
Math 301 Homework

Mary Radcliffe

Due 13 October 2017

Complete the following problems. Fully justify each response.

1. Prove the following generalized Local Lemma. Let A1, A2, . . . , An be
events in a probability space, and let G be a dependency graph on the
Ai. Suppose there exists a sequence of numbers x1, x2, . . . , xn ∈ [0, 1)
such that for all i,

P (Ai) ≤ xi
∏

Ai∼Aj

(1− xj).

Then

P
(⋂

Aci

)
≥

n∏
i=1

(1− xi) > 0.

2. Let G be a graph. A proper coloring of G is called β-frugal if for every
vertex v ∈ V (G), no color is used more than β times to color N(v).

In this problem, we will use the generalized Lovasz Local Lemma to show
that if the maximum degree ∆ in G satisfies ∆ ≤ ββ , then G has a β-frugal
coloring using at most C = 16∆1+1/β colors. This problem is difficult so
I have here broken it up into steps to help you along.

Randomly color the vertices of G with C colors.

(a) For u ∼ v, define Auv = {u, v have the same color}. Show that
P (Auv) = 1

C .

(b) For x1, x2, . . . , xβ+1 a set of vertices having a common neighbor, de-
fine Bx1,...,xβ+1

to be the event that x1, x2, . . . , xβ+1 are all the same

color. Show that P
(
Bx1,...,xβ+1

)
≤ 1

Cβ
.

(c) Explain why it is sufficient to show that

P
((⋂

Acuv

)
∩
(⋂

Bcx1,...,xβ+1

))
> 0

in order to resolve the claim.

We will use the structure of the generalized local lemma here. We have
two types of events to consider: A-type events and B-type events. Notice,
then, in the dependency graph, that we will have two different kinds of
degrees to consider, since these two types of events will give us different
intersections.

(d) Explain why we can take the edges in the dependency graph precisely
to be between two events whose corresponding vertex sets intersect.

(e) Show that an A-type event is adjacent to at most 2∆ other A-type
events, and at most 2∆

(
∆
β

)
B-type events. Call these values dAA and

dAB , respectively.
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(f) Show that a B-type event is adjacent to at most (β + 1)∆ A-type
events, and at most (β + 1)∆

(
∆
β

)
other B-type events. Call these

values dBA and dBB , respectively.

Using the notation in problem 1, note that for every event here we need to
find a corresponding x value. Our strategy will be to choose the x-value
to be the same for all the A-type events, and all the B-type events. That
is to say, we will pick two numbers xA and xB , to satisfy the condition.

(g) Explain why the following two criteria are sufficient to resolve the
theorem:

P (Auv) ≤ xA(1− xA)dAA(1− xB)dAB ,

and
P
(
Bx1,...,xβ+1

)
≤ xB(1− xA)dBA(1− xB)dBB .

(h) Show that choosing xA = 2
C and xB = 2

Cβ
satisfies these inequalities.

(i) Notice that you are done. I mean it. Look at the work you’ve com-
pleted, and notice that it is sufficient to solve the problem. Spend at
least 10-15 minutes thinking carefully about what’s going on here.

3. Let G = G(n, p) be a random graph such that each edge is included
independently and with probability p, where p is a constant. Note that
the expected degree of each vertex is np. Let δ be the minimum degree in
G. Prove that for any constant c > 1,

lim
n→∞

P
(
δ < np− c

√
n log n

)
= 0.

That is to say, the probability that δ > np − c
√
n log n = np(1 − o(1))

tends to 1 as n→∞.
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