21-260 Differential Equations D. Handron

Exam #3 Review

1. Consider the system of differential equations

dx

— = —5r+2
i T+ 2y
dy
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(a) Find the solution of the system that satisfies the initial conditions z(0) = 2, y(0) = 3.

(b) Sketch graph that shows the trajectory of the solution you found in part (a). On a
second set of axes, sketch a phase portrait for the system of differential equations.

2. Consider the second order, linear differential equation

3
Yy =Ut—7) + kSt — g)

which models the motion of a mass-spring system under the influence of an external force.

(a) Find the solution to the equation satisfying the initial conditions y(O) 0,4(0)=0
1

using the Laplace transform method. It may help to know that - 2 T s e

(b) Is there a value of k that results in the mass remaining statlonary for t > 3”7

3. Consider the system of differential equations
¥ = x 2
y = —br -y

(a) Find the solution to the system satisfying the initial conditions z(0) = —2, y(0) = 1.

(b) Find the z- and y-nullclines for the system. Use the nullclines and information from
the analytic solution you found in (a) to sketch a phase portrait for the system.

(c) Make a mark next to each term that describes this system:

__center __ spiral ___sink ___node ___saddle
__stable __ asymptotically stable _ source __ simplex __ unstable

4. Consider the differential equation
2 4 =200t —m)+0(t —T1) +(t — 1)

where T < T < T5.



(a) Find a solution to this equation satisfying x(0) = 0, 2/(0) = 0. Your answer should
depend on T and T5.

(b) Are there values for 7} and 75 such that xz(t) = 0 for all ¢t > T5?
5. Consider the system of equations
de
? = Y
G = 2r + y
(a) Find the solution of the system satisfying the initial condition z(0) = 3, y(0) = 2.
(b) Describe the behavior of this solution (in the phase plane) as t — occ.

)
)
(¢) Describe the behavior of this solution (in the phase plane) as ¢t — —oc.
(d) Sketch a graph of this solution.

)

(e) Make a mark next to each term that describes this system:

__center __ spiral _sink ___node __saddle
__stable __ asymptotically stable _ source __ simplex __ unstable

6. Consider the system of equations

S o= Tr — y
‘é—f:x—l—Sy

(a) Find a value of A such that { ;Eg } = % [ ;l 1 + teb [ ﬁ } is a solution to the

system.

(b) Determine the nullclines for this system. Where in the phase plane do solutions move
upward? Downward? To the left? To the right? Sketch a graph showing the null
clines, and the directions solutions travel when they cross the nullclines.

(c) Sketch a phase portrait for this system.

(d) Make a mark next to each term that describes this system:

__center __ spiral _sink ___node __saddle
__stable __ asymptotically stable _ source __ simplex _ unstable

7. Consider the system of differential equations

dx

— = —5r+2
7 T+ 2y
dy

o _p—9

dt T

(a) Find the solution of the system that satisfies the initial conditions z(0) = 2, y(0) = 3.



(b) Sketch graph that shows the trajectory of the solution you found in part (a). On a
second set of axes, sketch a phase portrait for the system of differential equations.

8. Consider the system of differential equations

dz 9
r
dy 2
r
(a) Find the z-nullclines, where % = 0. Sketch the z-nullclines in the zy-plane. De-

termine where in the plane solutions are traveling to the right and where they are
traveling to the left.

(b) Find the y-nullclines, where % = 0. Sketch the y-nullclines in the xy-plane. Deter-
mine where in the plane solutions are traveling upward and where they are traveling

downward.

(c¢) Use the information from parts (a) and (b) to sketch a phase portrait for the system.



A Short List of Laplace Transforms
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