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In this thesis, we consider solutions to the two-dimensional Euler equa-
tions with uniformly continuous initial vorticity in a critical or subcritical
Besov space. We use paradifferential calculus to show that the solution will
lose an arbitrarily small amount of smoothness over any fixed finite time in-
terval. This result is motivated by a theorem of Bahouri and Chemin which
states that the Sobolev exponent of a solution to the two-dimensional Euler
equations in a critical or subcritical Sobolev space may decay exponentially
with time. To prove our result, one can use methods similar to those used by
Bahouri and Chemin for initial vorticity in a Besov space with Besov exponent
between 0 and 1; however, we use different methods to prove a result which

applies for any Sobolev exponent between 0 and 2.

The remainder of this thesis is based on joint work with J. Kelliher. We
study the vanishing viscosity limit of solutions of the Navier-Stokes equations

to solutions of the Euler equations in the plane assuming initial vorticity is in
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a variant Besov space introduced by Vishik. Our methods allow us to extend a
global in time uniqueness result established by Vishik for the two-dimensional

Euler equations in this space.
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Chapter 1

Introduction

We begin by introducing the Navier-Stokes equations:

o +v-Vu—vAv = —Vp,

(NS) divo =0,
0

Vtmo = 0",
Here v : R x R®™ — R"™ denotes the velocity vector field, and p : R x R® — R
denotes the pressure. The Navier-Stokes equations model incompressible fluid

flow in R™, n > 2, with constant density and constant viscosity, denoted by v.

When v = 0, the Navier-Stokes equations reduce to the Euler equations:

o+ v-Vu=—-Vp,
(E) divo =0,

|0 = 0°.
In this thesis, we study properties of solutions to (NV.S) and (F) in the plane.
Specifically, we investigate regularity of solutions to (E) in the plane and the
limit of solutions of (NS) to solutions of (E) in the energy norm as v goes to

Zero.

It is known that when initial data v° for (F) is in the supercritical
Sobolev space W*t1P(R?), where sp > 2, the solution does not lose any regu-
larity as time evolves (see, for example, [11], [12]). Much less is known when
initial data belongs to the critical Sobolev spaces, where sp = 2, or to the sub-

critical Sobolev spaces, where sp < 2. We therefore restrict our attention to



these two cases. In addition, we assume that the initial vorticity is uniformly

continuous.

We also study the vanishing viscosity limit of solutions of the Navier-
Stokes equations to solutions of the Euler equations in the plane assuming
initial vorticity is in a variant Besov space introduced by Vishik in [21]. Our

methods allow us to extend a uniqueness result proved by Vishik.

In the chapters that follow, we begin with an introduction to known
results in each of the above areas. We then establish our results. Before we

begin, we give a brief summary of each chapter.

1.1 Chapter summaries

Chapter 2: In this chapter we discuss tools which we utilize throughout Chap-
ters 3 and 4. In particular, we discuss Littlewood-Paley theory and Bony’s
paraproduct decomposition. We also define useful function spaces. Finally,

we state some properties of incompressible fluids in the plane.

Chapter 3: In this chapter we study regularity of solutions to (£) with initial

data in a critical or subcritical Sobolev space.

Let v = (v1,v9) be a solution to the two-dimensional Euler equations
with vorticity w(v) = 01vy — Gyvy. Assume v satisfies w(v?) = w® € W*P(R?)N
L>(R?), where sp < 2 and s € (0,1]. Under these assumptions, Bahouri
and Chemin find in [1] a lower bound for the Sobolev exponent of w(t) which

decays exponentially with time. They show that for all § < s, w(f) belongs



to W ®»(R?), where a(t) = exp(— [} |[|[v(7)||r2d7) is the Holder exponent of
the flow g(¢), and LL denotes the space of log-Lipschitz functions. The authors
find this lower bound by studying what happens to the initial vorticity under

composition with g(t).

Now let v be the unique solution to the two-dimensional Euler equations
such that w(v?) = w® € UC(R?) N W*P(R?), for sp < 2 with p € (1,00) and
s € (0,2), where UC(R?) denotes the space of uniformly continuous functions
on R%. We show that under these assumptions, the Holder exponent of g(t)
can be made arbitrarily close to 1 over any fixed finite time interval. After
a slight modification of the proof in [1], we are able to show that when w° €
UC(R?*) N W#P(R?) and s € (0,1], w(t) loses an arbitrarily small amount of

smoothness in finite time.

Since the methods used by Bahouri and Chemin only apply to the
case s € (0, 1], the modification of their proof fails for the case s € (1,2). To
handle this case, we construct a different proof which shows an arbitrarily small
loss in smoothness in the appropriate critical and subcritical Besov spaces for
all s € (0,2). By embedding properties, one can conclude from this result
an arbitrarily small loss of smoothness in Sobolev spaces when vorticity is

uniformly continuous.

To prove the result, we consider the localized vorticity equation given
by

OAgw +v-VAw = [v-V,Aw,
(1.1.1)
Aqw‘tzo = Aqwo,



where A, is the Littlewood-Paley operator which projects in Fourier space
onto an annulus with inner and outer radii of order 29. We then use Bony’s
paraproduct decomposition given in [3] to bound the commutator on the right
hand side of (1.1.1). This estimate, combined with a Gronwall type of argu-
ment, implies the result. As h(t,x) = g(t)~!(x) — x satisfies a similar equation,
given by
A +v- VAL =—-Aw+[v-V,Ah,
(1.1.2)
Aghli—o = 0,

we apply similar techniques, combined with the regularity result for the veloc-
ity v, to prove an analogous result for the flow. Specifically, we show that h
belongs to LS, (RT; Wit1=2(R?)) for any fixed § > 0.
Chapter 4: The content of this chapter stems from joint work with J. Kel-
liher. We consider a uniqueness class established by Vishik in [21]. This
class is a variant of a critical Besov space. Let I' : R — [1,00) be a lo-
cally Lipschitz continuous nondecreasing function with I' = 1 on the interval
(—o0, —1] and limy o, I'(N) = oo. (T also satisfies two minor technical con-
ditions which can be found on p. 771 of [21].) Define Br(R?) = {f € S'(R?) :
S A fll~ < CT(N))}. In [21], Vishik shows that a solution v to the
two-dimensional Euler equations with w(v) € L*=([0,T]; LP°(R?) N Br(R?)) for
po < 2 is unique if I'(N) grows no faster than Nlog N. His result implies,

among many things, that if one can construct a solution to the Euler equa-

tions in the space bmo(R?), then the solution must be unique. He proves global



in time existence of solutions in his uniqueness class when initial vorticity be-
longs to Br(R?) N LP°(R?) N LP*(R?), where I'(N) = log" N with 0 < x < 1,
and py < 2 < p1; he proves short time existence of solutions in his uniqueness

class when % <k <1.

We prove that there exists a unique global in time solution v to the Eu-
ler equations in L>([0, 00); H'(R?)) when initial vorticity belongs to Br(R?*)N
L*(R?), and T(N) = log"N, 0 < £ < 1. We prove this result without show-
ing that the vorticity remains in Vishik’s uniqueness class globally in time.
We then prove that with this initial data the solutions of the Navier-Stokes
equations converge to the unique solution of the Euler equations in the energy

norm as viscosity tends to 0.

1.2 Notational conventions

We use C to denote a constant which may differ in value on two sides
of an inequality. The constant C' may or may not be absolute; for example,
C will sometimes depend on the initial data. We only clarify this dependence
when it is important to the discussion. To demonstrate the dependence of
C' on some variable, we often write C'(x), where % denotes the variable. If

necessary, we distinguish between two unequal constants by writing C; and

Cy or C and C.



Chapter 2

Background

2.1 Littlewood-Paley theory

We begin by defining the Littlewood-Paley operators. These operators

will play an important role in the proofs of the main results. We start with

the following lemma:

Lemma 2.1.1. There ezist two radial functions x € S(R?) and ¢ € S(R?)

satisfying the following properties:

(i) supp x C {¢ €R*: 0 < [¢] <

Wk
——

(it) supp ¢ C{EeR?: 3 <|¢] <

wloo
——

(iii) x(§) + > 720 ¢i(§) = 1,
where @;(§) = 9(277€) (so p;(z) = 2"p(2'x)).
Proof. This is classical. See for example [19]. O

Observe that, if |7 — j'| > 2, then supp ¢; N supp ¢; = 0, and, if j > 1,

then supp ¢; N supp x = 0.



Let f € S'(R?). We define, for any integer j,

0, ]<_17
Ajf =9 x(D)f =x=f, j=-1L
(p(D)fng]*fv ]>_17

and

j—1
Sif= > Avf=x(27D)f.

k=—o00
An important tool in chapter 3 will be a decomposition introduced by J.-M.
Bony in [3]. We recall the definition of the paraproduct and remainder used

in this decomposition.

Definition 2.1.1. Define the paraproduct of two functions f and g by

Trg= Y ANifAjg=> Si1fAg.
i<j-2 =
We use R(f,g) to denote the remainder. R(f,g) is given by the following

bilinear operator:

R(f,9)= Y, AifAjg.

ij
li—jl<1
Bony’s decomposition gives
f9="Trg+Tof + R(f,9)-
Finally, we state Bernstein’s inequality. For a proof of this inequality, see [6].

Lemma 2.1.2. (Bernstein’s inequality) Let r1 and ry satisfy 0 < ri < ry < 00,

and let p and q satisfy 1 < p < q < oo. There exists a positive constant C'



such that for every integer k , if u belongs to LP(R™), and supp 4 C B(0,r1\),
then
sup ||0at[ze < CENFGTD ul| o (2.1.1)

|al=k

Furthermore, if supp u C C(0,r1\,m3\), then

C N ul|» < sup [|0%ul|ze < CEN*||ul|Le. (2.1.2)

|al=Fk

2.2 Function spaces

We now define several useful function spaces.

Definition 2.2.1. Assume s € (0,1). We define the Holder space C*(R") to
be the space of bounded functions f on R"™ such that there exists a constant

C with
f(z) = f(y) < Clz -y’ (2.2.1)

for all z and y in R™. For s a non-integer number greater than 1, we define
C” to be the set of functions f such that, for all multi-indices o with o < [s],

0 f belongs to C*~¥1. We define the C*-norm as follows:

0“f(x) — 0¢
= 3 (10l 4o PHI=ZION) )

] <[s]

Definition 2.2.2. Let s € R. We define the Zygmund space C%(R"™) to be the

space of tempered distributions f on (R™) such that

[1£]

cs = sup 2%||Ayfl|r~ < o0.
g=—1



It is well known that the norm on CY is equivalent to the classical C*-norm
when s is not an integer and s > 0. For a proof of this, see [6], Proposition

2.3.1.

Definition 2.2.3. Let s € R, p,q € [1,00]. We define the inhomogeneous
Besov space B; (R") to be the space of tempered distributions f on (R™) such
that

[un

111z, = (Z 2qu|\Aijqu> < 00,

j=—1

When g = oo, write

171

B; . = sup 27°||A; f]] 1,
jz-1

*

Remark 2.2.1. Note that Bgm = (5.

Definition 2.2.4. Let s € R, p,q € [1,00]. We define the inhomogeneous
Triebel-Lizorkin space F; (R") to be the space of tempered distributions f on

R™ such that

1

Fy, = (Z 2qu|Ajf(-)|q> < o0.

Jj=-1 I

[1£]

When ¢ = oo, write
£l 0 = Isup 27712 £ ()l [|o-
j=2-1

It is well known that the space F;,(IR") coincides with the classical Sobolev

space W*P(R™) whenever 1 < p < oo (see, for example, [7]).



Definition 2.2.5. The space of log-Lipschitz functions, denoted by LL(R™),

is the space of bounded functions f on R™ such that

B [f(z) — f(y)]
Ul = [z + |zs_‘;|pgl lz —y|(1 —log |z — y|) =

We now define BMO(R"), a space first introduced by John and Niren-
berg in [10].

Definition 2.2.6. Assume f is a function defined on R". Then f has bounded
mean oscillation (or, equivalently, belongs to the space BMO(R™)) if there

exists a positive constant C' such that for all balls B in R"”,

ﬁ / (@) — flde < C. (2.23)

where fp denotes the average of f over B. The BM O-seminorm of f is defined

to be the smallest constant C' satisfying (2.2.3).

It is easy to see that all bounded functions on (R") are also in BMO(R"),

and || fllsmo < 2|[ ]|z

We will also make use of the space bmo(R™) which is a local version of

the space BMO(R").

Definition 2.2.7. The space bmo(R™) is the set of all locally integrable func-

tions f on R™ such that

sup —— [ |f(x) — fuldz + sup /B|f(x)|dx <c (2.2.4)

|B|<1 m(B) Jpg |B|=1

10



It is clear from the definition that LP(R™) N BMO(R"™) continuously embeds
into bmo(R™). Moreover, the space bmo(R™) is equivalent to the Triebel-

Lizorkin space F, ,(R™) (see [19]).
We define VMO(R™) and vmo(R™), first introduced by Sarason in [15].

Definition 2.2.8. The space VMO(R") is the closure of the space C2°(R")
in the BMO-norm. Similarly, vmo(R™) is the closure of the space C2°(R"™) in

the bmo-norm.

We now state several important embeddings which we use in what

follows. For proofs of these embeddings, we refer the reader to [7] or [19].

Proposition 2.2.1. The following embeddings hold:

(i) By, — F;, fors €R, 0<q<p<oo.
(i) Fy,— By, fors €R, 0<p<q<oo.
(iii) By, — By, for s €R, q1 < .
(i) By, — Fy., fors€R, q1 < qo.
(v) By, — B, fort <s and for all q, .

(vi) F5. — F! fort <s and for all q1, qs.

p,q1 p,q2

2.3 Properties of ideal incompressible fluids

In this section we state some properties of ideal incompressible fluids.

We will make use of these properties in what follows. We begin with the

11



Biot-Savart law.

2.3.1 The Biot-Savart law

The Biot-Savart law states that the velocity of an ideal incompressible
fluid can be uniquely determined by the vorticity as long as the vorticity has

sufficient decay at infinity:

Theorem 2.3.1. (Biot-Savart law) Assume w belongs to L*(R?) for some
a<2. Ifb> 22_—“a, then there exists a unique divergence-free velocity vector field
v in L*(R?) + LP(R?) with vorticity equal to w. If Ey denotes the fundamental

solution of the Laplacian in dimension 2, (that is, By = (27)"'log |z|), then
v=(—0Fyxw,01Fy x w). (2.3.1)

Proof. Write o' = (—1)'0;Ey * w(v). We will show that w(?) = w(v) and div
0 = 0. This will imply by Lemma 2.3.5 in Section 2.3.3 that v = v. To show
that w(0) = w(v), we write
w(0) = 0101 By * w(v) + 0205 Fy * w(v)
(2.3.2)
= AFE; xw(v) = w(v).

Moreover, div © = —0102F5 * w + 0201 E5 * w = 0. Therefore, v = ¥ + p, where
the coefficients of p are harmonic polynomials. Since w belongs to L%(R?) for
a < 2, and |0;Fs(z)] < Xgl\ +(1— X)ﬁ belongs to L'(R?) + L*(R?) for s > 2,
¥ belongs to L*(R?) + L*(R?) by Young’s inequality. This implies that p = 0

and v = v. This completes the proof. ]

12



If we take the gradient of each side of (2.3.1), we get
Vv = (=V0yEy xw, VO Ey * w), (2.3.3)

and we see that Vv can be written as a Calderon-Zygmund operator acting on
w. We can therefore use mapping properties of Calderon-Zygmund operators
to determine information about Vv from our assumptions on w. For example,
it is well known that Calderon-Zygmund operators map LP(R™) to LP(R")
for 1 < p < oo. These operators are not bounded from L®(R") to L>*(R™);
however, they continuously map L*(R"™) into BMO(R") (see [18] or [16] for

details).

2.3.2 The vorticity of an ideal incompressible fluid

The goal of this section is to introduce properties of weak solutions to

the two-dimensional Euler equations. We use these properties in Chapter 3.
We begin this section by taking the curl of (F) and using the definition
of vorticity in R? given by w = ;v — dyv! to get the two-dimensional vorticity

equation:

Wli—o = W°.

Ow +v-Vw=0,
) {

When v is smooth, we can easily conclude from (V) that the LP-norm of
vorticity is conserved in two dimensions for all p € [1,00). To see this, we

multiply (V) by |w|" *w and observe that
A|w|” = rlw| Pw(Ow) = —r|w| w(u - Vw). (2.3.4)

13



Integrating both sides of (2.3.4), we get

O | |w|dr= —/ u-rlw] " *wVw
R R (2.3.5)
:/ (divu)|w|"dz = 0.

R2
We can draw the same conclusions using the flow g : R x R® — R". The flow

is defined by the following ordinary differential equation:

atg(tv iIZ') = U(ta g(t7 CE)),
(2.3.6)
g(0,z) = x.
When v is smooth, one can infer from the divergence-free condition on v that

the flow is measure-preserving (see, for example, chapter 1 of [2]). Moreover,

we can rewrite (V') using (2.3.6) and the chain rule as
O (w(t,g(t,x))) =0, (2.3.7)

which implies that the vorticity is conserved along flow lines and once again

that the LP-norms of w are conserved over time.

In this section we discuss why these properties hold in a weaker set-
ting. Throughout the discussion, we assume only that w® belongs to the space
LY(R?) N L*°(R?). We closely follow chapter 8 of [2], and we refer the reader

to [2] for further details. We will outline the proof of the following theorem:

Theorem 2.3.2. Given w° € LY(R?) N L>*(R?), there exists a unique weak
solution to (V') in the sense that there exists a unique pair (v,w) satisfying:
(i) w belongs to L>°([0, T]; L'(R?) N L>(R?)),

(11)) w = w(v) and v = K * w, where K is the Biot-Savart kernal,

14



(iii) for all o € C1([0,T); C}(R?)),

/R2 o(T, x)w(T, z) dx — /R2 ©(0, 2)w(0, ) dz = /OT /R2 (Dyp +v - V)wda dt.
(2.3.8)

In fact, uniqueness was proved by Yudovich in [23]. In what follows, we
outline a proof for existence of such solutions. From this existence proof, we
are able to show that several of the properties satisfied by classical solutions

carry over to the weak solution (v,w).

Proof. We begin by mollifying the initial vorticity. We consider a sequence of
solutions (w,) to (V) with initial data S,w°, and with velocity v,, determined

uniquely by the Biot-Savart law. We infer from the discussion above that

wn(t) = S (ga(t) ™ (), (2.3.9)

where g, (t) satisfies

atgn(tv l’) = Un(t7 gn(t, l’)),

(2.3.10)
gn(0,2) = .
Moreover, by Lemma 2.3.9 in Section 2.3.3 and (2.3.10), we have
t
lgn (1) () — x| = \/ U (T, gn (7, 2))dT| < CT. (2.3.11)
0

This uniform bound, combined with Holder estimates on g, ! (see Lemma
8.2 of [2]), imply that the sequence (g, ') is equicontinuous on K x [0, 7] for

K C R? compact. We apply the Arzela-Ascoli theorem and conclude that

15



there exists a subsequence converging uniformly on K x [0,7] to a function

which we denote by g~

We now claim that w0 (g, (t)™") converges to w(g(t)") in L'(R?), and
that w®(g(t) ") solves the weak formulation of (V). To see this, we first need

to establish that g(t)~" is indeed a measure-preserving map for each ¢ in [0, 7.

Lemma 2.3.3. For every t in [0,T], the map g(t)™" established above is

measure-preserving on R2.

Proof. We follow the approach in [2] and prove that [o, flg(t)  (2))dz =
Jgo f(x)dx for all fin L'(R?). We assume that f is continuous with compact
support and use density of C.(R?) in L'(R?). Because f is in C.(R?), and
gn(zf)_1 converges uniformly to g(¢)~' on compact sets, we have that f (gn(t)_l)
converges to f(g(t)™!) pointwise. We apply Lebesgue’s dominated convergence

theorem and conclude that

[ oty e = tim [ o) = /R fdz. (2.3.12)

n—oo

We use the Riesz representation theorem and (2.3.12) to conclude that |B]
and |g(t)""(B)| are equivalent on Borel sets. Therefore, g(t)”" is measure-

preserving. O]

We now use Lemma 2.3.3 to show that w® (g, ()" converges to w®(g(t) ")
in L'(R?). We write

[l (ga(®)™) = w*(g(8) Dl < ewn(gn(®)™) = & (ga(®) )22

(2.3.13)
+|w(ga(®) ) = w(g(H) D]

16



The first term on the right hand side of (2.3.13) is equal to ||w? —w®||11, which
converges to 0 as n approaches infinity by our construction of the smooth
initial data. We break the second term on the right hand side of (2.3.13) down
as in [2]; we let w® be a continuous function with compact support on R? such

that |Jw® — w9 ||11 < L, and we write
[10°(ga ()™ = (g 22 < [1°(ga(®) ™) = wh(ga(®) )22

+ wn(a () ) = i (g D + llom (gD ™) = & (g() 11
(2.3.14)

Since g,(t)"" and g(t)”" are measure-preserving, we can choose m sufficiently
large to make the first and third terms on the right hand side of (2.3.14) small.
For the middle term, for fixed, sufficiently large m, we use sequential continuity
of w2 to apply Lebesgue’s dominated convergence theorem. This completes

the argument that w®(g,(t)™") converges to w°(g(t)™") in L'(R2).

Using this convergence, we are also able to show that v, (t) converges
to v(t) uniformly on compact sets for fixed ¢ € [0, 7], where v, (t) and v(t) and
determined uniquely from w,, and w using the Biot-Savart law. The strategy of
the proof is to write the difference of the two velocities as a convolution of the
Biot-Savart kernel with the difference of the two vorticities, to apply Young’s
inequality to the convolution, and to utilize convergence of the sequence (w,)

to w in L'(R?). We refer the reader to [2] for a detailed proof.

Finally, we use convergence of (w,) to w in L'(R?) and uniform conver-
gence of v,(t) to v(t) on compact sets to show that w(t) = w(g(t)~") solves

our weak formulation. We recall the definition of a weak solution:
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Definition 2.3.1. Given o’ € L'(R?*) N L>(R?), the pair (vw) is a weak
solution to (V') if the following three conditions hold:

(i) w belongs to L>=([0, T]; L*(R?) N L>=(R?)),

(ii) w = w(v) and v = K *w, where K is the Biot-Savart kernal,

(iii) for all p € C'([0,T7]; CL(R?)),

/R2 (T, 2)w(T, v) dr — /R2 (0, 2)w(0,z) dx = /OT /11@2 (Byp + v - Vo)w d dt.
(2.3.15)

A straightforward computation (see Proposition 8.1 of [2]) shows that
every smooth solution of (V') solves the weak formulation. We must show that

wW(g(t)™") satisfies (iii) as well. We will show that

/2 o(T, z)wn (T, z) dx — / ©(0, x)w, (0, x) dzx
R K (2.3.16)

T
= / / (Opp + vy - Vo w, dx dt
0o Jr2

converges to

T
/ o(T,x)w(T, x)dx — / (0, 2)w(0, z) de = / / (Owp +v-Vo)wdzrdt
R? R? o Jr2
(2.3.17)
as n approaches infinity. The term [, ¢(T, #)w, (T, ) dx clearly converges to
Jz2 (T, 2)w (T, x) dz because ¢ is in Cj(R?) and w, converges to w in L'(R?);
similarly [g, ¢(0, 2)w, (0, x) dz converges to [,, ¢(0, z)w(0,z) dz, and
fOT Sz Orpwr, da dt converges to fOT Jg2 Orpw da dt. To handle the nonlinearity,

we observe that w, is uniformly bounded independent of n by C||w°||, and
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l|vnllze < ||v||z~ + € for large n. Furthermore, there exists a subsequence of
(vn,- V)w,, converging pointwise to (v-V¢)w. We apply Lebesgue’s dominated

convergence theorem, and we conclude that w is a weak solution to (V). [

Remark 2.3.1. From this discussion we draw several conclusions. Most im-
portantly, we are able to conclude that for a solution w to the weak formulation
given by Definition 2.3.1, the solution possesses a flow g such that g(¢) and
g(t)™" are measure-preserving on R2. Moreover, the weak solution w satis-
fies w(t) = w(g(t)™") by construction. In fact, Yudovich shows in [23] that
these properties hold for our solution if we assume only that w® belongs to
LP(R?) N L*>°(R?) for some p € [1,00). One can prove this using an approxi-
mation argument similar to that given above. We refer the reader to [23] for

details.

2.3.3 A few technical lemmas
In this section we state and prove a few technical lemmas. We fre-

quently make use of these lemmas in what follows.

We begin with Osgood’s Lemma. We refer the reader to [5], pg. 92, for

a detailed proof.

Lemma 2.3.4. (Osgood’s Lemma) Let p be a measurable positive function,
a positive locally integrable function, and i a continuous, increasing function.

Assume that a is some positive real number and that

plt) < [ Aohulp(s)ds. (2.3.18)

to
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If we define M(x) = fl dr- " then we have

z p(r)’

—M(p(t)) + M(a) < / v(s)ds. (2.3.19)

to
Lemma 2.3.5. Two vector fields whose coefficients are tempered distributions
and with the same vorticity and divergence are equal up to a vector field with

harmonic polynomials as coefficients.

Proof. We have
O’ = 9jv" + w(v), (2.3.20)

with ¢ # j. Taking the partial derivative with respect to the ith variable of

both sides and summing over ¢ = 1,2 gives
Av' = 0;dive+ > dw(v). (2.3.21)

Therefore, if div v = div ¢ and w(v) = w(?), then A(v — ) =0, and v — ¥ is

a harmonic polynomial. This completes the proof. O

Lemma 2.3.6. Ifv is a divergence-free vector field in L*(IR?) with vorticity w

in L*(R?) then v belongs to H'(R?) and ||Vv||z2 = ||w]|L2-

Proof. Because v belongs to L?*(R?), the Fourier transform of v belongs to

L*(R?), and a/j\'zﬂ(ﬁ) = §;0°(€) is defined pointwise almost everywhere. There-
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fore, we can write
To©) = 670 (€) + 670" (€) + &7(5' (€))7 + &2 (7(©))?
= 670 (€) + &0 + 2660 (€)7(€)
+E2(0%(6))% + &2(0'(€))* — 26160 (§)°(6) (2.3.22)
= (69(6) + &I + (EF () ~ &6
= (@) + @O = @)

for almost every ¢ € R2. Thus ||Vv||z2 = ||Vollz2 = ||®|z2 = ||w||z2. This

completes the proof. O

In Section 2.3.1, we showed that whenever w belongs to LP(R?) for
p < 2, the velocity v can be uniquely determined from w using the Biot-
Savart law. If we only assume w belongs to LP(R?) for some p > 2, we cannot
determine v from w; however, if v is a divergence-free vector field in LP(R?)
for some p < oo with vorticity w € LY(R?) for ¢ € [2,00), we can still write v

as the Biot-Savart kernal convolved with w. We have the following lemma.

Lemma 2.3.7. Let p € (1,00) and q € [2,00), and assume v is a divergence-
free vector field in LP(R?) with w = w(v) in LYR?). Then v = (—02F; *
w, 01 Ey xw).

Proof. Let 1 be a tempered distribution on R? satisfying v = (=021, 01%),
so that Ay = w. (To see that such a tempered distribution exists, we refer

the reader to Corollary 1.2.2 on page 7 of [5].) Let v/ = A~'w. Then, if
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v = (=0, 01¢"), we have div v = 0 and w(v') = Ay’ = w. Therefore, v and

v" have the same divergence and vorticity. By Lemma 2.3.5, we can write
v—1 =gq, (2.3.23)

where ¢ is a vector field with polynomials as coefficients. Using the equalities

v = Vi = VEA 1w, we see that for r € [max{p, ¢}, 00),

1] = A [2r + Y 114 |ler

Jj=0

< ONA_ W[ +C Y 226"

320

1
p-

)_j||Aij,||Lq
— Cl|A VA | + O 256D ATV A (2.3.24)
Jj=0

< Cl|ALVEAIYY|| e + Cl|w|| e

< Cllollzr + Cllwl|Ls,
where we repeatedly used Bernstein’s inequality, and we used boundedness of
Calderon-Zygmund operators on L*(R?) for s € (1,00) to get the second-to-
last and last inequalities. Since v € LP(R?) and v’ € L"(R?), it follows that

q = 01in (2.3.23). Therefore, v = v' = V-A~'w This completes the proof. [

Lemma 2.3.8. Let v be a divergence-free vector field in L?(R?) with vorticity
w in L*(R?). There exists an absolute constant C' such that for all ¢ > 0 (that

is, avoiding the low frequencies),
18, V0]l < C A0 -

Proof. Since v is a divergence-free vector field in L?(R?), and w € L*(R?), it
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follows by Lemma 2.3.7 that VA,v = VV+A7!A w. We can then write

1A, Vol < Csup]|A,0,0,A7 w1
2%

But,
18,0087l = 17 € RO
5 (g ODE) 1 = 1Ay (g(6) )l e
where

£
I35

x and ¢ being defined in Lemma 2.1.1. Observe that h, = 1 on the support

hq(€) = x(27779) (1 — x(27971¢))

of p,. Because h,(§) = h(279), where

§i&;
€
hg(x) = 2%9h(2%z), and thus by a change of variables, ||k, = ||2]|z1 = C.

h(€) = x(27°¢) (1 — x(29))

Then using Young’s inequality,

12g(g(€) * )l = 1) * Agwllzee < [lgllz, [ Agew]l

< CllAgw]|ze,
which completes the proof. [

Lemma 2.3.9. Assume w is a C™ solution to (V) with w® € LP(R?*)NL>*(R?)
for some p € [1,2), and with v determined from w using the Biot-Savart law.

Then v belongs to L2 (RT; L=(R?)), and ||v(t)||z~ < C||w°||rnres-

loc
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Proof. The proof of Lemma 2.3.9 closely follows arguments in [21], Theorem

3.1. We break v into low and high frequencies and write

oIz < [[Ao(®)]]ze + Y [1A0(0)]|~

Jj=0

< NA_ro(®)]e + Y 27| A;Vo(t)|| o (2.3.25)
j=0
< NJAZv(t)]| o 4+ Cllw®||ee,

where we used Lemma 2.3.8, Bernstein’s inequality, and conservation of vortic-
ity along flow lines for the high frequency terms. To bound the low frequency
term, we use the Biot-Savart law. Let x be a smooth bump function with

support in the unit ball. Write
A v(@)]|zee < X E2Aw(B)||1 + [[(1 = X) 0 E2 A 1w(t)|]
< [IXO Bl [ A aw(@)| e 4+ [1(1 = X)0i B | oo || Ay (B)[|1ro - (2.3.26)
< CllAsw(®)llze < Cllw|z0,

where pio + qio = 1. Again, we used conservation of the vorticity along flow

lines. This completes the proof. O

The following lemma and proof can be found in [21], Theorem 3.1.

Lemma 2.3.10. Assume v is a solution to (E) and w(v®) = W° belongs to

LP(R?) N L*®(R?) for some p < oo. Then v belongs to L}, (RT; LL(R?)).

loc
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Proof. We begin by showing v is bounded on R?. Write
o)z < A0l + Y [[A50()]|

J=0

<A o)z + Y 2718, Vo(t)] [

320

< JAw(®)][ze + Cllw(t)]|e

< ClA_1w(t)|[zr + Clle’||ze,
where we used Bernstein’s inequality, Lemma 2.3.8, and conservation of the
L*°-norm of w over time by Remark 2.3.1. To bound ||A_yv(t)||z», we use the
proof of Lemma 6.2 in [20]. We first bound ||A_jv(t)||zr by ||v(¢)||zr. Then,
because the Weyl projection operator is bounded from LP(R?) to LP(R?), we

can write
t
o(®)l1ze — 10%]]20 < / = v-Vo(r) - Vp(r)||dr
t
<C [ o Volr)lmdr
0
t
<c / o(r) =] Vo (r) | dr
0 . (2.3.27)
<Clllls [ 1o~
0
t
< Ol / (A0 || + Clle®|o0)dr
0

t
< Clllls + Culle®llzs [ 1ol
0

where we used the boundedness of Calderon-Zygmund operators on LP(R?),
as well as (2.3.30), and conservation of the LP-norm of the vorticity. An

application of Gronwall’s inequality gives

o(t)]|r < CeCrtlelize, (2.3.28)
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We conclude that v belongs to LS (R™; L>=(R?)). To complete the proof, we

loc

write
o(t, x) —v(t,y)| < Y At ) — Aju(t, y)]
j=—1
N-1 [e’e)
<ALV o]z =yl + > 1A V)|l =y + 2> || A ()|
=0 j=N

< Cl|A Vot |oole — y| + CNAjw (B[l =yl +2 D 27718, Vo(t)|| e
j=N
< Cllw(®)||eo|z =yl + ON||w(®)|[z]z — y| + C27¥|Jw(t)]] 1~
(2.3.29)

where we used Bernstein’s inequality on the first and third terms, and we used
Lemma 2.3.8 on the second and third terms. We also used boundedness of
Calderon-Zygmund operators from LP(R?) to LP(R?) on the first term. Let-

ting N = —log, |x — y|, we get

[o(t, ) —v(t,y)] < Clw®)ller + Nlw(®)l]z)|z =yl + C27 ||w(t)]] =
< Cllw®)]]zr (1 = logy [z = yl)|z — y[ + Clo — yl[|w(®)]] =

< Cllw®)||zrnre (1 = log, [z — yl)|z = y].

Since the LP-norm and L*-norm of vorticity are conserved over time, ||w(t)||rare =

||wP|| L, and the lemma is proved. O

Lemma 2.3.11. Assume v is a solution to (E) with W° € LP(R?) for some

p € (2,00). Then v belongs to L2 (RT; L=(R?)), and there exist two positive

constants C' and Cy such that |[v(t)||pee < C||wO||gprertllellr
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Proof. The proof of Lemma 2.3.11 is almost identical to the proof that v be-
longs to L2 (R*; L°(R?)) in Lemma 2.3.10. Here we are assuming w° belongs
to LP(IR?) for fixed p € (2,00), but w® is not necessarily bounded. We therefore

treat low frequencies of ||v(t)||L~ as we did in the proof of Lemma 2.3.11. For

high frequencies we modify the proof slightly. We write

oIz < (Aol + Y [1Aj0(t)]|z~

Jj=0

< Ao+ 3 26|18, Vu(t)]| e (2.3.30)

720
< Cetlllr | 1w,

for p € (2,00). This completes the proof. O
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Chapter 3

An initial value problem for the Euler
equations in the plane

3.1 Introduction and history

In this chapter, we study regularity of solutions to the Euler equations
in the plane with initial velocity in the critical or subcritical Sobolev spaces
WstLr(R?), where sp = 2 or sp < 2, respectively. For the supercritical case,

when sp > 2, Kato and Ponce prove persistence of regularity in [11].

For the critical case, much less is known. In [21] Vishik proves global
well-posedness of the two-dimensional Fuler equations in the critical Besov
space BS1'(R?). To prove local existence, he observes that B:t'(R?) con-
tinuously imbeds into Bl ;(IR?). This implies that Vv belongs to B, ;(R?)
and therefore to L>*(R?). He then uses paradifferential calculus to prove an

estimate on the Bj ;-norm of the vorticity:

Jott) oo (C [ IVollmdr) . @)

By, < ||’

To give global existence, he proves the following logarithmic estimate on the

L*-norm of Vu:
IVo)|z= < C(L+log(|lg(t)llupllg™ @) liip) |l 52, ,- (3.1.2)

28



In [4], Chae proves global well-posedness for the two-dimensional Euler equa-
tions in the critical Triebel-Lizorkin spaces I} (R?), for ¢ € [1,00]. Like

Vishik, he uses paradifferential calculus to prove the estimate

t
Iz, < Il exp (c / ||w<f>||mdf) S 313

In order to obtain a logarithmic estimate like that in (3.1.2), Chae utilizes the

following embedding theorem (see, for example, [9], Theorem 2.1):

Theorem 3.1.1. Let sy > s1, po,p1 € (0,00), and q,r € (0,00]. If so — =
S1 — pﬂl, then

F% (R") — B (R") — BY (R"). (3.1.4)

Ppo,q P1,Po 00, Po

In fact, the first embedding is the interesting part of the theorem. The
second embedding follows from a straightforward application of Bernstein’s

inequality. It follows from Theorem 3.1.1 that F (R?) embeds into B ;(R?).

Chae applies the embedding BY, ;(R*) — L>*(R?) and boundedness
of Calderon-Zygmund operators from BY | (R?) into BY, ;(R?) to (3.1.3) and

concludes that
Vo)l < [IVo(r)llsg, , < llw(m)llsg, ,- (3.1.5)
He then applies (3.1.2) and Theorem 3.1.1 to conclude that
IVo(r)lzee < C(1+log(llgOllipllg™ ()l uin) 1”1 2, (3.1.6)

and using this inequality he proves global well-posedness when initial velocity

belongs to F} (R?).
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Remark 3.1.1. The space F} (R?) is equivalent to the space W31 (R?), where
the 1 denotes the Hardy space H'(R?) in place of the usual Lebesgue space
L'(R?). Therefore, Chae’s result gives global well-posedness for the Euler

equations in this space.

Despite several results in the critical Besov and Triebel-Lizorkin spaces
in the plane, many interesting problems remain open for the critical case. In
particular, regularity of solutions to the Euler equations with initial velocity
in WstHr(R?), for sp = 2, is not well understood. The main motivation for
this chapter is a theorem of Bahouri and Chemin found in [1] which studies
this problem. The authors show that a lower bound for the Sobolev exponent
of w(t) is determined by the log-Lipschitz norm of v(t). They define

|U(t,l’) —U<t,y)|
V(t) = sup )
() w—yl<1 [T — y[(1 —log |z — yl)

and they prove the following:

Theorem 3.1.2. Let v be a solution to (E) such that w(v®) = w® € L>®(R?*)N
WeP(R?), for sp < 2 and s € (0,1]. Fiz s < s, and define o(s',t) =
s" exp(— f(f V(1)dr). Then w(t) € W D2 (R?) for all t € R.

To prove the theorem, the authors show loss of regularity in the Triebel-

Lizorkin space £ (R?). They use the following definition of F;  (R?):

Definition 3.1.1. Let s € (0,1) and p € (1,00]. The space F?_(R?) is the

set of all tempered distributions u in LP(R?) such that there exists a function
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U in LP(R?) satisfying, for all (z,y) € R? x R?

u(z) — u(y)]

7= g < U(z) +U(y). (3.1.7)

The F}; -norm is given by

[ullrs . = lJul[re + Inf{||U][1» : U satisfies (3.1.7)}.

For a proof that this definition is equivalent to Definition 2.2.4, we refer the

reader to [1], Proposition 3.2.

The authors proceed by considering what happens to the Triebel-Lizorkin
exponent of w® under composition with the measure-preserving map g(t).
Using the fact that g(t) — Id is Holder continuous with Holder exponent

a(t) = exp(— [y V(7)dr), they write

|Wo(gt*1($)> - wo(gt—l(ym |w0(gt71(x)) - wo(gt—l(y))| 91 () — g1 (y)]°

2=yl T @ e G y®

< C)* (U(gi1(x) + Ulger (),
(3.1.8)

where C(t) depends on the Holder norm of g(t) —Id. Since the flow is measure-

preserving, it follows from 3.1.8 and the definition of the F _-norm that

1 0 gt e < (C)* + 1))

s .
FPYOO

The theorem follows from the embeddings W*?(R?) — F3 __(R?) — W**(R?)

for all s’ < s.
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0 is uniformly continuous, then we

We claim that if we also assume w
can improve the lower bound for loss of regularity to an arbitrarily small
amount. We will show that, given € > 0 arbitrarily small and T" > 0 fixed, if
Ww? e WHP(R?) N UC(R?) with sp < 2, p € (1,00), and s € (0,2), then w(t)
belongs to W*=*P(R?) N UC(R?) for all ¢ € [0,T]. As in [1], we study the

vorticity equation (V') corresponding to the Euler equations.

To prove our result, we show that w(t) belongs to the Besov space By
(see Definition 2.2.3) for all ¢ in a finite time interval [0, 7]. Our approach is
to localize the frequency of the terms of (V'), which results in a new equation

with a commutator term on the right-hand side:

OAw+v-VAw = [v-V, A w,
(3.1.9)
Awlimo = AW’
We then prove the necessary estimate on the LP-norm of the commutator on
the right-hand side of (3.1.9), and apply a Gronwall argument to show that
w(t) is in BsS(R?).
The main novelty of this proof is that our methods allow us to draw
conclusions for w” € By (R?*) NUC(R?) for all s € (0,2). If we restrict our
attention to the case s € (0, 1], we can also prove our result by modifying

the proof found in [1] (which we have described above) using the following

theorem:

Theorem 3.1.3. Let v be a solution to (E) such that w(v°) = W° belongs to

UC(R?). Let g(t) be the measure-preserving homeomorphism in R? satisfying
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dg(t,x) = v(t,g(t,x)). Given § > 0 and T > 0, it follows that ||g(t)”" —
Id||c1-s belongs to L>°([0,T)).

We devote the next section to a proof of Theorem 3.1.3. We prove the main

result in Section 3.4.

3.2 A proof of Theorem 3.1.4

An argument using Osgood’s Lemma (see, for example, chapter 5 of
[6]) implies that the Holder exponent of the flow g(t) — Id is determined by
the log-Lipschitz norm of v. Precisely,

sup_|g(t)(@) — g(t)(y)] < Cla —y|*®, (3.2.1)

lz—y|<1

where a(t) = exp(— fg V(1)dr), and V(t) is defined as in section 3.1. One can

characterize log-Lipschitz functions using the following inequality (see [1]):

AV -
O flles < N1Sofllz +sup 20 i o oy (3.2.2)
>1 q+1

for a constant C' > 0. When computing the Holder exponent of g(t) —
Id, (3.2.1) and (3.2.2) motivate us to study the behavior of the quantity
[|[VS,v(t)||re. In this section, we assume w’ belongs to UC(R?), and we
show that, given € > 0 and 7" > 0, ||[VS,v(t)||r~ < €(q + 1) for sufficiently
large ¢ and for all ¢t € [0,7]. We then conclude that g(t) is locally Holder
continuous with Holder exponent arbitrarily close to 1. We begin with the

following lemma:
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Lemma 3.2.1. Let u be a uniformly continuous function on R?. Given e > 0,

there exists an N > 0 such that ||Ajul|p~ < € for all j > N.

Proof. Since u is bounded and uniformly continuous, it can be approximated
uniformly by the sequence (Syu)3_;. Therefore, for N sufficiently large and

for all 7 > N we have

[[Ajul|pee < |[A;(Svu — u)|[ze + [|A;Snul| Lo

< C||Svu — ul|p= < e

This completes the proof. ]

Observe that by Remark 2.3.1 in Section 2.3.2, the solution to (V')
satisfies w(t,r) = w(g(t)~1(x)). Therefore, if we assume that w® is uniformly
continuous on R?, then w(#) is uniformly continuous on R? for all ¢ in R. We
now apply Lemma 3.2.1 to w(t) and conclude that, for fixed ¢, given € > 0,
there exists N; such that sup;. y, [|A;w(t)||z~ < €. In what follows, we need

N, to be time independent. We therefore prove the following lemma:

Lemma 3.2.2. Let v be a solution to (E) such that w(v®) = w° belongs to
UC(R?*). Given € > 0 and T > 0, there exists an N = N(T,¢) such that

sup; y ||[Ajw(t)||z < € for allt € [0,T].

Proof. Observe that, for 1 and x, in R? satisfying g(t, z1) = g(t2, 20) = =,
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we have,
1 — 29| < |ty —to| sup ||v(7)||r~
Te[tl,tﬂ
< Clty — to[[w°]| etz ller
< Oty = tal| ]|
where we used Lemma 2.3.11. Therefore, by uniform continuity of w°, given

¢ > 0 there exists 6 = §(T) > 0 such that for [t; — t5] < § and for all z € R?
0 0 €
lw(t, z) —w(ts, z)] = |w (z1) —w (z2)] < 7

We now break [0, T'] into intervals of length less than or equal to d: [0, ¢1], [¢1, 2],
ey [tar—1, T]. We observe that, for each t € [0, 7], there exists an i, 1 <1i < M,
such that [t —t;| < 0, and therefore [|[Ajw(t)||z < 5+ |]Ajw(t;)||Lo. Further-
more, given w(t;), there exists an Ny, such that sup;. v, |[A;w(t;)|[re < 5. Let

N = max{N,,,....Ny,, }. Then, for all t € [0,T],
€
sup ||Ajw(t)||pe < 5 Tsup | Ajw(t)|[re < e
j>N j>N
This completes the proof. [

We use Lemma 2.3.8 to bound [|A;Vv||p~ by C||Ajw||r~ if j > 0,
and we bound ||A_; Vv (#)||ze with C|[w°||z» for p € (1,00) using Bernstein’s
inequality. From Lemma 3.2.2, we conclude that, for IV sufficiently large, and
for all t € [0, T,

SN Vo(@)]|r < e(N +1). (3.2.3)

35



Remark 3.2.1. One can also prove (3.2.3) using Calderon-Zygmund theory.
As in Lemma 3.2.1, since w is bounded and uniformly continuous, it can be
approximated uniformly by the sequence of functions (Syw)%_;. Because w
is LP integrable for some p € (1,00), the functions in this sequence vanish at
infinity; therefore, w vanishes at infinity. By the theory of Calderon-Zygmund
operators, since w is continuous, in LP(R?) for some p € (1, 00), and vanishes at
infinity, Vo belongs to the space vmo(R?) (see, for example, [16]). This implies
by Definition 2.2.8 that there exists a sequence of compactly supported C'*
functions (uy)%_; converging to Vv in bmo(R?). But bmo(R?) imbeds into

the Zygmund space CY(R?) by Proposition 2.2.1; thus the sequence converges

to Vv in C?(R?), and we can write
1A VU|[re <AV — up)|zoe + [|Ajun] | poe - (3.2.4)

We choose n so that the first term on the right hand side of (3.2.4) is small for
all j. Given this n, we choose j large enough to make the second term on the
right hand side of (3.2.4) as small as we would like. This gives Lemma 3.2.1,

and, following the argument above, implies (3.2.3).

We now use (3.2.3) to compute the Holder exponent for the flow corre-
sponding to the velocity of a fluid with initial vorticity in UC(R?), which will
complete the proof of Theorem 3.1.3. We show that, given ¢ > 0 and T" > 0,
g(t)™" — Id belongs to C°M(R?) for all ¢ € [0,T], where o(t) = e ', and C

is an absolute constant.
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Fix € > 0. Write v = vy y +v2 v, where vy y = Sy_1v, and vy y = (Id—
Sn-1)v. By (3.2.3), it follows that |vy y(t, z)—vi n(t, y)| < |[VSN_10(t)||Lee|z—
y| < CNe|x — y| for large enough N. Similarly, for large N we can conclude
that |vo (¢, 2) —van(t,y)] < CY2 v 1 277(|A;Vo(t)||r= < C27Ne. Letting
N = —log, |x — y|, we have that for |z — y| sufficiently small,

o(t, 2) —o(t,y)] <[(vin(E2) +van(t2) = (Nt y) +van(t, y))|
< Ce(—logy |z = y|)|z — y[ + e[z — yl) (3.2.5)
< Ce(1 = logy [z —y[)|z — yl.
We now use (3.2.5) and Osgood’s Lemma (see Lemma 2.3.4) to compute prop-

erties of the flow. We write

lu(t, g(t,x)) —v(t,g(t,y))| < Ce(1 —log, |g(t, ) — g(t,y))|g(t, x) — g(t,y)|

whenever |g(t,z) — g(t,y)| < 0. From (2.3.6), we see that |g(¢,z) — g(t,y)| is

bounded above by
[z —y|+ /Ot Ce(1 —log, (7, x) — g(m,9))g(7, 2) — g(7, y) dr.
By Osgood’s Lemma, we conclude that
—log(1 —log |g(t,z) — g(t,y)|) + log(1 — log |z — y|) < C'te.

Taking the exponential twice, we get

t - t — €
’g(’;x_) y,eg—(c;ey)’ < el—e ok <e

e

< < Cte . .
whenever |z — y| < 0, where § = ¢!, This gives

[(g(t,z) —x) — (g9(t,y) — y)|

—C'te S e+1
|z — yl¢
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In the case |z — y| > 4, we have

[(g(t,2) —x) — (g(t,y) —y)| _ x_—ct
|z —yle " -

To see that ||g(t)~! — Id]

ce—ce € LS (RY), we observe that

loc

tx)— ) — (gt y) —
sup (g(t, ) — ) (_gc(k,y) y)|
z,y€R2 |"L‘_y|e

< (e 1) + 257 (|l 1o + [16”] 1)

t
<(e+1)+ 2(5‘€_C“||/0 v(r,g(7,-))dr]| L

for all ¢t € [0, T]. This completes the proof of Theorem 3.1.3.

3.3 Paradifferential estimates for the vorticity equation

In this section, we consider an initial value problem for the vorticity
equation corresponding to the two-dimensional Euler equations. Recall that

in dimension two, the vorticity equation is given by

(V) {(’3tw+u~Vw =0,

Wli=o = WO,

Note that, if w satisfies (V'), then A,w satisfies the following equation:

(V) OhAw+v-VAw=[v-V,A]w,
Aqw|t:0 = Aqwo.

We want to prove the following estimate:

Proposition 3.3.1. Let p € (1,00) and o > 0 be fized. Then there exist two

positive constants Cy(o) and Cy such that

[0~ V. AgJellzs < C1(0)(Co + 1141 Voll=)2% [l ...
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Remark 3.3.1. To simplify notation, we suppress the time variable in the
statement and proof of Proposition 3.3.1 (time is fixed throughout the proof).
However, we will reintroduce the time variable when we use Proposition 3.3.1
to prove the main theorem in Section 3.4. Therefore, it is important to em-
phasize that the constants C; and C5 will depend on time in Section 3.4. In
the proof of Proposition 3.3.1, we find that C'; depends on o, and in Section
3.4 we let o vary with time. We also find in the proof of Proposition 3.3.1 that
Oy = C|[w°|| Lorp-eC’llr where C' is an absolute constant, and p € (2, c0).
This dependence arises from bounding ||v(¢)||z~ as in Lemma 2.3.11. (If in
fact w° belongs to LP(R?) for some p < 2, then it is possible to bound |[|v(t)]|p
by a constant which depends only on initial vorticity and does not depend on

time.)

Proof. We consider the cases ¢ > 4 and ¢ < 4 separately. We first assume

q > 4 and use Bony’s decomposition to write
2
v ZTU](‘?],A Jw + [T, 07, AgJw + [9;R(v7, ), AgJw.

We address each piece of the sum separately. We start with [T,,0;, AjJw. Write

12505, Aglw = qz: [Sy—1(v7), AgJ Ay dj0.

q'=q—4

Letting u = Ay0O;w, letting h = ) (recall we are assuming ¢ > 4 here), and
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keeping in mind that |¢' — ¢| < 4, we have
1[Sq—1(v7), Aglul| e
—| / L (0) (@ — 271y) — Sy (07) (@)l — 27 )dy 1o
< CSy-1Voll=2lul|»
< C2||Sy1 Vol | 127 ||w] | g .

where we used the fact that h € S and therefore zh(z) is integrable, as well as

Bernstein’s inequality. We now sum over ¢’ to get

q+4
1750, Aglwllr < C2°27||wllgg . > [[Sy—1 V0|1
q'=q—4
< 0247279 ||w| |3 (||Sg-1 Vol [ + 1|Vl |co).

(3.3.1)

We now consider [Ty,.v7, AjJw. To bound ||Th a,.07||Lr, We use Bernstein’s
inequality and our assumption that ¢ > 4, as well as properties of our partition

of unity, to write

o0
1T, ll0 <3 C29277||S 1 Aol ||| Ay V0|
q=q

3.3.2
< Cl| ] 1o sup |8y T 1 (3.3.2)
q'>q

< Cl[Vullog2™|wlls ..

Furthermore, since the Fourier support of Sy_10;wA,v? is contained in an
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. . . ! = / . .
annulus with inner and outer radius C2? and C29 respectively, we can write

q+4
12(Toet)le < Y ISy-10j0llre] | Agv]| o
q¢'=q—4
q+4
< Y 022 ||Sy il 1A Vol
= (3.3.3)
q'=q—4
q+4
< Y2 ClSpaVellie 1A el o
q'=q—4

< C2%(||Sg=1 Vol [z + [V

c9)2 lwllBg... -
Once again, we used Bernstein’s inequality in the second inequality. It is in
this inequality that our assumption that ¢ > 4 is necessary. For the third

inequality, we used Lemma 2.3.8. Combining (3.3.2) and (3.3.3), we see that

1[To,07, Aglwlle < C2%(||Sg-1 Ve[| + || V]

09)2_q(’||w||35m (3.3.4)

for ¢ > 4.

We now study the remainder term, [9;R(v7,-), A,Jw. We need the fol-

lowing lemma:

Lemma 3.3.2. If s+ 0 > 0, then [|[R(a,b)|[gs+z < C(s,0)]|ql

B bllBg .,

where C(s,0) = C2M(—L——42N(+o) | 12149 for fized positive integers

(0

M and N.
Proof. For a proof of this lemma, see [22]. O

To handle the remainder term, we will consider low and high frequencies

of v’ separately. We begin with [0;R((Id — A_1)v?,-), AjJw. Using Lemma
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3.3.2 with s = 1, Bernstein’s inequality, and the fact that the Fourier transform

of (Id — A_1)Vwv vanishes in a neighborhood of the origin, we write
18,0, R((1d = A, )| < 27| R((Td = Ay ), w)]| g
< C(o)27[(Id = Ay, lwllsg . (3.3.5)

< C(0)277||Vv|

c? WHB;{,OO-
Here C'(0) = C(1,0) from Lemma 3.3.2. To bound ||9; R((Id—A_1)v?, Ayw)||L»,
note that

10;R((Id = A1), Ag)ller < Y 27|Agr(Td = Aol ||| Ay Ageo]| 1o

a,q"

l[¢’'—q""|<1
lg’—ql<1

< C[|Vulleo2™||wll5g... -
(3.3.6)

In the first inequality above, we used the fact that the support of the Fourier
transform of Ay(Id — A_1)vAyA,w is contained in a ball with radius C2¢,
along with Bernstein’s inequality, to get the factor 29. In the second inequality,

we used the inequality ||(Id — A_1)v||p

00,00

< C|Vvl||co. We now combine

(3.3.6) with (3.3.5) to conclude that

10;R((Td — Ay, ), Aglwlze < C(o)[|Vollen2™* |lwllpg.,.  (3.3.7)

We now estimate |[|[0; R(A_107, ), Aj]w||r». Using the definition of the
remainder operator, as well as the properties of our partition of unity, we write
[0;R(A 107, 4), AJw = O;R(A 107, Aw) — A (O;R(A_1v7,w))
=0i( Y M ALWAAW) = A Y AALYAW).
ik

i, i,k
li—k|<1 li—k|<1
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We begin by estimating A,0;(>° v ArA_107Aw). We first reintroduce the
[i—k|<1

sum over j, allowing us to use the fact that div v = 0 to move 0; inside the

parentheses and differentiate w. This, along with properties of our partition

of unity, gives

2
D A D AA Y AW) |1
=1 i,
! i—k<1 (3.3.8)

2 1 0
<O DD A(ARA W A0 1o

j=1 l=—1k=—1
Note that in the second line of (3.3.8), the Fourier support of AkA,IUjAk,lajw
is contained in a ball with radius C2*. Therefore, the sum in the second line
is 0 if ¢ > k+ M, for a constant M. Furthermore, k& < 0. Therefore, we are

only considering ¢ < M. We then write

2 1 0
DD IAARA 0 Ay 1D5w) [ 1o (33.9)

j=11=—1k=—1
< 02V [o]] 127l 55...

To bound [|0;(>° v ARA_10A;Aw)||1r, we use the fact that the Fourier
li—k|<1

1—=R|>

transform of A_;v’ is supported in the neighborhood of the origin, and we

recognize that div v = 0 allows us to move 0, inside the parentheses. Therefore,

2
ST0Y . AA W AAW)|[1e
7j=1 ik
li—k|<1

2 1 0
<SCY YT IARA 1|25 A A | 1o

j=11=—1k=—1
< O]l =27 |lwl| 5 ..

(3.3.10)
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where we used Bernstein’s inequality and Holder’s inequality to get the first
inequality in (3.3.10). We now combine (3.3.8) through (3.3.10) to conclude

that
||[(9]R(A,1vj, ), AgJwl| e < CZM"| 0| 02797 ||w] |Bg,oo~ (3.3.11)

Combining (3.3.1), (3.3.4), (3.3.7), and (3.3.11), we conclude that for ¢ > 4,
vV, Agwllz, < C2Y7 + C(0))(||Sg-1 V||

+ ||V

9 + |[v]]2=)2"wl| ;... -
To complete the proof for the case ¢ > 4, we use Lemma 2.3.11 to bound

Vol

co+||v]| e by Cy, where Cf is defined as in Remark 3.3.1. This completes

the proof for the case ¢ > 4.

For the case ¢ < 4, write:
V-V, AjJw=2v-VAw —A,(v-Vw). (3.3.12)
Keeping in mind that ¢ < 3, it is easy to see that
v VAwl|r < Co27 w5, (3.3.13)

where again we used Lemma 2.3.11 to bound ||v||~. We now write the second

term of (3.3.12) as

2
Ay(v-Vw) = Z Ay(Ti0jw + Ty, v" + R(vV, Ojw)). (3.3.14)

j=1
We successfully bounded the LP-norm of the remainder term of (3.3.14) in

(3.3.5), (3.3.8), and (3.3.9) of the proof for the ¢ > 4 case (note that (3.3.5),
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(3.3.8), and (3.3.9) hold for all ¢). Therefore, we are only concerned with
25:1 Ag(T,;0jw+ Ty,,v7). Using the fact that Sy _1v7 Ayd;w has Fourier sup-
port in an annulus with inner radius C'2¢ and outer radius €27, and, once

again, keeping in mind that ¢ < 3, we have
g+4
1A¢(Tidjw)llr < > ClISy1v|lr=2 || Ao
q'=q—4
< Ch27|wl|Bg .,

(3.3.15)

Furthermore, since ¢ < 3, we write

q+4
HA (Taw’v HLp ~ Z HS 1718 wA Y ||Lp
q'=q—4
q+4  ¢'-2
<C Y > 2 wllsg ol
q¢'=q—4 k=—1

< C2%7277||w|| g
This completes the proof of the case ¢ < 4, and therefore completes the proof

of the estimate for all g. We conclude that, for all ¢,

v~ ¥, Adollz, < Cr(@) (1541 V07 l|zoe + Co)2 7 |fol 55 .

[
If we define h(t, ) = g(t)"'(z) — z, then h satisfies the following:
oh+v-Vh+v=0,
(3.3.16)
h‘t:[) == 0
Since h satisfies (3.3.16), it also satisfies
OAh+v-VAh=—Apw+[v-V,Ah,
(3.3.17)

Aqh‘t:() = 0
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This motivates us to prove a similar commutator estimate with h in place of

w. We prove that the following estimate holds:

Proposition 3.3.3. Let p € (1,00), 6 > 0, and 0 > 0 be fized. There exist

two positive constants Cy (o) and Cy such that

Il Vs Aglhllz, < CL(a)(Co + [[Sq-1Vol|=)27 ||A]| 5 .,
q+4
+ Y CO27|Ag vl [hller-s.

q'=q—4
Proof. The proof of Proposition 3.3.3 is identical to the proof of Proposition
3.3.1 with A in place of w for every term except A,(T: ajhvj ). Therefore, we
restrict our attention to this term. This portion of the proof will result in the

second piece on the right-hand side in Proposition 3.3.3.

Note that, in the proof of Proposition 3.3.1, we use the assumption
that ¢ > 4 only when bounding |[A(T5,.v”)||z». For all other terms, ¢ > 0
suffices. This observation, combined with the fact that we will only need to
assume ¢ > 0 to bound ||Ay(Th,sv7)|| v, leads us to consider the cases ¢ = —1

and ¢ > 0 separately.

We first assume ¢ > 0, and we write

Ag(Tonv’) = Dg(D ~ Sy10:h A7), (3.3.18)
q'=1

Using the fact that Sy —10;hA v’ has Fourier support in an annulus with inner

radius €27 and outer radius €27, we apply Bernstein’s inequality and Holder’s
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inequality to get

q+4 ¢ -2
18 (To )l < 373 2592509 | Ak 1o | A g 0] 1
q'=q—4 k=-1
q+4
< 3 )27 bl | Ago]| -

q'=q—4

(3.3.19)

We now consider the case ¢ = —1. As in the proof of Proposition 3.3.1

when assuming g < 4, we begin by writing:
[v-V,Ajh=v-VAh—Ay(v-Vh). (3.3.20)
For the first term of (3.3.20), we use the fact that ¢ = —1 to get
o AR < C(Ollzg + 10122 bl 55 .. (3.3.21)

for p € (1,2). The second term of (3.3.20) can be written as

2
Ay(v-Vh) =" Ay(Tyud;h + Ty v’ + R(v7, 0;1)). (3.3.22)

j=1
The proof of the bound on the LP-norm of the remainder term in (3.3.22) is
identical to the proofs of (3.3.5), (3.3.8), and (3.3.9), (which hold for all ¢),
with h in place of w. Furthermore, we handled the LP-norm of Ay (Ty,x07)
(see (3.3.19), which also holds for all g). Therefore, in (3.3.22), we are only
concerned with A,(T,;0;h). For this term, we refer the reader to the proof for
w with ¢ < 4, given in (3.3.15). This completes the proof of the case ¢ = —1,

and therefore completes the proof of the estimate for all ¢. ]
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3.4 Statement and proof of the main results

In this section we study an initial value problem for ideal incompressible

fluids with uniformly continuous vorticity in a Besov space.

3.4.1 Besov regularity of the vorticity
We prove the following theorem:
Theorem 3.4.1. Let v° € Byt (R?), div v° = 0, and let w(v°) = ° €

UC(R?), where sp < 2, s € (0,2), and p € (1,00). Let ¢ > 0. There exists a

unique solution to (E) such that ||v(t)]

piti-e belongs to L (RT).

loc

Remark 3.4.1. Uniqueness in Theorem 3.4.1 follows from [23].

Proof. Our approach is as follows: we fix ¢ > 0 and T" > 0, and we define

o(t) = sexp{—S<¢€'t}, where C is an absolute constant. We then show that

[o(@)|] gow+r € L=([0,T]). Letting € = s — sexp{—<€¢'T}, we make € as small
p,00

as we would like by our choice of €.

We first prove the theorem on a sufficiently small time interval [to, ¢].
We then use a bootstrapping argument to show that the theorem holds on any
finite time interval [0, 7). From (V*) and Proposition 3.3.1, it follows that
1A (@)[ze < [|Aqw(to)||Le

t
+ [ ot 4118, o) lm)2 " (o) g

to
We used Remark 3.3.1 to replace Cy(t) with Ce®! in the above inequality,

where C' depends only on the initial vorticity. Moreover, we see from the proof
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of Proposition 3.3.1 that C;(o(t)) can be bounded by an absolute constant
for all o(t) € (0,2). Therefore, for the remainder of the proof, we drop the
dependence of C; on o(t). We multiply both sides of the equation by 2¢°®*)

and take the supremum over g to get

P,

o)l gz < (o)l o

t
+ sup{ / C1(eT + (15421 Vo (7)] | o2 )297 =97 w(7) || oy dT}
q to Preo

We now show that the supremum over ¢ on the right-hand side is finite. We
claim that the loss of regularity in the Besov exponent, resulting in the term

24(e()=o(M) is enough to combat the growth of ||S,_ 1 Vv (7)|| .

When taking the supremum over ¢ of the time integral, we consider two
cases separately: the supremum over ¢ < N, and the supremum over ¢ > N.

We then use (3.2.3) to handle the supremum over ¢ > N. We write
(Ol gzt0 < llo(to)] e + I + Lo

where

t

I = sup{ [ Cy(e“7 + IISq—Nv(T)I|Loo)2q"(t)‘q"“)Hw(T)HB;(T)dT},
q<N Jitq >0

and

t
I = sup{ | C1(e + 118, 90(r)l1) 2O O ()] d).
q> to pee

To bound I, we apply (3.2.3), and we conclude that

t t
I, < / CeCTHw(T)HBo(T)dT—i-sup{ C’lquqU(t)’q"(T)||w(7)
poe g>N

to to

mdr}. (3.4.1)

1P
By,
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To handle the second integral in (3.4.1), we integrate by parts. Letting o(t) =
sexp(—25Let) (this is the definition of o(t) with C' = 2C4), we let u = e ter
and dv = C’leqe_%”%"(”_q"(”dr Then, substituting v and dv into the
second integral in (3.4.1), and recognizing that du and v are positive for all

T € [to, t], we write

¢
sup{ sup ||W<T>|’BZ(OTO)/ udv} < sup{ sup Hw(7')||Bg(oz)(uv|§0)}
= Jio ,

>N 1€[to,t] g>N T€[to,t] <34 2)
&et 1 o
- Sup w\T o'(T)e s .
TEto,t] H ( )HBP’OO 2In2

We now bound the first time integral on the right-hand side of (3.4.1) by

Cet sup ||w(T)||B§,(;’ (t — to). (343)

Te[to,t]

Combining (3.4.3) with (3.4.2), we conclude that

e, 1
I, < sup ||L‘J(T)||Bc,m{e:ﬂfm + CeH(t —to)}. (3.4.4)
TEto,t] pyoo n

To bound Iy, we first observe that |[S;—1Vv(7)|[z < ¢||Vv(7)|[co. Then,
bounding ||Vv(7)|

oo by C(||w°||pe + [|w°|| w0 ), for po € (1, 00), and recogniz-

ing that 29(e=2(1) < 1 for all ¢, we conclude that

I, <CNe“(t —ty) sup ||w(T)

TEto,t]

(3.4.5)

| |B;,(OTO) .
We now combine our estimates for I; and 5 given in (3.4.4) and (3.4.5), which
gives
sup [|w(7)[| g < [lw(to)ll goo) +C sup [[w(T)l| o),
TEto,t] poee paee T€to,t] oo
where we let

1

c
C* ?et
€ 2In2

+ CNe%(t — to). (3.4.6)
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To complete the proof, we must make the constant C* < 1. Fix t > 0. Given

CE

this ¢, choose € > 0 small enough to ensure that ;i; < 1. Depending on our
choice of t and €, N = N(t¢,¢) may be very large. Given this NV, make t — t
small enough so that C* < 1. Note that, under these assumptions, C* < 1
when we are working on an interval of length less than or equal to t—t, as long
as the right endpoint of the interval is less than or equal to t. We therefore
break [0,¢] into a finite number M = M (t, €) of intervals of length ¢ — ¢,, and

we apply a bootstrapping argument. This gives

sup (| oy < CV[|6”

B3 >
T€[0,¢] e

where C' = and CM depends on t and e. More precisely, larger initial

1

=

choice of ¢t and smaller choice of € result in larger M and thus larger CV.
This completes the proof for regularity of vorticity. To show that this

implies regularity of the velocity, we need the following estimate:

Lemma 3.4.2. Let v € Byt1(R?). Then there exists two positive constants

Co and Cy such that

o)l g < Coe + )| te-

Proof. We follow the proof of Lemma 6.2 in [20]. We begin by writing

v gewr < [[A0(B)]| oy +[[(Td = A1) Ajo(t)]] poey
’ ’ ’ (3.4.7)
< A0 (0l + O] ge10-
where we used Lemma 2.3.8 in Section 2.3.3 on the high frequency term. We

bound ||A_;v(t)||rr as we did in Lemma 2.3.10. This gives the lemma. [
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This completes the proof of Theorem 3.4.1. ]

3.4.2 Besov regularity of the flow

In this section, we prove the following theorem:

Theorem 3.4.3. Let v° and W° satisfy the assumptions of Theorem 3.4.1.
Let g(t,z) be the measure-preserving homeomorphism satisfying Owg(t,x) =
v(t,g(t,z)). Define h(t,z) = g(t)"'(x)—z. Then, for fized 6 > 0, ||h(t)]
belongs to L2 (RY).

loc

1-6
Byl

Proof. We show that h(t) € B;,O(é) (R?), where o/(t) = o(t)+1—0, and § is the
Holder exponent of h(t) (see Theorem 3.1.3). The proof of Theorem 3.4.3 is
similar to that for Theorem 3.4.1. However, we must deal with the extra term

which shows up in the commutator estimate given in Proposition 3.3.3.

We begin by applying Proposition 3.3.3 to (3.3.17), where, once again,
we drop the dependence of C; on ¢, and we introduce the dependence of Cs
on time, as given in Remark 3.3.1. This gives

t
AR r < || Agh(to)l|Le +/ Co(e + [1Sg1 Vo(r)l|10)27 " DN A(T)]] yorirrdr

to

+/t { D UI)llorsl|Ago(m)|rC(8)27%) + [|A0(7)| |20 Y.

We now multiply both sides of the inequality by 29°'®") and take the supremum
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over ¢ to bound |[h(?)|| ;o) above by
p,00

t
[1t0)l] oo +suD{ / Ca(€T + 11841 Vo(7)£2)277 O [ (7)]| porirr T}
= q to e

t
+/ {CONA)[cr-s[[o(T)]] geyer + [[o(T)]] g b
to ’ ’

Here we used the fact that o/(t) = o(t) +1—9, with 6 > 0. The constant C'(9)

now depends on o(7), but it is uniformly bounded for all o(7) € (0, 2).

We replace o'(t) — o’(7) with o(t) — o(7) in the first time integral, and

we get
MOl < (g + s+ T
where
t
Jy = supf / U 411810 () =) 21 O ||| o),
q to )

and
t
Ja :/ {CONRT)ler-sl[o(M)]] ga+r + [[o(T)]] go 1 .
to ’ Proe
The argument for dealing with J; is identical to the argument we used to

handle I; and I when proving the first part of Theorem 3.4.1. Following this

approach, we conclude that

sup |[A(7)[ gorirr < [[A(to)ll oo +C* sup |[[A(7)]] gor) + o,
p,00 p,o0 p,o0

Te[to,t] TG[to,t]

where C* is given by (3.4.6). Arguing as we did with w, we make C* < 1 on

a sufficiently short time interval and use a bootstrapping argument, as well as
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the fact that h(0,z) = 0, to conclude that

t

g0 < €[OI e+ 10
(3.4.8)

We now observe that the right hand side of (3.4.8) is finite by Theorem 3.1.3

and by the first part of Theorem 3.4.1. This completes the proof of the theo-

rem. O
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Chapter 4

Vanishing viscosity in the plane

4.1 Introduction and history

The problem of vanishing viscosity addresses whether or not a solution
of the Navier-Stokes equations with initial data v° converges in some norm to
a solution of the Euler equations with the same initial data as viscosity tends
to 0. This area of research is closely tied to uniqueness of solutions to the
Euler equations, primarily because the methods used to prove uniqueness can
be applied to show vanishing viscosity. Two of the most important uniqueness
results in the plane are due to Yudovich. He proves in [23] the uniqueness
of a solution v to the Euler equations with v* € L*(R?) and w° € L?(R?*) N
L>=(RR?) for some p < co. He extends this uniqueness class in [24] to solutions
with unbounded vorticity, but such that the LP-norms of the vorticity grow

sufficiently slowly (for example, like log p).

For Yudovich’s uniqueness class with bounded vorticity, Chemin proves
in [5] that the vanishing viscosity limit holds in the energy norm, and he

establishes a rate of convergence:

Theorem 4.1.1. Let v° € L*(R?). Assume v, is the unique solution to (NS)

with initial data v°, and v is the solution to (E) with initial data v°. Also
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assume that w(v°’) = W belongs to L>®(R?) N L*(R?). Then v, converges to v

- o0
in L7,

(R*; L?(R?)) as v tends to zero. Specifically,

vy — ]| oo (o.17:22) < C/(4vT) 2 &P (~Cllell 200 T)

In [8], Hmidi and Keraani show that the vanishing viscosity limit holds
in the BY, ;-norm when v° belongs to B, ;(R?). (Global well-posedness for
the Euler equations under these assumptions was proved by Vishik in [20].)

They prove the following theorem:

Theorem 4.1.2. Assume v° belongs to Bl (R?), and div v = 0. Let v, be
the solution to (NS) with initial data v°, and let v be the solution to (E) with

0

witial data v°. Then the following inequality holds:

6CT
o = vl omyimn , rey < VT)2(1+0T) 26

where the constants depend on the By, ,-norm of w°.

4.2 Statement of the main results

We consider a uniqueness class in which initial vorticity is in a larger
space than BY_ | (R?). This uniqueness class was established by Vishik in [21].
Asin [21], let I': R — [1, 00) be a locally Lipschitz continuous monotonically
nondecreasing function that satisfies conditions (i)-(iii) p. 771 of [21]. Condi-

tion (i) is that I' = 1 on the interval (—oo, —1] and limg_., I'(#) = oo. For
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the other (minor technical) conditions see [21]. Define the space

Br={f€8'®"): ) A;fl,~=O0T(N)}

j=—1

with the norm

N
1
= sup e > A e
Hf”F ]51215)1 F(N) ~ H ]fHL

The following fundamental result for initial vorticities in Br is from Theorems

7.1 and 8.1 of [21]:

Theorem 4.2.1. Define I'y : R — [1,00) by

)1, 0 < —1,
() _{ (B+2)T(3), 8=-1

and add the assumption (on T') that Ty is convex. Finally, assume that T’

satisfies
(B+2)r'(8) < C (42.1)

for almost all 3 € [—1,00). Given initial vorticity w° in Bp N LP* N LP* with
1 < po <2< p; < oo there exists a short-time solution to (E) unique in the
class of vorticities lying in L>([0,T]; LP* N LP*) N Cyy+([0,T]; Br,). With the

added assumption that

I'(B)ri(p) < C (4.2.2)

for almost all 3 > —1, there exists a solution to (E) unique in the class of
vorticities lying in LS. ([0,00); LPo N L) N Cyu= ([0, 00); Br,). Here, C,, is the

loc

space of weak*-continuous functions (see [21] for details).
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Observe that the vorticity degrades immediately in that (as far as is
known) it belongs to a larger space at all positive times than it does at time

Zero.

Remark 4.2.1. In Theorem 4.2.2, Corollary 4.2.3, and Corollary 4.2.4 below,
for the case where lim,,_.., I'(n) = oo, the symbol C represents an unspecified
absolute constant (that is, independent of the initial data). For the case where
['(n) is bounded in n, the constant C' depends on both the L?*norm and the
BY, ;-norm of initial vorticity. This dependence arises in Equation (4.3.6)

below.

We now state our main result.

Theorem 4.2.2. Let ' : R — [0,00) (without making any of the assumptions
on T of [21]) and assume that v° is in L*(R?) with w° = w(u®) in Br(R?*) N
L*(R?). Then there exists a unique solution v, to (NS) and a (not necessarily

unique) solution v to (E), both lying in L>=([0,00); H'(R?)). For any such v,
”UV - UHL‘”([O,T};LQ(RQ)) S C(VT)1/2”CUOHL2 exXp (BCQTF(_lOg(VT)/z)) (423)
for all T > 0, where a = ||w°|| B,

Proof. The existence of a global-in-time solution to (F) with vorticity in
L>([0,00); LP(R?)) for w in LP(R?), p > 1, is due to Yudovich in [23] (see, for
instance, Theorem 4.1 p. 126 of [14]). The existence and uniqueness of solu-

tions to (N.S) lying in L>°([0, T]; L*(R?)) N L*([0, T]; L*(R?)) for v° in L?(R?)
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is classical (see, for instance, Theorems II1.3.1 and II1.3.2 of [17]). Because
our solutions to (/V.S) are in the whole plane, all LP-norms of the vorticity are

non-increasing, so, in fact, v, lies in L>([0, 00); H'(R?)).

The proof of Equation (4.2.3) is contained in the sections that follow.
O

It is possible to loosen the finite energy requirement in Theorem 4.2.2

that v° lie in L?(R?), allowing it to lie, for instance, in the space E,, of [6].

Without restrictions on I' it is of course possible that the right-hand
side of Equation (4.2.3) will not go to zero with v. In order to establish the
vanishing viscosity limit, I'(n) cannot grow any faster than C'logn. We have

the following immediate corollary of Theorem 4.2.2:

Corollary 4.2.3. When I'(n) = O(logn), v, — v in L>([0,T]; L*(R?)) for

T < (Ca)™t, with

vy = ll oo o772 (%)

CaT 4.2.4
< O\l 2 (vT) V% exp (<—%log(yT)) ) : ( )

In Corollary 4.2.4, we extend the class of solutions for which both exis-
tence and uniqueness of solutions to (E) can be demonstrated globally in time.
Note that we obtain uniqueness in Corollary 4.2.4 in spite of lacking knowledge
of whether the solution to (F) remains in the class L>([0,T]; Br, (R?)) for ar-
bitrarily large 7', this being (almost) the class for which Vishik demonstrates

uniqueness in [21] (see the comment on p. 771 of [21]).
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Corollary 4.2.4. When I'(n) = O(log"n) with 0 < k < 1, the solution v to
(E) is unique in L>=([0,00); H'(R?)). Also, v, — v in L2

loc

([0, 00); L*(R?)),

and for all T > 0,

o, — UHLoo([o,T};LZ(RZ)) < CWT) 2|l 2 exp (ecaTlogn(_log(VT)/Q)) - (4.2.5)

Proof. The rate in Equation (4.2.5) follows immediately from Theorem 4.2.2.
By Equation (4.2.5), any solution v to (E) lying in L>([0,00); H'(R?)) is the
strong limit in L$2.([0,00); L?(R?)) of the solutions v, to (NS); since strong

loc

limits are unique, we conclude that the solution v is unique. O

In Corollary 4.2.4, one can show that a solution to (E) in L*®([0,00); H'(R?))
is unique without using the vanishing viscosity limit. Indeed, given a solution
v to (F) with initial data v°, we construct in the proof of Theorem 4.2.2 a
sequence of C*°(IR?) solutions v, to (E) with initial data S,v°. We then show
that w € Br(R?) implies ||v,, — v||p(jo,77;02(r2)) g0€s to 0 as n approaches
infinity (see Equation (4.3.3) and Equation (4.3.7) in the sections that follow),
where I satisfies the conditions in Corollary 4.2.4. Since the sequence v,, is
uniquely determined by the initial data v°, two solutions to (E) with the same
initial data and initial vorticity in Br(R?) will have the same approximating

sequence and will therefore be equal on [0, T].

The restriction Equation (4.2.1) on I" ensures that I'(/V') grows no faster
than C'log N for large N. Therefore, Corollaries 4.2.3 and 4.2.4 establish a

rate of convergence for the entire short time existence and uniqueness class in
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[21]. Similarly, the assumption Equation (4.2.2) on I' ensures that I'(IV) grows
no faster than Clog%N for large N. Therefore, Corollary 4.2.4 establishes a
rate of convergence for the entire global existence and uniqueness class in [21]

as well.

4.2.1 A comparison of rates of convergence

Note that when x = 0, our result reduces to the case where w® €

BY, 1 (R?), and our rate of convergence becomes
”UV - UHLOO([O,T};LQ(RQ)) S C(VT)l/QHWOHLQ exXp (€CQT) . (426)

Since BY ;(R*) € L>(R?), we would expect this rate to be faster than that
established by Chemin in 4.1.1, which it is. Chemin’s rate is substantially
better than that of 4.2.4 and of 4.2.6 with 0 < k < 1; however, the two spaces
Boogrn) (R?) and L>°(R?) are not comparable for 0 < & < 1, since the vorticity

can be unbounded for the first space while I'(n) = O(n) for the second.

Finally, the rate established by Hmidi and Keraani in Theorem 4.1.2 is
the same as that in Equation (4.2.5) up to dependence of constants on time

and initial data, although they show convergence in a different norm.

4.3 Proof of the main theorem
We now begin the proof of Theorem 4.2.2. Let

0

v, = the solution to (E) with initial velocity v,),
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where v, n = 1,2,..., is a divergence-free initial velocity smoothed to lie in

C>(R?) and such that v2 — v? in L?(R?) as n — oo. Letting
X = L*=([0, T]; L*(R?))
we have, for any solution v to (F) in L>([0, 00); H'(R?)),
lv, = vllx < flvw = vallx + v = onllx -

To bound the first term on the right hand side, we use an energy estimate

which can be found in [13]:
o () = va (&) 72 SCutfl|lzallw()lize + 0° = vplIZ.

‘ , (4.3.1)
+ 2/ / v, (s, 2) — vp(s,2)|" [Vou(s, )| deds.
0 Jr2

As long as we insure that the initial velocity is smoothed in such a way that
lw(v)llze < Cllw’|lz2 (4.3.2)
we can conclude from Gronwall’s inequality and (4.3.1) that
10, (8) = va()72 < (CVHlw® (22 + v — v3|22) 2ol vrlace
SO
low = vallx < (V)22 + [[o° = Dl 12) el 19 oo,

using (A% 4+ B)Y2 < A+ B for A, B > 0.

The energy argument for bounding ||v — v, ||y is identical except that

the term involving v is absent and of course we have v in place of v,. (In
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this energy argument, although the norm of v(t) in H'(R?) does not appear,
the membership of v(t) in H!(R?) for almost all ¢ is required to insure the

vanishing of one of the two nonlinear terms, so we are using the membership

of v in L>=([0,00); H'(R?)).)

We thus have
o= vally < Il0® — 02 aehs 170l (4.3.3)

and so

v, — vllx < (CVT)2[[0|| p2edo 170 lloe

(4.3.4)
T
+ 2||0° — 00| 2edo IVonllzee
Now suppose we can show that for some sequence (v9)%°; of approxi-
mations to v satisfying Equation (4.3.2),
|0° — v2||Lzef0TW”"”L°° — 0as v — 0. (4.3.5)

Then letting n = f(v) with f(r) — oo as v — 0, the second term in Equa-
tion (4.3.4) will vanish with the viscosity. By choosing f to increase to infinity
sufficiently slowly, we can always make the first term in Equation (4.3.4) van-
ish with the viscosity as well. Thus, to establish the vanishing viscosity limit,
we need only show that Equation (4.3.5) holds; to determine a bound on the

rate of convergence, however, we must choose the function f explicitly.

What we have done is in effect decouple the vanishing viscosity limit
from the Navier-Stokes equations and from the viscosity itself. Also, we have

yet to use the information we gain from w lying in Br; this information
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is encoded in the approximate solution v, and will be exploited in the next
section.

4.3.1 Convergence in Equation (4.3.5)

To smooth the initial velocity let

0 0
v, = Spv-.

Then w? = S,w" and Equation (4.3.2) is satisfied. Also,

07 = vpllze = |(Id =S, )0°|| 2 = Z Al < Z [P
qg=n+1 1.2 g=n-+1
<C DY 2YA V|
q=n—+1
0o 1/2 oo 1/2
<C ( Z 2—2q> ( Z HAquHiz)
qg=n+1 qg=n+1

o 1/2
<c2 ( > llAqwolliz) < O 227",

q=n-+1
where we used Minkowski’s inequality, Bernstein’s inequality, and the Cauchy-
Schwarz inequality. From Lemma 4.3.1, below,

Ctllwpll go
oo, 1

V0 (t)]| e < C <||w2||L2 + ||w2||320,1> €

<C (HWOHLZ + OéF(n)) 6CtaF(n) < CaP(n)ecatF(”),

(4.3.6)

where o = [|w°||5.. When lim,, ., T'(n) = oo, Equation (4.3.6) holds for an
absolute constant C for all sufficiently large n; it holds for all n for a constant

that depends upon the initial vorticity. (See Remark (4.2.1)). This applies as
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well to the inequalities that follow. Also, in Equation (4.3.6) we used

n+1

lnllz, = D 1Awpllz= < D A |z < al(n).

q>—1 g=-1

Thus,

g Cal'(n)  carr
¢ . < oTT(n) 1) < CaTIT(n)
/0 [Vun( )“L = Cal'(n) (6 ) =€

and

|v° — vgﬂLzefoT”WnHLoo < O 22 ™ exp (eCQTP(”)) : (4.3.7)

To bound the rate of convergence of v, to v, we must decide how to
choose n as a function of v in Equation (4.3.4). Using Equation (4.3.7), we

have
||UV - UHX < CHWOHLQ ((VT)UQ + 2—n) exp (eCO‘TF(”)) .

Viewing this as a sum of two rates, when n = —(1/2) log(vT') the two rates are
equal. If n increases more rapidly as v — 0 then the first term decreases more
slowly as v — 0; if n increases more slowly as v — 0 then the second term
decreases more slowly as v — 0. Since the slower decreasing of the two terms
limits the convergence rate, we conclude that letting n = —(1/2) log(vT) opti-
mizes the convergence rate, giving the bound in Theorem 4.2.2 and completing

its proof.

Lemma 4.3.1. Let v be a C™®-solution to (E) with initial velocity v°, where
w? is in L (R?) N BY, | (R?), with py in (1,00). Then

Ctlw’llg0

V0@l < € (Il + g, )
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Proof. We have,

IVo)l e < 1A VO] + Y 1AV o

q=>0

< Ol AWl +C D N0 o

q>0

< Cllw’llzro + Clw®ll o, -

Here we used Bernstein’s inequality with the Calderon-Zygmund inequality for

the first term and Lemma 2.3.8 for the sum.

From Theorem 4.2 of [20],

lo(®)llgg_, < CA+1og(lg®lipllg™ Eluin) 130,

where ¢ is the flow associated to v; that is,

g(t,x) ==z —l—/o v(s,g(s,x))ds.

It follows from Gronwall’s inequality that

t
lg(®)lliip, lg™" () llaip < eXp/O IVo(s)ll oo ds.

Combining the three inequalities above gives
t
96Ol < Pl +C (142 [ 1T s ) [,
0
and the proof is completed by another application of Gronwall’s inequality. [J

In the proof of Lemma 4.3.1 we used the existence of a flow associated

with a smooth solution to (E), which allowed us to apply Theorem 4.2 of
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[20]. This is where our approach differs markedly from that of Vishik’s in [21],
where required properties of the flow are inferred from the membership of the
vorticity in the spaces LP°(R?) N Br(R?) and LP°(R?) N L' (R?) and where the
constraints on the values of pg and p; of Theorem 4.2.1 are required. Vishik
also requires that py < 2 so that the velocity can be recovered uniquely from
the vorticity using the Biot-Savart law, since he uses the vorticity formulation
of a weak solution to (E) in [21]. By contrast, in Theorem 4.2.2 we in effect
require that po = p; = 2, so that we can make the basic energy argument in

Section 4.3.

It is also possible to prove Lemma 4.3.1 using an argument like that in
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