Math 228: Homework 4

Mary Radcliffe

due 7 Oct 2016

Complete the following problems. Fully justify each response. You need
only turn in those problems marked with a (*).

1. (*) Define a Motzkin path to be a lattice path from (0,0) to (n,0) where
steps are of the form (1,0), (1,1), and (1,—1), such that the path never
crosses below the line y = 0. Let M,, denote the number of such paths,
known as the n*" Motzkin number. Find the ordinary generating function

ano M, z".

2. Find an explicit formula for a,, if ag = 0 and a,,+1 = a,, + 2™.

3. (*) A certain insect multiplies in such a way that at the end of each year,
the number of insects is double the number from the previous year, plus
1000 more. Suppose we initially release 50 insects of this type. How many
will we have at the end of the n*® year?

4. (*) A semester at Awesome University has n days. Semesters are arranged
as follows: for some 1 < k < n — 2, the first k days are theoretical, and
the remaining n — k days are lab days. Further, there is one holiday in
the first part, and two holidays scheduled in the second part.

(a) Show, directly, that the number of ways to design such a semester is
—2 —k
h1 k(nz )
(b) Use ordinary generating functions to count the number of ways to de-
sign the semester, and use this to find a simple formula for 22;12 k ("gk)

5. Recall from the previous homework set, that you found a recurrence on the
number of derangements of [n]. Use an exponential generating function

to find a formula for the number of derangements of [n].

6. (*) Let m be a permutation of [n]. We define a cycle of length k in =

to be a sequence a, ag, . ..,a such that m(a;) = a;41 for all i < k, and
m(ar) = a1. Note that every permutation can be written as a collection
of cycles.

(a) Fix k. Find the exponential generating function F'(z) for the number
of permutations having all cycles of length k.

(b) Determine the number of permutations of [n] that have all cycles of
length at most 4.



