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ntroduction

In1 72, ierer and Meinhardt , proposed the following reaction di usion
system as a model of biological pattern formation.

2 in 0
2 in 0 1.1
0 on 0
in a bounded domain see also . Here and represent respectively

concentrations of activating and inhibiting substances acting on the region

. Substantial research concerning this system has been generated in recent
years, we refer the reader to the survey article . In particular, it has been
a matter of high interest the study of nonconstant positive steady states,
namely solutions of the elliptic system

2 0 in
2.0 in 1.2
0 on



Let us observe that dividing the second e uation by , letting formally
, and making use of the boundary conditions we obtain that
and the system becomes e uivalent to

2 0 in
1.
0 in 3
0 on

his is the so called associated to . Setting
112 transforms the system to the scalar e uation

2.0 in
0 in 1.
0 on

12 Conversely, a solution

12

where denotes the e panding domain
of this e uation yields one of the system by setting and

2 1 he study of nonconstant solutions of this and related
e uations as approaches ero has been an ob ect of e tensive study in recent
years. Since the domain is e panding as 0, it is natural to search for
solutions  which resemble, after a convenient translation of the origin, a
solution of the limiting problem

2.0 in
1.5
0 0 as
It is well known that this problem has a solution for 5. More generally,
if 2 is replaced by 1,a solution e ists if and only if 2

2 . his solution is uni ue modulo translations, and radially symmetric.
Solutions of this type, when regarded in the original coordinates, e hibit

in the activator , spike shape around one or several
distinguished points of the closure of the domain as 0. An important
advantage of the scalar e uation over the original system is the fact

that it possesses a natural variational structure which makes it possible to
nd nontrivial solutions via methods of the Calculus of ariations. hese



variational characteri ations are usually helpful to derive its concentration
properties.
A number of very interesting results concerning this scalar problem have
been derived in recent years, starting with the pioneering works , |
. It is of course natural to ask whether these solutions, single or multiple
spikes, will actually correspond to limiting con gurations solutions of the full
system when becomes very large and very small. Some results, including
stability analysis, have already been obtained for this issue s sy
E ually important uestion is whether the shadow system is really
re ecting all phenomena taking place in the full system for large . his is
certainly unclear, for interesting patterns may well be lost in the limit, where
variations of the inhibitor are no longer felt. n the other hand, in the idea
originally set up by uring of in reaction di usion
systems, it is suggested that interesting possibly stable nonconstant steady
con gurations should actually appear driven by a di erence in
of the di usion rates of the activating and inhibiting substances. In this
regard, it is believed that the role of the uotient is a most relevant
issue in detecting asymptotic nonconstant patterns. hus, let us absorb the
parameter in the original system so that obtaining its version

2
— 0 in

2 2 0 in

12 2

where and . Assuming now the parameter itself

to be very small but with the uantity stabili ed, we obtain the

2
— 0 in
? > 0 in
he present paper deals with the study of positive ground state solutions
of this system as the parameter gets small in the one dimensional case,

namely solutions so that both coordinates go to ero at in nity, a
rather natural situation by itself, since it may correspond to a very large



domain with the pattern formation process taking place only very far away
from the boundary. hus, we consider the following second order system of
ordinary di erential e uations.

N

2 2 0 in 1.6
0 in lim 0 lim

A particularly notable feature of this problem is, as it will be shown in this
work, the presence of a large number of solutions modulo translations as the

parameter gets larger. More precisely, given any number 1,we nda
number such that if 0 then there e ists a solution e hibiting
e actly in the activator. esides, after appropriate rescaling of |,

these bumps are approaching a universal pro le and are separated from each
other at a distance log . eremark that this phenomenon is intrinsic
to the full system itself, not to the shadow system, for only one ground state
of e uation modulo translations e ists, the presence of multi bumps
being thus lost. his unveils a new side of the rich and comple structure
of the solution set of the ierer Meinhardt system, which by itself opens
interesting uestions concerning the higher dimensional
case.
efore stating our main results on e istence of such solutions, we will
try to motivate them formally. Since we re uire that both and decay
to 0 at , and assuming that 2 is at in nity negligible compared with
something that can be usti ed for small we obtain at
in nity the e uation
? 0
Positive solutions going to ero at in nity of this e uation are all of the form
with 0. he constant can be further scaled out of
the system, so that we assume 1. eplacing this in the rst e uation
we are left with
20 1.7



he change of variables , 0 reduces the e uation to the au

tonomous DE
1 2 2 9 0

bserve that since our change of variables is valid for 0 we need to
impose the boundary condition on at 0. If we assume 0 0,
0 then 0 0 and therefore the even e tension of to  gives
rise to
a solution to on  with replaced by
Drawing the associated phase diagram in the plane, we observe the
presence of two singularities for 0: 00 and 1 20. 00 isasaddle.
1 2 0 is a center for 0 and a repelling focus for small 0. or
0 there is a homoclinic orbit for 0 0 which is broken as soon as 0,
giving rise to a heteroclinic orbit oining 1 20 and 0,0. bserve that
for small 0 the heteroclinic orbit gives a large number of winds close
to the former homoclinic before eventually directing towards 0,0 . hese
windings cross a large but nite number of times the line , say
times. Considering now the solution starting at 0 at each of those
intersection points, we obtain 2 distinct solutions to the original boundary
value problem which e hibit several bumps which resemble the shape of
the original homoclinic of 0.
e note that these solutions are actually lost in the limiting shadow
system, which would correspond to the case 0, where only the homoclinic
persists, namely the uni ue solution of

2.0
0O 0 O 0 as

e will prove that, modulo an appropriate scaling, solutions of the full system
with this type of multi bump pro le do indeed e ist. ur main result is the
following



lim —_— 0

lim 0

1 1 In 1

e shall devote the rest of this paper to the proof of this theorem. In 2
we recast the problem in convenient terms, while in 3 we set up the scheme
of the proof which we carry over in sections 7.

ecasting the problem

ur purpose in what follows is to construct solutions of the system

N

0 inO 2.1
0 0 0 0

e note that, after re ection, solutions to this system correspond to sym
metric ground states for the system in the entire real line. In the spirit
of the informal motivation provided in the introduction, we make a further
transformation of and . Let us set

1 1



with 0, a parameter we will choose later. hen, accepting that the decay

of is faster than the system becomes
2
1 2 2 0 0 2.2
2 2.2 90 0 2.3
0 in O 2
0 0 0 0 lim 0 lim 2.5
Let denote the uni ue solution of
2.0

0 0 O 0 as 2.6

e will construct solutions e hibiting an even number of bumps in the line.
hus we assume 2 with 1, in the statement of heorem 1.1. he
case of odd can be treated in a similar manner, and we will discuss the
necessary changes in the last section.
hus we will construct solutions to with e actly bumps in
0 . or this purpose it is convenient to consider the following set of
admissible centers for these bumps. e de ne the set

1 1 In !2 1 In !2 2
2.7
, Or a given , we consider the uni ue numbers ; 9 SO
that
0
ne can easily check that . Let us consider the following

appro imation of

Also we de ne



e shall attempt to obtain a solution of the system, with its component
of the form

for an appropriate choice of the vector , and bounded in some appropriate
norm. e will write the system as a single nonlocal e uation for . o do
this we solve the second e uation for , which is written

2 2 2 0
with boundary conditions 0 0, 0, which is written as
2 2 9.
Here is the reen s function
2
At this point we choose the parameter . e set
1
2
e further denote 1
5 2.10
Using the e pression for in we prove in Section  that the following
e pansion holds.
1 2 21 > 2.11
where
2 2 2.12

It follows that

2 1 2 1



Substituting this e pression into e uation , again using we
obtain the system represented as the nonlocal e uation

1 2 2 2 1 2

with boundary conditions
0 0 0 2.13
Here we have denoted

1 2 9 2.1

with and given respectively by and
denotes the nonlocal operator

12 2.15
where denotes the 2 inner product in 0 . hus, the problem we
shall attempt to solve is

1 ! 2
where
1 1 2 2 2 2.16
under boundary conditions . In the ne t section we will set up a scheme

which will lead us to solve e uation

cheme of the roof

As we have seen in the previous section, solving problem 2.1 is e uivalent
to solving the nonlocal problem

1 1 2 in
3.1

10



where ; is given by , by and by . osolve this problem
we will use a Lyapunov Schmidt reduction which will reduce the problem to
that of nding a vector which satis es certain nonlinear system of
e uations. e will show that this system is indeed solvable by means of a
degree theoretical argument.

e observe that 1, 1 suggests the presence of
small eigenvalues for ; which may make di cult to solve. A rst
important fact is that the spectrum of ; is away from ero uniformly in
small and when ;is restricted to and pro ected onto the 2
orthogonal complement of the nite dimensional space , spanned by the

S, 1 . his is the content of Lemma .2 below.

his fact makes it natural rst to pro ect problem onto , so
that reducing the problem to a nite dimensional one. More precisely, rather
than solving directly , we introduce an e tra vector of parameters

1 and consider the problem

1 1 2 in
0 1 3.2

where 1 is given, and . e should
mention here that the approach outlined above was motivated by the results
in , and also by

e shall use in the se uel the following notation: or functions and

de ned on 0 we write

Using the s as test functions in , we observe that actually is uni uely
determined from via the relations

1 2 1 3.3

1 ote that 2 1 . ith the assistance
of the contraction mapping principle, we establish in 6 that this problem

11



has a uni ue solution in some appropriate region. his solutions

de nes a continuous function of . bserve that if for some we have 0

then and are e uivalent and conse uently we obtain a solution to
hus, from , the last task is to nd a so that

1 2 1 0 3.

1 his nonlinear system of e uations has indeed a solution

his is proven in 7, by means of a degree theoretical argument which takes
advantage of an asymptotic formula derived for the above vector eld. he
point  will have indeed the properties stated in heorem 1.1. inally, as
we mentioned, we brie y sketch the changes needed in order to carry out this
program in the case 2 1, 0, case in which we actually search
for a solution with the same characteristics but having an e tra 1 2 bump
centered near ero.

The spectral estimate for

e will assume in this section that , where the set is de ned in

Let us consider rst the operator

1 2
under the boundary conditions . Let us observe that solving the e uation
in
0 0
with 2 , is e uivalent to nding ! such that
1 2 0 O 1
for all ! Arguing similarly as in | one can can show the

following fact:

12



1

e consider the operator ; de ned in

under boundary conditions
. Let us observe that

1 2 2
where, we recall, is given by , so that the e uation
1 in
0 0
2 , is e uivalent to nding a ! such that
1 2 2 2
for all !
ur main purpose in this section is to prove the of

this problem when pro ected onto the space

1

0 for all 1 .3
hus, for 2 we consider the problem of nding a such that
1 for all
0 0

13



Denote by the usual inner product in ! , namely
hen it is easily checked that on one has
1
where denotes identity and  a compact operator of . More precisely,
2 2 2

he lemma then will follow from showing that for all su ciently small

the operator is invertible and has a uniformly bounded inverse. In other
words, what we need to show is that the spectrum of this operator is away
from ero, uniformly in all small . Proving this is e uivalent to showing
that this operator has no eigenvalue close to ero. It is easily checked that
assuming the opposite implies the presence of a se uence 0 so that
there is a 2 with 0 1 , 1 and
numbers  such that

0 0

Here 1 0in 2 . Let us denote by , the formal ad oint of 1,

2

namely 2 esting the above e uation against each

, using the fact that 1 in the 2 sense, as 0, we obtain
that 1. Thus we get

. 1

in 2 , as 0. rite in the following form: , where
0. hen

1 1 1 1 5

he following relations are then readily checked.

N | =

Let us set

1 2 1



esting relation against , observing that we obtain

1 1
Since 1 1 therefore 1 1. ut
also
5
1 2 1 5 3 1
from an integration by parts. It follows that 1 . Hence, coming back
to relation we obtain
1 1 1

in the 2 sense , with corresponding boundary conditions. ut this con
tradicts the bounded invertibility of in given by Lemma .1, thus
concluding the proof.

The nonlocal operator

In this section we will ustify formula . e recall that

3 denotes the reen s function for 2 idin

with eumann boundary condition.

2

5.1

sup

15



e have

2
5 1
5 2
2
5 1 3
1 2
e have
1 11 12
where
11 5 1
12 2 2 1 2
It is easy to see that
11 3 2 5.2
22 3 2 2 5.3
Likewise
) 3 2 2 5.
Combining estimates , and we obtain . he proof is com
plete.
Using Lemma  we obtain
2 2 2 2
9 2
2 2 2
1 2
2
1 2

16



where 1 and functions 1, o satisfy
2 2
1 2
ormula then follows now directly from the above.

Let us consider now the operator  given by ,
1 2

rom the above considerations, it follows that for all su ciently small we

have
21 ; 5.5
whenever In 1 Also, let us observe that for functions
1 2 satisfying we have
2 2 2
1 2 1 2
? 1 2 2 1 2 2

Hence satis es the Lipschit property

2
1 2 1 2 1 2 9.6

The nite-dimensional reduction

e recall that solving , is e uivalent to nding a vector
1 such that the problem
1 2 in
1
1
0 0 0 0
is solvable. Here the uantities and were respectively de ned
by relations and . As we mentioned in 3, rather than solving

directly, we split it into the following two problems.

1. iven , nd a solution , of the problem

1 1 2 in

17



where 1 , and 1
2. ind such that 0.

In this section we will concentrate on solving 1 and in the ne t section
we will show that 2 is solvable. ur main result in this section is the
following.

In 12 6.3

1 2 1 6.

Let ! In !'2. e wil show
that has indeed a solution, with

bserve that from we have that for each , the function

2

de nes an element in and satis es

1 9 1 2

or each we denote

rom it follows that for each ed is a bounded linear func

1

tional on . Using Lemma  argument, we can then solve the e ua

tion 4 uni uely when pro ected onto the space of functions 2
orthogonal to span 1 , namely we can nd a uni ue

1 such that

1 for all



where  is the bilinear form associated to ; de ned by . In other words,

2 1

, where is the operator de ned

in the statement of Lemma .2. bserve that is indeed independent of
since the the term involving in the above relation vanishes. he above

1

e uation holds for all if we additionally impose that satis es

the relation

! 2 1 6.6
1 . Since 2 1, we have that can be
solved uni uely for . hus we de ne the map : ! as
1
0 1
0 0

e will now show that if issu ciently small then . rom Lemma

and we conclude that there e ists a constant 0 such that

1

1

Since for we have In !, it follows that for all

su ciently small we have

In In 12 6.7

hence . ow, using the Lipschit property of , we see that for
su ciently small the map is a contraction for functions satisfying

. It follows that there e ists a uni ue 1
1

solving

in the set ssatis es . he proof of the Lemma is

complete.

ol ing the reduced problem

In this section we will analy e the formula

7.1



1 , Where is the solution to found in the previous

section, with . e will show that there e ists such that
0, which is e uivalent to 0. he main element in the proof
of this fact, is the derivation of an asymptotic formula for for
irst we identify lower order terms in formula . Using estimate on
, we see that ! 1 uniformly in . n the
other hand, the facts: 1 in , uniformly in , which
follows from and 1,in 2, yield that ; 1,
uniformly in . Hence
1
as 0, uniformly in . e invoke now the de nition of in
and write
1 9 2
where is given by . A direct computation involving an integration
by parts shows that also 2 1 . Hence
! 2 1

e t we analy e the remaining terms. irst we observe that

1
where 2 ow, we recall that
2
2
1 1
or , we shall denote, whenever it does not cause confusion,
he product involves all terms of the form
with . e observe in particular that with , we can perform the

20



computation

All other terms in the e pansion are at most of si e ma
In fact the main order terms are simply those corresponding to consecutive

indices, , 1or 1. Let us introduce the function
2
Let us consider the change of coordinates 1, 1 ,
1 de ne the vector eld 1 as
1
1 2 1 1
2
1 2 7
where 1 . hus carries in its component the leading order
terms for provided that ! times the lower order terms in the e pansion
of are of si e 1. his will be indeed the case if we restrict
conveniently the range of variation of . or now we summari e what we

have established in the following result.

ma

e t we will establish the presence of a uni ue ero for , which is nonde

1 is indeed of si e

generate and lies inside a region where the term
1 . Using Lemma 7.1, then the presence of a corresponding ero for will

follow from a degree theoretical argument. o

21



1 0
2 1 7.3
log 1
1
det 1 0 7.
bserve that for each 0 we have hence we can
write
1 1 2 1 1
1 2

rom the e ponential decay of we also have
2 0

provided that , for some constant depending on  only. It follows
that is strictly decreasing for . e also observe that there e ists a
constant ; 0 such that

1 1 1 7.5

Hence there e ist indeed uni ue values for which relations hold.

esides, log 1 . Since this implies ! ,

then follows by a direct calculation. he proof of the Lemma is complete.

Let us consider the inverse transformation where 1
It is reasonable to e pect that the vector eld has a ero close to
his is indeed the case, as the following lemma states. he proof
heorem 1.1 in the case 2 is complete after this step.
0 0 0

7.6

22



0

e will use a degree theoretical argument. or a ed number
0, we consider the set

1
and consider the homotopic connection between and given
by
for 01.
It is known that as well as its derivatives have a behavior which at
leading order is for certain universal constant . Using this fact, it is

straightforward to check the following fact: there are large constants  and
1 such that if then

1
1 1

Using these relations one can deduce the following: given 0, there is a
number large enough, depending only on , so that

1

Using this information, the fact that 2 1 , and the de
nition of the vector eld , we deduce that for a  chosen large enough one
has that for certain 0 independent of |,
0 for all 7.7
ow, and the fact that is small as 0, uniformly in

this follows from Lemmas 7.1 and 7.2 , yields that
2 on

for all 0 1 provided that is su ciently small.

23



rom the invariance of the degree under homotopies we then conclude
that the degree deg 0 is well de ned and it is constant on 01
Hence
deg 0 deg O 0

the latter fact since as a uni ue ero, which is non degenerate. Conse
uently it follows that has a ero in , and hence has a ero with
the desired properties. his concludes the proof.

he proof of heorem 1.1 in the case 2 is thus concluded. Let
as assume that 2 1 with 01 and brie y sketch the way to
proceed in this situation. In this case we introduce the set
0 12 ], 12
- 1 In 12 1 2

ow we consider the

1

1 2 )
In this case, because of the boundary condition, the bad directions cor
responding to small eigenvalues are only those with 1.  ith this
observation made, the rest of the scheme of proof goes e actly the same way:

ne proves that the spectrum of the associated operator ; is away from

ero when pro ected onto the space orthogonal to the s. hen one sets
the pro ected e uation , € cepts that now one also solves for the small

uantity  in terms of the remaining s. he remaining of the argument is
e actly the same.
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