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1 Abstract

Numerous techniques have been developed to extend the basic FDTD method to domains whose boundaries
do not lie on mesh surfaces. Usually these methods are not simple to apply and can involve mesh generation,
nonstandard differencing and other difficulties. This paper describes an alternative approach which uses
only uniform mesh differencing. The boundary conditions are imposed by an interpolation scheme. The
method is described and applied to some two dimensional problems for which exact solutions are known.
These calculations suggest that for smooth solutions the second order accuracy of the underlying difference
approximation may be approximately preserved.

2 Introduction

A number of different approaches are used to solve Maxwell’s equations in complex geometries by FDTD
type approximations. The crudest approach is simply to use a staircase mesh. This can result in very
inaccurate approximations particularly for interior problems. At the other extreme is the fully unstructured
covolume approach using a tetrahedral mesh combined with its Voronoi dual [1]. Between these extremes
are techniques using distorted bricks (hexahedra) [6] and overlapping mesh techniques. Widely used are a
number of methods which improve the results of staircasing while staying closer to the classical rectangular
mesh setting. Perhaps best known of these is the contour path method [2], and its stabilized version [3].
Some other approaches are mentioned in [4]. These methods tend to use a uniform mesh inside the domain
and modify it to fit the local boundary. Recently, a fictitious domain technique has been used [5]. This
requires a mesh on the surface of a scatterer in addition to a rectangular mesh. The work described herein
differs from the above approaches in that it uses only uniform mesh diferencing even in situations of high
geometric complexity. The boundary conditions are satisfied by means of an interpolation scheme.
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The method is described below for the second order time harmonic curl curl equations. The basic method
applies equally to time domain and time harmonic first order formulations as will be discussed in a later
paper. After explaining the algorithm it is applied to some two dimensional TE calculations in bounded
domains for which exact solutions are available. By this means the accuracy of the technique can be assessed
without the added complication of domain truncation errors that would be present in exterior problems.

3 Algorithm

We will discuss the algorithm in conjunction with the time harmonic second order form of Maxwell’s equa-
tions. Assuming a uniform medium the equations for the electric field E = (E*, E?, E3) are

curlcurlE — K’ E=0 in Q (1)
Exn=F in T (2)

Here, Q denotes a bounded domain of R® with boundary I' and outward pointing normal n, k is a complex
constant and F denotes a prescribed tangential boundary field.

The basic idea is to substitute a mesh conforming boundary I';, for I' and to choose suitable boundary
conditions for I'y. For this, assume R is covered with rectilinear mesh cells of lengths h,, h, and h, in the
z, y and z directions. Mesh points are by definition the points (ihs, jhy, kh.) for |i,|j],|k| = 0,1,... ,00.
Mesh cells including their boundaries are denoted by c; ; » where this cell extends along the positive coordi-
nate directions from the mesh point (ihs, jhy,kh;). Associated with each mesh cell are three electric field
components £, m =1,2,3 where these denote the components of the electric field at the points z; 12 ; &,
Yij+1/2,k and z; jx 11/ in the directions of the coordinate axes. Corresponding definitions hold for the two
dimensional case.

Discrete approximations to the second order form of Maxwell’s equations are written at each interior edge
in the usual FDTD fashion. Consider for example the first equation of (1),

0’E?* 9’°E® O’E'  9’E!

— - —K2E'=0.
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For a square mesh with h; = hy = h, =: h and after multiplying by h? the finite difference approximation
to this equation is

[Ei2+1,j,k + Eiz,j—l,k - Ez'2+1,j+1,k - Eiz,j,k]
+ [E?+1,j,k + E?,j,k—l - E?+1,j—1,k—1 - E?,j—l,k—l]
— By — 2B 0 — B j 14l
— [Bijpn — 2B + By q] = (KR)*Ej 5 = 0. (3)
(The h dependence of the solution of (3) is suppressed here.) The second and third equations of (1) are
discretized in a similar way.

Application of the boundary condition (2) is immediate if the boundary I' consists only of faces of mesh cells
since tangential field components are immediately available for use in the difference equations. In that case



we may write the finite difference equations as a linear system of equations. If there are ng interior edges
and n; boundary edges in the mesh this linear system can be written as

AUy + AU =0 (4)

where Aq is of order ng X ng and A; is of order ng X n;. The vector Uy contains the unknown values of the
electric field (listed in some convenient order) and the vector U; contains the edge values which can always
be obtained from the boundary condition (2) and so are known values. The linear equations can be solved
for the interior values giving a discrete approximation to E. A similar formulation can be used for time
domain calculations.

4 Mesh boundary conditions

When I" does not consist entirely of cell faces we proceed to define a substitute boundary consisting only of
cell faces. This boundary is defined as the boundary of the following union of mesh cells

Mh = U{c'isjvk

This is just the set of mesh cells which intersect the domain. The boundary of M}, containing only mesh
faces is denoted by I',. A boundary cell is defined to be one with at least one face (or edge in two dimensional
problems) on I',. Note that a cell may contain points of I' but not be a boundary cell. Figure 1 illustrates
this for two dimensions. Cells such as the one marked in Figure 1 occur frequently and are called blocked
cells. Generally, they intersect I'y, but only in a set of lower dimension than a mesh face. Denote by n; the
number of edges in ', and by ny the number of boundary cells.

Cijk N Q+£ @}

For the edges in M} we may write a system of the general form (4). However this time we do not know
the edge values U; and some additional equations are required to define them. The additional equations are
obtained by interpolation. The main problem is to ensure that the number of interpolation equations and
boundary edges are the same. First we will show how to do this for two dimensions. The general strategy
is to choose a sufficient number of points on I' in each boundary cell at which to interpolate the boundary
conditions. The simplest interpolation is linear in each field component separately. For instance, denoting
by X = (Z,y) an interpolation point for the cell ¢; ;, its boundary equation becomes

E(%) x n(%) = F(z)

where

B'(%):= 2 —tpg . Wi _p
Yi+1,5 — Yi,j Yi+1,5 — Yi,j
with a corresponding expression for the E? component. Having obtained an approximation to the vector
field at the selected point it can be cross multiplied with the boundary normal to obtain an approximate
boundary condition. This operation can be repeated for each interpolation point.

Continuing with the two dimensional case it is clear that a boundary cell has at least one and up to three
edges in I'y,. Moreover, each boundary edge belongs to one and only one boundary cell. This suggests
maintaining the numerical correspondence between boundary edges and interpolation equations by choosing



as many interpolation points in a boundary cell as there are boundary edges of that cell and that is what
we do.

The collection of boundary equations can then be written in a form corresponding to (4) as
BoU() + Bl U1 =F

where F' contains known values obtained from the boundary function evaluated at the selected boundary
points. By is of order ni X ng and B is of order n; X nj.

To generate the above equations we need a simple and fast way to choose the interpolation points in the
boundary cells. For brevity, call a boundary cell containing g interpolation points a g—cell (where 1 < g < 3).
We have found the following procedure to be easy to program and effective.

e Step 1: generate a large number of points on I'.
e Step 2:

— For a 1-—cell choose the point closest to the center of the cell.
— For a 2—cell choose two points in the cell, each as close as possible to a (distinct) boundary.

— For a 3—cell use the three points obtained for the 1—cell and 2—cell cases

For a 2—cell, note that the boundary curve must enter and leave the cell by two adjacent edges. Then Step
2 just says to pick the two points inside the cell and close to these boundaries. A 3—cell ocurs when the
boundary curve enters and leaves by the same edge. If this occurs we are in a degenerate geometric situation
which is quite rare in practice. It should be avoided if possible since it tends to degrade the accuracy of most
approximation procedures. The choice of interpolation point for a 1—cell is made to keep the interpolation
error small.

For step 1, the representation of the boundary surface plays a role. Clearly an analytic formulation of the
boundary will be best; for example a NURBS or facet representation will be fine as will generic parametric
representations. The number of points to use in step 1 is a free parameter in this approach. However, the
cost of steps 1 and 2 is low and there is usually no difficulty in using a relatively large number of points. It
is important to point out that by definition blocked cells are not boundary cells and must not be included
in Step 2.

Next we will say something about the three dimensional situation. The most important point is that the
correspondence between boundary edges and equations can be maintained. The method for this is a direct
extension of that used above. The main difference is that an interpolant is matched to the component of the
boundary vector F in the boundary face containing the cell. Apart from this the technique parallels the two
dimensional case. However, there is an additional difficulty because we need to generate points in the faces
containing boundary edges. This can be done exactly if the representation of the boundary has a suitable
form. Otherwise it can be done using approximations coupled with a Step 1 like generation of boundary
points. Either way it involves more effort than in two dimensions. There are also more possibilities for
geometrical degeneracies. We plan to deal with these issues in a later paper.



5 Linear equation system

Writing out the interior (“A”) and interpolation (“B”) equations gives a linear system to be solved for the
boundary and interior edge values. This is

AgUp + AU =0 (5)
BoUp + BiUy = F (6)

By construction this is a system of N linear equations for NV unknowns which can be solved for the ap-
proximate electric field values. Assuming that these equations have a unique solution, it has the following
properties:

1. The interior difference equations are satisfied (A equations).

2. The prescribed boundary condition is interpolated (B equations).

On the basis of these properties we expect the solution to give a reasonably good approximation to the
solution of (1)—(2). This is investigated below.

6 Examples

In this section we shall check that the above procedures give reasonable approximations in cases where
exact solutions are available. The exact solutions (in plane polar coordinates (r, 0)) are special cases of the
following;:

E"(r, 0) := —ng(kr) sin(pf)
E(r, 8) = (kJps1 (kr) — :in(kr)) cos(ph)
E?:=0

where J denotes standard Bessel functions, p is a real parameter and k appears in 1. For reference the
cartesian components of these fields are

E'(r, ) := —ng(kr) sin((p — 1)8) — kJp+1(kr) cos(ph) sin 6

E3(r, ) := —g.]p(kr) cos((p — 1)0) + kJpt1(kr) cos(pf) cos 6
E*=0

Three cases are of interest corresponding to p = 0, p = 3 and p = 2/3. For p = 0 the domain is a disk of unit
radius, for p = 3 it is the sector of the unit disk 0 < 6 < 7/3 and for p = 2/3 it is the sector 0 < 6§ < 37 /2.
For each case we set up and solved the (cartesian) equations for various values of h and k as indicated in the
tables below. The equations were solved using the sparse matrix solvers in MATLAB. Generally, we solved
up to a sufficiently high resolution to give an impression of the rate of convergence to the exact solution,
provided this did not require excessive resources.



Table 1 shows the data for p = 0. Here and below the column headings are respectively the number of mesh
cells/unit length along a coordinate axis, the number of interior edges in the mesh, the number of boundary
edges in the mesh, the number of cells intersecting I' and the number of blocked cells. The remaining columns
show the relative mean square (I2) error of the interior x components of the solution for the shown values of
k. As indicated in the table captions we generated 2000 points on the boundary of each domain for Step 1
of section 4 above. Greater numbers of points were tried but gave no significant modification to the results.
Less points could probably be used without detriment. However this part of the program is so fast that using
less points was not considered worthwhile. No attempt was made to optimize the mesh size to acheive the
accuracy shown. Quite possibly, the same accuracy could be obtained using coarser meshes. The number
of interpolation points on I' (column 4 - column 5) increases linearly with 1/h, as one might expect. The
acccuracy for the given amount of work appears to be satisfactory, and at least for the meshes used in the
table the error decreases satisfactorily as the mesh size is reduced. The rate of convergence (assuming that
convergence does indeed occur) appears to lie somewhere between first and second order with a tendency
towards the latter. The number of mesh points per wavelength to acheive the accuracies shown appears to
be increasing with k; this can be attributed to the well known effects of mesh dispersion.

| 1/h \ #int vars | #bdy vars | #I cls | #blkd cls || k=1 | k=5 | k=11 | k=18 |

8 448 68 64 16 0.55% | 13.84% | 55.99%
16 1688 132 128 36 21% | 3.52% | 15.62%
32 6552 260 232 48 .045% | .65% 4.24% | 13.91%
64 25960 516 464 100 .023% | .28% 1.37% | 4.50%

Table 1: Results for p = 0; 2000 points define T’

Table 2 shows the results for p = 3. The domain here is a 60deg sector of the unit disk. The origin of
coordinates is at (1/2,1/2), which is not a mesh point. This ensures that edge values on the horizontal
boundary segment are determined by nontrivial interpolations. For this problem there are discontinuities in
the boundary tangent at polar coordinate locations (1, 0) and (1, 7/3) and a nonconforming linear boundary
segment along 8 = /3. The tangent discontinuities were simply ignored since that is likely to be done with
realistically complex geometries. For the most part the results again suggest a rate of convergence between
first and second, with a tendency towards the higher rate. The bottom right corner table element contains
an additional figure. This is the error for the same calculation carried out on a mesh with A = 1/128 and
indicates a mesh size which gives reasonable accuracy for this wave number.

| 1/h [ #int vars | #bdy vars | #D cls | #blkd cls [| k=1 | k=5 | k=10 | k=20 |
8 85 34 30 7 7.44% | 8.74% | >100%
16 300 64 59 14 2.54% | 2.06% | >100%
32 1060 120 113 26 1.15% | .86% 5.7% ~ 74%
64 4393 242 221 43 27% .26% 1.16% | 9.55%,3.41%

Table 2: Results for p = 3; 2000 points define T'

Table 3 shows the results for p = 2/3 corresponding to excising the fourth quadrant from the unit disk.
The exact solution is unbounded at the origin, behaving like r~35. The exact solution is still in L2 (©). For
this problem the position of the origin can affect the accuracy of the numerical solution. For Table 3 the
origin was placed in the center of a mesh cell. Improved results could be obtained by placing it at a mesh



point. The poor regularity at the origin exerts an adverse influence on the accuracy of the results. The rate
of convergence is low and fine meshes have to be used to obtain reasonable accuracy. We do not report a
solution with k = 20 for this reason. Most likely, local mesh refinement should be used in cases such as that
(the error is ~ 15% with A = 1/64). It should be pointed out that the difficulty of this problem is not a
consequence of our boundary treatment—it is caused by attempting to approximate an unbounded solution.
In this connection an interesting result is in the £ = 1 column. The ratios of successive errors in this column
are 0.63, 0.62, 0.64. On the other hand the value of the mesh ratio 1/2 raised to the power 2/3 is 0.63. This
suggests a rate O(rg) which is consistent with the expected rate for this problem. The implication is that
the boundary approximation is not deteriorating the accuracy of the difference scheme in this case. Also
interesting is that despite the poor rate of convergence of the finite difference approximation engineering
accuracy is fairly easy to obtain if k is not too big.

| 1/h | #tint vars | #bdy vars | #I' cls | #blkd cls || k=1 | k=5 | k=10 ‘

8 344 68 64 13 3.91% | 29.44% | >100%
16 1282 132 128 28 2.45% | 11.82% | 13.57%
32 4934 260 231 30 1.51% | 2.13% | 4.15%
64 19502 516 461 61 96% | 1.36% | 1.43%

Table 3: Results for p = 2/3; 2000 points define T’

7 Conclusions

We have presented an algorithm which (in principle) allows the use of rectangular meshes to solve electro-
magnetics problems in arbitrary geometries. The method is relatively simple to implement even for complex
domains. It is only necessary to be able to generate a large number of points on the bounding surface(s).
Results were given which suggest that engineering accuracy is easy to obtain. This was demonstrated for
bounded and unbounded solutions to the time harmonic Maxwell equations. It is possible that accuracy
could be improved by the use of higher order interpolations of the boundary conditions.
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Figure 1: Illustrating some mesh definitions



