Not UBH, not for circulation
-ES

Woodin proved that if there is a cardinal & that is 22" supercompact, then
there is an iteration tree on V with two branches, both of which are well-
founded. These notes record explanations by Woodin and Steel. !

We will need the following definitions and facts.

o [f S is a tree on w x A, then S is K homogeneous iff there is a family
(ty | w € <“w) of Kk complete ultrafilters such that

Hu (Su) =1

[y, PrOjects to fu,, for all n < |ul

and, if = € proj ([9]), then (u,, | n < w) is a wellfounded tower.

o If x & proj ([S]), then (uy, | n < w) is is an illfounded tower. This is
because if
iV —ult (V, (g | n <w)),

then
(lid),,,, [n<w)

is an infinite branch through i (.S,).

o A tower (i, | n < w) is countably complete iff for all (X, | n < w), if
fin (Xn) =1
for all n < w, then there exists a function f :w — X such that
flneX,

for all n < w

'T made these notes while lecturing to James Cummings, Katie Thompson, Uri Abra-
ham and Menachem Magidor on Steel’s simplification of Woodin’s theorem. I ended up
handing out only an initial segment of these notes. Good thing because there are some
things to fix up at the end! (See subsequent footnotes.)



e A tower is wellfounded iff it is countably complete.

The following is an important connection between homogeneous trees and
iteration trees.

Theorem 1 (Martin-Steel [1]) Assume that § is a Woodin cardinal. Let
S be a 0 homogeneous tree onwx\. Then there exists a Lipschitz continuous
function

x— A(x)

such that for all x € “w, A(x) is an alternating chain on V using extenders
m Vs. Moreover:

o [fx € proj([S]), then MR s illfounded and Még) is wellfounded.

o [fx & proj([S]), then M;‘i(f) is illfounded and MAED s wellfounded.

Proof from Martin-Steel [1]. Let (u,v) € S. Say { = |u] = |v|. We will
begin by constructing a finite alternating chain A(wu,v) of length 2¢. Here is
a picture of A(u,v).
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Pick co > ¢y > c¢g > A such that each ¢; is a strong limit cardinal,
cf(e;) >0

and

Tth2 (V)\+1 U {CQ}) = Tth2 (V)\+1 U {Cl}) .
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Define
My =1V,

Ag = Th(Veor1: 8.5 w0) (179
and

By = Th(Y: 8252 %) ().

Let kg be < § - Ay - strong.

Pick Ey such that
crit(Ey) = Ko
and

iEo (Ao) N VK0+1 - AO N VKO+1.

We may assume that
Hl(EO) = 2”0.

Define
M1 = Ult(M(), E())

and
20,1 = 1Ey-

Because the beginning of the construction is slightly degenerate, we define

K1 = Rop.

Then
i0.1(Ap) N Vﬁﬂf[il = ANV
SO
T 0 009 (1728, 5) = Tt %) 4,0 (5.

The following £(S) sentence is an element of this theory.



There exist d and w such that d is the largest ordinal and, if
B = Th(Vd, 5, S, w) (‘/6)’

then
BﬂVm :Bom‘/,.;1

and k1 is < 0 - B - strong.

To witness this sentence in V1, we must have d = ¢.

Let (co,wp) be the least witness to this sentence in (VM11 , i0,1(5)).

co+
Then i
wo € Def'e (Vias1 U{8, d01(S), co}).
Define ;
By = Th(Va": 8. i01(8)., w) (1)
Then

B1 N V,{l - BQ N Vﬂl

and k1 is < 0 - By - strong in M;.

Define

My

A = Th(VCO-H’ 8, i0,1(5), wo) (VéMl) .

Pick ko > k1 such that ke is < 6 - Ay - strong in M.

Pick E, € M, such that
Cl"it(El) = K1

and
Z']\E/Il (Bl) N V,@_i_l - B1 N V52+1.

1

We may assume that
Ih(Ey) = (22)*"

Define
M2 = ult(M(), El) = ult(V, El)
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and
2.072 — iEl.

Then
i0,2(Bo) N Vigy1 = B1 N Viya

SO

r]:!h(VC](V)IQ7 i0,2(5)7 iog(’l}o)) (Vﬁj\jil U {5}) — r]:wh(VC](V)Il7 iO,l(S)y WO) (angwil U {6}) .
The following £(S, %) sentence is an element of this theory.

There exist d such that, if
A = Th(Var1: 8.8, %) (17

then
ANV, =AnyMh

and Ko is < § - A - strong.

To see this, use the indiscernibility of ¢y and ¢;.

Let d be a witness to this sentence in (VM2 §, ig2(S), io2(v0))-

C

Define dy = .
Then
io,2(do) = io2(co) = co > da.
Define .
AQ _ Th(vd2‘2"1’ 4, i0,2(S), ioyz(’uo)) (‘/(;M2) ‘
Then

ANV = A nyih

and ko is < 0 - Ay - strong in M,.



Define "
By — Th(Vil® s 5 i0a(6), 0l ioaten) (10

Pick k3 > ko such that k3 is < 0 - By - strong in Ms.

Pick Ey9 € M, such that
crit(Ey) = ko
and

.M. M. M.
ZE; (Ag) N Vnail = AQ N ij_l.

We may assume that
In() = (2°)"

Define
M3 = u1t<M1, EQ)
and
’i173 — Z%I;
Then

M . . M: . .
T 05 ) (126, ) = TS 05 020) (1728 )
The following £(S, ) sentence is an element of this theory.

There exists d and w such that d is the largest ordinal and if
B — Th(Vd, (5, S, 20, w) (‘/;i) ,

then
BNV, =B8NV,

and k3 is < 0 - B - strong.

To witness this sentence in V.11, we must have d = cj.

Let (co, wr) be the least witness to this sentence in (V.22 , ig3(S), i13(wp)).
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Then iy
wy € Derc2 (VN3+1 U {5, 2‘073(5) , Co}) .

Define "
B3 = Th(VGOS, 6’ i073(s)’ 7:1,3(1170), W1) (‘/5) .

Then k3 is < 0 - Bs - strong in Ms.

Define

M3

Az = Th(VCOIH’ d, 40,3(5), 41,3(wo), w1) (V§> .

Let k4 > k3 such that k4 is < § - A3 - strong in Mj.

Pick E5 € Mj such that
Cl"it(Eg) = K3
and

M. M. M.
i (By) N VM = By VM

K.

We may assume that
Ih(E;) = (284)™s .

Define
M4 = u1t<M27 Eg)
and
ing = i
Then

M,

Th<Vi2§(d2)’ i0,4(5), i0,4(vo), z'0,4(1}1)) (

Vrj{il U {6})
_ Th(%ﬂf@ i0,3(S) , 41,3(wo) , wl) VMs 5
- ( Kq+1 U { }) :

The following £(S, %9, 41) sentence is an element of this theory.

There exist d such that, if

A= Tn(Ves 5.5 a0 8) (1)
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then
ANV, =A;nVM

and k4 is < 0 - A - strong.

To see this, use the indiscernibility of ¢y and ¢;.

Let d4 witness this sentence in <Vﬁ4(d2) , 104(S), i04(vo), 2'0,4(1}1)).

2

Then
i274(d2) > d4.
Define .y
A = Th(Vdﬁl’ 8, 0,4(S), i0,a(v0), i0,a(v1)) (V).
Then

ANV = ANV
and k4 is < 0 - Ay - strong in M.

Define .,
B4 — Th(Vd44’ g, i0’4(S), ’L'()’4(’U0)7 i074(’U1), 10’4(’1)2)) (‘/5)

Pick k5 > k4 so that ks is < 0 - By - strong in M.

Pick E4 € M, such that
Cl"it(E4) = R4

and
i (A) NV = ANV
Keep going this way to define A(u,v).

Observe that on the even side we have

(w, (ig,20—2(v0) , G02e(v1), .., Go20—2(Ve—1))) € Gp20—2(5).

Also,
i0.20—1(do) > ta20-1(da) > -+ > doy_s.
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On the odd side we have
(u, (t1,20-1(wo) , dg20—1(w1), ..., We—1)) € dp20-1(5).

And, for all £ < ¢,

wy € Def'2 (VsU {5, S, o).
We need to keep track of objects that come up in the construction of A(u, v).

M, (u, v) = MA®)

n

By (u,v) = EAC)

oy (u, )

w2k+1(u7 U)

Let (py, | u € <“w) be a §* homogeneity system for S.
Consider an arbitrary u € <“w.
Let

Su={v e\ (u,v) € S}

Then
fu(Su) = 1.

Consider the function
v (Ey(u,v) | n < 20)

from S, to V.



By 6" completeness, there exists R, C S, such that
pu(Ry) =1
and there exists (F,(u) | n < 2¢) such that
(En(u,v) | n<20) = (E,(u) | n<20)
for all u € <“w and v € R,,.

The sets in Vs from which wy(u, v) can be defined can be frozen in the same
way, and therefore wy(u,v) can be frozen.

So we may assume that
(wi(u,v) | k < ) = (wg(u) | k <€)
for all v € R,,.
It is clear from our construction that if (u,v) = (u' [ £,v" | £) € S,, then
(En(u,v) | n<20) = (E,(u,v) | n < 20)

(wi(u,v) | k <€) = (we(u',0") | k< £).

and
(do(u,v) | k < £) = (do(u/,0") | k < £) .

If (z, f) € [S], we let A(z, f) be the iteration tree on V with extenders
En(x, f) = En(u,v)
where (u,v) = (x [ £, f [ £) for any n < 2.

We also let
d2k<$7 f) = d2k(u7 U)
where (u,v) = (x [ £, f | £) for any k < /.

If € “w, we let A(z) be the iteration tree on V' with extenders
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where u = x [ £ for any n < 2/.

We also let
wi () = wi(u)

where u = x [ £ for any k < /.

Now we show that A(x) has the desired properties.
First suppose that x € proj([S]).

Then (pz1n | n < w) is a countably complete tower.

Pick f:w — A such that (z [ n, f [ n) € Ry, for all n < w.

Then
LAz, A(z
<12k(,ev];)n(d2k('r’ f)) | k< w> = <12k(,e3/en(d2k(xa f)) | k< w>
is an infinite descending sequence in MA@ _ ppA@S)

Thus M is illfounded.
By the maximal wellfounded branch theorem, M;ﬁ(;) is wellfounded
Finally suppose that x ¢ proj([S]).

For contradiction, suppose that M ;‘i(dx) is wellfounded.

Then ié(()ﬁ)d(Sx) is wellfounded.

But p
(02, caalwn(@)) | b < w)

is a branch through z'é(()?d(Sx). Contradiction.

Therefore Mcﬁg) is illfounded.

(z)

By the maximal wellfounded branch theorem, MZAE) is wellfounded.

That completes the proof of Theorem 1.
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Theorem 2 (Woodin) Assume 7 is a family of k™ complete measures over
<Y\ such that |T| = k. Let

T=A{pe“r|uisatower}

and
W ={peT|pis wellfounded} .

Then there is a kT -homogeneous tree S on T X X such that

W = proj([9]).

Proof taken from Steel [3]. For each u € T — W, pick (X' | { < w) so that
pe(Xy) =1

and
X Cc{veNvlkeX)}

for all £ < ¢ < w but there is no f : w — A such that
flreeXy
for all £ < w.

Define
F={pe€ <“1|pisa tower}.
We may assume that for all ¢ € F', there are both wellfounded and illfounded
towers from 7 extending ¢.
Let
Sy =Xo ={0}-

If o= (pr |k <{)€F, then let

Sp = ﬂ X;
pweTl —-W
pll+l=ep



and, if v € “*1), then write

(p,v) €S <= veES,

Notice that if (¢,v) € S, then

©r (Sptkt1) =1
for all £k < 4.

This is because each measure in 7 is (k™°)* complete since its completeness
is a measurable cardinal strictly greater than .

Define
vy {0} =1

v (@) =0
and
Vionlk<t)y = Pe-

Soif o = (i | k < ¢) € F, then

Also, if p € T, then

It is now straightforward to verify that for all u € T,

p & proj ([S]) <= ugWw

and that
(v | p € F)

is a kK homogeneous system for S.

That completes the proof of Theorem 2.
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Corollary 3 Suppose that j : V — N witnesses that x is 22" supercompact.
Let o be the set of measures over <Yk and T = jlo]. Let

T=A{pe“r|uisatower}

and
W ={peT|pis wellfounded} .

Let § < j(k) be a Woodin cardinal in N. Then there is a Lipschitz continuous
function

= Ap)

such that for all p € T, A(z) is an alternating chain on N using extenders
i Vs. Moreover:

o IfueW, then ML) s Wllfounded and Mii(f) 15 wellfounded.

o [fu g W, then Még) 15 illfounded and MAE s wellfounded.

Sketch of proof. First apply the Theorem 2 in N with A = j(k).

The rest would be a direct application of Theorem 1 except that the first
coordinates of S are finite towers from 7 instead of finite sequences of natural
numbers.

Since 7 has cardinality 22" < §, we may construe S as a tree on 22" x \.

In the proof of Theorem 1, we may add the requirement that all the crit-
ical points of extenders used in the iteration trees constructed there have
critical point strictly greater than 2%°. In fact, Martin and Steel’s original
formulation of Theorem 1 included this flexibility.

That is all we will say about the proof of Corollary 3.

Theorem 4 (Woodin) Suppose that k is a 2% supercompact cardinal. Then
there is an iteration tree T of length w on V with structure:
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Mg —M{

such that both branches {0,1,2,4,6,...} and {0,1,3,5,7,...} are wellfounded.

Proof as explained by Steel. We are looking for an extender E and an alter-
nating chain D on
MP =ult (V, E)

such that both ME, and ME_ are wellfounded. In pictures:

even

i Mp P Mg

/7

vV — MP

T

MZD Mf . MD

even

Let j : V — N witness that & is 22" supercompact.
Let o be the set of measures on <“x and 7 = j[o].
Let FF={p € <“1|ypisatower} and T = {u € “7 | ¢ is a tower}.
Let p — A(u) be the function from Corollary 3.
For simplicity, we work in second order set theory.
For each ¢ € F, pick X () <V with
kUP(r) C X(p)

15



and | X ()| = 2".

Pick these so that, if o = (g | k <€), then (X (¢ [ k) | & < £) is an internally
approachable chain.

If w €T, then let
X(w)=JXur0

I<w

and
()« M(p) ~ X ()
with M (p) transitive.

Say that under m(u), j and A(u) collapse to k(u) and B(u) respectively to
give the following commutative diagram.

Let E(u) be the superstrong extender derived from k(u) and

P(p) = ult(M(p), E())-

The factor map from P(u) to N(u) has critical point k(u) (%), which is greater
than the length of any extender used on B(pu).

Let C(u) be the alternating chain on P(u) that uses the same extenders as
B(p)-
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A
Mod(du)

VAN

PN

(w)

even
()

B()
Modg

K0
M(p) === N(p

/N

MEW

,ilw(l")
E(p)

C(u)
Modg

\

P(u) /
\
C(p)

MGVBH

Let G(u) be the superstrong extender derived from zg(%) o sl 2

Both E(u) and G(u) are extenders over V' because P(k) C X ().
Here is another description of G(u).
Let Q(u) = ult(V, E(p)).

Let D(u) be C(u) construed as an alternating chain on Q(u).

%It must be explained what is meant by this if MS, (u) is illfounded. In a sense, the

even
meaning is implicit in Lemma 4.1
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Then G(p) is the superstrong extender derived from ig(u) o inu).

M;‘(‘i(dﬂ)

S

-V
YE(w)

Lemma 4.1 There is a function

w7
such that for all p € T, [t is a tower of measures on <“k and
ult(V, G(p)) = ult(V, 7).

Moreover, 1, is determined from p | £ for all { < w.

Assume this Lemma 4.1 for now. 3

Lemma 4.2 There exists i € T such that

i(m) = p.

31 never got to typing up the proof for the audience.
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Proof. Consider the following run of a certain Lipschitz game.
Player I plays p [ 0 = ().

Player II uses Lemma 4.1 to compute fi,.

Player I plays [ 1= (j (%,)).

Player II uses Lemma 4.1 to compute 7.

Player I plays p [ 1= (j (i), j (7i1))-

Continuing in this way gives the desired fixed point of pu — j(7).

For the rest of the proof of Theorem 4, fix 1 as in Lemma 4.2.
Lemma 4.3 p is a wellfounded tower on N.

Proof. Suppose otherwise.

Then MY is wellfounded.

MEY embeds into M:Vlgﬁ), hence MEY is also wellfounded.
So 1 is a wellfounded tower on V.

Thus p = j(p) is a wellfounded tower on N, which is a contradiction.
Lemma 4.4 Both M(ﬁ(d”) and MEW are wellfounded.

From Lemma 4.3 it follows that MAY is illfounded and M ;?1%) is wellfounded.
Mﬁ((f) embeds into M(fl(d“ ) so Mﬁ(d“ ) is wellfounded.
 is wellfounded and p = j(7), so @ is wellfounded.

Hence
MEW) = lt(V, G () = lt(V, )

even

is wellfounded.

Modulo Lemma 4.1, that completes the proof of Theorem 4.
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