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My current research interests are varied, but primarily focused on extremal and prob-
abilistic combinatorics, especially problems in extremal graph theory and random graph
theory.

Anti-Ramsey Theory

Classical Ramsey-theoretic questions on graphs involve coloring the edges of a graph
with a fixed number of colors, say k, and determining whether a given monochromatic
subgraph exists [13]. Anti-Ramsey questions, on the other hand, consider other restrictions
on the colorings (for example, using each color at most b times [17]), and search for subgraphs
in which no color is repeated [10].

An edge-coloring c of a graph G is b-bounded if no color occurs more than b times, and
G is rainbow under c if c(e) 6= c(f) for all distinct edges e, f of G. Consider the following
question, posed by Bohman, Frieze, Pikhurko and Smyth in [3]: given a (finite) tree H, what
is the minimum size of a tree T such that under every b-bounded coloring of T a rainbow
copy of H exists? Writing T Ã (H; b) for this condition, let

AR(H; b) = min
TÃ(H;b)

|E(T )|.

In [3], the authors showed that AR(H; b) < ∞ by constructing a class of (finite) trees
BH,b such that for all T ∈ BH,b, T Ã (H; b). Moreover, they conjectured that the bound
provided by these constructions is sharp.

Conjecture 1 (Bohman, Frieze, Pikhurko and Smyth [3])

AR(H; b) = min
T∈BH,b

|E(T )|.

By analyzing restrictive partial colorings on carefully chosen subtrees of trees T with
T Ã (H; b), I have been able to verify this conjecture for a few interesting classes of trees,
including trees of diameter at most 4.

Theorem 1 (Picollelli [22]) If H has diameter at most 4, then

AR(H; b) = min
T∈BH,b

|E(T )|.

It would be interesting to determine whether the methods employed in [22] allow for
further extension, in particular to trees of diameter 5, though I suspect this to be rather
difficult.

Random Graphs with a Fixed Degree Sequence

Random graph models have received an enormous amount of study since the initial
work of Erdős and Rényi (See [6] or [14], for example). In recent years, attention has turned
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to alternate models of sparse random graphs, such as graphs with a given degree sequence.
Such models appear more suited to modeling large networks, where the properties of those
networks differ significantly from those of dense random graphs (see, for example, [21]).

One model of particular interest to me is the Gz model, introduced in [2]: let R+ denote
the nonnegative reals, ∆ be a positive integer, and z ∈ (R+)∆ with z∆ > 0. The Gz model
consists of graphs chosen uniformly at random from those with bzinc or dzine vertices of
degree i (the nearest-integer rounding is chosen to preserve parity), where n is an integer
that tends to infinity. (A related model is considered in [8], in which the expected degree of
a vertex is fixed, rather than the actual degree.)

As mentioned above, part of the focus on sparse random graphs is to more accurately
model processes on large networks. To this end, consider the SIR model from mathematical
epidemiology, applied to Gz. This is a model for the spread of an infection on a network
over time, where nodes in the network can be susceptible to infection (S), infected (I), or
recovered (R). An infected node recovers completely (and never infects again) according to
an exponential distribution with parameter ρ, and while infected it transmits infections to
its neighbors independently according to an exponential distribution with parameter λ. A
question which seems to have only recently been considered [24] asks for a characterization
of the evolution of the infection on Gz over time. By applying techniques from branching
process theory as well as the more recently developed differential equations method for
random algorithm analysis [25], Tom Bohman and I have found that the evolution of the
degree sequence over the life of the infection is highly concentrated around the solution of
an associated system of ordinary differential equations [4].

While questions on connectivity [19] have been studied, there are several natural ques-
tions about the Gz model that remain open. A sequence of events E(n), n = 1, 2, . . ., is said
to occur with high probability (w.h.p.) if Pr (E(n)) → 1 as n →∞.

Problem 1 For which z does Gz have a perfect matching w.h.p.?

Bohman and Frieze [2] analyzed the performance of the Karp-Sipser algorithm on Gz for log-
concave distributions z. They conjectured that Gz has a perfect matching when z1 = z2 = 0,
i.e. Gz has minimum degree 3, but I have produced counterexamples for every minimum
degree δ ≥ 3 for which Gz does not have even an almost-perfect matching, i.e. a matching
of size (1− o(1))n/2.

The question of whether perfect matchings exist invariably leads to that of whether
Hamilton cycles exist.

Problem 2 For which z is Gz Hamiltonian w.h.p.?

When 0 = z1 = z2 = · · · = z∆−1, z∆ = 1, Gz is the uniform model for random ∆-regular
graphs, for which significantly more is known (see [26] for a recent survey). In particular,
Wormald and Robinson [27] showed that almost all random regular graphs are Hamiltonian.
Furthering that, Wormald [26] conjectures that random graphs with half of the vertices of
degree three and half of degree four are Hamiltonian.

Conjecture 2 (Wormald [26]) G(0,0,1,1) is Hamiltonian w.h.p..
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Other natural questions that arise are on the chromatic number and independence
number of Gz.

Problem 3 For a given z, what is the chromatic number of Gz?

Problem 4 For a given z, what is the independence number of Gz?

In the case of random regular graphs, Problem 3 has recently been resolved (see [23] and
[1]). Problem 4 remains open even for z = (0, 0, 1), i.e. random 3-regular graphs, with the
best current bounds of .4328 ≤ α(G(0,0,1))/n ≤ .4554 w.h.p. (see [12] for the lower bound
and [18] for the upper bound). Analogous results for the Gz model, however, have not yet
been found.

Finally, the differential equations method has become an invaluable tool for studying
Gz (see [2], [23], or [19], for example), and I am interested in further applications of it, both
to these and other problems. Additionally, it would be interesting to extend the known
results on Gz, such as the analysis of Karp-Sipser from [2], to models with arbitrarily large
degrees, such as those with distributions z ∈ (R+)∞ for which

∑∞
i=1 zi < ∞.

Extremal Set Theory

Extremal set theory, on the whole, is the study of the maximum (or minimum) size of
families of sets satisfying certain conditions, most often on the intersection of its members.
Perhaps the most famous and fundamental result in extremal set theory is the Erdős-Ko-
Rado Theorem (See 8.1 in [15]):

Theorem 2 (Erdős-Ko-Rado) If n and k are positive integers with n ≥ 2k, and F is
a family of k-element subsets of an n-element set with A ∩ B 6= ∅ for all A,B ∈ F , then
|F| ≤ (

n−1
k−1

)
. Furthermore, if n > 2k and |F| =

(
n−1
k−1

)
, then F consists of all k-element

subsets containing a given element.

Various generalizations of the Erdős-Ko-Rado Theorem have been proposed, including
the following, by Chvátal [7]. Define a d-simplex to be a collection of d + 1 distinct sets,
A1, . . . , Ad+1, such that any d of them have nonempty intersection, but

⋂d+1
i=1 Ai = ∅. Addi-

tionally, let [n] = {1, 2, . . . , n}. Let f(n, k, d) be the maximum size of a family F of k-element
subsets of [n] containing no d-simplex. Thus, by Theorem 2, if n ≥ 2k, f(n, k, 1) =

(
n−1
k−1

)
.

Erdős [9] conjectured that f(n, k, 2) =
(

n−1
k−1

)
, which was recently settled by Mubayi

and Verstraëte [20]. Chvátal, in attacking Erdős’s conjecture, proved the following:

Theorem 3 (Chvátal [7]) If n ≥ k + 2 ≥ 5, then f(n, k, k − 1) =
(

n−1
k−1

)
.

In the same paper, he posed the following conjecture.

Conjecture 3 (Chvátal [7]) If k ≥ d + 1 ≥ 2 and n > (d+1
d

)k, then f(n, k, d) =
(

n−1
k−1

)
.

Moreover, if F is a family of k-element subsets of [n] containing no d-simplex and |F| =(
n−1
k−1

)
, then F = {A ⊂ [n] : |A| = k, a ∈ A} for some a ∈ [n].
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Progress on Conjecture 3 was made by Frankl and Füredi [11], who showed it when
n is a sufficiently large function of k, and by Keevash and Mubayi [16], who showed it for
sufficiently large n in the case that k and n/2− k are both bounded away from 0. However,
Conjecture 3 is still open for small values of n and k (with d ≥ 3, of course), such as
n = 7, k = 5, d = 3.

The function f(n, k, d) is itself closely linked with another active area of research,
hypergraph Turán theory. In particular, f(n, k, k) is the maximum size of a k-uniform
hypergraph containing no complete sub-hypergraph on k + 1 vertices. It is known that
f(n, 2, 2) = bn2

4
c, an immediate consequence of Turán’s Theorem for graphs (originally

proved by Mantel, see Chapter VI of [5]). On the other hand, determining f(n, k, k) remains
open for all k ≥ 3.

Another problem of interest to me, related to the above question, was posed by Erdős
[9]: let g(n) denote the minimum integer m such that for any family F of subsets of [n] with
|F| = m, there are three elements a1, a2, a3 ∈ [n] and three sets A1, A2, A3 ∈ F such that
Ai ∩ {a1, a2, a3} = {a1, a2, a3} \ {ai}.

Problem 5 (Erdős [9]) Determine g(n) for all n.

The problem of even producing asymptotically sharp bounds for g(n) appears to be
completely untreated in the literature. Consider now a further restriction, letting g(n, k)
denote the same function with the addition that F consists only of k-element subsets of [n].
Again, by Turán’s Theorem, one can easily see that g(n, 2) = bn2

4
c+1. When k = 3, Theorem

3 implies that for n ≥ 5, g(n, 3) ≤ (
n−1

2

)
+ 1 for n ≥ 5. However, Sauer [9] conjectures a

different value for g(n, 3), which I believe to be correct.

Conjecture 4 (Sauer [9]) g(n, 3) = b (n−1)2

4
c+ 1.
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[14] S. Janson, T. ÃLuczak and A. Ruciński, Random Graphs. John Wiley and Sons, 2000.

[15] S. Jukna, Extremal Combinatorics With Applications in Computer Science, Springe-
Verlag, 2001.

[16] P. Keevash, D. Mubayi, Set systems without a simplex or a cluster, manuscript.
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