
6. Number Theory

Po-Shen Loh

CMU Putnam Seminar, Fall 2011

1 Classical results

Warm-up. Let p be a prime. Expand (x+ y + z)p, reducing the coefficients modulo p.

Fermat. For any prime p and any integer a not divisible by p,

ap−1 ≡ 1 (mod p) .

Euler. For any positive integer n and any integer a relatively prime to n,

aφ(n) ≡ 1 (mod n) ,

where φ(n) is the number of integers in {1, . . . , n} that are relatively prime to n.

Lucas. Let n and k be non-negative integers, with base-p expansions n = (ntnt−1 . . . n0)(p) and k =
(ktkt−1 . . . k0)(p), respectively. Then(
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(mod p) .

2 Problems

Observation. Let p be an odd prime. Expand (x− y)p−1, reducing the coefficients modulo p.

USAMO 1998/1. The sets {a1, a2, . . . , a999} and {b1, b2, . . . , b999} together contain all the integers from 1
to 1998. For each i, |ai − bi| ∈ {1, 6}. For example, we might have a1 = 18, a2 = 1, b1 = 17, b2 = 7.

Show that
∑999

1 |ai − bi| ≡ 9 (mod 10).

USAMO 1993/4. Let r and s be odd positive integers. The sequence an is defined as follows: a1 = r,
a2 = s, and an is the greatest odd divisor of an−1 + an−2. Show that, for sufficiently large n, an is
constant and find this constant (in terms of r and s).

USAMO 1991/3. Let n be an arbitrary positive integer. Show that the following sequence is eventually
constant modulo n:
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IMO 1994/6. Show that there exists a set A of positive integers with the following property: for any
infinite set S of primes, there exist two positive integers m in A and n not in A, each of which is a
product of k distinct elements of S for some k ≥ 2.
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