12. Probability
Po-Shen Loh
CMU Putnam Seminar, Fall 2018

1

Problems and well-known statements
1. Is it possible to state a protocol which only uses tosses of a fair coin, which is successful with probability
exactly 1/3?
2. Devise a way to place 6 (not necessarily distinct) positive integers on two dice, such that when they
are rolled, the distribution of their sum is equal to the distribution of the sum of two ordinary dice.
The two dice do not need to have the same labeling of numbers, and numbers can repeat on the same
die.
3. There are n houses on a street, numbered 1, 2, . . . n. Each house is supposed to receive one piece of
mail today, but unfortunately each piece is randomly delivered to a distinct house, so that the mapping
from mail to houses is a uniformly random permutation of 1, 2, . . . , n. What is the expected number
of houses that receive the correct mail?
4. You have a score which starts at 0, and every second your score increases by a uniformly random real
number between 0 and 1. What is the expected amount of time it takes for your sum to surpass 1?
5. You start with m coins, and I start with n coins. Each round, each of us takes one of our coins, and
we toss them. If our tosses match, I get both coins, and if our tosses are different, you get both coins.
What is the expected number of tosses until one of us has no coins left?
6. Show that for any protocol of tossing a fair coin to achieve a success probability of exactly 1/3, the
expected number of tosses is at least 2.
7. What is the limiting probability (as n → ∞) that a uniformly random permutation (a1 , a2 , a3 , . . . , an )
has no adjacent pair of consecutive numbers (increasing or decreasing)? For example, in the permutation (1, 5, 2, 4, 3), the 4 and 3 are an adjacent pair of consecutive numbers, and the permutation
(1, 3, 5, 2, 4) has no adjacent pair of consecutive numbers.
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Homework

Please write up solutions to two of the statements/problems, to turn in at next week’s meeting. One of them
may be a problem that we solved in class. You are encouraged to collaborate with each other. Even if you
do not solve a problem, please spend two hours thinking, and submit a list of your ideas.
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