SOME REMARKS ON LOWER SEMICONTINUITY

IRENE FONSECAT & GIOVANNI LEONI {
Dedicated to James Serrin

ABSTRACT. Classical lower semicontinuity results obtained by Serrin in the scalar case are extended to the
vectorial setting for convex and polyconvex integrands.

§1. Introduction.

The following theorems on lower semicontinuity were proved by Serrin in [S]:

Theorem A. (Serrin [S, Th. 12]) Let f : @ x R x RN — [0,00) be a continuous function, with f(z,u,-)
convez in RY , where Q is an open subset of RN . Assume that f satisfies any one of the following conditions:

(1) f(z,u,&) = o0 as [£] — oo for each (x,u) € A x R.
(i) f(z,u,-) is strictly convez in RN for each (z,u) € Q x R.
(iii) The derivatives fy, fe and f¢, exist and are continuous.

Then the functional
F(u,Q) := / f(z,u(z), Vu(z)) dz
Q

. . . . 1.1 . .
is lower semicontinuous in W, (Q; R) with respect to local convergence in L.

Theorem B. (Serrin [S, Th. 13]) Let f : O x R x RN — [0,00) be a continuous function, with f(z,u,-)
conver in RY |, where Q is an open subset of RN . Then the functional F(u,Q) is lower semicontinuous in
WLH(Q;R) with respect to weak convergence in BVioe(; R).

We recall that a sequence of functions {u,} C W21 (Q;R) (or BVioc(;R) ) converges weakly in BVioc(;R)
to some function u if u,, converges to u in Li, (€ R) and

(1.1) sup/ |Vu,(z)| dz < .
n Jo
Theorem B was later improved by Ambrosio [A] who established the following result:
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2 . Fonseca and . eoni

Theorem C. (Ambrosio [A, Th. 3.2]) Let f : QxRxRN — [0, o0] be a lower semicontinuous function, with
f(z,u,-) convez in RN | where Q is an open bounded subset of RN . Assume that there exists a continuous
function :Q xR — RN such that the function

(1.2) (z,u) = f(z,u, (z,u)) is continuous and real valued.

Then the functional F(u,Q) is lower semicontinuous in W' (£;R) with respect to weak convergence in
BV (O R).

Theorems A and B were also e tended to the vectorial case by orrey in his book on alculus of
ariations [ , Thms. .1.1, .1.2]. owever, several years later isen [ ] found a gap in orrey s proof,
thus placing in doubt the validity of Theorem A and B when d 1, and constructed countere amples for
Theorem A(iii) when d 1 (see also [St] for more details and an e tensive bibliography). To our knowledge
the validity of Theorems A(i) (ii) and B when d 1 remains open.
ote also that the techniques used by Ambrosio in Theorem are rather di erent from those of Serrin s
paper, and are based on a paper of e iorgi, Butta oand al aso|[ B ], where the authors proved
lower semicontinuity with respect to local convergence in L' for integrands of the form f = f(u,¢), which
are only measurable in the u variable and not necessarily coercive. ne of the main ideasin [ B ] was
to appro imate from below f = f(u,£) by functions of the form ( (u) (u)-&) and then to study lower
semicontinuity for these special integrands. A crucial observation is that (u(z))- Vu(z) is the gradient
of B(u(z)) := ° ()d, and thus integration by parts allows one to eliminate the troublesome term
(u(z)) - Vu(z). learly this approach cannot be e tended to the vectorial case.
n this paper we show that Theorems A(i) and B continue to hold in the vectorial case. ore precisely,
we can prove the following:

Theorem 1.1. Let f: QxR x N 5 10,00] be a lower semicontinuous function, with f(zx,u,-) convex
n N uppose that for all (z ,u ) € Q xR either f(z ,u ,£) 0 foralléc N or there exist
0, and a continuous function :B(z , )xB(u, )— N such that
(1.3) f(z,u, (z,u))eL (B(z, )xB(u, );R),
1
(L.) fl@,w,€)  [f —
forall (z,u) e AXR with|z z| |u u] and for all £ € N. Let u € BVioc(5R ), and let

un} be a se uence of functions in Wi ;R converging to w in LL (Q;R ). Then
loc loc
/f(x,u, Vu) dz liminf/ f(z, un, Vuy,) dz.
Q n Q

ere Vu is the adon ikodym derivative of the distributional derivative w of u, with respect to the

dimensional ebesgue measure .

The argument of the proof of in Theorem 1.1 is based on the blow up and truncation methods introduced
by onseca and uller [ ],[ 1], together with an appro imation result for conve functions due to
Ambrosio [A].

f in Theorem 1.1 we require only measurability in z, rather than lower semicontinuity, then the situation
becomes signi cantly more delicate. This problem has been taken up by Acerbi, Bouchitte and onseca
[AB ] for integrands of the form f = f(z,&), conve in ¢, which satisfy the growth condition

g L oi@e g ),

where ma {1, ( 1) }and 0.
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Coro r 1. . Let f: QxR x N 5 10,00] be a lower semicontinuous function, with f(z,u,-) conver

n N uppose that

f(z,u,&) > 00 as|é| = o0

and that f(z,u,0) € Li,, QXR ;R . Let u € BVoc(R ), and let {u,} be a se uence of functions in
WEHQ;R ) converging to w in L (R ). Then

/f(m,u,Vu)da: liminf/ f(z, upn, Vuy,) dz.
Q n Q

orollary 1.2 e tends Theorem A(i) of Serrin to the vectorial case.

Coro r 1. . Assume that f satisfies all the hypotheses of Theorem . , maybe with exception of (1. ).
Then the functional F(u,Q) is lower semicontinuous in I/Vlicl (R ) with respect to weak convergence in
BVioc (R ).

The method used in Theorem 1.1 can also be applied to polyconve integrands. or each matri & € N

let  (£) € R be the vector whose components are all the minors of £, where

Theorem 1. . Let :Q xR XR —[0,00] be a lower semicontinuous function, with (z,u,-) convez in
R . uppose that for all (z ,u ) € QA xR either (z ,u, ) 0 forall €R , or there exist |, 0,
and a continuous function :B(z , )xB(u, )— R such that

(1.) (z,u, (z,u))eL (B(z, )xB(u, )R,
(L) @w ) || =

forall (z,u) e QxR with|lz =z | |u u] and for all € R . Let u € BVioc(5R ), and let {un}
be a se uence of functions in I/Vl:(l)’c (R ) which converges to u in L. (Q;R ), where =min{d, }. Then

/Q (z,u,  (Vu))dz  liminf /Q (@, un, (Vuy))dz.

The conclusion of Theorem 1. continues to hold for integrands : QxR X R — [0,00] which can
appro imated from below by a monotone sequence of functions : QxR xR — [0, 00] which satisfy the
hypotheses of Theorem 1. . As

(1) (z,u, )=sup (z,u, ) for all (z,u, )€ QxR xR,

is clearly lower semicontinuous, conve , and coercive in (in the weak sense (1. ) above), but it may not
verify condition (1. ). As an e ample, consider

1 1 |y ifu=0

(w,&):= () (),  where (=" if u=0
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Oisconve and () —> oo as| | — oo. learly (1. ) is not satis ed for u = 0, but it is easy to
appro imate , by taking (u)=min{ (u), }and := (u) ().
ore generally (1. ) always holds if for every (z ,u ) € Q xR and 0 there e ists 0 such that

(1) (@, ) @ ) (@,u, )

for all (z,u) € A xR with [z =z | ,Ju w | and for all € R (see | ] for a proof). Thus we
recover the lower semicontinuity results of al aso and Sbordone [ S|, and of wusco and utchinson
[ ], where condition (1. ) is replaced by (1. ) (see also [ ] for related results).

t would be interesting to understand whether for any lower semicontinuous function , conve and
coercive in , it is possible to nd an appro imating sequence as above. This would entail that Theorem
1. (resp. 1.1 ) continues to hold without condition (1. ) (resp. (1.3)). Although this seems likely, we have
not been able to prove it.!

Coro r 1. . Let :QxRN xR — [0,00) be a continuous function, with (x,u,-) convez in R. uppose
that for all (z,u) € Q x RN

(1.) (z,u, ) > o0 as | | = oo.

Let u € WHN(Q;RY), and let {u,} be a se uence of functions in WHN (Q; RY) bounded in WH N 1(Q;RN)
and converging to u in L*(Q;RN). Then

/ (z,u,det Vu) dz liminf/ (z, upn,det Vu,) dz.
Q Q

n

To the authors knowledge orollary 1. is new in this generality. ower semicontinuity for polyconve and
quasiconve integrands of this type has been studied by several authors in the past years, see in particular

the papers of [A ], [B], [B |, [ A], [ L[ ar,[ SL[ |,[ 1],[ mar],[ ],[ y1],[ 2],

[ 3] for the polyconve case and of [B y],[ y]|,[ arl],[ ar2]for the quasiconve case. t is rather

interesting to observe that when depends only on the gradient variable , rather than on the full set of

variables (z, u, ), then condition (1. ) can be dropped. This was shown by eladaand al asoin]| )-
o analogous results without a coercivity condition of the type (1. ) are known for the case when d =

(see roposition 3 in the Appendi for the coercive case).

§ . roo o Theorem 1.1.

roof of Theorem . . Without loss of generality we may assume that

lim inf/ f(z,un(z), Vup(z)) de = lim / f(z,un(z), Vun(z)) dz < .
n Q n Q
assing to a subsequence, if necessary, there e ists a nonnegative adon measure such that
f(z,un(z), Vun(z)) Na

as — oo, weakly in the sense of measures. We claim that

(2.1) dd—N(w )= lim w f(z ,u(z ),Vu(z ))  for

Nae z €9,

ote added to proof in a recent paper CMy Cerny and Maly have constructed an integrand which satis es all the
hypotheses of heorem 1.3 except 1.5 and such that the corresponding functional fails to be lower semicontinuous with
respect to convergence.
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=z . £(2.1) holds, then the conclusion of the theorem follows immediately. ndeed,
lee € (%R),0 1. We have

lim /f(x,un,Vun)dm liminf/ f(x,un,Vun)dw:/ d

Q
d
/Q I dz /Q f(z,u, Vu) d.

By letting — 1, and using ebesgue ominated onvergence Theorem, we obtain the desired result.
Thus, to conclude the proof of the theorem, it su ces to show (2.1).
Take z € 2 such that

(2.2) dd—N(w ) = lim w < 00, lim %/ lu(z) u(z) Vu(z )z z)ldz=0.

)

hoosing 0 such that ( (z, ))=0, then
1
lim w = lim nlim —N/ f(z,upn, Vuy,) dz

)

— lim nlim/f(w Ju(z ) n (1Y n (),

where
_ un(z ) u(z)
n, ()= :
learly , € W?Y( ;R ), and by (2.2), lim lim || ,, I =0, where ( ):=Vu(z ) . By
a standard diagonali ation argument, we may e tract a subsequence = 5, which converges to in

L'( ;R ) and such that

d .
(2.3) d—N(a: )= lim / f(z ,u(z ) (),V ()d.
f f(z ,u(z ),€) O for all £ then there is nothing to prove. therwise, let 0 be given by (1.3), (1. ).
rom (2.3) and (1. ), and for large
d
g @) 1 fz yu(z ) ()»Vv ()d
/ Vool 1
and so there e ists a constant 0 such that

2.) / v ()ld

By roposition 1 and emark 2(ii) in the Appendi , with = (z 1 )xBu(z ), 2)andV = N,
there e ist two sequences of continuous functions

— R, N )
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such that

(2' ) f(wa u, 5) = sup( (.’1:, u) ("Ba u) : g)
for all (z,u) € and{€ N. e ne

f(@w8):=( (zu) (z,u)-§)

Then f is continuous, conve in ¢ and

(2.) 0 f(zuf) (¢l 1)
for all (z,u) € and ¢ € N where
=ma {| (z,v)] | (z,u)|: (z,u)e }.
or any ed 0 we may nd 0 < 2 such that

| (@u)  (@,u@))] | (&v) (z,u(z))

for all (z,u) € (x ~ )xB(u(z ), ). Since the function ( ):= is ipschit continuous with ipschit
constant 1, we have

If (@w,&) f(z,u(z ), | (&) (z,u@))l | (&v) (@,u))E @ [

for all (z,u) € (z " )xB(u(z ), )andall¢ e N.  ence, by (2.3), (2. ) and (2. ), for any ed
d .
A @) tmint fle ) ()Y ()d
timinf [ fe ) (O ()d
2.)
tmint [ fleue)y (nd v ()l
liminf/ f(z,u(z),V ())d
n order to truncate ,let :=| || landlet { } C be an increasing sequence of positive
integers such that 2 , with — 00. hoose an interval

( ’L)e (’2 )""’(2 1’2 )

such that

2.) / v ()ld
onstruct a smooth cut o function :R — R such that

@) (w) = u if |ul ,

0 if|lu| L,
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with| (u)| |uland |V (u)] L (L )forallu € R . ote that by construction L (L )=2.
ene ():= ( ()),and

={e | OI< } ={e | O L} ={ e : O L}
Then

Jro oae=f10 oa [1oa 1o o
[

[ [ N ) / | ()ld

2 I 2 || N( )50 as - oo,
because
10 N( )= e sl O Y
Ce 1 O O 1 I I
/f<w,u<w ),V ())d =/ f@,u@)V ())d
(2.11)

[ teae)r0d [ f@au@)v ().
We claim that the last two integral are in nitesimal as — co. ndeed, by (2. ) and (2.10)

(2.12) 0 /f(w,u(a:),O)d N ),

while, from (2. ) and (2. )

@13 [ feue).v (pd [ @ v ()Y |

(21) Yo v M) 2 — o

as — oo. Therefore from (2. ), (2.11), (2.12), (2.13) and (2.1 )

dd—N(“’) 1iminf/f(a:,u(o: Vo ()d ’

where we used the fact that C{ € :| | } by choice of . By a result of Serrin [S,Theorem

2] we obtain
d@) @ u),Vul)

By taking the sup in and using (2. ) we have

d
TwE) flu@), V=)
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owwelet —0 .

roof of orollary . . We only need to show that condition (1. ) in Theorem 1.1 is satis ed. The argument

follows closely that of orrey [ |in emma .1.3.
Suppose that (1. ) is false. Then we may nd (z ,u ) € @ x R and a sequence {(zn,un,&r)} C
QxR x N with (z,,un) = (z ,u ) and |¢,] = 00 as  — oo, such that
1

By hypothesis f(z,u,0) € L,,, € xR ;R , hence there e ists 0 such that
(2.1) f(zn,un,0) for all

e ne ,:=¢&, |[£,]- By e tracting a subsequence, if necessary, we may assume that , —» € N {0}
as — oo. Since f(z,u,-) is conve , for any 0 we have

f ("Bn,un, n) = f TnyUny 777 {n
[€n]
1
1 Te | f(wnaunao) —f(wnaunagn) 1 Te | Te | |£n| 1 )
[énl [&nl [&nl (3
where we have used (2.1 ) and (2.1 ). f we now let — oo in the previous inequality, and use the facts
that |£,] = 00, (Zn,Un, n)— (z ,u, ), together with the lower semicontinuity of the function f, we
get
f($ 7u b ) b

which is a contradiction since f (z ,u , ) > o0as — oo.

roof of orollary . . et {u,}C Wlicl (; R) be a sequence of functions converging weakly in BVj,.(Q2; R)

to u. Then by (1.1)
sup/ |Vun(z)| dz < o0,
n Jo

for some constant 0 independent of . i 0. The integrand

f (w,u, 6) = f(wa u, 5) |§|
satis es all the hypotheses of Theorem 1. Therefore

/f(z,u,Vu)dm /f(a:,u,Vu)d:v liminf/f(w,un,Vun)dm liminf/ f(z,upn, Vuy,) dz
Q Q n Q n Q

tsu cestolet — 0 .

§ . roo o Theorem 1. .

roof of Theorem . . The proof of Theorem 1. is similar to the previous one, and we will only indicate
the main di erences. et f(z,u,€):= (z,u, (§)). We proceed as in the proof of Theorem 1.1 up to (2.3),
where now € W1 ( ;R ). nequality (2. ) should be replaced by

(3.1) / | (Vv ())ld
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By roposition 1 and emark 2(ii) in the Appendi , with = (z 1 )xBu(z), 2)andV =R,
there e ist two sequences of continuous functions

- R, . =R,

such that
(z,u, )=sup( (z,u) (z,u)- )

for all (z,u)e and €R . e ne

(z,u, ):=( (z,u) (z,u)- ) , and f(z,u,&):= (z,u, (&)).
Then  is continuous, conve in and
(3:2) 0 (zu, ) (1
for all (z,u) € and €R , where

=ma {| (z,4)| | (z4):(z,u)e }

We may now proceed as in Theorem 1.1, replacing (2. ) with

(33) / W Old —,

up to (2.13) which becomes

) [ feae)y (na [ a1 (v e
Since ||V || for some constant , and in view of the fact that for = €

vV OOVl v OO (VL

it follows that for = €

3) v vl (Vo
Then, by (3.3) and (3. ),

() [ a1 @ ()9 o () — o
onsequently, in view of (2. ), (2.11), (2.12), (3. ) and (3. )
3.) dd—N(a:) liminf/f(a:,u(:c Y ()d

At this stage we are not yet in position to apply roposition 2 in the Appendi due to the lack of coercivity
of .By(3.1),(3. )andsince =0on , we have

(3.) sup/| vV ()d <o
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where ; is independent of and . e ne

By (3. ) and (3. ) .
Jw@) tmut[ (C(V Opd ()

By roposition 2 in the Appendi we obtain

dd_N(x ) (Vu(z ) ( 1)=f(z,u(@ ), Vu(z)) | (Vu(z)) ( 1)

By taking the sup in we have

dd—N(w ) flzu(e ), Vu(z)) | (Vu(z)) ( 1)

ow we let — 0 . This concludes the proof of the theorem

emark . . The truncation arguments in the proofs of Theorem 1.1 and 1. simplify respectively the ones
of onsecaand wuller[ |andof uscoand wutchinson|[ |. oreover they can be used when the target
function  is any L function, not necessarily smooth. See [ | for more details.

roof of orollary . . The proof is similar to that of orollary 1.3. n this case we consider the integrand

f (wauag) = (w’u’ (5)) |£|N la 0.

‘We omit the details.

§ . A endi.
ro o ition 1. Let be a closed set of R , let V be a re ezive and separable anach space. Let f :
xV = ( oo, ooJbea x V se uentially lower semicontinuous function, convez in the last variable
and such that there exists a continuous function : — V with

(-1 G () el ( ;R).
Then there exist two se uences of continuous functions

— R, . =V,
where V' is the dual space of V, such that

fO, )=sup( () < (), )

for all € and €V.
oreover if f is bounded from below, then ( .1) can be weakened to

(-2) G () €L 5R).
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emark . (i) roposition 1 was proved by Ambrosio in [A, emma 2. ], in the case where ( .1) is replaced

by the assumption that f(-, (-)) is continuous.
(ii) f f is non negative then, without loss of generality, we may assume that

fCGo )=sw( () < () )

roof. e ne

(-3) (> )= 1(, (), where =]l f(, () |
learly satis es the same hypotheses of f and
ollowing Ambrosio [A], we consider the multifunction : —{ CRxV : = ,conve, closed}
de ned by
()={(, YeRxV : (,) <, forall €V}.

t is easy to see by the hypotheses on that () is well de ned. We only note that ( . ); and the conve ity
of (,-)imply that ()= . We claim that is lower semicontinuous. i an openset W CRxV . We
need to show that

W)={e : () W=}
isopenin . Assume that (W)= and e W),( , )eWand 0 such that
() () < forall €V,

' {(, )eRxV | |l < }cow
We claim that there e ists an open ball B in | containing , such that
(.) (,) < (I |]|]) forall e Band €V.

Assume that ( . ) is false. Then there e ist two sequences { ,} C R convergingto in and { ,} CV
such that

() (n n) < < i (1 [[ nll) forall €

f sup,, || || < oo then we can assume that , converges weakly to some € V and, due to the lower
semicontinuity of , letting — ocoin ( . ) we get

(,) < @ 11

which contradicts ( . ). Therefore sup,, || »|| = oo, and without loss of generality we can assume that
|| nl| = oo, with , := , || »|| converging weakly to some €V as — oo. i 0 and let be so
large that || ,|| 1; by the conve ity of (,-) and ( . )

1 1

(ns n ) < 5o [ () n) < ,na ] 1 ( (»0) )
| =ll | =ll
1., 1
C DI

k)
| nll I nll
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where we have used the fact that ( ,,0) Oby ( . ) . etting — oo and using the lower semicontinuity
of and ( . ) gives

0o (, ) < — <0,

provided is taken su ciently small. We arrive at a contradiction, and this proves ( . ). We can now
proceed as in [A].

We claim that B C  (W). i € B. By the ahn Banach Separation Theorem there e ist € R
and €V such that

(,) < <, 2 [| || forall €V.
onsequently 2 and || || . et :=inf{ ,2 }. Then
(s) < ; forall €V

and thus, by ( . ) it follows that € (W) and the claim is proved. Since is lower semicontinuous by
the ontinuous Selection Theorem (see [A, emma 1.1]) for every (, )€ XV we can write

(, y=sup{ 1() < (), :(1, )Iisa continuous selection for }
and by indelof Theorem (see e.g. emma .2in[ |) we get the desired result. This completes the proof

of the proposition in the case where ( .1) holds.

When f is bounded from below and ( .2) is satis ed, without loss of generality we can assume that f is
nonnegative. et , € (R;R),0 () 1lbeacut o function such that ,() 1for]|| and

() O0for| | 1. e ne
fn(a):: n()f(a)

Then f, satis es the same hypotheses of f and also ( .1). Thus we can apply the rst part of the roposition
to fn. To conclude the proof it su ces to observe that, since f 0,

f(a ):S‘;llpfn(a )

ro o ition . Let :R — [0,00) be a convex function such that
()= o0 as | | = 0.

Let u € Wb (;R ), and let {u,} be a se uence of functions in Wb (;R ) which converges to u in
L'(R ), where = min{d, }. Then

/Q ( (Vu))dz liminf /Q ( (Vuy))dz.

roposition 2 has been proved by al aso and Sbordone (cf. Theorem 2.2 in [  S]) using cartesian
currents and by usco and utchinson (cf. Theorem 2. in[ |).

Ac no ed ment . Theresearch of . onseca was partially supported by the ational Science oundation
through the enter for onlinear Analysis under rants o. S 00 31 and S 31 , and that of
eoni by ST, roect etodi aria ionalied qua ioni i eren iali on ineari , by the talian
, through A A and the strategic pro ect etodi e modelli per la atematica e 1 ngegneria .
eoni would like to thank the hospitality of the enter for onlinear Analysis, where part of this work was
carried out during his visit in the spring of 1
The authors would like to thank the referee for some observations which led to signi cant simpli cations
of the proofs.
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