DISCONTINUOUS GALERKIN APPROXIMATIONS OF THE STOKES AND
NAVIER-STOKES EQUATIONS

KONSTANTINOS CHRYSAFINOS'AND NOEL J. WALKINGTON*

Abstract. Numerical schemes to compute approximate solutions of the evolutionary Stokes and Navier-Stokes
equations are studied. The schemes are discontinuous in time and conforming in space and of arbitrarily high
order. Fully-discrete error estimates are derived and dependence of the viscosity constant is carefully tracked. It
is shown that the errors are bounded by projection errors of the exact solution which exhibit optimal rates when
the solutions are smooth.

1. Introduction. We consider the evolutionary Navier-Stokes problem; that is, we seek a
velocity field u and a pressure p such that

u —vAu+u-Vu+Vp =f in 2 x (0,77,
V.ou =0 in Q x (0,77, (1.1)
u(0) =uy in Q,

given initial data uy and forcing term f. Here, Q denotes a bounded domain in R¢ with d = 2, 3.

There is an abundant literature concerning analytical and computational aspects of the Stokes
and Navier-Stokes equations. Various schemes based on finite elements have been proposed for
approximating solutions of (1.1). However, when it comes to the analysis of higher order schemes
under minimal regularity assumptions the literature is limited. In this paper we analyze a class of
schemes which are conforming in space and use the discontinuous Galerkin time stepping scheme.
The discontinuous Galerkin technique provides an appropriate setting to analyze adaptive refine-
ment and coarsening strategies, and Lagrangian or moving mesh schemes, all of which give rise
to different meshes at each time step. While this complicates the analysis, our results show that
this does not cause any degradation in the rates of convergence.

Our estimates are expressed in terms of projections of the exact solution onto the discrete spaces
which exhibit optimal rates of convergence when the standard parabolic regularity holds. Our
main results are “almost symmetric” in the sense that error in the solution is essentially bounded
by the projection errors in the same norm. Estimates of this form show that that the error will
be as good as the approximation and regularity theory allows, and can be viewed as a parabolic
version of the classical Cea’s Lemma [10]. Symmetric estimates have also been derived by Dupont,
Liu and Liu, Dupont, Bank, Garcia and Santos [14, 26] to analyze moving mesh finite element
methods, and by the authors in [7, 8] for a general class of implicit parabolic PDE’s with time-
dependent non-selfadjoint coefficients whose solutions may exhibit low regularity.

A central idea of our analysis is the development of a parabolic analog of the elliptic projection
[31]. Stability of this projection does not require any relationship between the time and space
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partitions. The dependence of the constants appearing in the projection estimates upon the
viscosity v is carefully tracked.

1.1. Related Results. Second order semi-discrete (in space) finite element error estimates
for the evolutionary Navier-Stokes equations were studied by Heywood and Rannacher in [17],
and semi-discrete estimates of arbitrary order were developed by the same authors in [18] under
various regularity assumptions on the solution (u,p). More recently, high order error estimates
for the spacial discretization of the time-dependent Navier-Stokes equations where developed by
Bause [4], while Hou [20] obtained symmetric error estimates of arbitrary order under minimal
regularity assumptions for the evolutionary Stokes problem. High order fully-discrete schemes
for smooth solutions were studied by Baker, Dougalis and Karakashian in [2], and Heywood
and Rannacher [19] established second-order (in time) estimates using the Crank-Nickolson time
stepping scheme under weaker regularity assumptions. For some classical results regarding the
stability of various fully-discrete Galerkin schemes one may consult the book of Temam [29] or
the papers by Pironeau [27] and Siili in [28] who analyzed characteristic Galerkin time stepping
schemes. Finally, an analysis of an implicit Runge-Kutta nonconforming scheme was provided by
Katsaounis in [23].

The discontinuous Galerkin method was first introduced to model and simulate neutron transport
by Lasaint and Raviart in [24]. Various aspects concerning applications of the DG scheme for
hyperbolic problems were presented by Cockburn, Karnadiakis and Shu in [11] and by Johnson
in [22] (see also the references within). Estimates for discontinuous solutions for the DG schemes
for the transport equation were derived by Walkington in [32]. The DG method for ordinary
differential equations was first analyzed by Delfour, Hager and Trochu in [13] who showed that
the DG scheme was super convergent at the partition points (order 2k+2 for polynomials of degree
k). Jamet [21] established rates of order O(7*) for linear parabolic problems and subsequently
Eriksson, Johnson and Thomée [15] established O(72%~!) estimates at the partition points for
smooth solutions. An excellent exposition of their results and, more generally, the DG method
for parabolic equations, can be found in Thomée’s book [31]. Recently there has been a lot of
work on the development and analysis of discontinuous Galerkin methods for elliptic problems.
A comprehensive survey and comparison of this work was given by Arnold, Brezzi, Cockburn and
Marini in [1] which contains many references related to this approach.

1.2. Outline. The standard abstract setting for the Navier-Stokes equations and the numer-
ical schemes we consider, are introduced in the next section. One of the limitations of DG time
stepping schemes is that the discrete energy estimate only bounds the solution at the partition
points {t"}. In order to bound the solution at times between these, fine properties of polynomials
are needed. These are developed in Section 3.

To circumvent the technical difficulties associated with the discontinuities introduced at each
time step we introduce a parabolic analog of the classical elliptic projection [31]. This parabolic
projection is developed in Section 4 and, like its elliptic counterpart, is the discrete solution of
an associated linear (Stokes) problem. Error estimates for the Navier-Stokes equations are then
developed in Section 5.

1.3. Notation. It will be assumed that the equations are to be solved in a bounded con-
nected Lipschitz domain @ ¢ R? with d = 2 or d = 3. Vector valued functions on © will be
denoted with a bold face, u,v,w. Standard notation is used for Sobolev spaces of scalar and
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vector valued functions, with norms denoted |. | s (o). We also denote solenoidal (divergence free)
spaces by V(2),V () and W(2) where,

V) ={uelC):V-u=0}
V(Q) ={uec H}(Q):V-u=0}
W(Q)={uecl*Q):V-u=0and u-n=0}.

The spaces V() and W () are equipped with the H'(Q) and L?(£2) norms respectively. With
Q as above, V(Q) and W(Q) are closed subspaces of H}(2) and L?(2) respectively [16], and
Cse(Q) NV (Q) is dense in V(Q) and W (Q). We denote by L3(£2) the space

13(Q) = {pe LX) /szo},

equipped with the |.||;2(q) norm. The dual spaces of Hj(€2) and V() are denoted by H~'(Q)
and V(Q)* respectively. The later space is defined by

1 fllv)- = sup (f,v),
UEV(Q)ZHU”Hl(Q)Sl

where (.,.) denotes the duality paring between H{(Q) and H(Q).

For any Banach space X let LP[0,T;X], 1 < p < oo, and L*°[0,T; X| denote the spaces of
p-integrable functions taking values in X with norm

T P 1/p
I fllrpo,rx) = (/O Hf(@”x) s N fllzeejo,rix) = esssupyepo, | fllx < oo,

and let H'[0,T; X] denote the space of functions with square integrable derivatives with norm

T T 1/2
oo = ([ 1B+ [ IAlar) "
0 0

2. Weak Statements and Numerical Scheme. The numerical schemes will approximate
the natural weak formulation of equation (1.1) which seeks

(u,p) € L0, T; HY(Q)) N HY[0,T; H~1(Q)] x L?[0,T; L(Q)]

such that for a.e t € (0,71,

(ug, vy + a(u,v) + b(v,p) + c(u,u,v) =(f,v) Vv e HQ),
b(u,q) =0 Vqe L3(Q), (2.1)
(u(0,z),v) = (ug,v) VveW( Q).

The bilinear forms a : H'(Q) x H'(Q) — R and b: H'(Q2) x L?(2) — R are defined by

a(u,v) = V/Q(Vu) :(Vv), and b(v,p) = /Qq(V.v),
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where (Vu) : (Vv) = Z’j j=1Ui,;vi,j and the index after the comma indicates the derivative with

respect to ;. The nonlinear term c¢(., ., .) is trilinear on Hl(Q)d and takes the form

clu,v,w) = (1/2)( (u,v,w) — c(u,w,v)), where é(u,v,w) Z / 8u2 ;

4,j=1

The bilinear form a(.,.) is continuous and satisfies the classical coercivity condition. In particular
there exist constants C, c > 0, depending only on the domain 2 through the Poincaré and Korn
inequalities, such that

|a(u,v)| <vCllullgrollviae — and  aluu) > evlulFg)-

In the proof below typically take ¢ = 1 which amounts to taking the norm on H 1(Q)d to be
(a(u,u)/ y)l/ 2. The bilinear form b(.,.) is also continuous and satisfies the classical inf-sup con-
dition [5].

LEMMA 2.1. There exist constants C,c depending only on Q such that the bilinear form b(.,.)
satisfies the following properties:

1. Continuity:
b(v,q) < Cllull g llgllz2@)-

2. Inf-sup condition:
b
inf  sup v, 9) >c>0.
ae13() verr(@) IvIlm o llallzz o)

The trilinear forms satisfy the following continuity and skew symmetry properties [29].
LEMMA 2.2. The trilinear forms satisfy
c(u,w,v) = é(u,v,w) = —¢(u, w, v), ucV(Q), v,weH}),
and
c(u,v,w) = —c(u,w,v), u,v,w e H(Q),

and the following bounds,

le(u, v, w)| < allo@) VVIl2@ Wl o) 1/p+1/0"=1/2,

lc(u, v, w)| < Cllall o) VI @) Wl 50
where C' > 0 depends upon the domain €.

In two dimensions (d = 2)

e, v, w)| < Cllull o) IVull 5o, (V11 @ 1wl o) 17w 5t
1 2 1/2
Wl @ V1 ooy 19V 5ty ). (2:2)
while in three dimensions (d =3) [19],
(v, w)| < Cllull oo all o IVl 20 o Wl - (2:3)




2.1. Fully discrete formulation. To approximate the solution of (2.1) we introduce a
partition 0 =ty < t; < ... <ty = T and for each interval (t"~1,¢") discrete spaces U}* C H}(f2)
for the velocity and Q7 C LZ(f2) for the pressure. We let Pg[t" 1, ¢ U] and Pr[t" 1, t"; QY
denote the set of polynomials of degree k in time with values in U}’ and Q} respectively. On each
partition (#"~1,#") the Discontinuous Galerkin method constructs an approximate velocity

uy, € L{h = {uh € LZ[O,T; H&(Q)] : Uh|(tn717tn] S ’Pk[tnfl,tn; U;Ll]}
and pressure

pn € P" = {pn € L2[0,T; L)) : prln-—1,m) € Pelt" " ™ Q11

satisfying
-
(u,v") + - < — (u, i) + alup, vp) + c(up, up, vp) + b(vh,ph)>
) =@ v+ /t:1<f,vh> Vv, € PRlt" " UT, (2.4)
/t:_l b(up,qn) =0 Vg € Pplt" ¢ QF),
u;,(0) = u”

Here we write u} = up(t7) and for the traces from above and below respectively. We assume
that U}, and Q} satisfy the usual approximation properties and inf-sup condition [10, 16].

AssumpTION 1. Let {7, | 0 < n < Ny, h > 0} be a quasi-regular family of triangulations of
HY(Q) and let U C HY(Q) and Q7 C LE(Y) be finite element subspaces constructed over T,"
using piecewise polynomials satisfying the following approximation properties.

There exists an integer £ > 1 and constants C,c > 0 independent of h, u, and p such that,
1. Ifue HH(Q)N H} ()

inf |lu— g0 < CR Ul i), 0<I<E, s=-1,0,1
uhEU}’f

2. If p e HY(Q) N L2(Q)

inf _ < Ch 0<I<Ut.
ot Ip = anll2) < CH Pl (), 0<1<

3. The subspaces U}, Q} satisfy the classical inf-sup condition (2.5),

inf sup b(vh: an) > c. (2.5)

an€Qp vyeup [[Vallm @ llanll L2 o)

4. 1If the triangulations are quasi-uniform then there exists Ciy, > 0 independent of h such
that

lunllm @) < (Cino/Manll2@),  Yun € Uy
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We next define the discrete divergence free subspace of Py [t" 1, t"; U} to be

tn
Z;Z = {uh € Pk[tn_l,tn; UZLL] | ) b(uh,qh) =0 Vg€ Pk[tn_l,tn; Qm}
in—
The following lemma characterizes the spaces Z;' and illustrates why it is natural to chose the
time variation (i.e. degree k) for the approximate pressure and velocity to be the same.

LEMMA 2.3. Let Z' = {w, € Ul : b(up, qu) = 0, Vqn € Q1}, then ZJ' = Pt 7 Z71).

Proof. 1t is clear that Pg[t"~!,¢"; 2] C Z. It suffices to show the reverse inclusion. Let
{ni}Y¥_y C Pi[t"1,¢"] be an orthonormal basis with the L2[t"~1 ¢"] inner product. Then write
uy, € PRt 1ty Up] and gy, € Pttt Q7] as

k k
w, =Y n and  gn =Y _njq;.
i=0 =0

Since b(.,.) : U} x @} — R is bilinear (and independent of time)

k

tr ko pm
/ b(up,qn) = Y / ninib(wi, q5) = > b(ui, gi).
t tn—

n—1 S -
1,7=0 1=0
If u, € Z}! the left hand expression vanishes for all {qj}é?zo C Qp. Therefore, u; € Z}' for each

0 <i <k, and since Z}" is a linear space it follows that uj, € Pg[t"~1,¢"; Z7]. D

This lemma allows us to write

T
2Zh={u, eu” | / b(up,qn) =0, Vg, € P"}
0

— {uh S Z/{h | uh‘(tn—l’tn} € Z;;/L}
- {uh S Z/{h ‘ uh‘(tnfljtn} < ,Pk-[tn717tn, Z}TZ]}

3. Discrete Characteristic Functions and Interpolants. In this section we present
some elementary properties of polynomials required to establish stability and error estimates for
the DG approximations of the Stokes and Navier-Stokes equations.

3.1. Discrete characteristic functions. Estimates for evolution equations are frequently
obtained by multiplying the equation by u and integrating to an arbitrary time ¢ € [0,7]. This
amounts to selecting the test function to be x|g ) u, and this choice is not available in the discrete
context unless the terminal time is one of the partition points. In the past this problem has
been circumvented by deriving bounds for certain temporal derivatives of the solution, so that
the solution between the partition points was effectively controlled by values at these points [31].
This approach is problematic for the (Navier-) Stokes equations since the time derivative of the
pressure is usually not available, and it is difficult to get separate estimates for u; and Vp given
a bound on w; — Vp in H~1(9Q).

To estimate the solution at times ¢ € [t"~1,#") we first recall the discrete characteristic functions
as introduced in [7, Section 2.3], and then extend the construction in [7, 8] to accommodate
6



(discretely) divergence free subspaces. The discrete characteristic functions on each interval are
invariant under translation so it is convenient to work on the interval [0, 7) with 7 = #* — ¢"~L.
We begin by considering polynomials r € Pg[0,7]. A discrete approximation of X[0,5)" 1s the
polynomial 7 € {r € P[0, 7]|7(0) = r(0)} satisfying

T t
/ Fq:/ rq Vq € Pr_1]0,7].
0 0

The above construction is motivated by the fact that we may put ¢ = 7’ to obtain fOT ' =
Jyrr' = (1/2)(*(t) = r(0)).

We next extend this elementary construction to approximate functions of the form xjo v for
v € Pi[0,7; V] where V is any semi inner product space. If v € Pg[0,7; V] we can write v =
Ef:o ri(t)v; where {r;} C Px[0,7] and {v;} C V. If we define v = Zf:o 7i(t)v; it is clear that
v € Pil0, 7; V] satisfies

T t
v(0) = v(0), and /0 (Vv,w)y :/0 (v,w)y Vw € Pr_1[0,7;V]. (3.1)

The following elementary lemma from [7, Lemma 2.7] shows that the mapping v — v is continuous
on P[0, 7, V].

LEMMA 3.1. Let V be a semi-inner product space, then the mapping v = Zf:o ri(t)v; — v =
Zf:o 7i(t)vi on Py[0,7; V] is continuous in ||-|r2p0r,v). In particular, there exists Cy > 0 de-
pending only upon k such that

||‘7HL2[0,T;V] < CkHVHLZ[o,T;V}, and ||V — X[o,t)VHLZ[o,r;V} < CkHVHB[o,T;v}-

Notice that the above construction is purely algebraic in the sense that equation (3.1) holds for
any choice of inner product on V. The following lemma gives an explicit formula, v(s) = ¢(s)z,
when v(s) = z is constant.

LEMMA 3.2. Fizt € [0,7] and let p € Pi[0, 7] be characterized by

T t
p(0) =1, /O pq = /0 ¢ q€Ppaf0,7]

Then,

k—1 1

Py = L (/) S edi(s/r) = [ pinan

i=0 t/T
where {p;}F=3 is an orthonormal basis of Px_1[0,1] in the (weighted) space L2 [0,1] having inner
product

1
(.0 = [ win)itn) dn.
In particular,

k—1

Ipllzeiom < 1+ (1= t/7) S [9ill2 o) < Che
1=0

with Cy, independent of t € [0, 7].



3.2. An exponential interpolant. Bounds for DG approximations of the Stokes equations
in L>°[0, T; H*(Q)] will be obtained using the polynomial interpolant of e Mt=t""yy, introduced
in this section.

DEFINITION 3.3. LetV be a linear space, and X > 0 be given. Ifv = Zf:o ri(t)v; € PRt 1t V],
where 7; € Pp[t""1,t"],v; € V, we define the exponential interpolant of v by

k
v = Z T; (t)Vi
=0

)

where 7; € Pp[t" "1, t"] is the approzimation of ri()e M) satisfying (") = (" Y) and

tm tm
/ Fi(t)q(t)dt = / ri()q()e 2 gy, q € Pea[t" 1, t").
t

n—1 tn—1

Note that the map v — v does not define a projection, since v # v, so we will refer to it as an
exponential interpolant. Unlike the polynomial approximations of X[n-1 4 uy, introduced above,
the difference between the interpolant v and v remains small.

LEMMA 3.4. Let V and Q be linear spaces and v — v be the map constructed in Definition 3.3
with parameter X\ > 0. If L(.,.) : V x Q — R is a bilinear mapping and v € Pi[t" 1, t"; V], then

ﬂﬁwammﬁ:/thmmme*”W, N )

n—1 tn—1

If (.,.)v is a (semi) inner product on V', then there exists a constant Cy > 0 independent of A > 0
such that

_ _ n_4n—1 _
IV = 9l gzt em) < Ol = e D) ]z gy < CRAE" — ) [V] 2ot gm vy

in particular,
||‘7||L2[t"717t";v] S (1 + Ck)HVHLQ[tnfl’tn;V].

Proof. (Sketch) The proof follows along the lines of [7, Lemma 2.3,2.4]. The key step, is to prove

that o i
/ (ri —7)* < Ci(1 — 6_/\(tn_tn1))/ r.
t

n—1 tn—1

For that purpose, note that since r;(t" 1) = #;(#"~1) we may write r; —7; = (t —t"~1)p;, for some
pi € Pe_1[t" 1, t"]. Using the definition of the interpolant we derive

tn tn
/tn_l(t — " Npig = /tn_l(l — e TN g Vg e Pt .
Selecting ¢ = p; and using the equivalence of norms on the Py [t"~!, "] shows
_ _4n—1
HPHLQ[tnfl,tn] <C(k)(1-e Alp— ))Hrz‘HL%n*l,tn}-

The remaining calculations are elementary, see [7, Lemma 2.4]. O
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A classical scaling argument and the finite dimensionality of Pj[t"~!, "] implies the following
lemma.

LEMMA 3.5. Let V be a linear space and (.,.)y be a (semi) inner product on 'V and let w(t) > 0
be a nonzero element of L'[t"~1,t"] and set T = t" — t"~1. Then, there exists a constant Cy > 0
depending only upon k and w such that

n

1/2
wmwuﬂms#m”%%/ w((t = "=)/7) v () dt

tn—1

for all v € Pi[t"1,#", V] and 1 < p < co. In particular, if (1/p) + (1/p') =1,
tn

|mewmwuwwﬂwsm/ w((t — 1) /1) v (1) Bt

tn—1

This inverse estimate can be used to bound v — ¥ in LP[t"~1 ¢*; V] for any p > 1.

LEMMA 3.6. Let V' be a linear space and (., .)y be a semi-inner product on V and let v — v denote
the exponential interpolant on Py[t"~1,t"; V] constructed in Definition 3.5. Set 7 = t"* — "1,
then there exists a constant Cy, > 0 depending only upon k such that

||V - V||Lp[tn—l7tn;v] < Ck(l - 6)\7—)||V||L1"[t’“‘—1,t”;V] < Ck)‘T”VHLP[t”—l,t”;V}v

for all v € Py[t"~1,t": V] and 1 < p < co. In particular,

||‘7||Lp[t"*1,t";V] g (1 + Ck‘)HVHLp[t"*l,t";V}'

Proof. Using Lemma 3.5 with w(t) = 1 and Lemma 3.4 we obtain,
[V = ¥l Lopn-1,n,v) < Tl/p71/2CkHV = V21 ) < Tl/pil/QCk(l - e/\T)HVHL%”*l,t”;V]-
If 1/p+ 1/p’ = 1, Holder’s inequality and another application of Lemma 3.5 shows

Cle/p’71/2|

||V||%2[tn—1,tn;V] < HVHLP[t”—l,t“;V]||V||Lp’[tn—1,tn;v] < HVHLP[t"—l,t";V} ’V||L2[t”—17t”;V]v

SO

’_ _
VIl 21 mav) < Crr P 7Y 2)¥ | popn1 gniy) = Cor 2P| Lojn1 gny,

and the lemma follows. O

4. DG scheme for an auxiliary PDE. In this section we introduce a “parabolic” pro-
jection (P, below) that will be used to construct test functions for the DG scheme used to
approximate the Navier-Stokes equations. It is designed to circumvent the difficulties associated
with the use of different spaces for each time step and the jump terms that appear in the DG
scheme. We consider DG approximations for the evolutionary Stokes equations; that is

(u,r) € L0, T; HX ()] n H'[0,T; H1(Q)] x L*[0,T; L3(Q)]
9



and

(u,v) +a(u,v) +b(v,r) = (f,v) Vv e H}Q),
b(u,q) =0 Vqe L3(Q), (4.1)
(u(0),w) = (up,w) Vw e W(Q).

The numerical schemes are based upon the weak formulation: u € L2[0, T; H} (Q)]NH[0,T; H~Y(Q)] —
C[0,T; L%()], r € L?[0,T; L3(Q)] and

T
(u(T),v(T)) + /0 —(u,v¢) +a(u,v) + b(v,r)
= (u(0),v(0)) + /T<f,v> Vv e L0, T; H Q)] n HY0,T; H1(Q)], (4.2)
0

/Tb(u,q) =0 Vqe L*0,T;L3(Q)].
0

Given a partition 0 = t < t! < ... < t¥ = T of [0,7] and a collection {UP}Y_,, {QU}_, of
subspaces of H}(Q2) and L3(Q) respectively the DG method constructs an approximate solution

up, € UM, and a pressure p;, € PP satisfying

( (u”,v") 4+ /tt" ( — (up, vit) + a(up, vp) + b(vh,rh))

n—1

tn
vl = / Fvi) Vv e Pl e U7, (4.3)
t

n—1

tn
/ b(up,qn) =0 Vg, € Pet" 1t Q1.
\ t

n—1

4.1. Projections. Projections onto the discretely divergence subspaces play an important
role in the analysis of numerical schemes for both the Stokes and Navier-Stokes equations. Here
we define our “parabolic” projection, Py, and compare it with the classical Stokes projection IIj,.

DEFINITION 4.1.

1. P, : L?(Q) — Zp denotes the projection onto the discretely divergence free subspace
Z}? = {uh € U}TLL | b(uhaq}z) = Oa qn € QZ}’ that is

P,w e Zj, (Pow,vy) = (W, vp) Vv, € Zy.

2. The Stokes projection 11, : H}(Q) — U is the first component of the pair (up,rp) €
Ui x QF satisfying

a<uh7 Vh) + b(Vh, rh) - a(u7 Vh), b(Uh, qh) - 07

for all (v, qn) € U’ x Q}.

Formally I1,,u is the Galerkin approximation of the stationary Stokes problem with right hand side
f = —vAu. The parabolic version introduced next is the DG approximation of the evolutionary
Stokes’ problem with right hand side f = u; — vAu.

DEFINITION 4.2.
10



1. The projection Plo¢ . C[t"=1, 7 L2(Q)] — Pi[t" 1, ¢ 21 satisfies (Plo°u)™ = P,u(t"),
and

tn
/ (u — Plcu, v;,) =0, Vv, € Pr_q[t" " 2.
t

n—1

Here we have used the convention (Pl¢u)" = (Plocu)(t").
2. The projection Pi°¢ : C[0,T; L*(Q)] — Z" satisfies

P;.Locu € Zh and (Pilocu)‘(tnflin] — ]P),lnoc(u“tnflin]).
3. Py HY0,T; H-Y(Q)]NL2[0,T; HY (Q)] — 2" is the velocity component of the discontinu-

ous Galerkin solution (ap,rp) of (4.3) with £ = u;—vAu, and initial data u® = Py(u(0)).

The projections IP’ffC are local in time, and the approximation error of the DG scheme for the
Navier Stokes equations will ultimately be bounded by projection errors of the form u — Pﬁfcu.
The following theorem, adapted from [9], bounds this error.

THEOREM 4.3. Let Z' C H}(Q) be a finite dimensional subspace and P, : L*(Q) — Z' be the
orthogonal projection. Let (.,.)y be a (semi) inner product on H}(SY), then there exists a constant
Cy, depending only upon k > 1, such that

Ju = B oy gy < = Pl o gy + Colt™ — £~ P D s gy,

for all 1 < p < oco. In particular, if the restriction of P, to (V,||.||v) is stable, in the sense that
[Paully < Cllully, then

[ = Blul| pogen—1 m) < Cllu = Whll popen—1 gn + C" = 0D s iy,

for any wy, € LP[t"1 ¢ 7). Here u*+Y) denotes the (k + 1)™ time-derivative of u.

Approximation properties of P, depend crucially upon the inf-sup condition for the pair (U}, Q}).
We briefly recall the development of the projection estimates for the Stokes projection since similar
arguments will be developed in the parabolic setting.

LEMMA 4.4. Let a : H}(Q) x H}(Q) — R and b : HY(Q) x L(2) — R be the bilinear forms
introduced in Section 2, and let the subspaces U C H}(Q) and QF C L3(Y) satisfy the inf-sup
condition. Define the Stokes projection 11, : H&(Q) — UJ! to be the first component of the pair
(up,rp) € UP x Q} satisfying

a(“h? Vh) + b(Vh, rh) = a(ua Vh), b(uh7 Qh) = 07

for all (vi,qn) € U x QF. If u € V(Q) (that is div(u) = 0), then there is a constant C > 0
independent of v such that

—1II < (C inf — .
[u—puf ) < ngU;;”u valla )

If additionally ) is sufficiently reqular to admit H?(Q2) x H(Q) regularity of the Stokes operator
and (U]}, Q}) contain the piecewise linear functions over a regular mesh, then

[u —Iyullp2) < Ch V’jg(f]}? [ = Vil a1 @),
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where h is the diameter of the largest element of the mesh.

Since [|u — Pou||r2(q) < [lu = I,ul[12(q) it follows that the projection error u — P,u will exhibit
optimal rates of convergence in L?(£2). We summarize this and other properties needed for the
analysis below in the following corollary.

COROLLARY 4.5. Under the hypotheses of the lemma (in particular, u € V(2)),

1. ||u - Pnu||L2(Q) < Ch infvheU;; ||u - VhHHl(Q).
2. If the mesh is quasi-uniform so that the inverse estimate |[up||g1q) < (C/h)|unllr2(q)
holds for uy € U], then

Hu - PnuHH1(Q) < C mfn Hu - vhHHl(Q)‘
hGUh

3. If (U, Q) and (U, Q) are two spaces satisfying the inf-sup condition over two meshes,
then

|Po(I = Po)ul| -1y < Chllu— Ppull 20y < Ch? Vhigém [u = vl (),

h

where h is the mazximal diameter of an element in the two meshes.

Proofs of Lemma 4.4 and Corollary 4.5 are sketched in Appendix B

4.2. Projection Error in L>®[0,T;L*(Q)] N L%[0,T; H'(2)]. The following theorem esti-
mates the error at the partition points and is the analog of [7, Theorem 2.2].

THEOREM 4.6. Let u € HY0,T; H1(Q)] N L?[0,T; H}(Q)] and uy, = Ppu. Then the error
e, = ]P’gfcu — uy, satisfies

tn

tn n—1
lef sy +0 [ llenlney +1/2 3 el < O [ v = 2i)ulinge,
=0

n—1

+ > min (Cp/ (A | Pt (T = PYu(t) sy | = POt [ Fa(g) )
=0

where C c‘lepen‘ds only upon Q and C} depends iny upon k. Here [e’,'L] = e}'bJr — eﬁl_ is the jump
iney att', At' =t — =1 and P, : L*(Q) — Z; 1is the orthogonal projection onto the discretely
divergence free space.

Proof. Substituting f(v) = (u, v) + a(u,v) into equation (4.3) gives the orthogonality relation
for the total error € = u — uy,

(e",v") + /:n (— (e, Vi) + ale,vp) — b(vh,rh)> N A )

n—1

t’ﬂ
/ b(uh,qh) =0.
t

n—1

(4.4)

for all (vp,qn) € Pi[t" 1,7 Ul x Pt 7 Qrl.
12



Write e = (u — Plcu) + (Pl°°u — uy) = e, + e, and note that e, € Py[t" 1, #"; Z7']. Rearranging

the orthogonality relation (4.4), and using properties of IP’l,fC, shows

i
(ez_,V’r_L) — /t ((eh,vht> + a(eh,vh)> — (eZ:lavﬁil) — (([ _ Pnfl)u(tn_l),viil)

+ /t:nl ((ep’ Vit) = a(ep, Vi) + b(vh, Th))? (4.5)

provided v € Z;'. Setting v; = e, then shows
2 tn 2 11112 12
/2R +0C [ lenlfnoy + (/2R Wy < (/215" e

+((I — Pn_l)u(tnfl),e’,:jrl) - /t a(ep, ep). (4.6)

n—1
Here we used the fact that e,(t) € Z}' so that b(ey,r,) = 0, and ey € Pk,l[t”_l,t”,Z;Z] so
ff:,l(ep, en) = ff:,l((l — Pl“Yu,ep;) = 0. The last term on the second line is bounded using
the Cauchy-Schwarz inequality, and the first term is bounded in two different ways. Since eZ:l €
U }?71 an estimate independent of v is computed as

(I = Po-t)u(t" 1), 657 h) = (I = Pa-r)u(t" ™), et — ="
<N = Paen)u(t" 120y + /D720
Since errl € U/!, an alternative estimate is obtained upon writing
(I = Poy)u(t"™), e57") = (Pl = Pact)u(t" ™), e 2")
< 1Pa(I = Por)u(t Yl g1 lleh T o)

To estimate ||eZ__F1|| H1(e) We use the following trace estimate for functions in Py [t U,

tn

i Bniy < /A [ lenlay

tn—1

The finite dimensionality of P (t"~!,¢"), and a scaling argument, shows that the constant Cj
depends only upon k. Therefore,
tn

(7 = Pa)ut"™). €5 < (CL/ AW [PAT = Puc) sy + (/4 [ lenls o

Substituting these estimates into equation (4.6) and summing completes the proof. O

The previous theorem bounds the L?(£2) norm of the error at the partition points. A bootstrap
argument is used next to obtain bounds at arbitrary times ¢ € (0,7).

THEOREM 4.7. Let u € HY0,T; H-1(Q)] N L?[0,T; H}(Q)] and uy, = Ppu. Then the error
e, = IP’l,fcu — uy, satisfies
tn

tn n—1
len®laey v [ llealloy + 3 Nebllzzay < O( | vIT ~Byullnie
=0

n—1

+ 3" min (1/(A6H) [P (T~ Bu)|3 - g
=0

(I - Pz)u(tl)HiZ(Q) )))
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where C' is a constant depending only on k and the domain Q2. Here [e%] = e2+ — e’}'h is the jump
iney att', At' =t — =1 and P, : L*(Q) — Zy, 1is the orthogonal projection onto the discretely
divergence free space.

Proof. Given Theorem 4.6 it suffices to bound |lep(t)[/z2(q) for t € (t"~1,¢"]. Adopting the
notation in the previous proof, we begin with equality (4.5)

n
(ez_,V’r_L) - /t ((eh,vht> + a(eh,vh)> — (eZ:lavﬁil) — (([ _ Pnfl)u(tn_l),viil)

n—1

+ /ttn ((ep,vht) —a(ep, vp) + b(V/wTh)),

n—1

and integrate parts in time to get

/t ((eht,vh> + a(eh,vh)) + (eZ;l _ ez:ljvifl) = (I - Pn_l)u(tn_l)’viil)

n—1

+ /ttn ((ep,Vht) —a(ep,vp) + b(Vh,Th))-

n—1

Letting v, = & € Py[t" 1, ¢ Z7'] be the discrete approximation of X[in—1,1)€hn characterized by
equation (3.1) gives

t n
/t 71(eht,é) + (errl - eZ:l,eZ;l) = (I - Pn,l)u(t"_l),e};‘jrl) - /t » (a(ep,é) + a(eh,é)>.
As in the previous proof, &(t) € Z@ so that b(&,rp,) = 0, and & € Pp_q[t" 1", 27 so
f;n_l(ep,ét) = ftfj_l((l — Plo¢Yu, &;) = 0. Since ep; € Pr_1[t"1,¢", Z7 the defining property
of e allows the first term to be integrated exactly,

(1/2)llen®)l72() + (1/2)lel 72) — 1/2)er =" I r2(q)

— (I = Po_pu(t"), e ) — /:n (a(ep, &) + alen, é)).

n—1

Using Lemma 3.1 to bound € in terms of e, we obtain
(1/2)llen()1 2y + (1/2) ey~ M2 — (1/2)lleh= 720y

t’fL
<((I - Pn,l)u(t”_l),e;;jrl) + Z/Ck/

tn—1

(leali3r e + llenll3n gy )-
As in the proof of Theorem 4.6 the first term on the right can be bounded by

1 = Pac)u(t™) 32y + (/) e 22 -
or
tm 5
lenllZ o

CLl (A D) |PT = Pttt ) sy + (0/4) [
with C} depending only on k. The theorem then follows upon using Theorem 4.6 to bound

e~ 120y and. lenl 2o sy B
14



Combining the above with the triangle inequality provides various estimates for the projection
error u — Pyu in terms of the local projection errors u — P%"Cu. The following corollary bounds
the energy and L?(Q) norms which appear in the estimates for the Navier-Stokes equation below.

COROLLARY 4.8. Under the hypotheses of the theorem there exists a constant C = C(k,Q) such
that

!
= PrulZagg 7.1 ey < Clla = PieullZeg o o
n—1

+(C/v) Y min (/A1) || Pa (T = PYu) | o gy - (1= P)ult)|7ay )
=0

and

[u =Pyl oo, riz2 () < lu—Pioul| oo riz2 () + CvVPIla = Pl p2po 71 o)

n—1 1/2
+C (Z min (1/(At" 1) | P (I — Pi)u(ti)HiI,l(Q) (= Pi)u(ti)Hig(Q) )) :
1=0

4.3. Rates of Convergence. Corollary 4.8 shows that the projection error (I — Pp)u can
be bounded by local projection errors of the form (I — IP’ﬁLOC)u and jumps in the projections at the
discrete times {¢"}. In this section we verify that the projections Pyu onto classical finite element
subspaces will exhibit optimal rates of convergence when the solution u is sufficiently smooth.

THEOREM 4.9. Assume the subspaces (U}, QF) satisfy the inf-sup condition and approzima-
tion and inverse properties in Assumption 1 with constants independent of n and h, and as-
sume that the time steps are quasi-uniform in the sense that there exists 0 < 0 < 1 such that
ming <<y At" < dmaxi <<y At". Ifu € C[0,T; HHHQ)NV(Q))NH*0,T; HY(Q)] then there
exists a constant C' > 0 independent of h, 7, and v such that

lu = Prullp20,7;m51 ()] < C(H11||L2[0,T;Hé+1(9)]’7/z + [0V oo o gy 7

+llullcpo 7 mrer @y min (h?/ (1), h//Tv) h£>.
and
lu —Prullpoepo,rir2(0)) < C( <\/77||UHL2[O,T;H5+1(Q)] + h||uHL°°[o,T;Hz+1(Q)]> Bt
+ (ﬁHu(Hl)”LQ[O’T;Hl(Q)] + ”u(kH)HLZ[o,T;LQ(Q)1> T
+l[ullcjo7;pre+1 (0 min (h3/2 /D), m) hm/g)

where T = maxi <<y At", and u* Y denotes the (k4 1) time derivative of u.
Proof. Theorem 4.3 and the approximation properties of the projections P, given in Corollary
4.5 show

||u - ]P)flocuHLQ[tnflin;Hl (Q)] S CHU_ - Pnu‘|L2[tn717tn;H1(Q)] + C(Atn)k+l Hu(k+1) ||L2[tn717tn;H1(Q)]

é C||u||L2[tn717tn;H€+l(Q]h£ + CTk+1 ||u(k+1) |’L2[tn—17tn;H1 (Q)],
15



which shows
Hu - P%OCUHLHO,T;Hl(Q)] < C(HUHL?[QT;HZ*l(Q)]hE + ||u(k+1) ||L2[O,T;H1(Q)]Tk+1) .

The estimates in Corollary 4.5 are used to estimate the jump terms.

n—1
> min (1/(A 1) [Py (I = Py |- gy - [ = Pu(t)|[ 72y )
i=0
n—1
< CZ min ((1/Ati+ly)h2(5+2)’ h2(€+1)) ||u(ti)H§{@+1(Q)
i=0

< CO(T, G)HuH%[O’T;HHl(Q)} min (h*/(7%v), h?/7) h*.

Combining these two estimates with the bound in Corollary 4.8 establishes the bound in L2[0, T; H*(9)].

The first estimate of Theorem 4.3 shows

[u = Plul| poopin—t gm. 2y < [0 — Poutl| poopin—t gm. 2y + Cr( A P et gm. 2

/41 k+1 k+1
S O”uHLoo[tnflin;HE«kl(Q]h + + CT + ||u( + )|’Lw[t"71,t";L2(Q)]'
Combining this with the above establishes the second statement of the theorem. O

4.4. Stability in L>[0,T; H'(Q)]. For the nonlinear problem, we will need a bound on
[Prul| oo fo,7;m1(0)) When u; —vAu € L2[0,T; L?(£2)]. That is, discontinuous Galerkin approxima-
tions of Stokes problem are bounded in L*°[0,T; H'(2)] when f € L2[0, T; W (Q)] and ug € V(Q).
The following proof uses the exponential interpolant of Definition 3.3.

THEOREM 4.10. Let uy, be a solution of the discontinuous Galerkin scheme (4.3) with data
f=uw —vAu € L0, T;W(Q)] and ug € V(). Then,

lanl oo 1m0y < C (ol gy + L/ V)l L2j075020))
where C' depends only on k and the domain €.
Proof. We construct a discrete approximation of the Auy,. At each time ¢ € [t"~1,¢") let a, € zy
be the discrete approximation of Auy, satisfying

(ap, wp) = (1/v)a(up, wp), Vwy € Zp.

Then a, € Pi[t" 1, t"; Z], and setting wy,(.) = up(.) € Z' and wy(.) = a,(.) € Z}! respectively,
we obtain

d
(1/2)£Hvuhui2(g) = (1/v)a(up, un) = (ap, up) and a(uy,ap) = VHapH%2(Q)- (4.7)

Setting v, = a, into equation (4.3), and using the last two equalities, gives
tn
(/20 Ny + 2NV Wiy +v [ Tl

tn

tn—1
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Using Cauchy-Schwarz and Young inequalities for the last term we obtain the bound,

tn

IV [y + IV 20 + (v/2) / lagllZ (g (4.8)

tn

< VP2 gy + (1/0) /

tn—1

€122 0.

This inequality implies the desired bound at partition points, and for the low order schemes, k = 0
and k = 1, also bounds [|up||pecfo,7;m1(0)- For higher order schemes, we obtain an additional

estimate using the discrete approximation of ape*)‘(t*tn_l). Let a, € Pt 1 Zp], be the

At—t"1)

discrete approximation of aje™ constructed in Definition 3.3. Then

e _ ¢ (g ey d
/ (uht,ap):/ (uhtaap)e At—tr—1) :(1/2)/ e~ A=t 1)7||V11h||%2(ﬂ)7
t t

n—1 n—1 tn—1 dt

where at the last equality used (4.7). Integrating equation (4.3) by parts, setting v, = a,, using
the definition of a,, and Lemma 3.6, gives

tn

n _ n_4n—1 n—
/DTSy 4 (/2 Vo Wy + [

tn—1

_ _4n—1
(A/2)e M| V72

tn
< (/T gy + [ 1080)] + a5
tn

< (1/2)[IVuy = 1720 +/ (1/4)|IE]1Z2(q) + VIaplZ2) + v(ap, &)

tn—1
t’n

< (/2 ey + |

tn—1

(1/40)[[£]12(q) + (1 + Cvllayll7z(o)-

Using equation (4.8) to bound the terms on the right, it follows that

_tn—l

t"/ tn
| 2wy < (Il + (/2 [ 1),

n—1

where C' depends on domain and k (but not on \). Selecting A = 1/(t" — t"~!) shows

t7L t’VL
/t e/t = )Vl < C (I B3y + (1/%) /0 1820 )

n—1
Since Vuy, € Py[t" "1, ¢"; L2(Q2)], Lemma 3.5 (with weight w(t) = 1 and p = oo) states
||vuh‘|%oo[tnfl,tn;L2(Q)} < (Ck/(tn - tn_l))HvuhH%2[tn71,w;L2(Q)],
and the theorem follows. O

4.5. Estimates for the Stokes Problem. In this section we sketch how the arguments
used in this section also provide error estimates for DG approximations of the Stokes problem.
These results are of independent interest and are not used below.
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The orthogonality condition for (4.3) takes the form.

n—1

tn
/ be, qn) = 0.
tn—1

for all (vp,qn) € Pp[t" 1t UP] x Pelt" 1t Q7). Here, e = u — uy, (up,pp) is the solution
of (4.3), and (u,p) € L2[0,T;V(Q)] N HY0,T; HY(Q)] x L2[0,T; L3()] is the solution of the
parabolic Stokes’ problem.

vt [ (= foova atenvi) + b = ) = (Vi) =0,

Estimates for e were obtained by selecting v, € Pi[t" 1, t"; Z7'] which eliminates the discrete
pressure; fttnn_l b(Vi,p — pn) = f;n_l b(vh,p — qn), for all g, € L2[t"~1,¢"; Q7). In this situation
the proof of Theorem 4.7 shows that the error e = Pil"cu — uy, satisfies

tn n—1 tn
ey + [ lenliiay + 3 lieillzzio < O (Iex + [ v - Fioyullisco
1=0
n—1

tn
+(1/v) /0 Ip — qh||L2(Q>+me L/(AFF) | P (1 = Pu(t)|[31 0

(= P)u(t) [ 12))).

where C' is a constant depending only on £ and the domain €2, and g, is arbitrary.

Rates of convergence then follow as in Theorem 4.9
o = Prullz2po.rm10) < C<||UHL2[0,T;H€+1(Q)}M + [0 2o 7+ (/) [0(0)]| ey B
+/ V)Pl 20,700 P+ Ill oo,z e (@ min (B2 (rv), h/V/Tv) he)-
and
= Pl oo 72y < O (VoI oozt @y + bllul ego rigress oy ) B
+ <ﬁ||u(k+l)HLQ[O,T;Hl(Q)] + ||u(k+1)||L°°[O,T;L2(Q)]) T (0) ] ey b
Hullero e oy min (B72/(v/0), /) B2 4 (L) Il ogo e ')
where 7 = maxj<,<ny At".
5. Analysis of the DG Scheme for the Navier-Stokes Equations.

5.1. Stability. The natural energy estimate for the discontinuous Galerkin scheme (2.4) is
obtained by setting v;, = uy and using the skew symmetry of the trilinear form, c¢(uy, up, up) = 0,
to get

tn tn
(/20 o+ (/2N Wyt [ Ty < (/DI ey [ (). 5.1)
In general it is necessary to bound the last term on the right by

(£, un) < [IEll -1 lanll o) < (1/20) €51 (q) + (/2 unllip )
18



which gives rise to a factor of 1/v on the right hand side.

The implicit Euler scheme (k = 0) has uy, is piecewise constant in time, so u, = u” on ("1, ")
and the Cauchy Schwarz inequality can be used to bound the right hand side of equation (5.1).
In this situation

tm tm™
(1~ AN gy + I Wiy + 20 [ Tunlrsy < 1o gy + [ 1600y
tn—1 tn—1

which gives bounds independent of v. Similarly, if uy is piecewise linear an explicit computation
shows

t”l
/tn_1 lunlZa ) < CAL" (”ULLH%?(Q) a2 ) + ’\[un71]||%2(9)) ;

where C' = (6 4+ /6)/4. Tt follows that

tm tm

(1=CAL™) 0™ || 72+l I o) +2v /

tn—1

By < (4O sy [

- 111720

and if CAt" < 1 the discrete Gronwall inequality is applicable. These observations are summa-
rized in the following lemma.

LEMMA 5.1. Let (up,prn) be an approximate solution of the Navier-Stokes equations computed
using the discontinuous Galerkin scheme (2.4) with £ € L*[0,T; H=1(Q)] and ug € L*(Q). Then,

n

tTL
|22 g + v /0 fun 20y < 1102200 + (C/9) /0 €122 0

where, C' depends only on the domain Q. Moreover, when £ € L?[0,T; L?(Q)], the low order DG
schemes, k =0 and k = 1 also satisfy

tm .
Cn
I ey v [ Tl < O (Huo\liz(gﬁ /

tn

Hf\%m)> |

provided the mazimal time step T = maxj<n,<ny At" is smaller than some absolute constant C.

5.2. Error estimates for the Navier-Stokes. Since solutions (u,p) of the Navier Stokes
equations satisfy the Discontinuous Galerkin formulation (2.4) the error e = u — uy, satisfies the
orthogonality relation,

' (e’i,v’_‘)+/tn (= (ecvar) + ale.vi) + b(vip = pn) ) = (e, vi)

- tn—1

== /tn_l (C(U, u,vp) — C(uh,uh,vh)> Vv € Pk[t”_l,tn; U, (5.2)

tn
/ b(e,qn) =0, Van € Pe[t" 1t Q).
\ Jt

n—1

Our main theorem, stated next, is valid for both two and three dimensional domains and schemes
of arbitrary order in space and time.

THEOREM 5.2. Let d = 2 or 3 and let (u,p) be a solution of the Navier Stokes equations
with u € L*®[0,T; H(Q)]. Let (up,pn) be an approzimate solution of (u,p) computed using the
19



discontinuous Galerkin scheme (2.4), and write the error in the velocity as e = e, + ey, with
e, = u—Pyu and e, = Pyu — vy, where Ppu is the projection defined in Definition 4.2.

Then there exists a constant C = C(k,T,Q) such that
n—1 ] tn
lef_ 1172 + > lerlI 2 + V/o lenllFiqy < (C/v)exp (CT) {HG?L—HZ
=0

t’n
+/0 ((HHH%OO[O,T;Hl(Q)] + HPhuH%OO[O,T;Hl(Q)])”epulzﬁll(Q) +lp— QhH%Q(Q)) }>

for any qn € {L2[0,T; L*()] | qnlgn-1,m) € L2[t" 1t QY provided the mazimum time step
size T = maxj<p<n(t" — t" 1Y is sufficiently small. In particular, for the low order schemes,
k=0 and k =1, we require CHPhuH%oo[07T;H1(Q)]T/l/3 < 1, and additionally

C (1/v + [IPhul| oefo i (V') IR Lo o (o VTV < 1
for the higher order schemes, k > 2.

Recall that if u; — Au € L2[0,7T; L*(2)] then u € L*°[0,T; H'(2)] and Theorem 4.10 shows
that this is sufficient to guarantee that Ppu € L°°[0,T; H'(Q)] too. Also, note that the DG
approximation scheme is stable for any time step size 7 > 0, and that the restriction on 7 and
L>®[0,T; H'(£2)] bounds assumed in the theorem are only necessary in order to quantify the error.

Proof. 1) Orthogonality: Introducing the splitting e = e, + e, into the orthogonality relation
(5.2) gives

tn
/t ((eht, vi) + aley, Vh)) + (eZ;l - eZ:l, vZ;l)

n—1

n—1

tn
= _/ (c(u, u, Vh) - C(Uh, up, Vh) - b(Vh,p - ph))
t
i 1 1 1
_/tn—1 ((ept,vh) + a(ep,vh)) —(epr —e, v ).

for all v, € Pyt 1,7 Q7]. By construction e, satisfies the orthogonality condition (4.4), which,
after integration by parts in time, states

t’/L
/tnl ((ept’vh) +alep, va) + b(Vh,Th)> +(epit —ep”t v =0.
Combining the last two equations, we obtain

tn
/t ((eht, vi) + alep, vh)> + (eZ;l — eZ:l, vZ;l)

n—1

n—1

= /tt” (c(u, u,vy) — c(up, up, vy) — b(vp,p — pp — Th))- (5.3)

We will always select v, € Pp[t" 1, " Z}'] so that the pressure term becomes

/ b(Vh,p —pn — 1) = / b(vh,p) = / b(Vh, D — qn)-
t t

n—1 tn—1 n—1
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In this equality we may choose q; € L2[t" !, t"; Q7], i.e., g it does not need to have polynomial
time dependence. Letting u, = PPyu, algebraic manipulation using trilinearity of c(., .,.) shows

c(u,u,vy) — c(up, up, vy) = clep, u, vy) + c(up, €y, vp) + c(en, up, vi) + c(up, ep,vy).  (5.4)

It remains to bound each term on the right when v, = ey.

2) Bound the Nonlinear Terms: The skew symmetry properties and bounds of Lemma 2.2
show that c(uy, ep, e,) = 0 and

t" t"
| Jetennen|<c [ eyl lulli el

n—1
tTL
< (C/e)allF oo a1 (e /tn1 lepllZ o) + E/t

t'rL
) lenll % o)

t" t"
[ Jetumenen] < [ lulimalepln ol o)
t (A

n—1

$n

lepl| () + €
n—1

tn—

tn
< /9l | lenln oy

n—1

tm tm
1/2 1/2
[ Jetenpen] <€ [ lenliig lenllf sl ollealln o
tn

tTL
é (0/63)||up||%°°[0,T;H1(Q)] /tnl ||eh||%2(§2) + Elnl ”ehH%{l(Q)

where C' denotes a constant that depends only on Q. Setting v, = e, in equation (5.3) and
collecting the above bounds with ¢ = O(v) we obtain

t”l
I8 Ny + ek Wiy + [ (/2lenlBis oy < b ey (5.5)
t'n—l
tn tn
HCH) [ Nealliay +(C/0) [ (CHleylinoy + o =l

where C' = C(Q) is independent of v and C; and Cy take the form

C1 = Cllup|| o, (@) (5.6)
Co ::CXHUHLvﬁathlun]+‘Hup”La4QTJ1uQﬂ)

For the low order schemes, k = 0 and k = 1, ||es|12(q) is bounded by e, e” ! and [e"!] as in
the discussion preceding Lemma 5.1. An application of Gronwall’s inequality then completes the
proof. For the higher order schemes it is necessary to bound fttﬂ,_l llenl|. @

3) Bounding |ep| ;2(q): Fixz, € Z} and t € (¢, ") and select v, (s) = ¢(s)zp, where vy, € Z7
and ¢ € Py ("1, ") satisfies

" t
o =1, [ o= [ v wemnw e,
tn— tn—
(That is, vy, is the discrete approximation of X[¢n—1,4)2Zh constructed in Section 3.1). Recall that
Lemma 3.2 shows that [[¢[|zec(n-14n) < C) where C is a constant independent of ¢. Since
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ey € Pk_1[t”_1, t"; Z7] it follows that
n t .
/ (ent,vi) = / (ent, zn) = (en(t) —ej ", 2n).
n— tn—

With this choice of v, equation (5.3) becomes

tn
(en(t) —ep~" zn) = / 1 < — a(en, zn) + c(up, up, zp) — c(u,u,zp) — b(zp, p — Qh))¢-
tn—
Splitting the trilinear terms as in equation (5.4) we obtain
1 tn
(en(t) —ep—",zn) < C - (VHehHHl(Q) + llepll zr o lallzr) + 1upll g llepll m @)
+llenllzr o llupll a1 @) + lanllmr @ llenllar@) + [Ip — %HLZ(Q)) |Znl 1 ()
< C((V + [l oo -1 s a1 2y T2 el L2 gen—1 g1 ()
+(l[ull oo gen—1 gm0 + 10pll oo n—1 memr ) T2 €| L2pin—1 gme 111 ()
Hlunll oo 7. m oy lenll L2t sy + 72l — QhHL?[t”—l,t”;L?(Q)O Zn |l 51 ()
< C((V + COVTllenllL2pn-1 i ) + CovTllepl L2 pm—1 im0

+(1/v)lenll 21 gmsmr (g + 70 — %HL?[tn—l,tn;L?(Q)}) 1Zr || 1 ()

where the constant C' = () is independent of v and C7,Cy depend upon u as in equation (5.6).
Now note that v + Cy ~ C1, select z;, = e, (t) and integrate with respect to ¢ to get,

tn
/ (en(t) —ep~,en(t)) < C(Cl\EHeh‘|L2[t”*1,t”;H1(Q)} + Cov/Tllepll L2pm—1 im 11 ()
tn—1

tn
+(1/)lenl p2pm—1 i oy + 72l — Qh”L2[t”*1,t”;L2(Q)]) /tn_l lenll s ()

Therefore, with At” = t" — t"~! we have

t’n
el Al g 5.1)

tm—

t’n/
+CV/T ((1/V +C1v7)llenllF o) + (02\5)”%”127{1(9)) +V7llp - QhH%?(Q))‘

tn—1

4) Combining the Estimates: Using inequality (5.7) to bound the integral of HehH%Q(Q) on
the right hand side of equation (5.5) we obtain

tn
”eZ—H%Q(Q) + ||[ez_1”%2(g) +/ ) (v/2 = (1/v + Civ/T)CIVT/VP) ||ehH§{1(Q)

tm—

t’n.
< (14 CLA /v lep~ [T + C/tn_l(CQ/y +Cir /) Callepll gy + (/v + Cir/v?)Ip = a1 720
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Under the assumptions on the maximal time step 7, application of the discrete Gronwall Lemma
completes the proof. O

The technical development in Step 3 of our proof was necessary since the discrete energy estimate
does not naturally bound the L?(2) norm of the solution at times between the partition points.
In Appendix A it is shown that in two dimensions that it is possible to bound the discrete solution
uy, in L*>[0,T; L?(Q)].

Theorem 4.9 can now be used to establish rates of convergence for smooth solutions.

THEOREM 5.3. Let Q C RY with d = 2 or 3 and for h > 0 let {ty ivio be a partition of [0, T
and let {(Ui?vQZ)}r]yio be finite element subspaces of H&(Q)d x LE(). Assume that the time
partition is quasi uniform in the sense that there exists 0 < 6 < 1 such that minj<,<y At} <
O maxi<n<n At}, and that the finite element subspaces satisfy the approximation, inf-sup, and
inverse hypotheses in Assumption 1.

Let {(up,pn)}n>0 be approzimate solutions of the Navier Stokes equations computed using the
discontinuous Galerkin scheme (2.4) and let the solution (u,p) of the Navier Stokes equations
satisfy

ue o, T; HY Q)] n Ho, T; L*(Q)],  and  pe L2[0,T; HY(Q)],
where £ > 1 and k > 0 are the polynomial degrees of the space and time dependence of (up,pp)-

If the initial data n® satisfies |u® — Pou(0)||12(q) < C’hﬁHu(O)HHe(Q), there exists constant C' =
C(k,T,8) > 0 independent of 0 < v <1 such that the error e = u — uy, satisfies

n 1/2
e lz2(q) + VPllell z2p,7m1 @) < C(exp(CT/v?)) / {1/ﬁ||u9||m(sz)h£

+ (C2/V/v) (HuHL?[O,T;H”l(Q)]hZ + [0V oo 1y 7
k% h
e oy mind 2 23 + (VI o oo

provided the mazimum time step size T = maxi<p<n, (t} — tzfl) 18 sufficiently small. In partic-
ular, for the low order schemes, k = 0 and k = 1, we require CHuH‘im[QT;Hl(Q)]T/V?’ <1, and
additionally

C (/v + [Jul| pojo.r;m1 () VT) ”u”%oo[o,T;Hl(Q)]\ﬁ/’/4 <1
for the higher order schemes, k > 2. Here Co = C(|[ul|pecqo,r;m1 () + [Wpllzocjo, ;1 (02)))s and
ultt) denotes the (k + 1) time derivative of u.

5.3. Comments on Regularity. While the DG scheme for the Navier Stokes equations will
converge under minimal regularity guaranteed by the energy estimate, in order to get rates of
convergence we needed to assume additionally that u € L>°[0,T; H(Q)]. The regularity theorems
in [12, 29] show that if f € L2[0,T; W(Q)] and up € V() then the solution (u,p) of equations
(2.1) satisfies

(w,p) € L2[0, T5 HX(Q) 0 V()] 1 H'[0,T; W()] x L2[0, T H'(@) 1 L3(@))
More precisely, when d = 3 and  C R3 is open bounded and of class C?, there exists a strong
solution of the Navier Stokes equations on [0, 7] when
3
SC(L+ [l q)
23

0<T <




where C' = C' max(1/v*, (1/V)|If]l Lo o, £2(0y))- That is, u € L®[0, T3 V(Q)]NL*[0,T; H*(Q)] and
[30, Relation 3.28]
lu@) Iy < 201+ [luollFpgy), € [0,T].

When d = 2 the “smallness assumption” on data, f € L2[0,T; W ()] and ug € V, is not required.
In this situation there exists C' > 0 depending only upon Q, [|f||z2(0. 7, ()], and [[uo| g1 (q), such
that [30, Relation (3.14)]

sup_[[u(t)[|1q) < (C/v) exp(C/vP).
te[0,7)

Comprehensive surveys of various regularity results for the Navier-Stokes equations can be found
in [12, 29, 30].
An alternative weak formulation for the Navier-Stokes equations (1.1) seeks a velocity field u €

L2[0,T; V()] N H[0,T;V(2)*] such that

{ (ug, vy + a(u,v) + c(u,u,v) = (f,v) VveV(Q),
u(0,z) = uy,

with data £ € L2[0,T;V(Q)*] and ug € W(Q). Then the associated pressure p satisfies (1.1) in a
distributional sense [29, 25]. Similar considerations also hold for the linear problem.

While the energy estimate bounds u when f € L2?[0,7; H-1(Q)] and ug € L?(2), regularity of
p and w; in L2[0,T; H1(Q)] has to be assumed. This is the case even for the (linear) Stokes
equations. The construction of the projection Py, requires

u € L2[0, T; HE Q)] n HY[0, T; H(Q)),

and this holds when f € L2[0,7; W (Q2)] and ug € V(9); see also [20] for semi-discrete (in space)
approximations.
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Appendix A. Bounding u; in Two Dimensions.

The sharper estimates available for the trilinear forms in two dimensions enable us to bound the
approximate solutions in L>[0,T; L?(Q)].

THEOREM A.1l. Let d =2 and (up,pr) be an approrimate solution of the Navier-Stokes equations
computed using the discontinuous Galerkin scheme (2.4) with £ € L?*[0,T; H1(Q)] and uy €

Then, there exists C' > 0 depending only on the domain and the constant k such that:

[unllpoogo,rs2 () < C(HUOH%Q(Q) + (1/1/2)HfH%2[0,T;H*1(Q)])'
25



Proof. Let u; denote the exponential interpolant of uy constructed in Definition 3.3. Since
Zp = Pk[t”_l,t";Zﬂ it follows that @, € Z}' when u;, € Z}'. Setting v;, = @, into (2.4) the
pressure term vanishes and we obtain

n—1

tn
/t ((Uht,ﬁh) + a(up, up) + C(uh,Uhﬁh)) + (- u ) = /t (f, a).

Since up; € Pp_q[t" L, 7 UJ’] the construction of @, gives.

tn tn
/ (upt, ap) = / (upt, uh)ef)‘(tftn_l)
t

tn—1 n—1

tn
n _ n__4n—1 n— B o1
= (1/2) 0 [Faoye ") = (1/2) P+ (0/2) / M=t

n—

[un (t)Z2(€
1

Upon recalling that ||V || p2pn—1m.2(0)) < ClIVup|| p2im—14n,12(0)) it follows that

tTL
n _ n__yn—1 n— _ _4n—1
(/D)0 72y 0 + (/2w 20 + (4/2) / 7o e ™)
t'fL
= (1/2) " 220y + / (46, @) — a(wn, ) — c(wn, wy, wn) ) (A1)

t'fl
< (1/2)Ju Bz + / (/201811 gy + OVl g + leCuan, wi, ) )

To bound the trilinear term first note that c(up,up, up) = c(up, up, wp — uy). Then, inequality
(2.2) and Lemma 3.6 imply

t'n
/tnl }C(Um up, Uy — uh)‘

tTL
1/2 1/2 _ 12 - 1/2
< O/tn1 ||uh||L2(Q)||uhHH1(Q) <||uh||||uh - uh||L2(Q)||uh - uhHHl(Q)

~ 1/2 1/2
+|jap — uhHHl(Q)HuhHL/?(Q)HuhHh{l(Q))

tn
1/2 — 1/2 3/2 _ 1/2
S CHuhHL/oo[tnflin,[?(Q)}Huh - uhHL/oo[tn717tn;L2(Q)] /tn—l HuhH}I/I(Q)”uh - uhHI_I/l(Q)

tTL
+Cl ez [ an =l o
tn—
tTL
< CA(t" — tn_l)’uhHLoo[t"1,t";L2(Q)]/ ) [unlZ -
tn—

Substituting the above inequality into (A.1), and setting A = 1/(t" — ¢"~1) it follows that

tn

n —A(tr—tn—1 n— - n n— n—
H‘L”%%Q)e A ) [ 1”|%2(Q)+/ (e /(" —t 1))Huh”2L2(Q) < Jlul 1HQL2(Q)

tn—1

tn
+C/ ((1/V)”fH12LI—1(Q) + | Vun122(q) + [l oo on1 m 22 () Huh”%{l(ﬂ))'
tn—1
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Using the Lemma 3.5 to bound Huh“%W[t"*l,t";L?(Q)} by (Cy/(t" — t”_l))Huh||%2[tn,17tn;L2(Q)} gives

n _ n_4n—1 n—
"117”%2(9)6 M) 4 | [uy 1]“%2(9) + (1/Ck)Huh”QLoo[tn—l,tn;m(Q)]
tn

tm 2
<10 ey +C [ (U + oIV unlEey) + CO ([ Tunline)

Using Lemma 5.1 to bound the last term on the right completes the proof. O

Appendix B. The Stokes Projection.

Estimates for the parabolic Stokes projection P, used the properties of the stationary Stokes
projection in an essential fashion. For completeness we sketch the proofs these properties stated
in Lemma 4.4 and Corollary 4.5.

Proof. (of Lemma 4.4) Define f € H=1(Q2) by f(v) = a(u, v); that is, f = —vAu. If u € V(Q)
then (u,0) is the solution of the weak statement

a(u,v) +b(v,p) = £(v),

b(u,q) =0,

for all (v,q) € HZ(Q) x L3(). If (up,pn) € Uy x Qy is the Galerkin approximation, then
uy, = ITpu, and classical finite element approximation theory [5, 16, 29] states

||u—uh|rH1(m+<1/v>||o—phup(msc( inf = vi iy + (1/v) inf Ho—qh||Lz(m)
vpeUp ar€Q

<C inf — .
= VilethHu VhHHl(Q)

Duality is used to bound the L?(Q2) norm of the projection error. Let (v,r) € H}(Q) x L3(Q)
satisfy
(I(W, V) + b(W, ’l“) = (u — Up, W)a

b(V, 8) =0,
for all (w,s) € H}(Q) x LZ(Q). Then
[u = upll72i) = a(u —up, v) + b(u — uy, 7).
Since
a(u—up,vp) =b(vh,pr) = —b(v —vp,pr) v € Up,

and
b(u—up,r) = =b(up,r) = =b(up,r —rp) = blu—up,r — 1) L € Qp,

it follows that

lu = unllF2(q) = alu —up, v = vi) = b(v = Vi, pp) + b(u — up, 7 — 13)
< C(llu—wnllgr) + Ipnllz@)/v) (Vv = vallgig) + Ir = rall @)
=C if lu = whllmi ) (VIV = vallgio) + 7 = rallL2@) -
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If © is sufficiently smooth to guarantee H?(2) x H'(Q) regularity for the Stokes problem, the
last term is dominated by C||u — up| z2(q)h and the proof follows. O

Estimates for the jump terms were based upon the statement of Corollary 4.5 proved next.
Proof. (of Corollary 4.5) If the mesh is quasi-uniform inverse estimates establish optimal inter-
polation of P, on H!().
[u = Poulgi) < llu— Il gig) + [Haa — Pl g
< [lu = Tpull g1 gy + (C/h)[Tha — Poul|p2(q)
< [lu = Tlpul| g1 ) + 2C/A) [T =l 2(q)

< (C inf — .
< vhlgU;;”u vall o)

This shows that ||P,ul| 1) < Clluf| g1(n) which we now use to estimate || P, (1 — Pp)ullg-1(0)-

u— Pyu, P,v
|Pa(] = PaJullor oy = sup L2 Pmt En)
veri)  IVlla (@
= sup (u mt TV Wh), wy, € Z;"
veH1(Q) INAID7eNts)
S C sup (U*Pmu,vhfWh)
vhEZD [villa

vV, — W
< Clu—- Poul 2 inf  sup Ivi = wll2(e)
wieZitvpezr Vel o)

Vi — Whall L2

<Ch inf |lu—uplp2 inf sup
I IO s S v ey

Under the hypotheses of the lemma the last term is bounded by a constant of the form C'h. To
establish this, fix v;, € Z;’ and let v be the solution of the Stokes problem with right hand side
f(z) = a(vp,2z),

a(v,z) + b(z,p) = a(vp,z), b(v,q) =0, (z,q) € H}(Q) x L3(Q).
Then |[v[|g10) < [[Vallai @) and vy, = v, It follows that ||v — val[z2(q) < Ch||[val|g1(q). Then
wy, = [y, v satisfies [|[v — w120y < Chl|wh| g1(q), and the triangle inequality, ||[vy, — Wy r2(q) <

v = vhllr2@) + IV — Wall2(q) can then be used to show

|Pa(I = Pr)ull 10y < CR? uhig[f]m lu—wupllr2@) uweV(Q).
h
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