Math 372 Syllabus and Lecture Schedule.
Gautam lyer, Spring 2012

Lecture 1, Mon 1/16: Introduction and motivation.
e (Sec. 1.1) Introduction.
— A PDE is a differential equation involving derivatives with respect to more
than one variable.
— Ubiquitous in nature

x Heat equation: dyu — Au = 0 governs evolution of temperature in a conduc-
tor.

* Wave equation: 9?u — Au = 0 governs propagation of waves.

x Laplace equation: —Awu = 0, satisfied by the stream function of an in-
compressible fluid. (Such functions are called Harmonic functions.) Steady
states of the unforced heat/wave equations.

x Poisson equation: —Au =
a conductor with uniform charge density.
heat/wave equation.

1 is the electrostatic potential distribution in
Steady states of the forced

— No simple solution formula.
*x Linear ODE’s have explicit solutions. Linear PDE’s usually do not.

* Elementary existence theorem for general ODE’s. Analogue for PDE’s in-
volves the assumption of analyticity. Counter examples exist if this assump-
tion is relaxed.

e (Sec. 1.2) Method of characteristics.

— Consider first a0,u + bd,u = 0, where a, b are functions of x,y.
* (‘g) - Vu = 0 means the vector (Z) is tangential to level sets of u.

Lecture 2, Wed 1/18: Method of characteristics.
* Solve the ODE %’” = dTy to find the level sets of u (called characteristic
curves).
* By solving the above ODE, find a function F' so that F(z,y) = ¢ describes
all characteristic curves.
x u(z,y) = f(F(x,y)) for an arbitrary f is the general solution.
~ E.g. general solution of —yd,u + x0,u = 0 is v = f(2* + y?). Characteristics
are circles with center the origin.
— For 3D, same trick works. Consider the PDE au, + buy + cu, =0
x Characteristics are given by the ODE %ﬂc = % = d—cz

* Solve these ODE’s, and write characteristics as in the form F(z,y, z) = ¢,
and G(z,y,2) = ¢3 (where F,G are functions you should explicitly find),
and c1, co are constants.

% The general solution is of the form wu(z,y,z) = f(F(z,y,2),G(z,y,2)),
where f:R? — R is a general (differentiable) function.

— E.g. general solution of u, + 2u, + 3u, = 0 is of the form u(z,y,2z) =
f(2x — 1,32 — 2), where f : R? — R is a general (differentiable) function.

Lecture 3, Fri 01/20: Derivation of PDE’s from physical principles.
— Solving first order, linear inhomogeneous equations by the method of charac-
teristics. (See the handout for details.)
e (Sec. 1.3) Derivation of PDE’s from Physics.

— One dimensional heat equation.
+ Heat is proportional to temperature.
* Rate of heat flow is proportional to the temperature gradient.

+ Show 4 f; O(z,t)cpdr = ozf; 020(x,t) d.

Lecture 4, Mon 1/23.

* Conclude 9,0 = k020.

— Higher dimensional heat equation
* State the Divergence theorem.
* Above reasoning shows 0,0 = KA.

— One dimensional transport equation.
* u — concentration of a pollutant in a (1D) flowing pipe.
* ¢ — velocity of water flow (constant).

* Show < f:u(amt) dx = cu(a,t) — cu(b,t) = — f: Opu(x,t) dz.

Lecture 5, Wed 01/25.
x Conclude dyu 4 cO,u = 0.
* MOC: u(z,t) = f(z — ct).
— One dimensional wave equation.

* u — displacement of a particle from it’s mean position.

% T — Tension in the string

x Conclude f: pO2u(z,t) drv = T(uz(b,t) — uy(a,t)), and hence 9?u = c20%u,

for c = \/£.
* Higher dimensional wave equation: 92u — Au = 0.

Lecture 6, Fri 01/27: Boundary conditions.
e (Sec. 1.4) Auxiliary condition: Specify u(z,y) along some curve.
~ E.g. Solve d,u + yd,u = u?, subject to the condition u(0,y) = f(y).
x Characteristics: y = ¢1e®. General solution u(x,y) = —1/(z + g(ye™*)).
* Auxiliary condition gives g(y) = —1/f(y), and substitute back.
e Boundary conditions.

— Dirichlet: Specify u on the boundary of the domain.



x Heat equation: u = 0 on 9D corresponds to holding the temperature of
the boundary of the conductor constant (e.g. by immersing it in a ‘bath’ of
constant temperature).

* Wave equation: u = 0 on the boundary corresponds to holding the endpoints
of a guitar string fixed.

x Poisson equation: Specifying u on the boundary corresponds to specifying
the voltage at the boundary.

— Neumann: Spe(nfy L (the normal derivative) on the boundary of the domain.

x Specifying the full derlvatlve on 0D is ‘too much’. Leads to inconsistencies
(proof later).

*x Heat equation: 8 = 0 on 9D corresponds to perfectly insulated boundaries
(no heat exchanged with the surroundings).

* Wave equation: 8 = 0 on 0D corresponds to ‘no stress’ on the boundary.
E.g. allowing one end of the string to move freely in a track perpendicular
to the string.

* Poisson equation: Spe(nfylng on D corresponds to specifying the current

at the boundary.
e Initial conditions: Specify conditions at time O.
— Heat equation: Enough to specify u(x,0) (initial temperature).

— Wave equation: Must specify both u(x,0) (initial position), and dyu(z,0) (ini-
tial velocity).

Lecture 7, Mon 1/30: One dimensional wave equation.
o (Sec. 2.1) Wave equation on the line
— Say 0?u — ?92u=0, forzr € R, t > 0.
— Let v = (8¢ + ¢0z)u. Then (9 — cO,)v = 0.
— M.O.C shows v(z,t) = h(x + ct).
- By M.O.C, deduce u(z,t) = f(x — ct) + g(x + ct).
— D’Alembert’s principle: If u(z,0) = ¢(z) and diu(z,0)
(@ + ct) + o(z — ct)) + 21cfx+pt :

= Y(z), then u(z,t) =

Lecture 8, Wed 02/01: Conservation of Energy and Causality.
e (Sec. 2.2) Causality for the 1D wave equation.

— Domain of dependence is the inverted cone, bounded by particles travelling
with speed +c.

— Domain of influence is the upright cone, bounded by particles travelling with
speed =+c.

— No information propagates faster than the speed c.
e (Sec. 2.2) Conservation of energy.

— The energy E = [%_(0yu)? + ¢*(9,u)? is constant in time.

— Uniqueness for initial value problem.
* Say u1,ug are solutions to the forced wave equation 0?2u — c20%u = f, with
the same initial position and initial velocity, and decay sufficiently at co.

% Set v = u; — ug. Then v is a solution to §%v — c292v = 0.
* Conservation of energy implies [~ _(0v)? +
hence must be 0 (the energy at time 0).

(0,v)? is constant in time, and

x Thus d,v = 0w = 0, and so v is constant in both space and time.
* Since v = 0 at time 0, v = 0 for all time. Consequently u; = us as desired.

Lecture 9, Fri 02/03: Maximum principle.
e (Sec. 2.3) 1D Heat equation.
— Physical meaning: “Heat does not collect at hot points”.
— Lemma: Let R = (0,L) x (0,T). If d,v — kd?v < 0, then v does not attain a
maximum in the interior of R, or on the top of R.

* At an interior maximum, d;v = 0 and §%v < 0, which gives a contradiction.

— (Weak) Maximum principle: If ;u — kd2u < 0, then v attains a maximum on
the sides or bottom of R. (The maximum, however, can also be attained at
interior points of R or on the top of R.)

* Proof: Let v(z,t) = u(z,t) + ex?. Verify dyv — k0?v < 0, apply the lemma,
and send ¢ — 0.

— Note: The strong Maximum principle says that if v attains it’s maximum at
an interior point (xg,%p), then v must be constant up to time tg. The proof is
much harder, however, is still accessible to you!

Lecture 10, Mon 02/06.

— Maximum principle in higher dimensions. (Complete statement and proof on
your HW.)

e Uniqueness for the Dirichlet problem, initial value problem: If u;,us are solu-
tions to the forced heat equation dyu — kAu = 0 in D, with initial conditions
u(z,0) = ¢(x), and Dirichlet boundary conditions u(z,t) = g(z,t) for x € dD.
Then u1 = us.

— Maximum principle proof: Set v = u; — us.
— By the maximum principle, both the maximum and minimum of v are attained
either at t = 0, or when x € 0D.

— By the given initial and boundary conditions, v = 0 both when ¢ = 0 and
x € 0D. Consequently, by the maximum principle, v = 0 identically.

Lecture 11, Wed 02/08.
e Energy decay for the heat equation.
- Let U satisfy the heat equation with 0 Neumann (or 0 Dirichlet) B.C. Let
= Ji¥ u(z,t)* dz. Then LE <0.

1D case: 4£ = 2f0 udpudr = 2k fo ud?u = 2k fOL(é'gcu)2 <0.



+ Higher dimensional case: Observe first [, uAudV = [,uV - VudV =
In [ (uVu) |Vu|2} dV:—fD|Vu|2dV—|—faDu%dS.
* The last boundary integral is 0 by the given boundary conditions.
+ Consequently, %€ = —2x [ |Vu[>dV <0
o (Sec. 2.4) Heat equation on the line.

— Let &g be a “point source of heat”, of strength 1, located at the origin. Suppose
u solves the heat equation with initial data dg.

— Then v(x,t) = u(ax,a?t) also solves the heat equation, with initial data a
“point source of heat”.

= Jgv(@ ) de = 3 fpu(
with strength 1/a

u(x,t) dz. So the initial data for v should be a point source

Lecture 12, Fri 02/10.

— Consequently, w(x,t) = au(az,a?t) is a solution to the heat equation with
initial data dg. Consequently w = w.

— Consequently, u(z,t) = %
ulie, ) = UV (VD).

— Heat equation reduces to the ODE f” +rf’ + f = 0. Solve this:
x (f'+rf) =f"+rf'"+f=0.S0 f +rf=c.

/2 ig an integrating factor: f=e " /2¢, Iy e 2 ds + cpe /2,

(5 1) Let r = x/vt, and f(r) = u(r,1). Then

% e
* Since f — 0 at oo, must have ¢; = 0.
* ffooo u(z, 1) de = ffooo f(r)ydr=1 = c3 =

.2

— Thus u(z,t) = G(z,t) = ﬁe @*/2

the line, with k = % and initial data dp (a point source of strength 1, located
at the origin).

1
o

is the solution of the heat equation on

Lecture 13, Mon 02/13.

— Translating we see u(z,t) = G(z — y,t) is the solution to the heat equation
with initial data d, (a point source of strength 1 located at y).

— Approximate f by > dy, f(¥:)(yi+1—¥:), and see that u(x, t) f fly
y,1) is the desired solution with initial data f.

— Check that this works: 9, — $02u = [*_ f(y)(8; — 302)G(z — y,t) dy = 0.
— Checking u(z,0) = f(z) is harder (Will return to that next week).

— Rescaling time gives u(z,t) f_
Opu — kO?u = 0 with initial data f.

— Formula above shows that for any ¢t > 0, u is infinitely differentiable in both
x and t, regardless of how differentiable f was.

G(z — y, 2kt) dy to be the solution to

— Infinite speed of propagation. Domain of dependence of the point (x,t) is
(—00, 00).

Lecture 14, Wed 02/15.

— Define the error function erf(z) = % Iy e~V dy.
— Write solutions in terms of the erf.
x E.g. f(z) =1for x <0, and f(z) =0 for z > 0.

* u(z,t) = (1 — erf(z/V/4kt) solves the heat equation dyu — kd2u = 0 with
u(z,0) = f(z) (for all z # 0).

— Strong maximum principle: If f is continuous and not identically constant,
u(z, t)<maxfforanyt>0
* Proof: u(z,t) = [ f(y)G(x—vy,2kt) dy < [(max f)G(z—y,2kt) dy = max f.
(Crucially uses the fact that [*_ G(z,t)dz =1 and G(z,t) > 0.)

Lecture 15, Fri 02/17: Midterm.
e In class, closed book. Covers everything up to Lecture 11 (Sec. 2.5).

Lecture 16, Mon 02/20.
e (Sec. 2.4) Comparison between the heat and wave equation.
— Initial data: Heat equation requires u(x, 0), wave requires u(z,0) and d;u(x,0).
— Smoothness of solutions: For ¢ > 0, solutions to the heat equation are infinitely
differentiable, no matter how many times differentiable (or not differentiable)

the initial data is. Solutions to the wave equation are only as differentiable as
the initial data.

— Time reversibility: If w is a solution of the wave equation, then v(z,t) =
u(z, T —t) is also a solution (i.e. reversing time, gets back a solution to the
wave equation). For the heat equation, reversing time gets the “backward heat
equation” which forces heat to collect at hot points.

e (Sec. 3.3 & 3.4) Duhamel’s principle
— ODE version: y — Ay = ¢(t), with y(0) =
x Let S(z,t) = ez be the solution operator of the homogeneous equation
y = Ay, with y(0) =z

*Thesolutiontoy—Ay:g()1sSmt—i—fo s),t — s)ds.

Lecture 17, Wed 02/22.
— Heat equation: dyu — k02u = g, u(z,0) = f(z).
* The solution operator S(-,t) takes functions as the first argument, and out-
puts functions
x Let S(f,t) f f
* Then u(z, t)

x Explicitly u(zx,t) f fly
s)dyds.
— 2nd Order ODE: § — Ay = h(t), with y(0) = a and y(0) = .
x Let S(z,t) solve 975 — AS = 0, with S’(x 0) =0 and 9;5(x,
% Then y(t) = 0:S(a,t) + S(b,t) +f0

Gz —vy, 2/{15) dy.
)+ fo

),t — s)ds is the desired solution.
I7y72ﬁt dy+fof (y7 )G(xfyatf

0) = =x.

),t — s)ds is the desired solution.



Lecture 18, Fri 02/24. — Positivity of A:

— Wave equation: 92u — c20%u = h, u(x,0) = f(x), Opu(x,0) = g(z). x If X = —AX, with X(0) = X(L) =0, then X\ = fof < > 0.
« Let S, 6)(2) = 5 [ v(y) dy. i
« Then u(z,t) = 8,5(p, t)(z) + S(¥, t)(z) + fo ),t — s)ds. Lecture 21, Fri 03/02.
+ Explicitly, u(z, t) = [(p( Yet) + gp(x —et)]+ L f“;tzb—k L [[ h, where — Heat equation, Neumann B.C.: ) )

A is the domain of dependence of (z,1). * If u(z,t) = X (x)T(t) is a separated solution, then 2~ = L = —
e (Sec. 8.5) Continuity of the heat equation at t = 0. * As before, X (z) = acos(vAzr) + Ssin(vAz).

— G is an “approximate identity”. Namely, G has the following properties: * B.C. = X'(0)=X'(L) =0 = A=0with X(z) =a,or A= "27;2 with
 Glz,t) >0 X(z) = acos("Fx).
« [ G(z,t)de =1 * Solve for T: T(t) = A,e” Tt
+ For any § > 0, hm f| 55 G2, 1) dz — 0. w u(r,t) = 300 Xp(2)Tn(t) = 42 +305° Ane_%m5 cos(%Ex), solves the heat

equation with Neumann B.C. and I.D. u(z,0) = 42 + 3°7° 4, cos(%Ex).
Lecture 19, Mon 02/27. — Wave Equation, Neumann B.C.: Similar.
— If f is bounded, and continuous at x, then tlgr(l) u(z,t) = f(x). e (Sec. 5.1) Fourier Series
* Pick any ¢ > 0. Then 30 > 0 such that whenever |z| < §, we have
1f(2) = f(z)] <e.
w Julz,t) = f(@)| = /2, Gy ) [f(x =) = f@)] dyl = [, 5() + [5()-
ly|<6 Gy, t)dy<e
* Second term: f|y|<5(') < 2(max f) f\y\<6 G(y,t)dy — 0 as t — 0.
* So for ¢ small, can make |u(z,t) — f(z)| < 2. QED. Lecture 22, Mon 03/05.
e (Sec. 4.1) Separation of variables. ~ Lemma (Orthogonality): 1f X,(0) = X,(L) = 0, Xjj = —A\,X,, then
(Xm, Xn) = 0 whenever A\, < A,.
x Proof: — A (Xom, X)) = (X1, X0) = (Xm, X)) = =2 (X, X))

— Goal: Find the coefficients in the Fourier Sine and Cosine series.
— Lemma (Symmetry): f(0) = g(O) = O and f(L) = g(L) = 0 implies
(f”,9) = (f,g"). Here (b1, ha) = [\ hi(x)ha(z) da.

* First term: f\y\<6(') S¢€ * Proof: Integrate by parts twice. (Sec. 5.5’)

— Wave Equation, Dirichlet B.C.

t) = X (2)T(t). Then & = T2 = ).
* u(@t) (@) ) X T x Consequently (A, — A\p,) (X, X)) = 0. (Sec. 5.3)
x Hence X (z) = asin(v/Az) + B cos(vAz). o ]
2 2 e Fourier Sine series.

* Solve for T: T(t) = Asm(”ﬁrct) + Bcos(™Ect). - Let X, =sin("fz), A = "5

Lecture 20, Wed 02/29. — 1 f =327 BaXy, then B, (Xn,X / f(z)sin 75”) dz.
* X = sin("Fx), T, = Ap cos("Fct) + By sin(“Fct), up(z,t) = X, (2)T0(t). * Proof: (f, Xm) =300 Bu(Xp, Xon) = Bin(Xn, X,), by the lemma.
x Frequency of note heard is #7. All frequencies heard are multiples of ¢/2L! e Fourier Cosine Series.

* u(w,t) = Y. 70X, T, is a solutlon to the wave equation, with u(x,0) =
S Apsin(®Fx), and dyu(x,0) = By, M€ sin(2rx).

— Heat Equation, Dirichet B.C.

— Let X, = cos(“Fx), and Xo = 1.

— Verify the Symmetry and Orthogonality lemmas for functions with Neumann
Boundary conditions (i.e. X’(0) = X’(L) = 0).

x If u(x,t) = X(x)T(t) is a separated solution, then );” = TQ; = -\
‘ —If f(x) = Ao X, ™ Ap Xy, then 40 = LX) ang 4, = ALXn)
& As before, A = 2| X(z) = sin(2% ). flo) =3 X0+ 2 , then 5t = 73y, and An = ey
2 9 rL
* Solve for T: T(t) = Ane” nTE — Consequently, A, = E/ f(z) cos(n—Lﬂx) dx, forn=0,1,2,....
n2n2 0

s u(z,t) = L7 Xa(@0)Th(t) = 0% Aje” 22 "sin(%x), solves the heat

equation with Dirichlet B.C. and I.D. u(z,0) = > A, sin(%*x). Lecture 23, Wed 03/07: Digression — The Black Scholes formula.



e Application of the Heat Equation to Option Pricing (by Kasper Larsen).

Lecture 24, Mon 03/19.
o (Sec. 5.2) Full Fourier series.
— Periodic boundary conditions: f(z + 2L) = f(z) for all .
— Write f(z) = 42 + 327° A, cos(%=x) + By, sin(% ).

— The symmetry and orthogonality lemmas give f . sin( 7

LL sin(Mz) sin( % x) do = f 1 cos(BEx) cos(2rx) dr = 0.
— Explicitly compute fiL sin(“Fx) cos(F ) dx = 0.
- Get 4,, = %f_LL f(z)cos(®Ex) dx and By f_LL f(x)sin(2Zz) da.

e (Sec. 5.2) Complex Fourier series.

r)cos(“Fx)dr =

— Suppose [ is 2L periodic and complex valued.

— Let en(x) = exp(i®Fx), and want f(z) = D7 cpen(z).

— Define (g, h) = ffL g(x)h(z) dx.

— Directly check (e, e,) = 0 if n # m. (This also follows from the symmetry,
orthogonality lemmas).

Lecture 25, Wed 03/21.

— Conclude ¢, = (f, en)/{en, €n) = 77 f_
e (Sec. 5.3/5.4) Convergence of Fourier series

x) exp(—i"x) dr.
— Pointwise, uniform and L? convergence.
— Uniform convergence implies pointwise convergence, but not conversely.

— Uniform convergence on a, finite interval implies L? convergence, but not con-
versely.

— Pointwise need not imply L? convergence; L? convergence need not imply
pointwise convergence.

— fu(z)=1ifz € (n,n+1) and 0 otherwise. Then (f,) — 0 pointwise, but not
uniformly or in L2.

Lecture 26, Fri 03/23: Midterm.

e In class, closed book. Covers everything from Lecture 11 to Lecture 22.

Lecture 27, Mon 03/26.
— Let fo(x) = 1/2%if 28 <n < 2V 2 € [, 25, and f,.(z) = 0 otherwise.
Then (f,) — 0 in L?|0, 1], but not pointwise or uniformly.
— Proof that uniform convergence on a finite interval implies L? convergence.
— Pointwise, uniform and L? convergence of series of functions.

x These are defined as the respective convergence of the partial sums.

~ Bessel’s inequality: 7% A2||X,||° < |fII°. (Here ||f[|* = [i'|f(2)] de, and
X, are an orthogonal system, and A,, = (g XX>> )
* Pythagoras theorem: If (f,g) = 0, then ||f + g||> = ||f]I* + |lg]I*.

+ Consequently, Sy f|| = X1 A2[[X,||. (Here Sxf = Y1 A, X,)

Lecture 28, Wed 03/28.
* (f = Snf,Snf) =0 (since (f — Snf,X,) =0 for all n < N).
* Since f = (f—Snf)+Snf, the above three bullets imply Bessel’s inequality.

— Amongst all functions of the form Py def 21 bnXn, Sy f is the one that best

approximates f in the L? norm
* Proof: Let Exf = f—Syf. Then (Py,Enf) =0.
x Hence f — Py = Enf + (Snf — Pn). By above (Enf,Snf — Pn)=0.
% By the Pythagoras theorem, ||f — Py > ||f — Snv|°. QED.
¥ b X

— Proposition: If Py is any sequence of functions of the form Py =) ;
such that Py — f in L?, then Sy f — f in L2
 Proof: ||Exf|> < ||f — Py|°, and the RHS converges to 0. QED.
— Proposition: The series > 7° A, X, converges to f in L? if and only if
117 = 322° 42| X, ||” (Parseval’s identity.)
% Proof (reverse): Say | f[* = 322 42| X, ||°.
« Then | Exf[* = [ fI* = [1SnFI1* = /> = 7 A2 X, |* — 0. QED.

Lecture 29, Fri 03/30.
— Convergence of Cesaro sums.
% Let Sy f(z) = ZNN CnelEe,
* Show Sy f(z f f(y)Dn(z — y) dy, where Dy(z) :ﬁZ]fNei%z.
sin((N + 3)%z)
2L sin(%%x)
* Define oy f = % 271:!701 SNf
* Show o f(x f_ (x —y)

where ¢, = 5~ ffL f(x)e "'
* Compute Dy (z) =

y, where Kn(z) = ]{, 0 DN( ).

v

% Can compute Ky (z) = will be on Homework]

5 |

for any € > 0.
* Hence if f is continuous at x, then limy_,oc on f(z) = f(z) (on HW).
* Further, if f is continuous on [—L, L] then (on f) — f uniformly on [—L, L].
* Consequently, (onf) — f on L?[—L, L], and from last time this implies
(Snf) — fin L?[-L, L].



Lecture 30, Mon 04/02.

— General convergence theorems.

x If fOL f(x)?dz < oo, then the Fourier Sine/Cosine series converges to f in
L2

* At any point x € (0, L) where f is continuous, then then Cesaro sums con-
verge but the partial sums need not.

x Consequently, if f is continuous on [0, L] and satisfies the boundary con-
ditions, then then then Cesaro sums converge pointwise, converge but the
partial sums need not.

« If f is differentiable at x € (0, L) then the Fourier Sine/Cosine series con-
verges to f at x.

x Consequently, if f satisfies the boundary conditions, and is continuous and
piecewise differentiable then the Fourier Sine/Cosine series converge point-
wise to f.

x If further fOL f'(z)?dx < oo, then the Fourier Sine/Cosine series converge
uniformly.

* Analogous results hold for the full / complex Fourier series.

— Fourier coefficients of f’.

* Suppose f is periodic, differentiable and ffL f(r)?dr < co.

* Let ¢, be the (complex) Fourier coefficients of f, and d,, those of f’. Then

* Dirichlet boundary conditions correspond to holding the temperature at the
boundary constant. Neumann boundary conditions correspond to insulating
the conductor.

Electrodynamics: Electric electric potential.

x Maxwell’s equations reduce to —Au = p, where u is the electric potential
and p is proportional to the charge density.

* Dirichlet boundary conditions correspond to specifying the voltage at the
boundary. Neumann boundary conditions correspond to specifying the cur-
rent.

Harmonic functions are functions that satisfy —Awu = 0.

* The charge density in a perfect conductor is 0, so the electric potential is
harmonic.

* Equilibrium temperature in a conductor (in the absence of sources / sinks)
is also a harmonic function.

Uniqueness: Suppose u1, ug are solutions of —Au = f in  with u = g on 9.

Then u; = us.

* Proof: Let v = u; — us. Then —Av =01in Q, and v = 0 on 9.

) 2

a0 Vs + [o|Vol”.

* Consequently fQ|Vv\2 = 0, forcing v to be a constant. Since v = 0 on 912,
we must have v = 0 identically.

* By the divergence theorem — fQ vAv = —

dn, = 1% cy,.
n L n
x Proof: Differentiating term by term is NOT JUSTIFIABLE! However, using
the formula for d,, and integrating by parts gives the desired relation.

— Sobolev embedding: If Y|nfc,|* < oo for s > 1, then f is continuous! (If

s > 3/2, then f is differentiable, and f’ is continuous.)
x Proof: Try it yourself, if you konw the Cauchy-Schwartz inequality and the
Weirstrauss M test.

Lecture 32, Fri 04/06.
e Laplacian in polar coordinates.
— Put x =rcosf, y =rsin.
— Get 7= /22 4+ y2 and 0 = tan"!(y/x).
— Compute 9,7 = cosf, Oyr =sinf, 0,0 = —% sinf, and 0,0 = %cos 0.
— Compute 9,u = cos 00, u — %sin 00¢u, and Oyu = sin 60, u + %cos 00yu
Lecture 31, Wed 04/04. — Compute Au = 9Zu + 0ru+ 5 0;u.
e (Sec. 6.1) Laplace and poisson equation. e (Sec. 6.3) Laplace equation in a disk.
— Let D be a disc with center 0 and radius a.
— Let —Au=01in D, with u = f on 9D.
— Switch to polar coordinates and separate variables.
x Let u(r,0) = R(r)T(6).
% Get DRErR T _ )
* Periodic boundary conditions on T' gives T'(8) = cos(nd), T(0) = sin(f), or
T()=1,and A =n? for n € {0,1,...}.

— Laplace equation in upper half plane: 9?u + 92 =0, for t > 0 and = € R.

x Differs from the wave equation by only a sign.

x Laplace equation only reqires the “initial position”, OR the “initial veloc-
ity”. Wave equation requires both.

x Laplace equation satisfies a maximum principle. Wave does not.

* Solutions to the Laplace equation are smooth for any ¢ > 0. Solutions to
the wave equation are only as differentiable as the initial data.

* Wave equation has finite speed of propagation. The laplace equation does
not. Lecture 33, Mon 04/09.

— Motivation: Steady states of the heat equation. * Try R(r) =r® as a solution.

* The equilibrium temperature in a conductor satisfies —Au = f, where f is * Get oo — 1) + v = n?, and hence o = %n.

the sources / sinks of heat. *x Reject « = —n as X (r) =" blows up at r = 0.



* Thus separated solutions are of the form 7" cos(nf), r"sin(nf) and con-
stants.
« If the full Fourier series of f is f(f) = 42 + >.5° A, cos(nf) + By, sin(nf),
then u(r,0) = AO +> 7 A4, Tn cos(nf) + Bn;—: sin(nd).
e Harmonic functions in a disk.

~ Use complex notation. (z,y) = z = re'’.

— Write f(0) =Y. cpe®.
— Then u(z,y) = S ¢, Lrei™.
f

f(@)e~ ™ dg, we have u(r,0) = fjﬂ P(r,0 — ¢) f(0)d0,
1

rm

~ Since ¢, = 5
where P(r,0) = + 21 L7 (¢i0 4 e=ind)].
2 2

— Compute P(r, 0) = L

271- a2+r2—2ar cos(0)

—Asr—a-,
« [T P(r,0)df =1 (Proof: P(r,0) =

x P(r,0) >0 for 0 <
* For any £ > 0, hm L Jigse P(1,0) =

P behaves like an approximate identity:
(14 X 2(2)" cos(nf)).)
1, so P(r,0) > % >0.)

r < a. (Proof: |cosf| < Z r(atr
0. (Proof: on HW).

Lecture 34, Wed 04/11.
- lim,_,,- P(r,0) =0 if 0 # 0, and oo otherwise.

2 2

x Proof: P(T 9) - 27r (a— 7«)2-{?2;7"7‘(1 cos )"

e Poissons formula:
—If —Au = 0 in some domain D, and a disk with center xg, and radius a

a®—|z—uo)? dy

is completely contained inside D, then u(z) = *—— f‘y zol=a ‘m y|2

whenever |z — x| < a.
e Mean value property: Au = 0, then u(z) = 51 fly*rlzr u(y) dy. [Note, the RHS
is a line integral over the circle with center xy and radius a.]
— Proof: use the Poisson formula.

e Strong maximum principle: If Au = 0 in D, then u attains it’s maximum (and
minimum) only on D, unless u is constant.

— Proof: Use the mean value property.

Lecture 35, Fri 04/13.

o Weak Maximum principle including convection terms. Let Lu = —Au+b - Vu,
with b bounded. Suppose Lu < 0 in a (bounded) domain D, and w is con-
tinuous up to the boundary of D. Then w attains it’s maximum on 9D (i.e.,
maxu < max u).

— Lemma: Suppose first Lv < 0. Then v has no interior maximum in D.

x Proof: At an interior maximum xzg, Vu = 0 and Au > 0, contradicting

Lu < 0.

* Now let v = u + €e*®, for A to be chosen later.

x Compute Lv = Lu+ ¢ (—)\26/\”” + )\bl) e

* Know Lu < 0. Choosing A < maxb; will guarantee the second term is
stricitly negative.

* So Lv < 0, and by the Lemma maxp v < maxgp v.

* As before, mgxu < mDaXU < HalaXU < ngaxu + Ee/\L, and send € — 0.
D D

Lecture 36, Mon 04/16.
o (Sec. 7.1) Greens Identities

~ Greens first identity: D C R® bounded. [,ulv+ [, Vu-Vo= [, ug.
* Proof: Divergence theorem applied to V - (uVv) = ulAv + Vu - Vo.

— Dirichlet’s principle: The function minimising the energy F(u f pIVu \
subject to u = f on JD, is the harmonic function with boundary Values f.

* Proof: Let v be any function which is 0 on D. Must have £ E(u+¢cv) =0
when € = 0.

* Greens identity gives [, vAu = 0.

* Since this is true for any v, must have Au = 0.
— The above shows that if « minimises F, then we must have Au = 0. We need

to also check the converse: Namely if Au = 0, then « minimises F.

x Proof: Let u,v = f on 0D, and suppose Au =0 in D.

* Set w = u — v; thenvzu—wandszon@D
Jop w5
fD|Vu| + |Vw| —2(Vu) - (Vw) =

— [pwAu=0.
E(u) + E(w) 2 E(u).

* Green’s identity implies [, (Vu) - (Vw) =
* Thus E(v

Lecture 37, Wed 04/18.
e The Rayleigh quotient: Let E(u

Minimise F, over all

fD|V’LL| /fD

functions «w which are 0 on 9D.

— Let € € R, and v be any function which is 0 on dD.

— Suppose A = min F, and is attained for the function .

=0iff [, v(—=Ap—Ap)=0.

— Eigenfunctions of the Laplacian are candidates for the minimiser of E.

~ Green’s identity shows - (¢ + 61))’6:0

o Let ¢ solve —Ap = Ay, with ¢ =0 on 0D, and ¢ > 0 in D.

— This is called the Principal eigenfunction. It’s existence (positivity) is equiv-
alent to the maximum principle!

— Claim: ¢ minimises F.
* Proof: Let € > 0, and u be any function with « = 0 on 0D.

* Compute \ [, u? i
pleting the square).
* Send € — 0. QED.

=l YNEES [5|Vul® (Greens identity, and com-



Lecture 38, Mon 04/23.
e (Sec. 7.2) Greens second identity: [,  u3% —v5% = [ ulv—vAu.
— Divergence theorem applied to V - (uVv —vVu) = ulAv — vAu.

e Mean value property: If Au = 0 in Bg, a 3D ball of radius R and center x.
Then u(zo) = =gz [yp,, u(x) dx (the RHS is a surface integral).

— Proof: Without loss assume x¢ = 0.

— Let v(z) = % ] Know (from HW) Av =0 for = # 0.
fFor£>0,letD8:BR—BE:{x€R3|<€<\x|<R}.
— Greens identity implies [ D. ugA —pdu a5 = 0.

= Jp.() = [, () + [5_(-). (The normal derivative points radially inward on
OB., and radially outward on 0Bg.)

— Compute [, udy — 2 = L Jos, w(@)dz.

~ Similarly [, ugt—v2t =L [ u(z)dx =29 47 u(0), since u is continuous
at 0.

= Since [, () = [5_(-), we get u(0) = & [, w(z) dz. QED.

Lecture 39, Wed 04/25.
e Representation formula: If D C R3, and Au = 0 in D. Then

o) = [ fufe) G (o = a0) = Nlo = ) )] do

where N(z) = is the Newton potential. (Recall AN =0 when z # 0).

_1
47|z|

— Remark: For a 2D domain, the same formula is true with N(z) =

— Proof: Without loss, zg = 0. Let D,
Be ={z||z| <e}.

— Greens 1dent1ty implies f oD, w2y 6n - N$§ 3“ =0.

~ Jop. () = [5p()+ [55 (-), where the normal derivative points radially inward
on 3B€, and outward to D on 0D.

~ J5p(+) is the RHS we want.

a faB

e Corollary: Another proof of the Mean value property.
— Proof: Put D = {x | |z — x|

% In|x|.

=D—{x € D | |z| > €}, and

29, —u(xg), exactly as before. QED

= R, in the representation formula.

Lecture 40, Fri 04/27.
e Physical intuition behind the Newton potential.
— N is the steady temperature obtained from a point sink of heat located at 0.

f(l])-

— Symmetry forces N(z) =

— Computing heat flux through 0Bpg gives faBR %—Jg =1.
— Consequently 47 f'(R)? = 1 for all R, forcing N(z) =
e (Sec. 7.3) Greens functions.

—=L " as we had.
4mlz|?

— G(x,x0) is the greens function of a domain D C R? if it has the following

properties:

x For & # xg, all second order partials of G (w.r.t. z) are continuous and
AG(z,x9) = 0.

* G(z,29) =0 on 0D

x H(z) = G(z,x0) — N(x — xq), for x # x( extends to a continuous harmonic
function in D.

~If Au=01in D and u = f on 9D, then u(zo) = [, f(x)22 (2, ).
* Proof: Know u(zg) = faDu (2) G (z — 20) — N(z — 20) Z%.

* By greens identity, [,,u an - H3: 6“ =0.
% Since G(z,z9) = H(z) + N(x — a:o), adding the above two identites (and
using G(x, x¢) = 0 for & € 9D) finishes the proof.

e Symmetry of Greens functions: G(a,b) = G(b,a).
— Proof: Put u(z) = G(z,a) and v(z) = G(x,b).
—Let D.={x € D] |z —q >5&|x—b| > e}
— Greens identity: f[‘)D udy — van 0.

on
- f{?DE

~ Sinceu =v=0o0n 9D, [,(-)=0
Qu — gy (b).

— Claim: fé)B(a,E) ug? —v3% = v(a), and fE)B(b,E)ugZ Von
=u(b) <= G(a,b) = G(b,a).

— Claim finishes the proof, since v(a)

= faD + faB(a,e) + faB(b,s)’ with the usual convention about normals.

Lecture 41, Mon 04/30.

— Proof of claim.
* In B(a,€), v is harmonic and u(z) = H(z) + N(z — a) for some harmonic
function H.
* Greens identity implies faB(a 9 HZ — 2 — .
)
a)gs — U%ZT\Z(J: —a) = v(a).
(The sign is reversed, since the normal vector is inward pointing).
* Adding gives de(a 9 ud? — 3% = y(a). QED.
— Physical interpretation: Steady temperature at a caused by a point sink at b
is the same as a steady temperature at b caused by a point sink at a.

* Representation formula implies | 9B (ae) N(z -

Lecture 42, Wed 05/02.
e Greens function in Half-Space.

- D ={(x,y,2) | z > 0}. G(z,29) = N(z — x9) — N(x — xf), where xo* is the
image of the point xg reflected about the z-y plane.



— Consequently the solution to —Au =0in D with v = f on 0D is given by
yl, Yy2,0) dyy dy»
x) = x,y)dy = //
) /6D Hw)Gle.y)dy = [(z1 = y1)? + (w2 — y2)? + 23]3/2

e Greens function in a shpere
- D={zeR3||z| <a}.

ﬁm(} Then G(.’I’,‘,.’l’]o) = N(m — :CO) + N(@(IIJ . .’L‘S))

— Basic congruent triangles argument shows G(x,x¢) = 0 when z € 9D.

— Let z9 € D, and x5 =

a® — |zo|®

on dmalz — zo|*
— 3D Poisson formula. If Au = 0 in D and u = f on 0D, then u(xy) =

Jecon 4:(1'_3:@(;'0'3 f(x)dx. (Surface integral over the sphere of radius a)



