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Moments of spherical codes and designs
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Abstract. We introduce and investigate certain invariants of spherical codes which
may be useful in dealing with linear programming bounds for spherical codes and
designs.

1 Definitions and main properties

An (n,M,s) spherical code is a nonempty finite subset of the n-dimensional
Euclidean sphere 8"~ of cardinality |C| = M and maximal inner product
s = s(C) = max{(z,y) : z,y € C,z # y}.

Let Vi, 7 > 0, be the space of homogeneous harmonic polynomials (consid-
ered as functions on S”7!) in n variables of total degree i. It is well known

that
n—|—2i—2(n—|—i—2)

im(V)=r =
dim(V;) =y P ;

Let {v;;(z) : 1 < j < r;} be an orthonormal basis of V;. A spherical T-design
is a code C' C 8" ! such that Y wecVij(z) = 0forall i =1,2,...,7 and all
7=1,2,...,7;. The number 7 is called strength of C'. Finally, C is said to have
an index 7 if Y5 o wvy(z) =0forall j =1,2,...,r;.

Another well known fact says that the formula

= LN ()0,
Pi (t) - r; jzz;v’ﬁ(‘r)vj (y)7
where t = (2,y), ¢ > 0, gives nothing but the family of Gegenbauer polynomials
(in particular, it depends on the inner product ¢t of z and y but not on their
particular choise). We omit the upper index in what follows.
For arbitrary real polynomial f(t), let f(t) = Ef:o fiPi(t) be its Gegenbauer
expansion.
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Definition 1 For fived spherical code C C S™™! and any integer i > 1, the

number
s

Mi= =33 wisla)?

v =1 zeC

is called i-th moment of C.
The following theorem is obvious.

Theorem 1 We have M; > 0 for everyt1> 1 and My = My =---= M, =0 if
and only if C' is a T-design. C has index @ if and only if M; = 0. C is antipodal
if and only if M; = 0 for every odd 1.

One of the main initial sourses for obtaining bounds on parameters of codes
and designs is the equality

k
FOIC+ >0 F(ay) = RICP + ) fiM, (1)

z,y€C,x#y

which holds for any code ' C S™! and any polynomial f(t) = Ef:o fibi(t).
Since obviously M; > 0, the moments in (1) are usualy neglected. However,
very often good codes have small strengths. This was our motivation to study
the moments.
First of all, we observe that the moments do not depend on the choise of
the bases {v;;(z): 1< j < r}.

Theorem 2 M, = |C|+ Ex,yec,zyey P((z,y)).

Proof. Set f(t) = P;(t) in (1).

2 Modified linear programming bounds

Using Theorem 2, one easily can calculate moments of known codes. In fact, it
is enough to know the inner products and the distance distribution of the code
under target. Therefore, one can calculate moments of many feasible classes of
(good) codes and designs. However, we are also interested in moments of codes
with uknown structure.

In this section we formulate four modifications of the linear programming
bounds for spherical codes and designs (see [1, 4]). Their proofs are immedi-
ate from (1). Notice that all of them require preliminary information about
moments of feasible codes (designs).

Theorem 3 Let f(t) be a real polynomial such that
(A1) 1) < 0 fort € [1,5];
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(A2) In the Gegenbauer expansion f(t) = Ef:o fiPi(t), we have f; > 0 for all
ie A=A10,1,...,k};
Let for any (n, M, s) code we have My > ay > 0 for allk € B C A. Then

Mf(1) > M?fo + ka@k-

keB

Theorem 4 Let f(t) be a real polynomial such that

(B1) £(t) > 0 for t € [1,4];

(B2) In the Gegenbauer expansion f(t) = Ef:o fiPi(t), we have f; > 0 for all
ie A=A0,1,...,k};

Let for any (n, M, s) code we have My < By for all k € B C A. Then

M) <M fo+ > fuBr

keB

Theorem 5 Let f(t) be a real polynomial such that

(C1) £(1) <0 for't € [1,1];

(C2) In the Gegenbauer expansion f(t) = Ef:o fiPi(t), we have f; > 0 for all
iteA={r+1,74+2,...,k};

Suppose also that for any T-design C C S™! of cardinality M we have M, >
ap >0 forall k€ B C A. Then

M) <M fo+ ) fron.

keB

Theorem 6 Let f(t) be a real polynomial such that

(D1) £(1) > 0 for't € [~1,1];

(D2) In the Gegenbauer expansion f(t) = Zf:o fiPi(t), we have f; > 0 for all
iteA={r+1,74+2,...,k};

Suppose also that for any T-design C' C S™~! of cardinality M we have My, < (3,
forall k€ B C A. Then

Mf() > M fo+ > fubr.

keB

It is clear by Theorem 2 that the upper bounds §; exist for every k. Better
bounds can be obtained by using suitable polynomials in (1). Actually, any
polynomial which does not change its sign in [—1, s] (or [—1, 1] for designs) gives
by (1) a linear inequality for the relevant moments. A set of such inequalities
can be used then in usual linear programming (i.e. it can be investigated by
the simplex method). We used the software package SCOD [3, 2] in order to
obtain some bounds on the moments of putative (4,25, 0.5) code.
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3 Some examples

As usually, the design problem allows more detailed investigation. This is be-
cause the conditions (C1) and (D1) in Theorems 5 and 6 above are in fact
stronger than necessary. Indeed, for designs of small cardinalities one usually
knows that all inner products belong to some intervals [a,b] C [-1,1]. We
illustrate how this helps for obtaining better bounds on moments of spherical
designs.

Example 1. Let C C S™ ! be a spherical {-design. Then M; = 0 for
1 <% <4 and the first 7interesting” moment is Ms. Consider the polynomials

J(t) = (t - ) (> + at + b,

where a and b are parameters to be optimized and « is a lower (resp. upper)
bound on the inner products (z,y), z,y € C, x #y. Then by (1) we obtain

fsMs > |Cl(f(1) = folCl) = |C|F(a, a,b)

or
fsMs < |C|(f(1) = folCl) = |CF (e, a, b),

respectively. Here fs = (n* —1)/(n+2)(n+4) does not depend on C, o, a and
b, and

2ab — a(a® +2b)  3(2a — a))
n n(n+2)/
For particular values of o, we have to optimize with respect to a and b. The first

open case is n =3, |C| =10 (i.e., it is ever unknown if there exists a 10-point
4-design in three dimesnions). Since all inner products of such a design must

belong to [—+/23/27,0.466), we obtain that 22.1 < M5 < 33.6.

Fla,a,b) = (1—a)(1+a+b)2—|0|(—ab2—|—
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