THE REGULARIZING EFFECTS OF RESETTING IN A
PARTICLE SYSTEM FOR THE BURGERS’ EQUATION

GAUTAM IYER AND ALEXEI NOVIKOV

ABSTRACT. We study the dissipation mechanism of a stochastic particle sys-
tem for the Burgers’ equation. The velocity field of the viscous Burgers’ and
Navier-Stokes equations can be expressed as an expected value of a stochastic
process based on noisy particle trajectories (Constantin, Iyer, Comm. Pure
Appl. Math, 2008). In this paper we study a particle system for the viscous
Burgers’ equations using a Monte-Carlo version of the above; we consider N
copies of the above stochastic flow, each driven by independent Wiener pro-
cesses, and replace the expected value with % times the sum over these copies.
A similar construction for the Navier-Stokes equations was studied by J. Mat-
tingly and the first author (Nonlinearity, 2008).

Surprisingly, for any finite IV, the particle system for the Burgers’ equations
shocks almost surely in finite time. In contrast to the full expected value, the
empirical mean % le\r does not regularize the system enough to ensure a
time global solution. To avoid these shocks, we consider a resetting procedure,
which at first sight should have no regularizing effect at all. However, we
prove that this procedure prevents the formation of shocks for any N > 2,
and consequently as N — oo we get convergence to the solution of the viscous
Burgers’ equation on long time intervals.

1. INTRODUCTION

The viscous Burgers’ equation
(1.1) Opu + udpu — v02u =0

has been studied extensively from several different points of view. Here v > 0 repre-
sents the viscosity, making the equation dissipative in nature. The inviscid Burgers’
equation, (equation with v = 0) is studied as the basic example of a scalar
conservation law (see e.g. [57]). The Burgers’ equation is also linked to the KAM
and Aubry-Mather theories [8,/12]. It is the simplest PDE that models the Euler
and the Navier-Stokes nonlinearity. As such, it has been extensively studied as the
first step in understanding the two key unresolved issues in fluid mechanics: turbu-
lence and regularity of the Navier-Stokes equations in three dimensions. In the first
category the objective is to characterize the statistical properties of turbulence [6].
In the second category the objective is to understand the regularizing mechanism
of dissipation [1,/14]. This paper falls into the latter category: we study the reg-
ularising mechanism of a particle system for the Burgers’ equations, analogous to
the particle system for the Navier-Stokes equations developed in [4}/11].
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2 GAUTAM IYER AND ALEXEI NOVIKOV

In [4], a class of second order non-linear transport equations (the Navier-Stokes
and viscous Burgers’ in particular) were formulated as the average of a stochastic
process along noisy particle trajectories. The formulation for the Navier-Stokes
equations developed in [4] involves recovering the velocity u via the average of a
non-local functional of the initial data. For the viscous Burgers’ equation, however,
the formulation is simpler. Explicitly, consider the stochastic flow

(12) dXt = Ut(Xt) + V2 th

with initial data Xo(a) = a for all a € R. Here W denotes a standard 1D Wiener
process. If we require that the velocity u satisfies

(1.3) u = E [ugo (X;1)]

where E denotes the expected value with respect to the Wiener measure, then u
satisﬁeﬂ the viscous Burgers’ equation and initial data ug. We clarify that
in and subsequently, for any given time ¢ > 0, X, ! denotes the spatial inverse
of the diffecomorphism X;. Namely, we know [18, Theorems 4.5.1, 4.6.5] that for
regular drifts u, the stochastic flow X has a modification which is a stochastic flow
of diffeomorphisms of R. Replacing X with this modification if necessary, for any
t 2 0, we define X, ! to be the inverse of the diffeomorphism X;. That is, for any
t > 0, we have X;(X; ' (z)) = z surely for all € R, and X; *(X;(a)) = a surely
for all a € R.

Observe that when v = 0, the system 7 is exactly the method of char-
acteristics for the inviscid Burgers’ equation. Indeed trajectories of the flow X
are now characteristics, and equation states that the velocity is transported
along characteristics. Thus, the v > 0 case could be viewed as a stochastic gener-
alization of the method of characteristics: we transport the initial data along noisy
characteristics, and then average with respect to the Wiener measure.

The usual Monte-Carlo method of solving f numerically [20,[21] is to
replace the flow X; with N different copies XZ ’ , each driven by an independent
Wiener process W/, and replace the expected value in by the empirical mean:
% Zivzl Explicitly, the system in question becomes

(1.4) dXPN = uN (XYY dt + V2w dW,
(1.5) Xg" () = a,
(1.6) APY = (xpN)
1 & -
(1.7) u =5 > oo Ay,
=1

where ug is the given initial data, W* a sequence of independent Wiener processes
and v > 0 the viscosity. As before, for any ¢ > 0, (XZ"N)*1 denotes the spatial
inverse of Xti N Throughout this paper, with the exception of Section we impose
periodic boundary conditions on the above, and assume the initial data is periodic
with period 1.

For the Navier-Stokes equations, the particle system in [11] involves using a

higher dimensional Wiener process, and replacing (|1.7]) with the average of vorticity

I This is only valid for spatially periodic or decay at infinity boundary conditions.
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transport and the Biot-Savart law:
(1.8) W =E [((vx;"N)wo) o A?N} :
(1.9) u) = (=) x Wl

where wg = V X wug is the initial vorticity. In , the authors considered the
system f & 77 with spatially periodic boundary conditions, and
proved global existence in two dimensions, local existence in three dimensions,
convergence to the correct limit as N — 0o, and described the asymptotic behaviour
for fixed N as t — oc.

Surprisingly, the techmques of . fail for the particle system for the Burgers’
equation (the system l D 1 . Indeed, preliminary numerical simulations indi-
cate that the system (|1.4 shocks almost surely, in time independent of N.
We provide a class of 1n1t1a1 data for which we can prove f shocks almost
surely. We, however, we are unable to analytically prove that the shock time is
independent of N.

One heuristic explanation for the shock is as follows: This particle system ([1.4])—
(1.7) is dissipative only for short time Theorem 5.2]. Once the system
stops dissipating energy, the growth from the non-linear term should force the
system to inherit properties of the inviscid Burgers’ equation, which shocks if the
initial data is not monotonically non-decreasing.

We remark that the particle system for the Navier-Stokes equations (the sys-
tem 7 & f) also dissipates energy only for short time Figure
1 and Theorem 5.2]. However, no dissipation is required to prove 2D global exis-
tence for this system Theorem 3.5]. This is because (L.8)-(L.9) are structurally
similar to Euler equations, for which 2D global existence is well known [23] (see
also ) In contrast, however, the particle system 7 is structurally
similar to the inviscid Burgers’ equation which is known to shock in finite time.

The natural approach one would expect to use ‘overcoming’ the shocks in ([1.4)—
, would be to continue the system past shocks as weak solutions using an
analogue of the Rankine-Hugoniot condition Section 3.4.1], and then prove that
as N — oo, these weak solutions converge to the smooth solutions of the Burgers’
equation. This approach, however, is impossible to use as the stochastic PDE
satisfied by uV involves second order terms, for which the classical techniques |7
Section 3.4.1] will not work.

While the system f can not be continued past shocks, the shocks can
(surprisingly!) be “avoided with large probability” by resetting the Lagrangian
maps. This is the main content of this paper. Namely, suppose we solve . .
for short tlme d¢, and then replace the initial data with u5 , and restart the system
. with this new initial data. Our main theorem shows that, if we repeat
this procedure often enough, then we can avoid shocks on an arbltrarlly large time
interval, with probability arbitrarily close to 1.

Explicitly, consider the system

(1.10) dXp =) (Xps) ) dt + V2w AW,
(1~11) Xzia]f,kat( ) = a,
(1.12) Al = (X )7
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N
1 .
N N N
(1.13) Uy =57 E Uks, © Ays, o
i=1

where k € N, and ¢ is always assumed to be in the interval (kd;, (k + 1)d,].

If 0; is small enough, we show that solutions to this system exist on arbitrarily
large time intervals, with probability arbitrarily close to one. Once existence with
large probability is established, it is easy to show that as N — oo these solutions
converge to the smooth solutions of the viscous Burgers’ equation.

Before proceeding further, we remark that the fact that the shocks can be avoided
by resetting is doubly unexpected! Firstly, we know that the inviscid Burgers’
equations need to be regularized in order for them to have smooth solutions. The
resetting procedure above should morally provide no regularization, as explained
in Section Secondly, the system f is Markovian; if we reset it at regular
intervals (as above), then the new solution obtained will be no different from the
original solution without resetting.

Fortunately, the system (1.4)-(1.7) is not Markovian, and if we reset often
enough, the generic short time dissipative effect is strong enough to overcome the
nonlinear growth, and with large probability prevents the formation of shocks.
We observed numerically that even large resetting time d; (i.e. comparable to half
the shock time of the inviscid Burgers’ system) is enough to ensure that the sys-
tem ([1.10)(L.13) is globally well posed. With the techniques in this paper however,
we are only able to prove a global existence result for 7 when J; is small.
The question for large d; remains open, and cannot be addressed using techniques
in this paper.

Finally, we mention that our technique can be used to show global existence of
the analogue of f for the Navier-Stokes equations in two dimensions.
As this is already known [11], without resetting, we do not carry out the details
here.

One interesting application would be to the 3-dimensional Navier-Stokes equa-
tions. There are numerous results showing global existence of solutions to the
Navier-Stokes equations with small initial data. One new, interesting question that
can be asked in this framework is the existence of solutions for arbitrary initial
data, which are time global for some small (non-zero) probability. The McKean-
Vlasov type nonlinearity prevents us from asking this question for the stochastic
Lagrangian formulation for the Navier-Stokes equations [4, equations (2.3)—(2.6)].

For the system (T.4)-(L.6) & (1.8)—(1.9), the empirical mean + Zjlv provides no

regularisation, so it is unlikely to expect small probability time global solutions.
However, the repeatedly reset version of 7 & f is free of the
McKean-Vlasov nonlinearity, and is dissipative, making it a better candidate for
small probability time global solutions. Unfortunately, there are obstructions in
proving this result directly with the techniques used here, and we are working on
addressing this issue.

The plan of this paper is as follows: In Section [2] we establish our notational
convention, and prove our main theorem. This proof relies on a few lemmas, the
proofs of which we postpone to Sections [4] [} and [6] In Section [3] we provide
an example showing that without resetting, the system 7 shocks almost
surely. As mentioned earlier, once global existence is established the question of
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convergence as N — oo is easily handled. We conclude the paper by studing this
in Section

2. THE MAIN THEOREM AND ITS PROOF.

Throughout this paper, we assume ({2, X, P) is a probability space and use E to
denote the expected value with respect to the probability measure P. Let N > 2 be
anatural number (which will be fixed throughout this paper), {F; }+>0 be a filtration
satisfying the usual conditionﬂ on Q, and W',...,W¥ be N independent Wiener
processes adapted to the filtration {F;};>0. We assume subsequently, without loss
of generality, that v = %

We use C*(T), to denote the space of all periodic functions on R (with period 1)
which have k continuous derivatives. We use LP(T), H*(T) to be the Lebesgue p-
space, and the Sobolev space of order s respectively, consisting of periodic functions.
When writing norms of functions in these spaces, we drop T. For instance we use
the notation ||ul|g- to denote the H*(T) norm of w.

We use a calligraphic script to denote the analogous spaces for processes, on
random time intervals. Namely, given ty > 0, and a stopping time 7 such that

T > to almost surely, we define
C*([to,7]; T) = {u | u e C°[to, 7];C*(T)) as., and u,p¢ is Fy adapted}
LP([to, 7]; T) = {u | ue C%[to, 7); LP(T)) a.s., and urn; is F adapted},
Ho([to, 7); T) = {u | uwe C%[to,7]; H*(T)) a.s., and urp, is F; adapted},

where we use the abbreviation ‘a.s.” for almost surely. For convenience, if 7 is any
stopping time, not necessarily greater than or equal to to, we define C*([to, 7]; T) =
C*([to, 7 V to); T), and similarly for %, £P. To avoid confusion with the C*(T)
norms, we explicitly use

sup sup  |[Jug(w)]| o
wWEN to<LtLT

to denote the C*([ty, 7]; T) norm of u.

We clarify, u € C¥([tp,7]; T) means that there exists an event €' C  with
P(Q) =1 such that Vw € ', t € [to, T(w)], us(w) € C*(T) and uy(w) is continuous
in t. Further, ¥t > tg, u,n; is Fi-measurable. In words, C*([to, 7]; T) is the set of
all processes which have a C*(T) valued, continuous paths modification and are
defined on the random interval [tg, T].

Note that our spaces involve processes which are continuous in time almost surely,
and we are not interested in quantifying any further regularity with respect to time.
When the regularity in time needs to be quantified, the definition the analogous
spaces is not as elementary (see for instance |15]).

Our main theorem shows given any arbitrarily large T', we can make our resetting
time J; small enough so that a regular solution to f exists up to time T
with probability arbitrarily close to 1. In order to formulate our Theorem precisely,
we will need to define the notion of solutions to the reset system f with
respect to a stopping time. This is our next definition.

2By ‘usual conditions’ |13} Definition 2.25] we mean that the filtration {F:};>¢ is right con-
tinuous, and Fq contains all P-null sets in Foo.
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Definition 2.1. Let tg > 0, 7 be a spatially independent stopping time such that
T 2 to almost surely, and u, be a C’l(T) valued F;,-measurable random random
variable. Suppose u € C!([to, 7]; T) is a unique fixed point of the system

) TNt TNt
(2.1) XN (a) =a+ / us (X)) ds + / AL
to to
(2:2) A= (xi)
1 Y ,
(2.3) U =5 > g, 0 ALY
=1

Then we define
N
StO:ZutO = U
For convenience, we adopt the convention that if 7 is any stopping time (not nec-

. . N, TVt
essarily satisfying 7 > ty), we define Sto t Uty = Sy Uy

Remark. Note that it is essential to assume 7 does not depend on the spatial
variable, as in this case if the drift u is spatially regular, then the process thoj\ti
admits a modification which is a stochastic flow of diffeomorphisms. Hence the
spatial inverse Aioj\i = (X,f‘;],\t/)_1 is well defined. We will subsequently always assume
our stopping times are spatially independent.

Remark. In Lemmag7 we will show that Stjzf is well defined. Namely, if £ > 1,
and u;, € C*(T) is Fy,-measurable, then Lemma shows that there exibts a
(deterministic) time ¢; > to such that the process u defined by w, = St0 ¢ Ut
belongs to C*([to, t1]; T).

Remark 2.2. Note that we can view the dependence of the operator StJZ T on the
stopping time 7 as a dependence only through the time interval of definition. In-
deed, for any fixed §; and stopping time 7, C*([0,7];T) solutions of (2.1)—(2-3)
are unique up to indistinguishability. This follows immediately from a standard
Gronwall type argument, and we therefore omit the proof. Strong uniqueness im-

plies that the operator ng T satisfies a compatibility condition: for ¢y > 0, con-

sider two stopping times 71,72 > to such that u} = Sp 7 uy, € C'([0,71); T) and

ug = Sto 2y, € CH([0,72); T), then u? = u! before 71 A 75. That is u? has a modi-
fication such that for all ¢ > to, ufs, nr, = Utar, ar,- Thus, when the time interval
of definition is clear, we sometimes omit the stopping time 7 as a superscript of our
operator S.

For notational convenience, we omit the first superscript IV for the remainder
of this section. Given a (spatially independent) stopping time 7, a deterministic
starting time to > 0, a C!(T) valued JF;,-measurable initial data u,,, and a resetting
time &; > 0 small enough, we can define a C!([to, 7]; T) solution of the (stopped)
system ([1.10)—(L.13)) iteratively by

Up = U, when t = t,
(2.4) uft = tTOJrk(;t’tuf&k(;t whenever t € (tg+ ko, to + (k+1)d;] for
some k € NU{0}.

We are now ready to state our main theorem.
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Theorem 2.3. Let N >1,T >0, >0, s > 6+ %, and suppOS(ﬂ ug € H*(T).
Then there exists o1 = dp(T, ¢, s, ||[uo||m=), independent of N, such that for all §; <
Or, there exists a spatially independent stopping time 7 such that P(t >T) > 1—¢

and the process u defined by ([2.4)) (with to =0) is in the space C°([0,7]; T).

Remark 2.4. The compatibility condition in Remark allows us to discuss the
notion of a maximal stopping time 7y,,x for which the iterative procedure in
is well defined. Consequently, Theorem will show that this maximal stopping
time Tmax is in fact at least T with probability at least 1 — e.

We emphasize that the operator Sy, + is not a smoothing operator, which as men-
tioned earlier is part of the reason why Theorem @ is surprising. We can see Sy, +
is not smoothing from the fact that , the stochastic partial differential equation
(SPDE) satisfied by u; = Sp tuo is not dissipative [15]. One can immediately verify
this as the diffusive term in does not necessarily dominate the noise.

Another (perhaps more intuitive) way of understanding the regularity properties
of S, .+ is via time splitting. The S, can be time split into two parts: 5’30, the non-
linear solution operator associated with the inviscid Burgers’ equations, and S’fo
the operator corresponding to resetting. By considering time split version of ,
one can see that 5’,520 corresponds exactly to the operator

(2.5) 530,t0+6tf(x) = Jszjf (x - (Wt{)‘f’&t - Wtjo))
j=1

The operator S'tlo causes growth on the Fourier modes. It is well known that
the damping provided by v9?2, for any v > 0, is enough to overcome this growth,
and this gives us global existence for the viscous Burgers’ equations for any strictly
positive viscosity. Thus if the operator Sfo provides damping comparable to v9?,
then the usual methods can be used to prove Theorem However, the operator
5’30 provides no damping, as can immediately be checked from : the operator
norm of 53 is exactly 1 (surely) in all Sobolev and Hélder spaces. This is the main
difficulty in proving Theorem

We overcome this difficulty by considering the limit v := lims, ,o u®. It turns
out that v satisfies a dissipative SPDE, and if the initial data is regular enough we
obtain convergence in a strong norm of u’ to v. This is the key to the proof of
Theorem [2.3] and is formulated below.

Lemma 2.5 (Key Lemma). LeﬁN >1, 5 e NU{0}, To > to = 0, and T be a (spa-
tially independent) stopping time. Let uy, be a C*+P(T) valued Fy,-measurable ran-
dom variable, and u’ € C*T8([ty,7];T) be defined by [2.4). Let v € C*P([to, 7];T)
be the solution of the SPDE

5t

N
1 0, -
(2.6) dve + vidovy dt — S02v; dt + N”t S awi =0,
j=1

3The theorem, and proof, remain unchanged if we instead assume that ug is a H*(T) valued,
Fo-measurable bounded random variable.

4The proof of this lemma never uses the assumption N > 1, and is valid even for N = 1.
However, for N = 1, Lemma is vacuously true as assumptions and will never be
satisfied for non-constant initial data.
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with initial data v|i—y, = ut,, and spatially periodic boundary conditions. Let 79 =
(1 Vitg) ATy, and U be a constant such thaﬁ

2.7 su udt <U a.s.

( ) togtngO t CA+8 X )

(2.8) sup |[vellgars S U a.s,
to<t<To

and let w? = ud,, — vy n,. Then there exists a constant C = C(B,U,Ty), indepen-

dent of N, 6; and 7, such that

1/2

2
Ot
(2.9) sup FE Hwt - < C§,

to<t<To

Our main interest in this lemma will be for 5 = 2, as it will enable us to obtain
a CY([to, Tp); T) bound on u from a C!([tg,Tp]; T) bound on v. A C*(T) bound is
all that is needed to continue a solution locally, thus controling the C'*(T) norm of
u with large probability, independent of §;, will prove our theorem. Since is
dissipative, uniform in time bounds of strong norms of v are readily obtained.

Lemma 2.6. Let N > 1, s € N, ug € H*(T). There exists a process v €
H2([0,00); T) which is a solution to the SPDE (2.6) with initial data ug and peri-
odic boundary conditions. Further, there exists a constant Vs = Vi (s, ||uo||m=) such
that

(2.10) Sl>1p loell s < Vs

=

almost surely.

We remark that is an almost sure bound on a strong norm of v. The
reason we are able to obtain almost sure bounds is because if we “multpily by v
and integrate by parts” (or more precisely, apply I1t6’s formula to ||v;||3 ), we obtain
an equation with no martingale part! This is carried out in detail in Section

Lemmas [2.5] and [2.6] will now allow uniform in time control of a strong norm of
u%. The only remaining ingredient is to obtain a C'*(T) local existence result, and
guarantee that the inequality is satisfied uniformly in ;.

Lemma 2.7. Suppose uy, is a C*(T) valued Fy,-measurable random variable such
that there exists a constant UY > 0 such that ||ug,|cr < UY almost surely. There
exists Ty = To(UY) > to and a process u®t € C'([to, To); T) such that u’t is a solution
to with ™ =1Tjy.

If further for somen € N, uy, is a C™(T) valued Fy,-measurable random variable,
and there exists a constant U > 0 such that |lug,||cn < US almost surely, then u’t
is C™([0,T); T), and further there exists a constant U, = U, (U2, n), independent of
N and ¢, such that

(2.11) sup  ||ult

to<t<To

<U, a.s.
Cn

for all §; < Ty.

5The assumptions 7 can be weakened slightly at the expense of a lengthier, more
technical proof. The weakened assumptions however, still require more than 3 derivatives. While
replacing — with a condition involving only 3 derivatives would be of sufficient interest to
warrant a more technical proof, reducing 4 + 8 to 4 4+ 8 — € only obscures the heart of the matter.
Since sufficient regularity on our initial data will guarantee 7 anyway, we assume they
hold and avoid unnecessary technicalities.
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Remark. The existence time Ty above only depends on a the C*(T) norm of the
initial data. However, on the existence interval, any additional regularity of the
initial data is preserved.

We are now ready to prove the main theorem. (The Lemmas and
will be proved in Sections and [6] respectively.)

Proof of Theorem[2.3 Let ér > 0 be a small time, to be specified later, and let
0: € (0,97) be arbitrary. Given a stopping time 7, we define the operator ym'&’ t
by

yjfét, = 160t © Sk—1)6,.k6: © """ © Slm41)80,(m+2)8, © Omsy, (m+1)5,
where k € N is such that k6, < t < (k+ 1)d;.

Let v¢ be the solution of . By Lemma and the Sobolev embedding

theorem there is a constant V7, such that

sup [[vgflen <V
almost surely. Let Ty = Tp(2V7) be the local existence time in Lemma namely,
for any initial data ug with |Jug|lc1 < 2V1, and for any d; < Tp, the process yogf,’T"
is C([0, Tp); T). Without loss of generality we can assume that Tp is an integer
multiple of d;.

Note that our assumption ug € H/?**, Lemma and the Sobolev embedding
theorem imply the assumption is valid for 8 = 2 (in this case, the supremum
can in fact be taken over all ¢ € R). Similarly Lemma guarantees that the
assumption is valid for 8 = 2 and all §; < Ty. Thus Lemma can be
applied.

Let 4 be the event {||u5t lcr < 2Vi}. Then

ool <)
(HuTo —Un ||, S \6/11) [Sobolev embedding]
z1- WE' (HUTD — vy, 2 ) [Chebyshev’s inequality]
>1- C‘(EQ/Q [Lemma,

where the constant ¢; above is the constant arising in the Sobolev embedding
theorem. An appropriate choice of 7 will make P(€;) arbitrarily close to 1. We
clarify that while our bound on P(€);) depends only on ér, the event ; depends
on ;.

We define a stopping time 7 by

( ) To ifngh
T1(w) =
! 2y ifwe Q.
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Note that by Remark [2.2] we have 704 ™ ug = 724 uq for all t € [0,Tp]. Thus,
by the semi-group property, and the fact that Ty is an integer multiple of d;,

8¢, T
T, Fot o for t € [0, To],
06 0T om0 A0 Touy for t € (T, 2T,
Tyt 0,7, 4o IOrte€ (To, 2To),
as long as either side is defined. We claim that the right hand side above is well-

defined and in CS([0,71]; T). We see this as follows: First for ¢ € [0,Tp], this is
true by Lemma and Remark Now, for w ¢ Q; and any t € [Tp,27y),

5’%: ' is just the identity operator. Further for almost every w € ; we have
yog%?ouo(w) = ugfo(w) € C%(T) and Hu%(w)“cl < 2V4. Thus for almost any
w € Oy, and for every ¢ € [Tp, 2T0], y;zg::lugfo (w) € C5(T) by Lemma

Using Sobolev embedding, Chebyshev’s inequality and Lemma [2.5| as above, we

can find an event Qs C €y such that P(€3) is arbitrarily close to P(€21). As before
we define a stopping time 75 by

() m1(w) ifwéd Qo
T p—
2 3T, ifwe Q.

and the solution u® = 5’057“” up € C%([0,73]; T). A finite iteration will complete the
proof. ([l

Finally we address the question of N — oco. For this purpose, we re-introduce
the superscript of N to indicate the dependence on N of the process considered.
Using techniques similar to [11], we show that the solution vV of converges
to the solution of the viscous Burgers’ equation as N — oo.

Proposition 2.8. Let vV be the solution of ([2.6)) with initial data ug, and ul be
the solution of the viscous Burgers’ equation (1.1) with the same initial data. If
ug € H%, s > 3, then for any T > 0, there exists a constant C = C(T,s, ||uo|| =)

such that
C

b N2
sup FE|ju; —v < —.
R L
We prove proposition 2.8 in Section [7] We conclude by remarking that Propo-
sition 2.8} Lemma 2.5 and an argument similar to the proof of Theorem [2:3] will
show that for small enough d;, as N — oo, u™V% converges to the same limit on an
event of almost full probability.

3. ALMOST SURE EXISTENCE OF SHOCKS WITHOUT RESETTING

In this section we show that the system (|1.4)—(|1.7) develops shocks almost surely,
for any N. The existence of shocks is simpler to prove if we work with monotone
functions on R, instead of periodic functions, and thus for this section only, we will

work with ([L.4)—(1.7) on R instead of on T.
Let 7 be a (spatially-independent) stopping time, and we interpret C1([0, 7]; R)

solutions to (1.4)—(L.7), in the natural way (analogous to (2.1))—(2.3))). The main
result of this section shows that even if we stop ‘bad’ realizations of (1.4))—(1.7)),

we can never continue solutions past the time m, unless we introduce a
B
regularizing mechanism.
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Proposition 3.1. Suppose ug € CY(R) is a decreasing function, and let u be a
CH([0,7';R) a solution of (1.4)—(1.7) with initial data ug. Then, almost surely,

N

(3.1) <
10 uol| oo

Remark 3.2. The numerically observed shock time, in the periodic case, is inde-
pendent of NV, and it is of the order m with large probability. This indicates

our bound (3.1)) is far from optimal.

Remark 3.3. One can showﬂ that as N — o0 the solution to approaches

the solution to at a rate of T However, it is well known that the solution

to is smooth for all time and no shock develops, provided the initial data is
for instance C! and bounded |7].

The numerics mentioned in Remark [3.2] however, indicate that no matter how
large N is, the system (1.4] . will only be a good approximation to the true
solution of ( . ) for short tlme in the order of

0= uoIILoo )

Remark 3.4. Monotonicity of the initial data ug is precisely the condition that con-
strained us to work on the line instead of on the torus. Specifically, the assumption
Ozup(z) < 0 for arbitrary « € R simplifies the proof of considerably. Numerics,
however, indicate that this monotonicity assumption is redundant, and f
develops shocks for arbitrary (periodic) initial data.

Proof of Proposition[3. Assume for simplicity, and without loss of generality, that
|0suollLee = —Ozup(0) = 1. Let the stopping time 7 be the first time ¢ < 7/ such
that 9, X"~ (0) = 0. Explicitly,

=7 Ainf{t | 9, X (0) = 0}.

We will first show that 7 < N, almost surely.
Differentiating (|1.4) in space gives

(3.2) A0, XY = opul

1N
VO X dt,
for t < 7/, almost surely. Here, our notation 9,u}"| XN means
LN
|y () = Oaail (O (@)

Differentiating equation (1.7)) in space, we obtain

1 N
N‘ B, ( AN
= — g Ug O
t 1,N z\U0 t ) 1,N
X, N & X,

N
1 i\N
(3.3) == ;&Euo o Dol ‘th,
for t < 7/ almost surely. Since by the chain rule,
(34 0™y O XN =0 (A o X 1,

6See for instance |11, Theorem 4.1], where the analogous result is proved for the Navier-Stokes
equations.
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multiplying equation (3.3) by 9, X" gives

N _1,N
S

(3.5) a”“iv‘xgwantl N [@ o + Z Bttg azA;'»N’Xg,NaIXg,N]

for ¢t < 7' almost surely.

Note that for a C! solution of the system 7, for all ¢, the flow XZ’N :
R — R is homotopic to the identity map via C! diffeomorphisms of R. The same is
true for the inverse inverse A", and thus BmAi’N|Xt1,N 9. X" > 0. Finally, since

up is assumed to be decreasing, we know that d,up < 0, and thus equations (3.2
and (3.5]) yield

-1
0.0, XN (0) < ~

for t < 7/ almost surely. This (ordinary) differential inequality, along with the fact
that azXS N =1, necessitates 7 < N almost surely.
Now, by definition of 7, and continuity (in time) of 8thl N

(3.6) lim 9, X; ™ (0)=0
t—7—
on the event {7 < 7'}. From (3.5) and the chain rule we have

1 Oz ;
N 0 i, N
Oply ‘ = + Za ug AN ox 1N - Op Ay ’XLN]

8X1N

for t < 7" almost surely. Note that all the terms on the right have have the
same sign. Thus if one of these terms approaches —oo, then necessarily the entire
right hand side approaches —co. Equation immediately implies the first term
approaches —oo at = 0 on the event {7 < 7'}. Hence, on this event we have

lim [|0,u]| e > — lim dpud (XN (0)) = oo,
t—T1— t—T—

almost surely. Consequently, if u € C([0,7'];R), we must have P(t < 7/) = 0
Hence 7" = 7 < N almost surely. O

4. PROOF OF THE KEY LEMMA (LEMMA [2.5]).

In this section we prove convergence of u% to v as §; — 0. The basic idea is
to show that the velocity in our reset system 7 satisfies the limiting
SPDE with a small error which is controlled as d; — 0.

By shifting time, we may assume without loss of generality that tg = 0. Further
replacing 7 with 7 A T if necessary, we may assume 7 = 79 < Ty. Throughout this
section, we adopt the convention that ty = 0, and N, 3, Ty, 7, 7o, ug, u’t, v and U
are as in the statement of Lemma We also assume the processes X,i(;“, Ai:&y
are all as in 7, and for notational convenience, we will omit the N and
d¢ as superscripts throughout this section.

We need a few lemmas before we can prove Lemma In our first lemma we
determine an SPDE satisfied by « on the interval (kd, (k + 1)d;].

Lemma 4.1. We define the process u' to be the it summand in (1.13)). Explicitly,

i U fort =0,
(4.1) up = .
ugs, © Ay, ¢ fort € (T ANk, 7 A (K + 1))
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Then for alli € {1,..., N}, the process u* € C**5([0,7];T), and satisfies the SPDE

TAL

(42) xqoopsy (Lnd — ws,) + / (usdou — L02ul) ds+

TNAkO:
TAL ) )
+ / Ozuy, dW: = 0.
TAkS:
on the interval t € [kdy, (k + 1)8;]. Similarly, the process u € C*TA([0,7];T), and
satisfies the SPDE

TAL

(4.3)  Urat — Urpks, —|—/ (us&cus - %85%) ds+

TAkS:
TAt 1 N ) )
+/ — N 9ul dWI = 0.
TNAkS: N ;

on the interval t € [kdy, (k+ 1)0,].

Remark 4.2. A more intuitive, though less precise, way of phrasing the SPDE’s (4.2)
and (4.3) would be to say for t € (17 A kdy, 7 A (k + 1)d], u, u’ satisfy the SPDE’s

duf + udyul dt — 102u} dt + Oyui dW; =0, forallie {1,...,N}

N
1 . .
duy + uOpuy dt — %831% dt + i Z Opul AW =0

=1
with initial data u®|;—ps, = ugs, and uli—gs, = Ugs, -

Proof. From [4|11] (see also [16,22]) we know that when 7 = oo, the process Ai:&y
satisfies the SPDE

dAs, o+ by Ays, dt — L2 A55,  dt + 9, Als, AW/ =0

on the time interval (kd, (k + 1)d;]. Writing down an integral version of this in the
presence of a stopping time, equations and follow immediately from
and by a direct application of It6’s formula.

To check'|u,u, ..., u™ € C*TA([0,7]; T), note that continuity in time is immedi-
ate. Further, the spatial regularity of v has already been assumed in the statement
of Lemma For u!,...,u", note that the 7 and the noise are spatially indepen-
dent in equation , and it immediately shows that each X}, 5. (and hence each
Ajs, ) is as spatially regular as u, which in turn shows that each u’ € C([0, 7]; T).

O

Now we show that with a small error w satisfies the SPDE ([2.6) stopped at 7,
and obtain bounds on this error. Let Er,; Y denote the conditional expectation of
Y given Fys,. Given any process f, and a stopping time 7, we define the stopped
increment AJ,f by

Ef = f‘l’/\(k‘-‘rl)(st - fTAk5t~

"The spatial regularity of u,u!, ..., u™ follows directly from an assumption only on the initial
data, and a standard iteration argument. This is contained in Section@ However for Lemma@,
an iteration argument is unnecessary because of assumption (2.7)).
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For the (deterministic) process f; = ¢, we define A7t by

¢ if 7= (k+ 1),
A;C-t = (T VAN (k + 1)6,5) - (7' A két) =N\T7T— kdt if k5t <7< (k + 1)5t7
0 if 7 < k5t

Finally, let L be the (non-linear) operator defined by
Lu = u0yu — %@fu.
Lemma 4.3. Suppose (2.7)) holds for some € NU{0}, and let €, be defined bgﬁ
N
T T 1 T j
(4.4) ). = Afu + Lugs, ALt + Opugs, (N 221 AkWJ>.
j=

Then there exists a constant C = C(8,U,Ty) (independent of N, k,d; and 7) such
that for all 6; < Ty and k < T—f we have

(4.5) sup E |9¢,( )| < 062,
zeT
(4.6) bupE|Efk5 el (x )’ < Co}.
zeT

Remark. Since u and all derivatives of u are a priori uniformly bounded almost
surely, the proof of this lemma is straightforward. Without this a priori bound, we
would only obtain similar bounds on E||85e}s [I7. and E||Ex,; 0%¢}s, ||7 ., which
are still sufficient for Lemma 2.5

Proof of Lemmal[{.3 We assume throughout this section that C is a constant only
depending on U and 7, which could change from line to line. Note first that
assumption (2.7)) and equation (2.1]) immediately imply that for any i € {1,..., N},
sup ||8 X3 Hc3+6 C and  sup Ha A} HCHB <C
0<t<To 0<t<To

almost surely. Now equation (2.3]), immediately yields the same bound for , inde-
pendent of N. Thus, making U larger if necessary, we may assume without loss of
generality that (| . ) holds for all the processes u, u', u?, ..., u™.

For any k € NU{0}, t € (kdy, (k+1)d;], n < B+ 2, dlfferentlatlng n times
gives

TAL
OMUrng — O Uraps, = — / O Lug ds — — Z / oLyl dwi.

N Ak,
and hence
TAt 2
E|agu7-/\t—agu7_/\k6t‘2 <2E (/ [“);Lus dS) +
TNAkO
2
1 N TAL ) )
+2E | = Z/ oty dwi

N j=1 TNkt

8In equation (4.4), technically, Lugs, is not defined when 7 < kdé;. However, in this case,
A7t = 0, so the value of Lugs, does not matter. We use this convention subsequently without
further mention.



THE REGULARIZING EFFECTS OF RESETTING 15
Note that

TAL t
L L
/ oLl AW = / Nks, o Xm0 L AW
TNkt ko

Thus using (2.7) for both u and u?, for any ¢ € (ké;, (k + 1)d;] we have
N
(4.7) sup B |07 wrp(x) — O0uraps, (2)]> < C | 67 + ¥ > 6| < Cdy,
z€T -
Jj=1

where as usual the constant C' may change from line to line, provided it only depends
on 8, U and Tj.
Similarly, using (4.2) and the above argument we have

; 2
(4.8) 51611% EX{kgth} }(%Lufr/\t(x) — 03 ugs, (517)| < Cby.

for any t € (kds, (k4 1)0) and n < 2+ 6.
Now, from the definition of ¢ and equation (4.3)) we have

TA(k+1)8; 1 N rA(k+1)6: ) ]
s;:_/ Lusds—NZ/ Dyl AW+

Nkéy i1 ks,

N
T 1 T j
+ Lurpks, ALt + Ortirnks, <N E 1 AkWJ>
j:

(4.9)

T/\(k}+1)§t 1 N /TA(k+1)5t ( ) )
Quuk(;t — 8Iui dWSJ

/ (Luk(;t — Lus) ds + —

AKS, N o1 Aks:

almost surely. For the It6 integrals in the second term above,

TA(k+1)8: _ .
E]:két </ (8xuk5t — &cui) de) =

NEkd

(k+1)d: ] ,
E]:k‘;t (/kg X{T>k5t}x{s§7'} (6a:uk6t - 8mu.?r/\s) de) = 07

and hence

E|Ex, | = E (af/

TA(k+1)8¢

2
(Luk(;t — Lus) ds
Nkt

(k+1)5, )
< 0 /}C(S FE [X{kéth}X{ng}af (Lugs, — Lums)] ds

(k+1)6: 9
= 6t/ E [x{sgr}af (Ltrpks, — LuTAS)] ds
k&

< 08
where the last inequality follows from (4.7) with n = 2+ 8. This proves (4.6)).
For (4.5)), note that the expected value of the square of the first term in (4.9)

has already been bounded by C6; < C62. For the second term, the Ito isometry
gives
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2

1 M AR 5 ) )
E| — / 835 0, Uks, — 19) ug de =
N; TNkt ( ¢ ' ¢ )
1 N (k+1)6, g
- ﬁZ/M E [X{kété‘r}x{sgr}ag (Ozus, — 0zul)]” ds
=17k
and using (4.8)) with n =1+ § the proof is complete. O

We now prove that a time split version of the SPDE (12.6)) satisfies the same error
estimates as in Lemma [£.3]

Lemma 4.4. Suppose (2.8)) holds for some 5 € NU{0}, and let €] be defined by
N
T T 1 T i
(410) 5% = Akaerk(;t Ak +a;rvk5t <N21Akwj>
]:

Then the bounds (4.5) and (4.6]) hold for €}..
Proof. First note that

TAL 1 N TAt )
Urat — Uraks, = f/ Lvgds — — / Opvs AW
" " TNkt N ; TAkOt
almost surely. Thus for any n < 2+ § and ¢t € [kd;, (k + 1)d:] using ([2.8]) gives
(4.11) sup E |00, pe () — 0 0raps, (2))° < C6.
zeT
Similar to the derivation of (4.9) we obtain
TA(k+1)8; 1 N TA(k+1)6; )
el = / (Los, — Lvg) ds+ — Y / (Dpvrs, — Oyvs) AW
TNkt N j=1 TAkOt
from definition (4.10). The remainder of the proof is now identical to the proof of
Lemma O

We are now ready to prove Lemma We remark that, the assumptions (2.7)
and (2.8]) are stronger than necessary. We only need

(4.12) sup (|luel|grvs + |vellres) < U, ass.
ot
(4.13) sup sup FE <|8§+6ut(az)|2 + |6§+5vt(z)|2) < U,

zeT 0<t<T
and the bounds on ¢, €’ provided by Lemmas and above. The proof we
provide below depends only on these weaker assumptions.

Proof of Lemma([2.5 Let e, = &) — €}, where ¢}, £}/ are defined by Lemmas

and respectively. Using equations (4.5)), (4.6) and the corresponding estimates
for €}/, we have

(4.14) sup Ed%¢p,(2)? < €62
€T
(4.15) sup E|E,,, 0ley(x)|” < O

zeT
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for all k£ < TO . As before, we assume C' is a constant that only depends on 3, U and
Ty, which may change from line to line. Now, estimates and (4.15) imply

(4.16) E |4l < O
2
(4.17) E|Ex,, ek, < C5;.
For the remainder of the proof we will use the weaker estimates (| - and -

Now, recall wy = Wrat = Urpr — Urae, and we know wg = 0. Thus
OPATw =P ATu — 95 ATv
N
16 T B+1 1 TIA T ¥e)
(4.18) = =08 (Luraks, — Lorpgs,) ALt — OF T wys, N Z ATWI ) 4 07 ek
j=1
We first estimate E(9 AZw)? where k is any integer such that kd; < Tp.

For this, independence of W, the mean square of the matringale term in (4.18))
is bounded by

2
N
1 )
E |07y, (NZA;WJ> E(0%  wys,) 2E( ZATVW)
j=1

0,
]\t[ (aﬂ+1wk6t)2

Next, for the mean square of the first term in (4.18))
2
E (07 (Lurrs, (x) — Logaks, (7))
< CE [(a£+2uTAk§t)2 + (a§+2U7Ak5t)2} +
+ CE [(92 (urnks, Oztiraks,))? + (05 (vr ks, Onvrans,))?]

2
< Csup max E (’8 +’6Ur/\k61( ‘ + ’aiJrﬂ?JTAkét (@’ )"‘
2€T 0<h< 52

(4.19)

C max (Jlurars s + lornes, Iaes ) -

0k 52
Hence, using and (| we obtain
(4.20) (afj (Lttr s, — Lopnrs,) AJt)° < 62C.

By (4.16)) the mean square of the last term in (4.18)) is also bounded by C'§2. Thus,
squaring (4.18]), taking expected values and using Young’s inequality gives

5
(4.21) E(0PATw)? < ?}Vt (0P wys,)? + CO2 + 3E (8fsk)2
Now for any K < %
9 9 K-1 K—-1
(00wis,)” = (wenrs,) =2 0wis, 05 ATw+ Y (95 Afw
k=0 k=0

K-
= Z 9P wys, < — 0P (Lurprs, — Lvrpgs,) Aft —

k=0 N
1 .
— afj“A;w(N ZA;WJ) + afak> +

Jj=1
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K-1 9
+ ) (98Afw)”.
k=0

Taking expected values, integrating in space using (4.21)) and (4.16|) gives
K-1

(4.22) FE Hafw;((;tniz < — 26 Z E/ 8£’wk5t6£ (UT/\k(staqu/\k(st —
k=0 T

— Vraks, Oz Ur pks, ) d +

K-1
+2 Z E/agwkgtafgkdl‘—
k=0 T

K—1
1
- <1 - N> o kZ:O EA(35+1wk5t)2 dr + CK 5?2
For the first term on the right of the inequality (4.22) note
(423) 8fwk6taf (u'r/\kzitaa:u'r/\két - UTAk5taIvTAk6t) =

P wis, 07 (Wi, Outir nks, — Vrnks, OxWhs, ) -

Observe that the mass (spatial mean) of solutions to equation is constant in
time. The same is true for solutions to (4.3). Thus, for all t < Tp, [puraedz =
Jpuode = [, vraeda, and hence [ wy dz = 0. Thus integrating in space and
using the Poincaré inequality, the term involving u above is bounded by

/ 8511)14;51/ (95 (’IUk;(St a.’,CuT/\kfét, ) dx
T

For the term involving v in (4.23)), when all the derivatives fall on w we have

< ¢ Hﬁgwkét Hiz ||u7'/\k6t Hcﬁ+1 .

1 1 2
05w, V7 nks, 0 T wgs, = 07 aks,0n (05wis,)”

and if we integrate by parts, we can avoid the extra derivative on w. Thus
/ 05w, 0F (vraks, Opws,)
T

Thus using (4.12)) and the above estimates, the first term on the right of (4.22) is
bounded by
(4.24)
2
- 25tE/ w5, 05 (Ur nks, Oalir ks, — Vraks, OxVrnks,) dz < COE ||05wgs, || -
T

For the second term in (4.22)), we know wys, is Fis,-measurable. Thus us-

ing (4.17) and the Cauchy-Schwartz inequality we obtain

<C Hafwkétniz [oraks, Nl -

(4.25) / |E8§wk5t855k| dx = / |E (8fwk5tE}-k5t 8fek)| dz < 055/2.
T T

The third term on the right of (4.22) is always non-positive, and can be ignored.
Thus, recalling K < :g—f, and using equations (4.24) and (4.25) in equation (4.22))

we have

K-1
<002+ 0 Y E||ofwrs ||} b0
k=0

E HafwK‘St ||i2
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The remainder of the proof is an elementary discrete Gronwall argument. Let

K-1
yk = C82 +C Y E||0fwis, 7. 61
k=0
Then )
Yk+1 — Yk = COE ||8x5wk5t“[,2 < Copyi
and hence
Y1 < (14 Coy) yy.-

Iterating, and using yo = C’5tl /2 gives
ur < (1+C8)F Cs)/?.
Since k < g—f this gives
(4.26) max yi < 052/2 sup (1 + Co))T/% < Cétl/QeCT".
k<F2 §,>0

This proves (2.9) for all times ¢ which are an integer multiple of J;. Since for any
z €T, and k < S owe elementarily have

sup E ‘8fvmt(x) — 0Pvrnks, (LL‘)’2 < Cd;

ko <t<(k+1)6¢
2
and sup E |85u7/\t(z) - 85uw€5t (a:)| < Cé;
kS, <t<(k+1)8,
completing the proof. O

5. ProoF or LEMMA [2.6]

In this section we establish uniform in time bounds for the solution of (2.6) and
prove as in Lemma We do this via the following two Lemmas:

Lemma 5.1. Let ug € C(T), T > 0, and suppose v € C*°([0,T]; T) is a solution
to (2.6) with initial data ug and periodic boundary conditions. Then for any s € 7T,
there exists a constant Vs = Vi(s, T, ||ug|| =) such that

sup_ ([l < Vo

almost surely.

Lemma 5.2. Let ug € C°(T), and suppose v € C*°([0,00), T) is a solution to (2.6)
with initial data ug and periodic boundary conditions. Then for any s € ZT, T > 0,
there exists a constant Vi = Vi(s, T, ||uo||2) such that
(5.1) sup [[ve]| o < Vi

>T

almost surely.

We draw attention to the fact that apriori bounds are almost sure! Indeed,
applying 1t0’s formula to ||v;||%., immediately yields an equation with no martingale

part (see equation (5.2)) below).
Given Lemmas [5.1] and the proof of 2.6]is now immediate.
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Proof of Lemma[2.6 Given the almost sure apriori bounds in Lemmas [5.1] and [5.2]
existence of solutions to (2.6) follows via standard methods. The time global
bound (2.10)) is also an immediate consequence of Lemmas and ]

We devote the remainder of this section to proving Lemmas [5.1] and

Proof of Lemma[5.1 We prove Lemma [5.1] via energy estimates. First note that
Itd’s formula and (2.6) give

N
1
d(?)t)2 = 21}t dUt + m Z(aﬂivt)2 dt
j=1

N
V0 o1
= —2’()?833’015 dt + ’Utaivt dt — 2% E thJ + N(axvt)Q dt.

j=1
Integrating in space, and using [ v;0,vs dz = 0 = [ v70,v; da gives

2 1 2
(5:2) O [lvell = = <1 = ) 10svelle = lvell e < luoll e

almost surely.

A similar calculation shows |lv;||Lr < |luol|Le for all p > 2, and henceﬂ [lve]| Lo <
|luo||Le=. Recall s > 1 by assumption, and so the Sobolev embedding theorem shows
[luol| L= < ¢|lugl| s for some absolute constant c.

Now, differentiating with respect to 2 and applying Itd’s formula to (9,v;)?
we obtain

1
d(ax’Ut)2 = 28;5’Ut d(ax’Ut) + N |8§’Ut|2 dt
2 N
, 1
87\;” AW} |+ |20, | dt

j=1

1
= —28wvt 830 (vtﬁwvt) dt — iagvt dt +

Integrating with respect to = on [0, 1], and noting that [, d,v:05v; dz = 0, gives

1 1
d|0pve]|32 = — (1 - N) H@ithiQ dt + <2/ 02 (V405 v1) da:) dt
0
1 2
— 6t ||8$'Ut||i2 < _Z HaithLz +38 ||Utaﬂ?vt||i2
1 2 2 2
S77 0204]| 2 + 8llvell e 0zvell
1 2 2 2
(5-3) < =7 1020l e + 8lluoll o 190ve72
almost surely. Thus, (5.2), (5.3) and Gronwall’s inequality gives
t
(5.4) el < Cre®  and / loer|%e de’ < Crecot,
0
almost surely, for some constants C1; = C1(||uo| gr) and co = co(||uol| Lo )-

For the remainder of this proof we adopt the convention that ¢, C' denote absolute
constants, Cs = Cs(8, ||ug|| mrs) denotes a constant depending only on s, ||ugl| s and

9This can alternately be shown using a version of the maximum principle [17].
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¢o denotes a constant depending only on ||ug||~. The exact value of these constants
are immaterial, and we will allow them to change from line to line.

Similar to , differentiating twice with respect to x, applying Itd’s for-
mula to (02v;)?, integrating in space, noting [} 02v;02v; dz = 0 and using Holder’s
inequality gives

1
o |0%unl[1, < - (1 - N) |02ve 3 + 2[|030e] 2 1102 (vedavr) ]

< —c|@2ullg. +C (10awilFe + I0elF) 0205

< —c||ao2, + C loele 2un]f3

almost surely, where the last inequality is obtained by the Sobolev embedding
theorem. Using (5.4)), this gives

t
[vell gz < 02€f°tuvt”i'2dt < CQecleCOt and / Hvt/”?{s dt’ < CQeoleCOt,
0

almost surely. Proceeding inductively, suppose we know
lve]l g < Csexp (Cs—qexp (Cs—z---exp (cot) ---))

(5.5) ¢ 9 ,
/ [log || Fresr dt’ < Csexp (Cs—1exp (Co—z2---exp (cot) - -))
0

holds almost surely for some s € Z*. Differentiating (2.6]) s + 1 times with respect
to x, applying Itd’s formula for (93+1v;)2, and integrating in space we obtain

aljos v, = - <1 - ]{[) o522, dt + 2|05 2] . 1105 (0edavn)ll o dt
since [ 950,05 20, dx = 0. Thus
0 [j0x w7 < —c 0 ully, + C 00l 10evel7a + -+
100l 19300l2 + ol 2e (103 0]
< s 2u|5. + C (1030l o+ + 100l +
oz ) flo e
< —c|[0sP2u|2, + C el e 05 0]
almost surely. Thus by Gronwall’s Lemma

t
el gees < Correxs [ ol at )
0

< Csp1exp (Csexp (Cs—q1 - -exp (cot) -+ +))
almost surely. Further

t
/ [vg[[ 5742 dt’ < Copr exp (Cs exp (Cs—1 -+ -exp (cot) -+ ),
0

almost surely, completing the inductive step. By induction, (5.5) holds for all
s € Z* completing the proof. (I
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Proof of Lemma[5.3 We prove Lemmal5.2 via a bootstrapping argument in Fourier
space. To fix notation, for n € Z, we use f(n) = [, =27 f(z) dz to denote the
n*™ Fourier coefficient of f.
On Fourier coefficients, using ud,u = %8mu2, equation reduces to
TN~ i g o . ) A
N 0¢(n) Zth +2m°n 0 (n) dt+min Z Oe(n—m)0(m)dt =0

j=1 mEZ

(5.6) dby(n)—+

for every n € Z.
By Itd’s formula applied to (5.6))

- - m2n2
A[60(n) > = 5ol din () dt + () d3, (1) + - N o) dt
(5.7) = —4rn? (1 - le) |60(n)[? dt + min (f}t(n)Bt(n) - {)t(n)Bt(n)) dt,

where 0;(n) denotes the complex conjugate of ¢:(n), and

Bi(n) =) di(n—m)iy(m),

mEZ
is the non-linear Fourier coupling in . Using N > 1 and Young’s inequality
in gives
0r |6:(n)[* < =270 [y (n)[* + 270 [i4(n)| | B (n))|
(5.8) < —en® [0y(n)|* + C |By(n)|”
almost surely, where, as before ¢, C are absolute constants (independent of wg,T),

which may change from line to line. Thus, for any ¢{, > 0 we have

(5.9) [o0(n)]? <

- t ’

dy ()" e 4 C / e~ (=) By ()2 dt!
t

almost surely, by Gronwall’s inequality.

By Parseval’s identity we know |By(n)| < ||v¢]|32, and by conservation of energy
(equation (5.2)) this gives |By(n)| < |luo||3. almost surely. Thus the second term
in the previous inequality is bounded from above by - |lug||3.. Since |11t6|2 <
lluer 172 < lluoll72, given a lower bound on t —t{,, we can certainly arrange the same
inequality for the first term. Thus choosing t; = % for instance, and applying (5.9)
with ¢, = 0, we obtain

5.10 sup |0¢(n g2
(510) sup () < 1
almost surely, where Cy = Co(||ugl|zz,T) is some constant.
Now we bootstrap, and use (5.10) to obtain a better estimate on B;. Assume
inductively that for some o € Z*, and t, = a7, we have
2 C.
(5.11) sup |0 (n)]” < TO‘H
t>t, [n|
almost surely. Here C, = Co(J|uol|r2, T, «) is a constant which we allow to change
from line to line if necessary. We will now establish (5.11]) for « + 1. Note that
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almost surely, for any ¢ > t,, we have

Be(m)| < Y [oe(n—m)| [o(m)| <2 Y [0e(n—m)|[oe(m)

mezZ |m|>|n|/2
1/2 1/2
. 2 C
< 2|ve| Z |0 (m)| < 2|fuoll 2 Z mfz
|m|>[n|/2 |m|>|n|/2
C

(512) <

In| =
Now returning to (5.9) and choosing &, = t,, we see that the second term is
bounded by C% naCL = cgffl . For any t > t,+1, we can certainly arrange the same

inequality for the first term, and hence this establishes ((5.11)) for o + 1.
Finally note that if (5.11]) holds for «, then (5.1)) holds for any s < § —1, finishing
the proof. (Il

6. PROOF OF LEMMA 7]

In this section, we prove the almost sure C™(T) bounds on u stated in Lemma
We need a few preliminary results first.

Proposition 6.1 (Local existence without resetting). Let u;, be a C(T) valued
Fi,-measurable random variable such that
lutollen < U7

almost surely. There exists Ty = To(UY), independent of N, such that the solution
to (2.1)—(2.3)) exists on the interval [to,to + To]. Further if for some n > 1, uy, is
a C™(T) valued, Fi,-measurable random variable with

ol on < Uy
almost surely, then there exists U, = U, (U2, n) such that

(6.1) sup  |luellgn < Un
to<t<to+To

almost surely.

Proposition [6.1] can be proved using a standard Picard’s iteration. A proof of the
analogous result for the Navier-Stokes equations appeared in the appendix of [11]
(see also [9,/10]). The proof of [6.1]is very similar, and we do not provide it here.

Lemma 6.2. Let I : R — R denote the identity function, d € [0,1), and let
A € C™(T) be a periodic function such that ||0z\||L~ < d. Then there exists a
constant ¢, 1 = cn_1(||02 1\, d,n) such that for any f € C™(R),

(6.2) 102 [f o (T + Ml e N0 fll o (14 102Al o)™ + en—1 10 Al oo
(6.3) 103+ 07| oo < enr 107 M| e
formn > 1.

Remark. Note that since ||0,A||z~ < 1, the function I + X is a C'(R) diffeomor-
phism of R. The notation (I + A)~! in (6.3)) refers to the inverse of the C'(R)
diffeomorphism I + .
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Proof. First note that we can view A\ as a periodic function (with period 1) in
C™(R). Further, by the mean value theorem, for any k > 1 there exists € T such
that 0¥ \(z) = 0. Thus for any k € {1,...,n}, we have [0¥\| < ¢(n)||07 ||z, for
some constant ¢(n) depending only on n. (For k = 0, we need to subtract the mean
of A for this bound to be valid.)

Now for any two f,g € C"™(R), we have

(6.4) a(fog)=> (@rfHog . [0k
m=1 k1+»]-c-+/cm:ni:l

To prove 7 we set g = I + A. The term in corresponding to m = n gives
the first term of When m < n, we notice that k; > 1 for at least one 4, and
k;j < n—1 for all other j. Thus [|0% (I + \)| L= = [|0% AL~ < ¢(n)||02A| L. The
remaining terms aﬁf (I 4+ ), j # iin the product can be bounded by ¢,_;. This
proves ((6.2)).

For (6.3), set X = I+ X and A = X~ Sincen > 1, 97?(A o X) = 0, and
using (6.4) we obtain

B 1 n—1 - m i
8xA‘X - W;a’” A’X D |

ki+-+kn=ni=1
ki>1

By induction, one can assume that |07 Al Lo < ¢p—1 for allm < n—1. Since d < 1,
m < ﬁ, and remaining terms can be bounded by the same argument as

before. This proves (6.3)). O

Lemma 6.3. Let n € N, uy, be a bounded, C™(T) valued, Fi,-measurable random
variable. For k € {0,...,k}, let UY be a constant such that ||us,||cr < UY almost
surely. Let u be the solution of 7 with initial data u; = ug, when t = to.
If n > 1, there ezists Q' € Fy, with P(Q) = 1, Ty = To(U?) > to and a constant

Cno1=cn_1(UY_;,n) such that

(6.5) 107 (@)l Lo < Uy (14 €1 (t = to))

for allw' € O, t € [to,to + To]. For n =1, (6.5) holds with co to be an absolute
constant.

Proof. For simplicity, we assume tg = 0. One can check that this assumption does
not affect our proof below. Our first step is to obtain almost sure C(T) estimates
on the Eulerian and Lagrangian displacements. Throughout this section, we use
the convention that ¢,_1 = ¢,—1(U_;,n) is a constant depending only on n and
UP_, (or an absolute constant for n = 1), which can change from line to line.

Let Ty = To(U}) be the local existence time given by Proposition and
c1 = c1(UY) the almost sure bound on |Jug]|c1 from (6.1). Let I : R — R be
the identity map, X*, A’ respectively be as in (2.1), (2.2), with 7 = T. Define
No=X{ -1, 0=A I

Differentiating with respect to x we obtain

t
[0 < [ N00tl e (14223 .)
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almost surely, for ¢ € [0,T;]. By Gronwall’s lemma,

t
05 < e [ ol ds s
0

for t € [0, Tp]. Recall t < Tp, ¢; only depends on Ug, and for all s < Ty, ||0pus||p~ <
UY almost surely. Thus, as Ty is allowed to depend on UY, by making Ty smaller if
necessary we can arrange

t

, , 1
(6.6) ||8g5)\;||Loc < co/o |0zus|| o ds and ogsyngo H@m)\;HLm < 3
almost surely, for some absolute constant cy. Now

o | (.X0) o Al
almost surely. Thus we must have
(6.7) 19262 L < 2[102 N3] e

almost surely for ¢ € [0, Tp]. Using (2.3]) and we have

1 & ;
[021t]] oo < v Z [[0zuol| e (14 HazfiHLoo)
i—1

1 < :
< NZ 1020l o (1 +2 H6$)\725HL°°)

=1
t
< 18stto e +2c0/ 10ss | o ds
0

almost surely for ¢ € [0,Tp]. This proves (6.5) for n = 1.

For n > 1, local existence (Propositio guarantees that ||ut|gn-1 < cp_1
almost surely for ¢ € [0,Tp], where ¢,—1 = ¢,—1(U%_;,n). Assume by induction
that the bound holds for some integer n — 1. This bound and equation
immediately imply that [|0,\¢||cn-2 < ¢,—1 almost surely@ for t € [0,Tp]. Equa-
tions and will imply ||0,0%]|cn—2 < ¢n1 almost surely for t € [0, Tp].

Thus using equations and we obtain

t
02l < [ 02 [0 (14 ]

t
< onot / (10l o + 02N ,] ds

almost surely. Using Gronwall’s lemma this implies
t

(6.5) 02 < enct [ 1070 ds
0

10We remark that our somewhat unusual notation 10z X[l on—2 instead of ||Af||gn-1 is neces-
sary. This is because it is impossible to obtain almost sure bounds on ||A}||z . However, as our
argument shows, we can obtain almost sure bounds on ||0¥\}|| L« for any k > 1.
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almost surely. Here we absorbed the constant e‘»-1t into ¢,_1, which is valid as
t < TO = To(U{)) Now

2

1
0zl < 5 D2 (1080l e (141|006 )" + cnma [|0261] )
z:l
1

N
< 5 2o (195 uoll oo (14 2[|0uXi ] o)™ + ena |22 )
=1

t
< 1070 oo (1 + ) + ey / 107 ds
0

almost surely, where we used and to obtain the second inequality, and
equations and to obtain the third inequality. Now Gronwall’s Lemma
gives , where we again absorb the exponential factor e»=1* into (1 + ¢, _1t),
by replacing ¢, —1 with a larger constant, which by our convention we still denote
by ¢p—1. O

Proof of Lemma[2.7 By Proposition existence will follow if we establish (2.11))
for n = 1. We prove (2.11]) by induction. Since the constant ¢y in Lemma is

absolute, the proof for n = 1 is identical to the proof of the inductive step. Thus
we only prove the inductive step.

Assume that @ holds for n—1, choose ¢,,—1 = ¢,—1(Un—1) to be the constant
from Lemma, Thus whenever 6; < Tp,

(6.9) ol sy, | < 1+ cnmad) |

n_ Ot

holds for all k£ < L 57' Iterating this we have

for all ¢ < Ty. Thus we choose U, to be given by

n, Ot TO/‘St
az Uy ‘

< (1+cp—10r) |07 ug|| oo a.S.

Upn = |07 uol| ;0 sup (1 + cn_l(S)TO/‘S .
6>0

From (4.3) we see that [ uf‘ is conserved almost surely. Since uft is periodic, a
bound on [|7ud* ||z will give us a bound on [[u’*|cn, concluding the proof. [
7. PROOF OF PROPOSITION 2.8

In this section we prove Proposition[2.8] We reintroduce an N as a superscript to
explicitly keep track of the dependence of our processes on IV, and prove convergence
as N — oo.

Proof of Proposition[2.8. Let w) = v —uf. Then and (2.6)) give

0
(7.1) dwl +wlN ool dt + uld,wl dt — 782 Nt + Ut ZdWJ =0.
j=1
Thus, by Ito’s formula

gl 5 ([ Pocuitas ) are ([ o ac) v oru|3, are
T T
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N
1 j 1 2
Ng N J - N
+ (/th R dx) N;th dt = o [0 |2 dt.
Taking expectations and integrating by parts we obtain
2 2 1 2
aB |uwl |}, + B M(wgv)z (20,0) — O,u) dx] B0 |2, = B 0|
By Lemma [2.6] and the Sobolev embedding theorem, there exists a constant C' =

C(s, ||uo||ms), independent of N, such that
sup || 0y vt o < C
20

almost surely. It is well known that the same estimate holds for d,u?. Further,
since E||0,v¢]|2, < supq||0,v]|3 «, making C larger if necessary we have

sup E ||8,v,2, < C.
t=>0

Thus 1
o e <V (B0l + 5 )

and, since wg = 0, Gronwall’s lemma gives

CLN (ect _ 1)

finishing the proof. [l

B [[w]|3. <
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