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Abstract  The role of the determinant in ensuring local invertibility of Sobolev
functions in W (Q; RV ) is studied. Weak continuity of minors of gra-
dients of functions in WP(Q;RY) for p < N is fully characterized.
Properties of the determinant are addressed within the framework of
functions of bounded variation, and a change of variables formula is ob-
tained. These results are relevant in the study of equilibria, cavitation,
and fracture of nonlinear elastic materials.

Keywords: topological degree, weak lower semicontinuity, functions of bounded
variation

1991 Mathematics subject classification (Amer. Math. Soc.): 26, 49

1. INTRODUCTION

Remarkable advances in industry and technology have motivated the
study of instabilities in certain advanced materials. he need to un
derstand and redict macrosco ic behavior from microsco ic and meso
sco ic data, as ell and the analysis of uestions related to hase trans
formations, defectiveness, the onset of microstructures in smart mate



rials, and other issues related to o timal design and homogeni ation of
com osite materials and very thin lms, have o ened ne areas of math
ematics virtually une lored until recently. s it turns out, mathemat
ical models for e uilibria and dynamical evolution of hase boundaries
for these materials fall outside the sco e of classical theories, mostly
due to the facts that the underlying energies are nonconve , or that the
admissible elds may e hibit discontinuities. ndeed, s aces of discontin
uous ma,  ings have roven to be useful in the modeling of deformations
of continua hich may undergo fracture or develo defects see e.g. ,
4, , 2 . natural s ace for the underlying deformations is that
of functions of bounded variation, , or its subclass introduced by
e iorgi and mbrosio 24 of functions of s ecial bounded variation,

tis ell kno n that in nonlinear elasticity inter enetration of matter
is revented by assuming that energy densities blo u as the acobian

of the deformation gradient a roaches ero. recisely, if R re
resents the reference con guration of an elastic body, and if the bulk
energy of an admissible deformation R is given by

here R R is the energy density, then it is
commonly assumed that det a.e. in , and as
det . nder this degeneracy hy othesis, a uestion that has chal

lenged mathematicians for several years concerns the search for hysi
cally reasonable hy otheses on and on the class of admissible elds
guaranteeing eak lo er semicontinuity of the energy

iarlet and ecas introduced a local invertibility condition
det
here stands for the ebesgue measure in R , hich, together ith
the condition det a.e. in , ensures local invertibility of in

a ro riate obolev s aces.

n this a er, e start by recalling a local inverse function theorem
obtained by onseca and ango 2 for ma ings in R
such that det for a.e.

f e re uire less regularity of the admissible elds, as it ha ens
in the study of cavitation in rubber like materials, then eak continu
ity ro erties of minors become very challenging. o this end, e fully
characteri e eak convergence of det in obolev s aces R for

his analysis as carried out in onseca and aly 2.



inally, and dra ing on the ork of hoksi and onseca , €
sho ho ro erties of det may ensure a change of variables formula

for functions of bounded variation, here denotes the art of the
distributional derivative hich is absolutely continuous ith res ect
to .
n hat follo s, if is a matri then stands for the
list of all minors of , and denotes all minors of order , ith
min . f then ad is the ad ugate of , i.e. the matri
of minors of order so that
det ad
f is a Radon measure in  and if is a orel set, then
stands for the restriction of to | i.e. for all
orel set
. oC IN RTI I IT IN O O
C

he study of e uilibria for defective crystals has motivated the in

troduction of variational roblems here the domain of integration is

varying as ell as its deformations. n articular, onseca and arry
ro osed a model here the underlying energy is given by

here denotes a deformation of and re resents the sli or lastic
deformation, ith det . nvertibility of ill guarantee that the
energy may be reformulated as

here no the domain of integration is held ed.
he theorem belo  rovides su cient conditions under hich e may
ensure local invertibility see 2

et be a boun e o0 en subset o R an let

R be such that det or a.e. . hen or
almost e er the wunction  is locall almost in ertible in a
nei hborhoo o i.e. there e ist an o en set
an a wunction ith such
that
R a.e.
2.



an

in a ition —— det or some then

he latter art of this result as inde endently obtained by verak

9.
f is more regular, recisely if R ith ,
then and are homeomor hisms, and there
e ists a set ith such that R is

an o en ma ing see also 44, here a stronger version of this result
as established . 1so, einonen and oskela 4 sho ed that if
R ith , det a.e.in , and , then
is o en and discrete.
e note that there are i schit homeomor hisms hich do not sat

isfy det a.e.in . ndeed, artioand iemer roved that for
every bounded, o en set R , there e ist a measurable set
ith , and a homeomor hism R  such that
det for every
he roofof heorem 2. uses ro ertiesof degree theory, and de arts
considerably from earlier ork on this sub ect seee.g. |, , 9,6

e remark that e cannot e ectto rove this result by a ro imating
by a se uence of smooth functions ith ositive determinant, since

all 9 has rovided an e am le of a ma ing R ith
det a.e.in ,and for hich there is no se uence R
such that uniformly and det in .
heorem 2. illustrates ho in R  the determinant still be

haves, essentially, as the acobian of a smooth deformation. here are
situations, ho ever, here e are led to the study of ro erties of minors
for deformations in R for . his uestion is addressed
in the ne t section.

. CONTINUIT O T
CO I NINT R

n 2 e search for minimal conditions ensuring eak convergence
of minors in obolev s aces.
ertain energies for nonlinear elastic materials may be re resented as



here isa ol con e inte ran ,i.e. isaconve function of

t follo s that is se uentially eakly lo er semicontinuous, i.e.
in R lim inf
if
in R in the sense of measures
e recall that if , then e say that in the sense o

measures if

for all
eak continuity of minors has been studied in de th by wurat and
artar see 6, 6 ithin the frame ork of com ensated com actness,
and lo er semicontinuity for olyconve functions as undertaken by
several authors e.g. see 2, , , 6,2 2,2, , 6,
? ? 4 ? ? 2’ ? 6
ere, and for sim licity, e are going to restrict the study to the
higher order minor, det, and hen , although most of the results
may be e tended to lo er order minors. s it is usual, the admissible
elds are assumed to be in R  because in this s ace e may

integrate by arts and rite the determinant as a divergence o erator.
recisely, if R  then

det et 2

here
et —div ad

he relation .2 may failif is not su ciently regular. sane am le,
consider

N —_—
hen R  for all , det a.e. in ,
but
et
oreover, it as roven by uller 4 see also that if is a
closed set ith ausdor dimension , then there e ists
R for all , such that

et det



here is a ositive Radon measure, singular ith res ect to the

ebesgue measure , and such that su .
urther results by wuller, ang and an established that if
R ith then . holds, and if
R ad
he e loitation of s aces such as and ardy s aces allo s one

to re ne these results along the lines of the ork of wuller 2, ,

4, and oifman, ions, eyers and emmes 9, and, in articular,
it can be sho n that if R  is such that det and
ad then

det In 2 det

n earlier orks, all , al aso and elada 6, acorogna and
urat 22, al asoand bordone 2 , ia uinta, odica and oucek
, 9,4 , seealso 4 , and Reshetnyak established that

in R det det

here the convergence is in the sense of measures. oreover, if

R and in R ith ——, then e still

have
det det in the sense of distributions 4
Iso, if and if su , ith det e ui

integrable, then .4 is still valid see 2

com lete characteri ation of eak convergence of the determinant
has been obtained by onseca and aly in 2, here the results belo
may be found.

the se uence R con er es to in
R ] is boun e in an 1 det is e ul
inte rable then
det det n

i hisresult as roven earlier by ia uinta, odica
and oucek, see 4 , heorem . .2. , under the additional assum tion
that all minors of all orders are e ui integrable. heir roof relies of tools
from eometric easure heory. he roof resented in 2 is entirely
analytical.

ii  ote that from the hy otheses of heorem . . one can only guar
antee a riori that , SO must be understood as the Radon



ikodym derivative of the distributional derivative ith res ect to
the ebesgue measure
iii n heorem . e ui integrability is necessary. ndeed, it is ossible

to construct a se uence R  such that eakly in
, 1sa ne, det is bounded in , and still
det det
here is a non ero Radon measure singular ith res ect to . et
us consider a nonincreasing smooth function R such that
- for
- for 2
and set
—— cos
—— cos
sin
here . hen , here , and the
eak limit of det is e ual to det , here the
density of the singular measure  is su orted on the a is.
the se uence R con eresto in
R i is boun e in R an 1 det

or some a omn measure then

——  det a.e.

he t o theorems above are shar , in that they are com lemented by
the follo ing result.

et R .
(i) et bea a on measure on  an let . hen
there e ists a se uence R such that
in R and det
(ii) et R hen there e ists a se uence
R such that

n R and det in



inally, e notice that the argument of the roofof heorem . may

be used to rovide an alternative roof for the follo inglo er semicon

tinuity result of al aso and bordone 2 and eladaand al aso

6 see 2,andalsothe a er by wuscoand utchinson 6 for ana

lytical roofs hich do not need eometric easure heory tools such
as currents .

et R n R an let
be boun e in . is a nonne ati e con e unction then
det lim inf det

e end this section ith a brief overvie of some recently obtained
rela ation results for uasiconve and olyconve energies see , 2,

, , , 46, 49 . f R Risa aratheodory function,
then the e ective or rela ed energy is de ned as

inf liminf

in
irst e consider the case here
det
R is a conve function. e have sho n that see 2
det if
and if then see 2,
det

for some Radon measure , singular ith res ect to the ebesgue mea
sure . or a general , and under the gro th condition

and

e have



here see

and  is a singular measure. n the case here , € have

here stands for the wuasicon e ification of , recisely,

inf R
N
his may no longer be valid hen de endsalsoon and . ndeed,
angbo has constructed an e am le here
det

and if and only if ence, in general, . fails and

is the only kno n lo er estimate.

. C N 0] RI OR U
IN
n the revioust o sections e dealt ith ro erties of det for
R  and for certain ranges of . ere e go outside the obolev

s aces frame ork to handle situations relevant to the study of hase
transitions of incoherent hase deformations, to the analysis of fracture,
or to tackle roblems here the gro th of bulk energy densities is at
most linear. n the latter case minimi ing se uences may convergence to

macrosco ic states hich are only in see 6, 4 .
iven R , its distributional derivative may be ritten as
here denotes the dimensional ausdor measure,
is the um set of , hich di ers from the com lement of the set of
ebesgue oints, , by a set of measure ero, is the
antor art, and are the traces of on at is the unit
normal vector to ointing to ards the side of see 2 , 62 .

ere, and in the se uel, e assume that isa ro riately re resented,
namely that

lim



henever the limit on the right e ists.
e remark that does not have the structure of a gradient, i.e. it is
not necessarily curl free. ndeed, according to a result by lberti
may be any  function. ns ite of this degeneracy, the usual change of
variables formula still holds see 29 .
t is ell kno n that the change of variables formula

4.
N 1
holds for a set  of full measure in , rovided is an almost every
here a ro imately di erentiable function hence, if , has
the ro erty on , and is a measurable function on  such that

. ere is the acobian com uted from the a ro imate
derivative, hich, in turn, coincides a.e. ith the absolutely continuous

art of . erecall that is said to have the ro ert on if
for each set ith .
n the case here ,e uation 4. is often called the area formula.

ederer see 26, .2. sho ed that has the ro erty on if
a limsu

n another class of admissible domains as ro osed. e denote
by ,the ardy ittle ood ma imal function of the total vari
ation measure com uted using the balls contained in . s it is
usual, it is a nite, ositive Radon measure on , e de ne the ma
imal unction o as see

su —_— dist

and it can be sho n that see 4

et R an let

be a measurable set ith . hen the chan e o ariables
4. hol s on or an measurable unction such that

roo . et



y oincare s ine uality,

4.2
terating this ine uality for 2 4 , € obtain
for all . sing oincare s ine uality once again on a ball ,
here 2 dist and is contained in , e obtain the
o arski a las ine uality see
ence the gra h of can be covered by a countable union of gra hs of
i schit functions and thus from the ro erty of i schit functions
e conclude the ro erty of on . _

conse uence of the above theorem results in conservation of volume.

et R  be such that det or a.e.
an let

be a measurable set such that

hen or an measurable set e ha e

e t e resent another another version of change of variable formula
for functions. amely, esho that if the absolutely continuous art
of is in , e may essentially enlarge the set for hich 4. is
valid. his is a generali ation of change of variable formula for
functions by aly and artio 4 and aly 46, follo ing some ideas
from the above mentioned orks see also 4 , 44, 4 |,

f a function R then e rite

there e ists such that

lim su



e recall that for a.e.
lim

therefore for all

lim su
hence
et R  be such that . et

be a measurable set ith . et be ameasurable unction
on  such that . hen the chan e o ariables ormula
4.  hol s on

roo . e ill verify the ro erty of on . et be a set of
measure ero, and choose an o en set containing . or

rite

2 ith
i a oint ,and nd an according to the de nition of
ith each 2 e associate a value such
that
2
4.
2
otice that, by hebychev s ine uality and the de nition of |
4.4

for some . e rite
and set



f is nite, then the se uence is bounded and thus is

in nite. t follo s that is in nite. e claim that
4.
here is a ositive constant hich may de end on and
but not on . et be an au iliary smooth function ith values
on
4.6
on
and satisfying
2
et
y the chain rule see mbrosio and al aso , R
and
2 2 4.
n order to estimate , ithout loss of generality e may
assume that . e have
2
2
and thus by a oincare ty e ine uality and 4. e obtain
4.
here e have used the fact that and that
2 o ,if then by 4.4 e have

and this asserts 4. . f , then by 4.



hich yields 4. as ell. e conclude the roof using itali s covering
argument. e rite the set as

t is enough to sho that for a ed 2

e cover ith balls here and

otice that eadd to  only to avoid degeneracy hen . e
have

2 4.9

ince is in nite, by virtue of 4.4 e obtain a ne covering of
hence hence e may e tract a dis oint subcover of u to
a set of measure ero. f is one of selected
balls, then the corres onding radius is denoted by , and the
corres onding set by . otice that the sets are dis oint. y

4. and 4.9 e obtain

suitable choice of the set  allo s us to deduce that the right hand
side on the above set of ine ualities may be rendered as small as e

ant. ence the ro erty is veri ed, hich, in turn, im lies that the
4. holds as ell. 7
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