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Abstract

The purpose of this article is to study the behavior of a heterogeneousthin Im whose microstructure os-
cillates on a scalethat is comparable to that of the thickness of the domain. The argument is basedon a
3D-2D dimensional reduction through a -con vergenceanalysis, techniques of two-scale convergenceand a
decoupling procedure between the oscillating variable and the in-plane variable.
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1 Intro duction and main result

In this work we study the asymptotic behavior of a heterogeneous'-thin domain with periodic microstruc-
ture of period ", as" goesto zero, through a -limit analysis. Tedniques of two-scale corvergenceand a
decoupling procedure betweenthe oscillating variable and the in-plane variable are usedto derive the relaxed
two-dimensionalenergy from its three-dimensional courterpart.

Let ! be an open and bounded subset of R2. For each 0 < " ldene -:=1 ( ™"). Considera
deformable thin body occupied by a hyperelastic material with a periodic microstructure of period " whose
referencecon guration is given by the thin domain -, and whosestored energydensity W("): - R® 31 R

is assumedto be a Caratheadory function satisfying somep-growth and coercivity conditions (1< p< 1 ). We
assumethat the body is clamped on the lateral boundary, that isu(x) = x on@ ( ";") for all admissible
deformations of the body, and that it is submitted to the action of regular surfacetraction densitiesg(") on

=1 f " "gandregular deadloadsf ("). The total energy of this body under the action of this forcesis
nothing but the di erence betweenthe elastic energy and the work of external forces. More precisely
z z z
E(")(u) = W (")(x; Du) dx f(") udx g(") udH?;

foru2 V(") =fu2 WP( «;R® :u(x)=x on@ ( " ")g, and where H? stands for the two-dimensional
Hausdor measure.It may occur that the minimization problem assaiated with this energyadmits no solution
over the set of kinematically admissible elds V("). However, we can intro duce the notion of quasi-minimizer
of E("), u(") 2 V("), by requiring that

EC)(UC) 6 inf EC)(u) + " h(");

whereh(") & 0" when" ! 0. Note that if the minimization problem admits a solution { for instance if W (")
is quasicorvex in its secondvariable { then we cantakeh 0.

As usual, in order to study this problemas" ! 0 we rescalethe "-thin body into a referencedomain of unit
thickness(seee.g. Anzellotti, Baldo and Percivale [3], Le Dret and Raoult [17], Braides, Fonsecaand Francfort



[10Q)), sothat the resulting energy will be de ned on a xed body, while the dependenceon " turns out to be
explicit in the transversederivative. For this, we considerthe change of variables

1
ol =10, (X1:X2;X3) 7V X1;X2; =X3

and de ne v(x ;%2) = u(x ;x3) onthe rescaledcylinder , wherel := ( 1;1)andx := (X1;Xp) isthe in-plane
variable. It is well known that the membrane theory arisesat the order " of a formal asymptotic expansion(see
Fox, Raoult and Simo [16]), provided that the body forcesare of order 1 and the surfaceloadings are of order
". Sincethis energyis of order " we divide the total energyby " and, in addition we assumethat

fONX 5"%3) = f(x ;X3);
g(")(x ;"x3) = "g(X ;X3);
wheref 2 LP°(; R3), g2 LP’(; R®) (1=p+ 1=f= 1)and :=! f ZL;1g. If W-(x :X3; )= W)X ;"X3; ),

for xed " minimizing E(") on V(") is equivalent to minimizing

EC)W) _ ©

Z Z
W- x;D v(x) %ng(x) dx f vdx g vdH?

E(v) =

onV. = fv2 WIP(; R}) :v(Xx) = (x ;"x3) on@ |g. Denote by D; = @@f fori 2 f1;2,3gand D =
(D1;D3). In the sequel,we identify RY N with the spaceof reald N matrices. For all = (z1jz,) 2 R® 2
and z 2 R3, (' jz) is the matrix whose rst two columns are z; and z, and whoselast oneis z. Denoting a
guasi-minimizer of the rescaledenergyby u-(x ;x3) := u(")(x ;"x3), we obtain

E(u) 6 inf E(v)+ h("): (1.1)

Our aim is to study the asymptotic behavior of the equilibrium problem (1.1) as" ! 0 via a -con vergence
method (we refer to Braides and Defrancesti [9], Braides[11] and Dal Maso [13] for a comprehensie treatment
and bibliography on -con vergence).

The motivation for studying problem (1.1) comesfrom the work of Braides, Fonsecaand Francfort [10]
who have establishedan abstract dimensional reduction variational corvergenceresult in a general setting for
a family of stored energiesof the form W-(x; ) and derived speci ¢ characterizations for particular cases.In
Section 3 of [10] a heterogeneousonlinear membrane model is derived by -con vergence,and heterogeneit in
the transversedirection is considered. Precisely the authors treat the casewhere the stored energy density is
of the form W (x3; ), generalizingthe previous work of Le Dret and Raoult in [17] who treated a homogeneous
material, i.e. when W dependsonly in . Later, Babadjian and Francfort [4] consideredenergiesof the form
W(x; ) with a general heterogeneiy. Furthermore in Section 4 of [10], a 3D-2D analysis coupled with a
homogenizationin the in-plane direction is studied in the casewhere W-(x; ) = W(x3;x ="; ). Shu [22] also
investigated similar problems, in the framework of martensitic materials, with di erent length scalesfor the Im
thicknessand the material microstructure.

Here we proposeto establish a dimensional reduction and homogenization result, where both scalesare
identical, by adding in the stored energy density an explicit dependenceon the in-plane variable x . Namely,
we assumethat W« (x ;Xs; ) = W(x ;Xgz;x ="; ) for somefunction W : R? R3? 3! R whosehypotheses
will be introduced later.

Two features di erentiate our approach from what is available in most of the literature in the subject.
The rst oneis the use of a two-scalecorvergenceargumert (see Nguetseng[20, 21] and Allaire [2] for the
notion and properties of two-scale corvergence). The same argument was used by Ba a and Fonsecain [5]
in a pure homogenization cortext, i.e. without consideringthe dimensional reduction problem. The second
feature is connectedwith the de nition of the homogenizedstored energyin which two independert variables
areoccurring : Firstly the integration variabley and secondlyx on which this function is explicitly depending.



To take into account this structure, we are led to decouplethe oscillating variable from the in-plane variable.
This procedure is possiblethanks to a continuous extension of Caratheodory functions result introduced by
Babadjian and Francfort in [4].

For a comprehensie treatment on the homogenizationof integral functionals via a -limit approach, we refer
to Braides and Defransceshi [9] and referencestherein. We will denote by LN the N -dimensional Lebesgue
measurein RN (in the sequelN will be equalto 2 or 3).

Foreahh" > Owedene |- :LP(; R®)! Rby

8 7 1
3 W X ;Xz; XT;D u(x) zDsu(x) dx dxz if u2 WtP(; R3);
| «(u) = 1.2
(u) 5 1.2)
To+1 otherwise
with 1< p< 1, wherewe assumethat W : R? R3® 3! R satis es the following hypotheses:

(H1) W(x; ; ) iscontinuousfor a.e.x 2 ;
(Hy) W( ; ; )isL® L2-measurablefor all 2 R3 3;

(H3) there exists0< < +1 suc that
1j iP 6 W(xy ;)6 (1+]j°); foraex2 andforall(y; )2R?> R®3;

(Hs) W(x; ; ) is Q%periodic for a.e.x 2 andall 2 R® 2, where we denote by Q°= (0;1)? the unit cube
of RZ

Remark 1.1. We remark that due to hypothese(H;) and (H») the function W is a Caratheodory integrand
as W(x; ;) is cortinuous a.e. x 2 and W(;y ; ) is measurablefor all y 2 R? and 2 R® 3. This
implies (seee.g. Proposition 3.3 in Braides and Defrancesati [9] or Proposition 1.1, Chapter VIl in Ekeland
and Temam [14]) that W is equivalert to a Borel function, that is there exist a Borel function W sud that
W(x; ; )= W(x; ; ) forae x2 . Asaconsequencehe integral in (1.2) is well de ned. As noted by
Allaire in [2], Section 5, the measurability of W in the pair (x;y ) doesnot let us concludethat, for xed
the function x 7! W (x; x ="; ) is measurable. The continuity of W(x;y ; ) in at least one of the variables x
ory turns out to be su cien t to guarantee the measurability of this function. In the presen paper, we decide
to imposethe continuity in the y variable. Note that we could also have consideredW to be cortinuousin x
and measurablein y but the proof of our main result doesnot hold anymore in this context.

As for notation, we will identify WP (! ; R3) with the setof functions u 2 WP(; R3) suc that Dzu(x) = 0
for a.e.x 2 and we will usethe notation ( LP())-limit whenewer we refer to the -con vergencewith respect
to the usual metric in LP(; R®). We prove that

Theorem 1.2. If W satises (H1), (Hz), (H3) and (H,), then the family fl -g- o ( LP()) -convergesto the
functional | hom : LP(; R®)! R dened by
8 Z
2 2 Whom(x ;D u(x ))dx if u2 WiP(1 ;R3):;
I hom (U) 1= 3 ! (1.3)
To+1 otherwise

where Whom is given by



4

n
_ . . 1 — .
Whom (X ;) = _lim_inf — W x jy3;y 5 +D ' (y)jDs' (y) dy dys:
T! +1 2T (0:T)2 1 o
*2WEP(0;T)?2 I;R%);' = 0on@0;T)? | (1.4)

for a.e.x 2! andall 2 R® 2,

We note that the p-coercivity condition in (H3) ensuresthat the -limit of |- remains unchanged if we
considerthe weak W P-topology in place of the strong LP-topology.

As a consequenceof Theorem 1.2 we deducethe usual convergenceof (quasi-)minimizers as stated in the
following corollary.

Corollary 1.3. Let fu-g be the sgguene of quasi-minimizers de ned in (1.1). Then fu-g is weakly relatively
compact in WYP(; R®). Furthermore, any limit point u of this sequen@ is a solution of the minimization
problem

z z

min 2 Whom (x ;D v(x ))dx (F+g"+g)(x) vix )dx ;
Vo (x 30)2W P (1;R3) ! !

_ R
whee f = 1 f(;xs)dxsandg = g(; 1)

This departsfrom the classicalresult (seeProposition 7.2in Braides and Defrancesai [9]) dueto the presence
of the boundary conditions. This di cult y is overcomethanks to Remark 3.2 which says that we can prescribe
the lateral boundary condition of the recovery sequence.We do not include the proof of this corollary because
it is similar to that of Corollary 1.3 in Bouchitt e, Fonsecaand Mascarenhag[8].

The plan of this work is asfollows: In Section 2 we will discusssomeproperties of Wyon, namely that it is
well de ned, proving that the limit on the right hand side of (1.4) exists, and that Whom (X ; ) is cortinuous
for a.e. x 2 1. Section 3 is dewoted to the proof of our main result, Theorem 1.2. The starting point of our
analysisis the -limit integral represenation result, Theorem 2.5 in Braides, Fonsecaand Francfort [10]. Our
objective is to identify the integrand, showing that is coincides(almost everywhere) with Wyo . An argumert
of two-scalecorvergencewill be usedto prove that the integrand of the -limit is lessthan Wy in Lemma 3.4,
taking an oscillating sequencef test functions for the -limit (seealsoBa a and Fonsecdg5]). On the other hand,
sincethe problem at xed " and the asymptotic problem are of di erent nature (a three-dimensional problem
becoming a two-dimensional one), it appearsa new di cult y to prove the corverseinequality in Lemma 3.5.
Indeed, arguing like in classicalrelaxation, we would use the Scorza-DragoniTheorem (seeassumptions(H ;)
and (Hy)) to nd acompactsetK , the complemen of which has arbitrarily small Lebesguemeasureand
sudh that W is cortinuouson K R? R3 3, To localize our functional on small cubessoasto apply a uniform
cortinuity argumert, we x x° in ! and for all (x ;x3) 2 K we must ensurethat (x°;x3) 2 K. But since
K is compact, we cannot expect this to be true, and this argumernt fails. To overcomethis dicult y (seealso
Babadjian and Francfort [4]), we needto replaceW by a function which is (separately) cortin uous everywhere.
That is the aim of Lemma 4.1 which provides a continuous extension of Caratheodory functions and will be
proved in the Appendix in Section 4.

2 Preliminary results

In this section we will prove someproperties of the stored energy Whom that will be of usein the proof of
Theorem 1.2.

Remark 2.1. Toprove Theorem1.2we may assume without lossof generality, that W is non negative. Indeed,
in view of (H3) it su ces to replaceW by W +



We begin by shawing that in the de nition (1.4) of Wyon the limit asT ! +1 exists. The proof of this
property is a direct consequencef a result due to Licht and Michaille [18], Theorem 3.1 (seealso Lemma 4.3.6
in Bouchitt e, Fonsecaand Mascarenhag[7]). We intro duce the following new condition :

(HY) W(x;y ;) iscontinuousfor a.e.x2 andally 2 R2

Remark 2.2. Note that (H;) implies (H?). Furthermore, if W satis es (H?) and (H,), W is a Caratheodory
function in the following sense: W(; ; )isL® L2-measurablefor all 2 R® 3 and W(x;y ;) is cortinuous
for L3 LZ-ae.(x;y )2 R2. As a consequencethere exists a Borel function W°on R? R3 3suc
that W(x;y ;)= WYx;y ;) forL® L%ae.(x;y )2 R2. Thus the integral in (1.4) is well de ned. We
insist on the fact that, in principle, W%and W (seeRemark 1.1) neednot to be equal.

Lemma 2.3. If W satises (H?), (H,), (Hz) and (Hy), then
_ nq z _
Whom(x ;) = _lim inf _— W x ;y3;y 5 +D ' (y)iDs' (y) dy dys:
T! +1 2T (O;T)Z |
o}

' 2WHP(0;T)® I;R%); " =00n@0;T)* |

existsfor a.e.x 2! andall 2 R® 2

Proof. Let x 2! besud that (HY), (H3) and (H4) hold andlet 2 R® 2 Dene :A(R?)! R* by

Z
n
PR - v
(A) = inf 2, IW(x 'Yaiy 5+ D (Y)iDs' (y) dy dys:
[0}
" 2WEPA 1GR3 =0on@ |

where A (R?) stands for the family of open subsetsof R?.

In view of Remark 2.2, iswell de ned and, thanks to (H3), it isa nite function. Moreover this setfunction
satis es the assumptionsof Theorem 3.1 in Licht and Michaille [18]. Indeed rstly , by (H3), (A) 6 (1+
j jP)L2(A) for all A 2 A(R?). Secondly is subadditive, that is (C)6 (A)+ (B) for all A; B; C 2 A(R?)
with A\ B 6 ; and C = A[ B. Finally, by (Hy), forany i 2 z?, (A+i)= (A) forall A2 A(R?). Asa
consequencehe limit

T)2
T!”Tl % = Whom (X ;)

exists.

Remark 2.4. It can be provedthat the limit asT! +1 in (1.4) could be replacedby an in m um taken for
every T > 0 (seeBraides and Defrancesti [9] or Ba a and Fonseca[5]).

Now that Wyom is well de ned, we will shav that Wyom (X ; ) is cortinuous for a.e. x 2 ! for later use
in Theorem 1.2. To prove this property directly it seemsthat we would needa little bit more than only the
cortinuity condition imposedon W(x;y ;) (e.g. a p-Lipschitz condition). We remark that if W(x;y ; ) was
guasicorvex, then by the p-growth condition (H3), W(X;y ; ) would satisfy a p-Lipschitz condition (seeLemma
2.7 below). Sincewe do not want to a priori restrict too much the stored energydensity, in order to compensate
for this lack of regularity we prove rst in Lemma 2.6 that the value of Wy, doesnot changeif we replaceW
by its quasicorvexi cation QW (seeRemark 2.5 below).



Remark 2.5. Forae.x2 , ally 2R?andall 2R3 3dene

QW(xy ;)= [QW(xy ; )I()
where QW (x;y ; ) standsfor the usual quasicorvexi cation of W(x;y ; ). Then, the function QW (x;y ; )
is quasicorvex (seee.g.Dacorogna[12]) and if W satis es (H1), (H2), (Hz) and (H,), sodoesQW exceptthat
QW(x; ; ) may only be upper semicorinuous (as the in m um of cortinuous functions) for a.e.x 2  and all
2 R® 3 In particular, sinceQW satis es (H?), (Hz), (Hz) and (Hg), by Lemma 2.3t follows that

z

n

_ . i 1 _ )

(QW)hom (x ;) = _lim inf —— QW x ;ys;y 5 + D ' (y)iDs' (y) dy dys:
T! +1 2T (0;T)2 1 o
" 2WEP(0;T)2 I;R®; ' = 00on@0;T)? |

existsfor a.e.x 2! andall 2R3 2

Lemma 2.6. If W satises (H1), (H2), (Hs) and (Ha), then (QW)hom (X ; ) = Whom(x ; ) for a.e.x 2!
andall 2 R® 2

Proof. Letx 2! besud that both (QW)nom(X ; ) and Whom(x ; ) are well de ned. SinceW > QW,

we have Whom (X ; ) > (QW)pom(x ; ) for all 2 R® 2 Let us prove now the corverse inequality. Let

2R® 2 Foreahhn>0,let T, 2 Nand', 2 W% ((0;T,)? |;R®) satisfying' , = 0on @0;T,)?> 1, be
sudh that

Z
- 1 1
w )+ =>
(Q )hom(x ) n 2Tr12 0T)? |

The Lipschitz regularity of ' , may be ensuredbecauseof the density of W1 ((0;T,)? 1;R3) in WXP((0; T,)?
I ; R®) together with the p-growth condition (H3). Thus
Z

QW(X Y3y ; + D " n(¥)iDs' n(y)) dy dys:

(QW)hom (X ; ) > lim sup = QW(X ;ys;y ; + D ' n(Y)iD3' n(y)) dy dys: (2.1)

nt +1 Fn2 (0;Tn)2 1

Foreachn 2 N xed, by Acerbi-FuscoRelaxation Theorem (seeLemmalll.1 and Statemert I11.7 in [1]) and

Remark 2.1, there exists a sequencef' n g« WEL ((0;Th)?  |1;R3) satisfying' nx = ' n on @0;Ty)? 1]
with ' " * 'y and sudh that

4
1

2TZ oy

QW(X ;ys;y ; + D " n(Y)iDs' n(y) dy dys

V4

k!'"Pl 72 oy IW(x Y3y 5+ Dk (W)ID3' nk (Y)) dy dys:

From (2.1) we have
Z
- NP 1 - .
(QW)hom (X ;) > liminflim inf — W(x ;ysiy ;5 + D "k (V)ID3" nk (y)) dy dys
nt+l kb +1 2T (07,)2 |
n . <"

W(x ;ysy i +D " (Y)iDs' (y)) dy dys:

o

"2 WEP(0:T,)2 I;R%: ' = 00on@0;T,)? |

\%

liminf inf
N 2T 0T

Whom (X 5 ):

We are now in position to prove the cortinuity of Wyon in its secondvariable :



Lemma 2.7. Let W satisfying (H1), (H2), (H3) and (H4), then Wpom (X ; ) is continuous on R® 2 for a.e.
x 2.

Proof. We obsene that by the p-growth condition in (H3) and Remark 2.5, QW satis es a p-Lipschitz condition
(seeMarcellini [19]): There exists > 0 such that for ally 2 R? and a.e.x 2 ,

JQW(GY 5 1) QW(xY ; 2)i6 (L+jaj° *+j2° Di1 2 15 22R® % (2.2)
Take x 2! sud that both (QW)nom (X ; ) and Whom(x ; ) are well de ned. By Lemma 2.6 we have
(QW)hom (X ; ) = Wpom (X ; ). Given 2R3 21let , ! in R® 2 From the de nition of Whom (X ; ), for

xed > 0chooseT 2 Nand' 2 WYP((0;T)?2 1;R%);"' =0o0n@0;T)? I, sud that

Z
_ 1 - .
Whom(X 3 )+ > o— W(X ;yay i +D " (¥)iDs' (y)) dy dys: (2.3)
2T% (omy2 |

Therefore, Remark 2.4 yields

Z
. - . 1 - .
lim supWhom (X ; ;) 6 Ilim SUp 53 W(X ;ys;y ; o+ D " (Y)iDs' (y)) dy dys
nt +1 n! +£ 0;T)2 |
1 - i
= o1z W(X ;ys;y ; + D ' (¥)jDs' (y))dy dys
0;1)2 1

due to hypothesis(H1); the p-growth condition in (H3) and Lebesgue'sDominated ConvergenceTheorem. So
by (2.3) and letting ! 0 we concludethat

"rln S:Lljpwhom (X 5 n) 6 Whom (X ; ): (2.4)
nt o+

Similarly, for eacn 2 N considerT, 2 N(T, % +1 )and' , 2 WXP((0;T,)2 I;R®; "', =00n@0;Tn)? |,
sudch that

z
- 1 1 B o
Wram(X 7o)+ > 5 QWX ey ¥ D a)IDsT n() dy dys
Z‘ Tn)?
1 - .
= 5 o IQW(X Y3 Tay 5 0+ D " a(Tay y3)iD3' n(Thy 1ys)) dy dys
y4
l - .
- 2 Qo |QW(X Y3 TaY 5 n+ D a(NiTaD3 n(y)) dy dys;

after a changeof variables and where (y) := &' n(Tay ;y3). Clearly the function , belongsto W*P(Q°
I;R®) and , = 0on @° |. By the p-coercivity hypothesisin (H3) and (2.4), the sequencd (D  ,jT,D3 n)g
is boundedin LP(Q® I;R? 3) uniformly in n. We can write that

inf QW(X ;¥aiTay i o+ D n(Y)iTaDs n(y)) dy dys

> lim inf QW (X ;¥aiTay i o+ D a(V)iTaDs n(y)
Q W(x ;y3;Tay i +D  n(¥)iTaDs n(y)) dy dys
+ lim inf QW(X ;ysiTny ; + D n(Y)iTaDs n(y)) dy dys:



Using (2.2), Helder inequality, the fact that fk(D ,jTaD3 n)KLe(go 1:rs 2)g is bounded and !
obtain
rllf QW (X ;y3Tay 5 o+ D n(M)iTaDs n(y))

Q W(X ;y5;Tay 5 + D  n(Y)jTaD3 n(y)) dy dyz;=0;

and consequetly

z
. - o1 _ _
lim inf Whom (x 5 ) > liminf 5 QW(X ;y3;Tay 5 + D n(¥)iTaD3 n(y)) dy dys
nt +1 nl +1 2 QOZI
I | oy : iy

= lim inf 212 oy IQW(x Y3y 5+ D " a(Y)iDs' n(y)) dy dys

> (QW)nom (x ;_)

= \Nhom(X ;7):

From (2.4) and (2.5), we concludethat Whoy (X ; ) is cortinuous at .

3 Proof of Theorem 1.2

We start by localizing our functionals. Represeting by A(!) the classof all open subsetsof !,

l.:LP(; R®) A()! Rhby

8 7 « 1

3 W X ;X3; 5D u(x) 7Dsu(x) dx dxz ifu2 WEP(A [I;R3);
I+(u;A) ::B Al

o+l otherwise

We will prove that the family of functionals fl -( ;A)g- o -convergeswith respect to the LP(A
topology to the functional | nom( ;A) :LP(; R®)! R
8 Z
3 2 Whom(x :D u(x ))dx if u2 WHP(A: R3);
I hom (U; A) = 3 A
o+l otherwise

for all A2 A(!). As a consequencetaking A = ! vyields Theorem 1.2.

T, we

(2.5)

de ne

I;R%)-

(3.1)

For any A 2 A(!) and any sequencef"jg & 0", consider| fr9(HA) TLP(S R%) ! R the -lo wer limit of

fl« (GA)g2n,

[ q(Uu;A) := inf  liminfl- (ui;A):ui ! uinLP(A 1;R®
ig fujg ! +1 i \Ml J

(3.2)

Remark 3.1. In view of the coercivity condition (H,), for all A 2 A(!) we have that I+ g(u;A) = +1
whenewer u 2 LP(; R3®) nW?™P(A;R?), henceour objective s to characterizel ;- 4(u;A) for u2 WP(A;R3).

By virtue of Remark 3.1, together with Theorem 2.5 in Braides, Fonsecaand Francfort [10], it follows that
every sequencd "; g admits asubsequencé”; g f",gsudcithat I+ 4( ;A)denedin (3.2)isthe ( LP(A I))-
limit of fl » (' ;A)gn2n for all A2 A(!). Further there exists a Caratheadory function Ws. 4 :! R®21 R

such that



Z
L, g(UA) = 2 Wi g(x ;D u(x ))dx ; (3-3)
A

forall A2 A(!) and all u2 WLP(A; R3).
Our aim is to show that ¢+ (;A) = | hom(;A) on WEP(A; R3) forall A2 A(!). GivenA 2 A(!), in view
of the integral represenation (3.3) and (3.1), it is enoughto shaw that W 4(x © ) = Whom (X ;) for a.e.

x 2Aandall 2R3 2 andthusto work with ane functions instead of general Soholev functions. We will
prove that We- 4(X ; ) = Whom(x ; ) fora.e.x 21! andall 2R3 2.

Remark 3.2. Lemma 2.6 of Braides, Fonsecaand Francfort [10] implies that |-, 4(u;A) is unchangedif the
approximating sequenced u; g are constrained to match the lateral boundary condition of their target, i.e.
u uon@ |I.

From now onward, ", g will denotea subsequencef f"; g for which the ( LP(A I))-limit of fl « (;A)Gn2n
exists and coincideswith 1+ o(;A) for all A 2 A(!).

For eadh T > 0 considerSt a courtable set of functions in C* ([0; T]?> [ 1;1];R®) that is densein
Wr=f 2W¥(0:T)? 1:R®): "' =0o0n @0;T)? Ig

De nition  3.3. Let L bethe set of Lebesguepoints x° for all functions

Wi g(s )i Whom () (3.4)

x 7 WX s Ty ; +D ' (Ty ;y3)jD3s' (Ty ;ya)) dy dys; (3.5)
QO |

with T2 N,' 2 Sy and 2 Q3 2 where Wpom (x°; ) is well de ned.

We have that L?(! nL) = 0. Givenx® 2 L, we denote by Q9Yx°; ) the cube in R? certered in x° and of
sidelength > 0 where is small enoughsothat QYx°%; )2 A(!).

To provethat Wi 4(X ; ) = Whom(X ; ) fora.e.x 2! andall 2 R® 2 we rst show in Lemmas3.4 and
3.5 below that both functions coincideon L Q% 2 The general casewill only be treated at the end of that
section using the Caratheodory property of both integrands.

Fix 2 Q% ?2andsetv(x):= x . By (3.3) and (3.4)
1 Z
Wf"ng(xo; ) = |i!m0—2 o Wi g(x 5 ) dx
Q(x?; )
e e g(vQAX% )
= Il!m0 52 : (3.6)

Lemma 3.4. Wir ¢(X%; ) 6 Whom(x°; ) for all X 2 L andall 2 Q3 2
Proof. Givenk 2 N, let Ty 2 N and ' ¢ 2 Sy, with ' ¢ = 0 on @0; T)? 1, be suc that

Z
-1 1 - .
Whom (X% ) + = > — W(x%ysy 5 + D " k(V)iDs' k(y)) dy:
k' 2T omo2
This is possiblebecauseof the cortinuity properties (H;) of W, the growth conditions (H3) and the density of
St, in Wr, . Extend '  periodically with period T, to R? |. Forx 2 R? |,dene uk(x):= x +"p' k(?f—n;xg).
For xed k, uf! vin LP(QYx%; ) 1;R%® asn! 1, hence,by (3.6)



4

- o 1 1
Wi, o(x%;7) 6 liminf lim inf == W x ;xg;f—;D uf —Dauk dx dxs
n ;022 gy n n
P, 1 X - . X , X
= liminf lim |nf—2 W X ;Xz;0—; +D " —ix3 D3k +—:X3 dx dxs:
10 n! +1 2 QO(XO;) | n n n
De ne
Zl
he(x 3y )= W(x ;X3 Tey ;5 + D " ((Tky ;X3)iDs' k(Tky ;Xs))dxs; forx 21! andy 2 R*:
1

The cortinuity of W with respectto y , its measurability and periodicity properties, and the fact that Ty 2 N
lead us to concludethat the function hy 2 L1(QYx%; ); Ger(QY) for xed > 0, where G,er(Q% denotesthe
spaceof Q%periodic and cortin uous functions de ned on R? (seeLemma 5.3 in Allaire [2]). Lemma5.2in [2]
together with Fubini's Theorem yields to

Z
. X X
lim W X ;X3;+—; +D "¢ +—i;Xz D3k —;X3 dx dxs
n! +1 ZQQ(XQ;) | n n n
. X
= lim hgy X ;=—— dx
"Z! 1 QYx?: ) Ti"n

= he(x ;y )dy dx
ZQ°(><°; ) ZQO

= W(x ;X3;Tky ; + D " «(Tky ;X3)iD3" k(Tky ;X3))dy dxzdx :
Qox°%; ) QO I

Using (3.5) we have

Wi q(x%: 7
agl )1 z z
6 liminf 5= W(x ;X3;Tky ; + D " k(Tky ;%3)jD3" k(Tky ;x3))dy dxsdx
50 2% o) Qo
1 - .
=5 W(x%x3; Ty 5 + D ' ((Tky ;X3)iD3' k(Tky ;x3))dy dxs
QO |

- 1
6 Whom(xo; )+ E:

Letting k! 1 we assertthe claim.

Note that the sameproof could be usedto prove Lemma 2.5 in Babadjian and Francfort [4].
Lemma 3.5. Wi+ (X% ) > Whom (x%; ) for all x° 2 L andall 2 Q3 2
Proof. Let fv,g WZP(QYx°; ) I;R®) bearecovering sequenceof the -limit, i.e.
Vo ! 0in LP(QYx%; ) I;R®)

and

10



z

. X - 1
If"ng(V;QO(XO; ) = ||"Pl W X ;X3;—; +D v, .—Dg3v, dx dxs:
" QOx: ) | n n

According to Theorem 1.1 in Boceaand Fonsecal6], there exists a subsequencef f",,g (not relabelled) and a
sequencefu,g  WIP(QYX°; ) 1;R®) sud that, upon setting E, := fx 2 QYx%; ) | :up(X) = voh(X)g,
then

n po
D uy A Dsuy is equi-integrable; (3.7)

% up ! 0in LP(QYX°%; ) I;R3);

Jim, L3([QUx%; ) 1InEn) = 0:

Thus, in view of the p-growth condition (H3) together with (3.7) and Remark 2.1,

Z
. - 1
L g(V;QYx%; ) > limsup W X ;Xgin—; +D Uy -—Dstp dx dxg
nt +1 _E, n n
. X - 1
= limsup W X ;Xx3;7+—; + D up —D3su, dx dxs
n! +1 QOox%; ) 1 n n
z X 1
lim sup W X ;X3;—; +D u, —Dsu, dx dxs
nt +L[QOx°; ) IInE, n n
z X 1
> limsup W X ;X3;—; +D up, —Dsu, dx dxs:
nl +1 QO(x%; ) 1 n n
©OUx0 Y i 2 disioi 0 i 0 Sh? 50
For any h 2 N, we split Q%(x"; ) into h* disjoints cubesQy;, of sidelength =h sothat QYx%; )= iz1 Qin
and
x* 2 X - 1
li+,g(v;QYx%; )) > lim suplim sup W X ;X3 5—; +D Uy —Dsu, dx: (3.8)
ht +1 nt +1 .4 QY | n n
Forevery > 0Oand > 0,letK and W - be given by Lemma 4.1 below (with N = d= 3, m= 2
andf = W). Then
L3 nK )< : (3.9)
On the other hand, de ne
— 07y 0. . - 1
R,= x2Q(x"; ) |I: + D up(x) —Dsup(x) 6

n

Chebyshev'sinequality implies that there exists a constart C > 0 { which doesnot dependonn or { suc
that

L3([Q%°; ) I1nR,) < Ep: (3.10)

SinceW and W : coincideon K R? B(0; ), wherein the sequelthe setB(0; ) stands for the closed
ballf 2R®3:jj6 gofR3 3 wegetin view of (3.8)

11



L g(v; QYX%; ) >

x* 2 _ 1
lim suplim suplim suplim sup W' X ;xg;f—; +D up, —Dsup dx:
I +1 D0 ht +1 nl+1 ;. [Q) INR,\K n n
By virtue of (4.1) below and (3.9),
Xx* 2 . X - 1
W' X ;Xg;=—; +D u, —Dsup, dx6 (1+ P) I 0
iz1 Q% INR,)INK n n to
uniformly in (n; h), sothat
L, g(viQUX°; ) >
x* 2 . X - 1
lim suplim suplim suplim sup W X ;X3;+—; +D uy —D3u, dx:
I +1 0 ht +1 nt+1 ., [Q% IINR, n n
Fix y 2 Q% SinceW ' (;y ; ) is continuous, it is uniformly cortinuouson  B(0; ), and we de ne the
modulus of cortinuity ! . : Q° R*! R* by
Loy st = sup fiw i ooy ) WGy s 9itita ) (G 96 tg:
(% ) (x% 92 B(O; )
Then
8 . o
% I . (;t) is lower semicoriinuousfor all t 2 R*;
E I . (y ;) is continuous and increasingfor all y 2 Q%
I . (y;0)=0forally 2 Q%
and

Wy ) W%y 956t (yaix xG+) 0 Gforall (x ) (x% 92 BO; ) (3.11)

The rst property is a consequencef the fact that the supremum of cortin uous functions in lower semicoriin-
uous, while the other onesare classicalproperties of moduli of continuity.

For all t 2 R*, we extend ! . (;t) to R? by Q%periodicity. SinceW : (x; ; ) is Q%periodic, inequality
(3.11) holds for all y 2 R% Consequetly, for every (x ;x3) 2 [Q), I]\ R, andewery x° 2 QY ,

. _ 1
W x ;X3;f.(—; + D up(Xx ;x3) ;7—Daun(x ;X3)
n n
: 0., .X .- . 1 .
W ' x7;Xsz;+—; + D up(x ;x3) s—Dsun(x ;Xs)
n | n
, 2
6 ! f—;jx x°j 61! . X—T :
n n
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We get, after integration in (x ;xs;x°) and summation,

X 2 z (z . X - 1
— W ' X X35 + D Un(X ;X3) 7—Daun(x ;Xa)
i=1 Qb Ro\VIQP, 1] n n
: 0., .%X .- . 1 ) 0
W ' x";X3;+—; +D up(X ;X3) —Dsup(x ;x3) dx dx
| n n
z p_!
6 2 I X——2 dx :
QO(XO; ) n h
Riemann-Lebesgue'sLemma applied to the Q%periodic function ! . ( ;pi =h) yields,
| |
Z p_ - Z ]
. 2 2
lim 2 L. X—— dx =22 1. x;— dx;
nt +1 QYx%; ) n h Qo h

and by Beppo-Levi's Monotone ConvergenceTheorem
z P
im 22 1. x;— dx =0
ht +1 Qo

Hence,denoting by lim sup the successie lim suplim suplim suplim sup,
< hn 1 +1 1'0 h! +1 n! +1

L, g(viQAX%; ) >
X? hzz (z )

lim sup W xo;xg;?,(—;7+ D un(X ;X3) "iDgun(x :x3) dx dxs dx°:
LN g o Q% IR, n n
De ne the following setswhich depend on all parameters( ; ; i; h;n) :
8 0 0 0 0
% T = f(x";x ;X3) 2 Qi in 1 1(x"ix3) 2K and (x ;X3) 2 R,0;
: Tii=f(x%x ;x3)2QF, Q% 1:(x%x3) 6K and(x ;x3) 2 R,g;
©oTai= f(x%x 1xs) 2 QP o 1i(x ix3) 6R,0;
and note that Qf, % I =T[ Ti[ To. SinceW(;y ; )andW ‘ (;y ; ) coincideonK  B(0; ), we

have

L g(v; QUX%; )

2 Z
X h2 . X — 1
>limsup  — W ' x%Xs;5—; + D Un(X ;X3) ;—Daun(X ;X3) dxdx®
poshin o T n n
x? hZZ X - 1
=limsup  — W x%Xs;5— +D Un(X ;Xg) -—Dsun(x ;x3) dxdx®:  (3.12)
poshin oy T n n

We will provethat the corresponding terms over T, and T, are zero. Indeed, in view of (3.9) and the p-growth
condition (H3),

13



W xo;xg;?f ;. + D up(X ;X3) lD3un(x i X3) dx dx°
i=1 T, n n
%? h2
6 S LAQML3QYN  1InK ) @+ P)
i=1
< @+ P I!O 0; (3.13)
n pO
uniformly in (n; h). The bound from above in (H3), the equi-integrability of D uj %Dgun and (3.10)
imply that

X’ hZZ X -
— W x%xs; 57— + D up(x ixs (x :x3) dxdx®
i=1 T2 n
x° hz z 1 p
6 L2(Q%) 1+ D u, —Dsup, dx
i:k [Q% IR, n
1 p
= 1+ D u, —Dsuy dx I 0 (3.14)
[QOx°: ) 1R, n bl

uniformly in ( ;n;h). Thus,in view of (3.12), (3.13), (3.14), Fatou's Lemma yields

L g(v; QYX%; )

XZ 2 Z Z X _ 1
> lim suplimsup ~ — W x%x3;5—; + D up(X ;X3) =—Dauy(x ;x3) dx dxsdx®
ht +1 nt +1 ., QY QY% ! n n
2 Z Z
. X" 2 I 0., X 1
>limsup  — lim inf W x%:x3;5—; + D un(x ;X3) —Daup(x ;x3) dx dxadx:
ht +1 g, N +1 o I n n

Fix x° 2 QY sud that Whom (x°; ) is well de ned and set Z(x; ) := W(x%;x3;x ; ). It is easyto ched
that Z isa Caratheodory mtegrand hence,applying Theorem 4.2 of Braides, Fonsecaand Francfort [10], we get
sinceu, ! 0in LP(QYx%; ) 1;R®),

4
2
Z( ) 6 liminf 4 f—;Xg, + D un(x) ; Dgun(x) dx;
nrLQox0s) n
where
nZ
Z() = _inf Z(x; +D ' (x)jD3' (x))dx:
T>0 ©;T)2 1

)
" 2WEP(0;T)?2 I;R®); ' =0on@O0;T)? |

In view of the previous formula together with (1.4) and Remark 2.4, we have that Z( ) = Whom (x°; ). Then

1 22 -
nf W X%iXgia— + D Up(X ;Xs) —Datn(x ixs) dx dxs> T Whom (X% 7);
Qﬁh | n n
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and so
X et g2 z
i g(viQAX%; ) > limsup  — — Whom (x%; )dx? = 2 Whom (x°; )dx%:
h! +1

2 2
i=1 Qb h Qo(x?; )

Dividing both sidesof the previous inequality by 2 and passingto the limit when & 0", we obtain by
(3.4) and (3.6)

Wf"ng(xo ;7) > Whom (XO ;7):

Prop osition 3.6. Wi+ (X ; )= Whom(X ; ) for a.e.x 2! andforall 2R3 2

Proof. Let E be the intersection of the set L (seeDe nition 3.3) with the subset of points x° 2 | where
Wi o(X%; ) and Whom (X°; ) are cortinuous (seeLemma 2.7). Then L?(! nE) = 0 and by Lemma 3.4 and

3.5 we have that Wi (x%; ) = Whom(x%; ) for all x° 2 E and for all 2 Q* 2. Since W;~ 4(x°; ) and
Whom (x°; ) are cortinuousfor ead x° 2 E, the equality Wi+ 4(X°; ) = Whom (X°; ) holds true for all x° 2 E
andall 2 RS 2

Corollary 3.7. ForanyA 2 A('), (LP(A 1))- '!i‘mol “(A) = Thom( ;A); wherl hom (;A) is the functional
de ned in (3.1). '

Proof. From Proposition 3.6 we can concludethat | pom ( ;A) is well de ned and

(LP(A 1)) n'Iir‘+nl [« ( 3A) = Thom( ;A)
for all A2 A(!) (seeRemark 3.1). Sincethis limit doesnot depend upon the extracted subsequencein view
of Proposition 7.11in Braides and Defrancesai [9], the whole sequencefl -( ;A)g-o ( LP(A 1))-converges
to I hom( ;A) for eadh A 2 A(!).

The proof of Theorem 1.2 comesas a consequencef Corollary 3.7 taking A = ! :

4  App endix

We now prove a technical result of extension of Caratheadory functions that was useful in the proof of
Lemma 3.5. The argument usedis very closeto that of Theorem 1, Section 1.2 in Evans and Gariepy [15].

Lemma 4.1. Let RN be a bounded open setand f : R™ RY NI R afunction suchthat

8
% f(x; ; ) is continuous for a.e. x 2 ;
E f(; ;)isLN L™-measurablefor all 2 RN;

f(x; ; )is (0;1)"-periodic for a.e.x2 andall 2 RY N:

Assumealso that there exists > 0and0< p< 1 suchthat

1j i? 6 f(x;y; )6 (1+jjP); forae. x2 andall(y; )2R™ RYN:

15



Then for any > Oand > 0 there exist a compact setK andafunctionf ¢ :RN R™ RI NI R
suchthat

LN( nK )< ;
figy: )="fay ) foral(xy; )2K  R™ B(O; );

f * ( ;y; ) is continuous for all y 2 R™;

TV AR 00

f © (x; ;) is continuous and (0; 1)™ -periodic for all (x; )2 RN RY N;

and
6f (cy; )6 (1+ P); forall(xy; )2RY R™ RN (4.1)
Proof. Sincef is a Caratheodory function, by ScorzaDragoni's Theorem (see Ekeland and Teman [14])
for all > O there exists a compact set K satisfying LN ( nK ) < and sud that f is continuous on
K R™ RIN [etC’ :=K B(0; ) C (to simplify notation) andU : = (RN RY N)ynC: U.
Fix (s;F) 2 C, and for all (x; ) 2 U set
D (g Y i(siF) ()i, Sy
Uer) (X )= max 2 WO Usey (X ):

Clearly

8
E U(s;F) is continuouson U,
E 06 UsiF) 6 1

Usr)(x; )= 0if andonly if j(s;F) (x; )j > 2dist((x; );C):

Letfs g>1 fsjg>1andfF g>1 fFjg>1 beacounable densefamily of subsetsof K and B(0; ),
respectively. De ne X
C(x )= 2 ju(SJ Fy(X ) (x; ) forall (x; )2 U:

j>1

Since isthe uniform limit of a sequenceof continuousfunctions in U, then is cortinuousin U. Moreover,
forall (x; ) 2 U 0< (x; )6 1. Indeed, assumethat (x; ) = 0 for some(x; ) 2 U. Then, for all
J > 1 us ()= 0andthusj(s;;Fj) (x; )j > 2dist((x; );C). The density of fsj;Fjgin C yields that
j(s;F) (x; )j > 2dist((x; );C) for all (s;F) 2 C. We obtain a corntradiction if we choose(s;F) to be those
points of C such that dist((x; );C) = dist((x; );(s;F)) so (x; ) > Ofor all (x; ) 2 U. Consequetly, the
function

k .
G )T ) v (%)= ZU(S(kX—Fkg(X)

is well de ned and continuousin U. Moreover it satis es that

X
06 w(x; )6 1; V(x; )=1 forall (x; )2 U:
k>1

Fix y 2 R™ and de ne the corntinuous extensionof f (;y; ) outside C as

16



8
< f(xy: ) if (x; )2C;
frxy )= vie(X; ) (s Y Fe)  if (x; )2 U
T kel
Obviously, we have f * (x;y; ) = f(x;y; ) for all (x;y; ) 2 K R™ B(0; ). On the other hand, if
(x;y; ) issud that (x; )2 U, in view of the p-growth and the p-coercivity condition on f we get that

X
6f°  (xy; )6  wi(x;) (A+]jFRjP)6 (1+ P):

k>1
Sincewe have that
hx i X
sup 2 MU po( ) (syiF) 6 (1+ P 2k 10 (4.2)
Y2R™ (X )2U o . nt +1

then the function

X
Gy )T 2 Mugs e (% ) (S Y F)
k>1

is continuous on f(x;y; ) : (x; ) 2 U; y 2 R™g. In particular, for all (x; ) 2 RN RY N the function
f © (x; ; )iscortinuous. Further, f - (x; ; )it is (0;1)™-periodic becauseif i 2 Z™ then for (x; )2 U

X X
frooy+i; )= w ) f(sy+iiF)= v )f(siyiF) =1 7 (xy; )

k>1 k>1

Finally we prove the cortinuity of f * (;y.). By (4.2) it suces to show that for all (a;A) 2 C
U3(x;|I;T] (a;A)f (Y ) = f(ay;A):

As f(sj;Fj)g>1 is densein C and f (;y; ) is cortinuous on C, for every " > 0 there exists > 0 sud that

if(ay;A)  f(si;y.F)j< " forallj > 1with j(a;A) (sj;Fj)i< . Assumethat j(x; ) (a;A)j< =4 and

supposethat j > 1is sudh that j(a;A) (sj;Fj)j> . Then

6i@A) (siFI6 @A) (x5 )i+i0 ) (s:F)I6 Z+i(x ) (s:F)I

and thus

. .3 . . .

i) (55F)i> 7> 2@A) ()i > 2dist(x; );C):
Consequetly, vj(x; ) = 0if j issud that j(a;A) (sj;Fj)i> ,andso

X
it (xy; ) f(ay,A)j6 vi ()i (si5y:Fp)  f(ay;A)j< ™
I>Li(aA) (sjiF))i<

becausenon zero terms of the sum are those which satisfy jf (a;y;A) f(sj;y;Fj)i < ". The continuity of
f » (;y; ) now follows.
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