extend the absolute
values as in [Rib99].§4, and then apply the above result.

We conclude with an analysis of the value group of (II*K; /U™, | - |+); denote this I'. Recall that
the standard ultraproduct has as its value group the ultraproduct of the individual value groups. That is,
I, consists of the ultralimit of all sequences. In this case, we get that I', is the ultralimit of all bounded

sequences
Proposition 9.7.6. T, is the U-limit of all bounded sequences from 11T;.

Proof: This is by the definition. First, suppose ~y is such a U-limit, say of {~; : ¢ € I}. Since the
absolute value is surjective, there are a; € K; such that |a;|; = 7;. Then [i — a;]y~ € II*K;/U* by
the boundednes of {7; : ¢ € I} and it has absolute value . On the other hand, suppose v € I, and
[flux € II*K;/U* has absolute value . Then, {|f(i)|; : ¢ € I} is a bounded sequences in III"; with
U-limit . T

Two special cases bear mentioning. Suppose the value group of each (Kj, | - |;) is I'. Then the above

proposition implies that ', = T, the closure of I in R. Moreover, if I is discrete, then ', = T..
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