AN INITIAL VALUE PROBLEM FOR TWO-DIMENSIONAL
IDEAL INCOMPRESSIBLE FLUIDS WITH CONTINUOUS
VORTICITY

ELAINE COZZI

ABSTRACT. We study an initial value problem for the two-dimensional Euler
equation. In particular, we consider the case where initial data belongs to
a critical or subcritical Besov space, and initial vorticity is continuous with
compact support. Under these assumptions, we conclude that the solution
to the Euler equation loses an arbitrarily small amount of regularity as time
evolves.

1. INTRODUCTION

In this paper, we study the Euler Equation modeling incompressible fluid flow
on R?, given by

o(t,x) = —v - Vv — Vp,
(1) V-v=0,

vli=0 = vo,
where the vorticity of the fluid is given by

w = w(v) = 01v? — Gy,

It is known that when initial data for (1) is in the supercritical Sobolev space
Ws+LP(R?), where sp > 2, the solution does not lose any regularity as time evolves
(see, for example, [5], [6]). Much less is known when initial data belongs to the
critical Sobolev spaces, where sp = 2, or to the subcritical Sobolev spaces, where
sp < 2. We therefore restrict our attention to these two cases. In addition, we
assume that the initial vorticity is continuous with compact support.

The motivation for this paper is a result of Bahouri and Chemin found in [1],
where the authors show that a lower bound for the Sobolev exponent of w(t) is
determined by the log-Lipschitz norm of v(¢). They define

tx) —o(t
Vi) = sup lu(t,z) —v(t,y)| ’
lz—y|<1 |7 — y[(1 —log|z — y])

and they prove the following theorem:

Theorem 1. Let v be a solution to (1) such that w(vg) = wp € L (R?)NWP(R?),
for sp < 2 and s € (0,1]. Fiz s’ < s, and define o(s',t) = s’ exp(— fot V(r)dr).
Then w(t) € W D-2(R2) for all t € R.
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In this paper, we show that, if we also assume wy is continuous with compact
support, then we can improve the lower bound for loss of regularity to an arbitrarily
small amount. More precisely, we show that, given ¢ > 0 arbitrarily small, and
T > 0 fixed, if wg € WP(R?) N C.(R?) with sp < 2, p € (1,00), and s € (0,2),
then w(t) belongs to Ws=¢P(R?) for all t € [0,T]. As in [1], we study the vorticity
equation corresponding to the Euler equation. When n = 2, the vorticity equation
is given by

Ow +v-Vw =0,
(2)

w|t:0 = wyp-

S—€

To prove our result, we show that w(t) belongs to the Besov space B, "¢ (see Defini-
tion 3) for all ¢ in a finite time interval [0, T]. Our general approach is to localize the
frequency of the terms of (2), which results in a new equation with a commutator
term on the right-hand side:

OAqw +v-VAgw = [v-V,Aglw,
®) Aywli—g = A
qWt=0 — qWo-
We then prove the necessary estimate on the LP norm of the commutator on the
right-hand side of (3), and apply a Gronwall argument to show that w(t) is in B, S.
The main novelty of this paper is that our methods allow us to draw conclusions
for wy € By . (R?) N C.(R?) for all s € (0,2), whereas, if we restrict our attention

to the case s € (0,1], we can prove the result by combining methods used in [1]
with the following lemma, which we prove in Section 3:

Lemma 1. Let v be a solution to (1) such that w(vy) = wy € C.(R?). Let g(t)
be the measure-preserving homeomorphism in R? satisfying 0yg(t,x) = v(t, g(t,)).
Given § >0 and T > 0, it follows that ||g(t)~" — Id||cai—s € L°°([0,T]).

2. LITTLEWOOD-PALEY DECOMPOSITION AND FUNCTION SPACES

In this section, we set notation and recall the definitions of the function spaces
which we use throughout the proof of our main theorem.

Proposition 2. There exists two radial functions x € S and ¢ € S satisfying the

following properties:

(i) supp x C{ € R?: 0 < [¢] < 33}
g <t

(i) supp  C {€ €R? : § < | )
(iii) x(§) + 22520 (€)= 1,
where o5(€) = p(279€) (s0 p;(x) = P (2a)).
Proof. See [7]. O

Observe that, if |j — j'| > 2, then supp ¢; N supp ¢; = 0, and, if j > 1, then
supp ¢; N supp x = 0.

Definition 1. Let f € S’. We define

A1f=x(D)f =x*f.
For j >0, A;f =@ * f.
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For j < =2, A;f = 0.
For k€ Z, Spf = Y021 A f = x(277D)f.

Definition 2. Let s € R. We define the Zygmund space C? to be the space of
tempered distributions f such that

[flles == sup 2%[|Aqf[Le < oo.
q=—1

It is well known that the norm on C? is equivalent to the classical C'* norm when
s is not an integer and s > 0. For a proof of this, see [3], Proposition 2.3.1.

Definition 3. Let s € R, p,q € [1,00]. We define the inhomogeneous Besov space
B; , to be the space of tempered distributions f such that

o0 g
By, = () YA fl],) < oo

i=—1

171

When g = oo, write

171

B 7= SUD 271\ A £l o

Remark. Note that B3, ., = C5.

Definition 4. The space of log-Lipschitz functions, denoted by LL, is the space of
bounded functions f on R™ such that

P 1 b 1]
Wller =Wl 00 =yl —Tog e — )

An important tool throughout the proof of the main theorem will be a decompo-
sition introduced by J.-M. Bony in [2]. We recall the definition of the paraproduct
and remainder used in this decomposition.

Definition 5. Define the paraproduct of two functions f and g by

Trg = Z AifAjg = Z Si—1fAjg.
i<ite =

We use R(f,g) to denote the remainder. R(f,g) is given by the following bilinear

operator:

R(f,9)= Y. AifAjg.
ji—jl<1
Bony’s decomposition gives

fg=Trg+Tyf + R(f,9)
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3. PROOF OF LEMMA 1

It is known (see [11]) that if |[v(2)||Lr € Li,.(RT), then the flow g(t) exists, is
unique, is a measure-preserving homeomorphism from R? to R2, and satisfies the

equation

t

(4) g(t7$) = .%‘-l-/ U(T,g(ﬂx))dq—.
0

Furthermore,

(5) g(t) — Id € === Jo lle(™llzrdr)

From (5), we see that the Holder exponent of g(¢t) — Id is determined by the log-
Lipschitz norm of v. One can characterize log-Lipschitz functions using the follow-
ing inequality (see [1]):

VS, oo
(6) O fllee < 11Sofllom +sup LV Sefll=
>1 g+1

<Cllfllze

for a constant C' > 0. When computing the Holder exponent of g(t) — Id, (5)
and (6) motivate us to study the behavior of the quantity ||V.S,v(t)||re. In this
section, we assume wy € C.(R?), and we show that, given ¢ > 0 and T > 0,
[|VSqu(t)||lLe < e(g + 1) for sufficiently large ¢ and for all ¢t € [0,7]. We then
conclude that g(t) is locally Holder continuous with Holder exponent arbitrarily
close to 1. We begin with the following lemma:

Lemma 3. Let u € C.(R?). Given ¢ > 0, there exists an N > 0 such that
[|Ajul|pee <€ forall j > N.

Proof. Since u € C.(R?), we can construct a sequence (uy) C C°(R?) such that
ur, — wu uniformly. Also, since u, € C°(R?), there exists an N > 0 so that
||Ajug|[p < § for j > N. Therefore, for k sufficiently large, and for all j > N, we
have

[[Ajullpee < [[Aj(ur —u)l|pee + |[Ajuk||L-
< €.

This completes the proof. (Il

Observe that, when n = 2, we can use the chain rule to rewrite the vorticity
equation given in (2) as w(t,z) = wo(g(t)"'(z)). Therefore, if we assume that
wo € Cq, then w(t) € C, for all t € R. We now apply Lemma 3 to w(t) and conclude
that, for fixed ¢, given € > 0, there exists N; such that sup;- y, [[A;w(t)||z~ < e In
what follows, we need IV; to be time independent. We therefore prove the following
lemma:

Lemma 4. Let v be a solution to (1) such that w(vg) = wy € C.(R?). Given e >0
and T' > 0, there exists an N = N(T',¢€) so that sup;- y ||Ajw(t)|[L=~ < € for all
te€0,7].

Proof. To prove the lemma, we use the Ascoli-Arzela Theorem to show that the set
A={w(t):te[0,T]} is compact in C(M), where M is the compact subset of R?
containing the supports of all elements of A. The set A is clearly equibounded as
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[lw(®)||Le = ||wol||e for all ¢ € [0,T]. To show equicontinuity, we observe that, for
r1 and x5 in R? satisfying g(t1,71) = g(te, v2) = , we have,
w1 — @2 < ft1 — 2| sup |[Jv(7)|[Le~
TE[t1,t2]
< Clty — ta|([|lwollr + llwol|L=),

where we used the bound |[[v(t)||r= < C(||wo||ze + |lwo||re) for p € (1,2). (For a
proof of this bound, we refer the reader to [9], Theorem 3.1.) Therefore, by uniform
continuity of wy, given € > 0, there exists § > 0 such that, for |t; — 2| < § and for
all z € R?,

w(ty, z) = wlts, z)| = |wo(z1) — wo(w2)]
€
< 3
We conclude that, for |t; — ta| < 4,

llw(t1, z1) — w(ty, T2)| — |w(tz, 71) — w(tz, 12)]|
< w(ty, 21) — w(te, o1)] + |w(ts, z2) — w(t2, 22)| < €.

(7)

Equicontinuity follows from (7). Finally, we observe that A is closed in C'(M) by
sequential continuity of w in time and compactness of [0,7]. We conclude that
A is compact in C(M). From this compactness, it follows that for any ¢ € [0,T]
and € > 0, there exists t; € [0,T], i = 1,2,..., M, such that ||[Ajw(t)||p~ < § +
[|Ajw(t;)||pe for all j. Furthermore, given w(t;), there exists an N;, such that
SUp;s . [|Ajw(ti)||r < §. Let N = max{Ny,,....Ny,, }. Then, for all t € [0,T7,

sup [|Ajw(t)||p- < e
j>N

This completes the proof. (I

We bound ||A;Vu||re by C||Ajwl||re~ if j > 0, and we bound |[A_1Vuv(t)||r
with C||wo||re for p € (1,00) using Bernstein’s inequality. From Lemma 4, we
conclude that, for N sufficiently large, and for all ¢ € [0, T],

(8) [[SNVu(t)||pe < e(N +1).

We now use (8) to compute the Holder exponent for the flow corresponding to the
velocity of a fluid with initial vorticity in C.(R?), which will complete the proof of
Lemma 1. We show that, given e > 0 and T > 0, g(t)~" — Id belongs to C7®) (R2)
for all ¢t € [0,T], where o(t) = e~“*, and C is an absolute constant. We then let
d=1—e"°T¢ and we make § as small as we would like by our choice of e.

Fix ¢ > 0. Write v = v1 y+v2 N, where v1 y = Sy_1v, and ve y = (Id—Sn_1)v.
By (8), it follows that |v1, v (¢, 2) —v1 8 (8, y)| < |[|[VSN_10(t)||Le |z —y| < C(Ne|z—
y|) for large enough N. Therefore, if N = —log, |z — y| and |z — y| is sufficiently
small, v,y is a log-Lipschitz function with log-Lipschitz norm less than or equal to
€. Similarly, |vo v (t,x) — va, N (£, y)] < CZ;”;N_l 279|A;Vo(t)||L= < C27Ne by
(8), which implies, by our choice of N, that v y is Lipschitz with Lipschitz norm
less than or equal to e. We conclude that for |« — y| sufficiently small,

lo(t,z) —v(t,y)| < [(vi,n(t2) +v2,n(t2)) — (v1,8(Ey) + 02 n(E )]
(9) < Cle(—logy |z — yl) |z — y| + €[z — yl)
< Ce(1 —logy |z — y|)|x — y.
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We now use (9) and Osgood’s Lemma (see [3], Lemma 5.2.1) to compute properties
of the flow. We write

o(t, gt ) —v(t, 9(t,y))| < Ce(l —logy [g(t, 2) — g(t,y))lg(t, 2) — g(t,y)]

whenever |g(t,z) — g(t,y)| < d. From (4), this gives
t
lg(t, ) —g(t,y)l < |z —yl+ / Ce(1 —logs lg(7, ) — g(7, y) )9 (7, 2) — g(7, y)ldr.
0

By Osgood’s Lemma, we conclude that

—log(1 —log|g(t, ) — g(t,y)|) + log(1 — log |z — y[) < Cte.
Taking the exponential twice, we get

|g(t,$) B g(t7y)‘ < 6176—0‘“

“Cite > €
|z —yl°
whenever |z — y| < §, which gives
t,x) — ) — (g(t,y) —
(glt2) —2) — (o) W] _ |

|z —yle™ "

In the case |z — y| > §, we have

llgtt.) = 2) = (9 y) =Y g5-cmc) oy — 1q)
o — yle " - o

To see that ||g(t)~! — Id||c1-s € L (RT), we observe that

loc

l(g(t,2) —z) — (9(t,y) — )|

—C'te
e
Yl

t
< e+ )42 [ otrgtr el

< (e+1) + 26 T(||wollL» + llwol|z)
for all ¢ € [0,T]. This completes the proof of Lemma 1.

4. PARADIFFERENTIAL ESTIMATES FOR THE TRANSPORT EQUATION

In this section, we consider an initial value problem for the vorticity equation
corresponding to the two-dimensional Euler Equation. When n = 2, the vorticity
equation is given by

Ow +v-Vw =0,
(10)
W|t:0 = wo-
Note that, if w satisfies (10), then A,w satisfies the following equation:
O Aqw +v-VAw = [v-V,Aw,
Aqw‘tzo = Aqwo.

(11)

We want to prove the following estimate:

Proposition 5. Let p € (1,00) and o > 0 be fived. Then there exists two positive
constants C1(o) and Cy such that

v -V, Aglwl|zr < C1(0)(C2 + [|Sg-1Vol[L=)27|w][Bg .-



2D IDEAL INCOMPRESSIBLE FLUIDS WITH CONTINUOUS VORTICITY 7

Proof. We consider the cases ¢ > 4 and ¢ < 4 separately. We first assume g > 4
and use Bony’s decomposition to write
2
[v-V,Ayw= Z[ijaj, Aglw + [Ty, .v5, Aglw + [0;R(vj, ), Aglw.
j=1

We address each piece of the sum separately. We start with [T),,0;, Ag]w. Write

g+4

[T, 05, Aglw = Z [Sq—1(v)), AglAgrOjw.
q'=q—4

Letting u = Ay djw, letting h = é (recall we are assuming q > 4 here), and keeping
in mind that |¢’ — ¢| < 4, we have

1[Sqr—1(v;), Aglullr = |] /]Rz h(y)(Sg—1(vj) (@ = 27%y) = Sgr 1 (v;)(@))u(z — 27 %y)dy||Lr

< OS2 Vo[ Lo 27 |ul[ Lo

S 024U||Sq/_1v1}|‘LcoZ_qUHwHBg,OO,
where we used the fact that h € S and therefore zh(z) is integrable, as well as
Bernstein’s inequality. We now sum over ¢’ to get

q+4
1T, 0 Addelle < C272 7 |lllng 3 1181 Vellz
q'=q—4
< C2Y727%|wl|pg _ (1Sg-1Vl|z= +[|Vo]

(12)

co)-

We now consider [Tp;.vj, Ajlw. To bound ||Tp;a,wv;|/Lr, We use Bernstein’s in-
equality and our assumption that g > 4, as well as properties of our partition of
unity, to write

175, 2,00l 120 < D 02927 ||y 1 Agw] 10| A V0
q'=q
(13) < Cl|Agw]|Lr sup ||Ag Vol |

q'>

< C|IVo||co2™ % |wllBg . -
Furthermore, since the Fourier support of Sq:_10;wA 4 v; is contained in an annulus
with inner and outer radius €727 and C52¢ respectively, we can write
q+4
18 (To,v)lle < Y 1Sy 1050l ||Agv]| Lo
q'=q—4
q+4 , ,
> 02927 ||Sy 1wl |pe || Ag Vo[ 1o
q'=q—4
q+4
Y ClSy—1Vollz=||Agw]|zs
q'=q—4
< C2%(|[Sg-1 Vol + ||Vl

Once again, we used Bernstein’s inequality in the second inequality. It is in this
inequality that our assumption that g > 4 is necessary. For the third inequality, we

IN

IN

c0)27||wl|Bg . -
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used the fact that Calderon-Zygmund operators are bounded on LP for p € (1,00).
Combining (13) and (14), we see that

(15)  I[To,.v5, AglwllLe < C2%7(||Sq-1 V5|2 + ||Vo]

c0)2” ||l Bg

for ¢ > 4.
We now study the remainder term, [0;R(vj,-), AqJw. We need the following
lemma:

Lemma 6. If s+ o0 > 0, then ||R(a, b)”Bf,tz < C(s,0)||al

C(s,0) = CQM"(ﬁ 4 2N(sto) 4 21(H9)) for fized positive integers M
2

and N.

pe_|Blllg _, where

Proof. For a proof of the lemma, we refer the reader to [10]. O

To handle the remainder term, we will consider low and high frequencies of v;
separately. We begin with [0; R((Id—A_1)vj,-), Aglw. Using Lemma 6 with s =1,
Bernstein’s inequality, and the fact that the Fourier transform of (Id — A_;)Vv
vanishes in a neighborhood of the origin, we write

18405 R((Id = A1), w)|[r < 27|[R((Id = A-1)vj,w)|| gz 2
(16) < C(0)27[|[(Id = Ay)vllpy,  lwllsg
< C(0)277|IVollcellwllBg .-
Here C(0) = C(1,0) from Lemma 6. To bound ||0; R(({d — A_1)v;, Aqw)||z», note
that
(17)
10;R((Id = Ay)vy, Ag)llee < D7 29[ Agr(Id — A_1)o]| oo || Ay Agw]| s

a’a’

la’—q’"|<1
lg’—q|<1

< Ol Vollee2™ % |wl|Bg . -

In the first inequality above, we used the fact that the support of the Fourier
transform of Ay (Id — A_1)vAy Ayw is contained in a ball with radius C27, along
with Bernstein’s inequality, to get the factor 29. In the second inequality, we used
the inequality |[(/d — A_1)v|[pr, _ < C|[Vv||co. We now combine (17) with (16)
to conclude that 1

(18) 10, R((Id = A_1)vj,-), Aglwl|zr < C(0)][Vv]

02" wllBg .-

We now consider low frequencies of v;. We need to estimate ||[0; R(A_1v;,-), Aglw]|L».
Using the definition of the remainder operator, as well as the properties of our par-
tition of unity, we write

[0;R(A 10, ), Aglw = 0 R(A_1vj, Agw) — Ag(9; R(A_105,w))
=0;( Y ARA0AAW) — AD;( Y AA_ v Aw).
ji—kl<1 ji—kl<1
We begin by estimating A,0; (>, v ArA_jv;A;w). We first reintroduce the

li—k|<1
sum over j, allowing us to use the fact that div v = 0 to move 0; inside the
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parentheses and differentiate w. This, along with properties of our partition of
unity, gives

(19)

2 2 1 0
DAY ARA 0 AW [ O Y [ AG(ARA 10 Ap10j0)|| s
j=1 ik j=11=—1k=—1
li—k|<1

Note that, in the second line of (19), the support of the Fourier transform of
ArA_1vjA,_;0;w is contained in a ball with radius C2F. Therefore, the sum in
the second line is 0 if ¢ > k+ M, for a constant M. Furthermore, k < 0. Therefore,
we are only considering ¢ < M. We then write

2 1 0
35T S AAKA ;A1) |1

j=1l=—1k=—1

< C2M7|[o]| =27 |0l g -

To bound [|9;(3° ix  ArA_1v;A;Aw)||Le, we use the fact that the Fourier
transform of A,lz‘jj_’;‘sgslupported in the neighborhood of the origin, and we rec-
ognize that div v = 0 allows us to move 0; inside the parentheses. Therefore,

(20)

2
DD ArA 10AAw)||Le
=t \i—ikTgl

2 1 0
<O S I ARA ]| 2 At Age] s

j=1ll=—1k=—1

< C||v||p=2"|lwl|Bg .,

(21)

where we used Bernstein’s inequality and Holder’s inequality to get the first in-
equality in (21). We now combine (19) through (21) to conclude that

(22) 110, R(A-1;,-), Aglwlze < C2M7|[v]| L2797 Jw| B ..
Combining (12), (15), (18), and (22), we conclude that, for ¢ > 4,
1o -V, Aglwllr, < C@M7 + C(0)(|I1Sg-1Vv)llz= + (| Vo]

co +|[vll=)27"|lwl|Bg . -

To complete the proof for the case ¢ > 4, we bound ||Vv||co+|[v]| e by C(|lwol|z~+
[lwol||L») for fixed p < 2. This completes the proof for the case ¢ > 4.

For the case ¢ < 4, write:

(23) [v-V,Ajlw=v-VAw —Ay(v- Vw).
Keeping in mind that ¢ < 3, it is easy to see that
(24) lv- VAqwl[r < C(llwollLro + [lwollL=)27"||w]|5g .,

where again we used the bound ||v|| e < C(||wol|Lro +]||wol| =) for fixed pg € (1, 2).
We now write the second term of (23) as

2
(25) Ag(v-Vw) =Y Ay (T, 0w + Ty,wv; + R(vj, 0w)).
j=1
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We successfully bounded the LP norm of the remainder term of (25) in (16), (19),
and (20) of the proof for the ¢ > 4 case (note that (16), (19), and (20) hold for all
q). Therefore, we are only concerned with Z?Zl Ay(Ty;0jw + Tp;,v5). Using the
fact that Sq_1v;A4 0w has Fourier support in an annulus with inner radius C; 24
and outer radius C’22q/, and, once again, keeping in mind that ¢ < 3, we have
q+4 ,
18¢(To, 05010 <Y ClISg—10llp=2" || Agw[zr
(26) o
< C(llwollzro + [lwollL=)27 |lw|| g

for pg € (1,2). Furthermore, since ¢ < 3, we write

q+4
1A (To,0v)|lLe < D 1Sy -10;wAgv;]| Lo
q'=q—4
qg+4 ¢ —2
<C Y Y 2 Mwllsg lvllz=
q'=q—4k=-1

< 027 ([lwoll o + llwtl [£)27 ol 3,

This completes the proof of the ¢ < 4, and therefore completes the proof of the
estimate for all . We conclude that, for all g,

v -V, AglwllL, < C1(o)([[Sq-1VvjllLe + [lwollro + [lwollL<)27" ||lwl|5; .,
]
Note that, if we define h(t,z) = g(t)” ' (z) —x, then h satisfies an equation similar
to (10). We have the following:
Oth; +v-Vh; +v; =0,
hilt=o = 0.
Since h; satisfies (27), it also satisfies
OAghi +v- VAR = —=Agv; + [v-V, Ay,
Aghile—o = 0.

This motivates us to prove a similar commutator estimate with A in place of w. We
prove that the following estimate holds:

(27)

(28)

Proposition 7. Let p € (1,00), § > 0, and o > 0 be fixzed. Then there exists two
positive constants Cy (o) and Cy such that

[[v- ¥, Aglhllz, < C1(0)(Ca + [|Sq1 Vol| = )27 [|Bl 5
q+4 ,
+ 3 )27 Agvllzalhl .

q¢'=q—4

Proof. The proof of Proposition 7 is identical to the proof of Proposition 5 with A in
place of w for every term except Ay(Tp,nv;). Therefore, we restrict our attention to
this term. This portion of the proof will result in the second piece on the right-hand
side in Proposition 7.

Note that, in the proof of Proposition 5, we use the assumption that ¢ > 4
only when bounding ||A,(T5,,v;)|[z». For all other terms, ¢ > 0 suffices. This
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observation, combined with the fact that we will only need to assume ¢ > 0 to
bound [|A,(Ts;nv;)||Le, leads us to consider the cases ¢ = —1 and ¢ > 0 separately.
We first assume ¢ > 0, and we write Ay(Ty,,v;) = Aq(zyzl Sq—10;hAgvj).
Using the fact that Sy_10;hAyv; has Fourier support in an annulus with inner
radius €129 and outer radius 022‘1’, we apply Bernstein’s inequality and Holder’s
inequality to get
qg+4 q'—2
18¢(Tonv)lle < D D> 252X DAL [oo[[Agrv]| o
q'=q—4k=-1
q+4
< Y 0027 hller-a|Ag vl

q'=q—4

(29)

We now consider the case ¢ = —1. As in the proof of Proposition 5 when
assuming ¢ < 4, we begin by writing:
(30) [v-V,AjJh=v-VAh—Ay(v-Vh).
For the first term of (30), we use the fact that ¢ = —1 to get
(31) llv- VAGh|[Lr < C(||lwollLro + [lwollL)27||Al] By

for pg € (1,2). The second term of (30) can be written as
2

(32) (v-Vh) =Y Ag(Ty, 05+ Tonv; + R(vj,0;h)).
j=1

The proof of the bound on the LP norm of the remainder term in (32) is identical
to the proofs of (16), (19), and (20), (which hold for all ¢), with h in place of w.
Furthermore, we handled the L? norm of A,(Tp,xv;) (see (29), which also holds for
all g). Therefore, in (32), we are only concerned with A,(7),;0;h). For this term,
we refer the reader to the proof for w with ¢ < 4, given in (26). This completes the
proof of the case ¢ = —1, and therefore completes the proof of the estimate for all
q. (Il

5. MAIN THEOREM

In this section, we prove the following theorem:

Theorem 2. Let vy € BtL(R?), div vy = 0, and let w(vy) = wo € C.(R?), where
sp<2,s€(0,2), andp € (1,00). Let € > 0. There exists a unique solution to (1)
such that [[v(t)|| gs+1-< belongs to Lis (RT).

loc

Furthermore, let g(t, x) be the measure-preserving homeomorphism satisfying 0yg(t, x) =
v(t,g(t,z)). Define h(t,x) = g(t)~*(x) —x. Then, under the above assumptions on
v and wy, it follows that, for fized § > 0, ||h(¢)| pri-s belongs to L (RT).

Remark. Uniqueness in Theorem 2 follows from [11].

Proof. We begin by proving the first part of the theorem. Our approach is as
follows: we fix ¢ > 0 and T' > 0, and we define o(t) = sexp{—<¢€'t}. We then

show that ||v(¢ )‘|Bo(t)+1 € L*([0,T)), where C is an absolute constant. Letting

€E=85— sexp{ffe’T}, we make ¢ as small as we would like by our choice of €.
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We first prove the theorem on a sufficiently small time interval [to,¢]. We then
use a bootstrapping argument to show that the theorem holds on any finite time
interval [0,7]. From (11) and Proposition 5, it follows that

t
1Agw®)l|zr < [[Agw(to)]|Lr +/t CL(a(M)(C + [|8g=1Vo(D)|L)27 9 D w(r)|| gy dr

We see from the proof of Proposition 5 that Cy(o(t)) can be bounded by an absolute
constant for all o(t) € (0,2). Therefore, for the remainder of the proof, we drop
the dependence of C; on ¢(t). We multiply both sides of the equation by 227 and
take the supremum over ¢ to get

1850l < o)y H5pL [ Co(Co 118, aF0() L2070 o) ).
a Jig
We now show that the supremum over ¢ on the right-hand side is finite. We claim
that the loss of regularity in the Besov exponent, resulting in the term 22(7(t)=o(7))
is enough to combat the growth of ||S,—1 Vv (T)||pe~.
When taking the supremum over ¢ of the time integral, we consider two cases
separately: the supremum over ¢ < N, and the supremum over ¢ > N. We then
use (8) to handle the supremum over ¢ > N. We write

18wl ggey < llw(to)ll greor + 11+ 12,

where
t
Iy = sup{ [ C1(Ca + [|S4-1Vo(7)|[)29 D=9 w(r T g dr},
q<N to
and
t
I = sup{ [ C1(Ca+ ||Sg-1V(7)|| )29 D=9 D] |w(r T pgdr}-

q>N Jtg

To bound I, we apply (8), and we conclude that

t t
(33 I S/ Cllw(n)ll ggpdr + sup{ C1eq227 (=97 (7 T pgodr}.
to >N Jtgy

To handle the second integral in (33), we integrate by parts. Letting o(t) =
sexp(—2Stet) (this is the definition of o(t) with C = 2C4), we let u = eFter
and dv = Cleqe*%”2q"(t)*q"(7)d7. Then, substituting v and dv into the second

integral in (33), and recognizing that du and v are positive for all 7 € [to,t], we
write

t
sup{ sup IIw(T)IIBw/ udv} < sup{ sup ||w(7)|| o (uvlf)}
(34) q>N T€[to,t] P Jto q>N T€[to,t] oo
sup. [ (7| e e
= o(r)€ 5 .
TE[to,t] B, 2In2

We now bound the first time integral on the right-hand side of (33) by
(35) C sup (o)l oo (t — o).

TE[to,t]
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Combining (35) with (34), we conclude that

C
36 I < sup ||w(T)|]| o {es——
(36) 2 sw o (e g

To bound I, we first observe that [|S,_1Vo(7)||r~ < ¢|[Vv(7)||co. Then, bound-
ing [[Vo(r)llce by C(llwollz= + lsol[zwo), for po € (1,00), and recognizing that
24(e(t)=o(7)) < 1 for all ¢, we conclude that

(37) I <CN(t —tg) sup |lw(7)

TE[to,t]

+O(t—to)}.

|| BZfJo)'
We now combine our estimates for I; and I given in (36) and (37), which gives

sup ||w(7)]| gor) < Hw(tO)HBu(t()) +C* sup |[w(T)]| gors
TE[to,t] p.oe p.oe TE[to,t] p.oe

where we let

c 1
38 C*=e-"—— +CN(t—tg).
(38) €7 gy TON (o)
To complete the proof, we must make the constant C* < 1. Fix t > 0. Given this
C et

t, choose € > 0 small enough to ensure that 317? < 1. Depending on our choice of
t and €, N = N(t,€) may be very large. Given this N, make ¢t — to small enough so
that C'* < 1. Note that, under these assumptions, C* < 1 when we are working on
an interval of length less than or equal to t — tg, as long as the right endpoint of
the interval is less than or equal to t. We therefore break [0, ¢] into a finite number
M = M{(t,€) of intervals of length ¢t — ¢y, and we apply a bootstrapping argument.
This gives

sup || (7)l gor < CM|lwolls; .,
T€[0,t] Proe
where C' = ==, and C* depends on t and e. More precisely, larger initial choice
of t and smaller choice of € result in larger M and thus larger C.

This completes the proof for regularity of vorticity. To show that this implies

regularity of the velocity, we need the following estimate:
Lemma 8. Let vy € B;jx{(R%. Then there exists two positive constants Co and
C4 such that
()] gorir < Coe™ + [lw ()| gocwr-
P, p,00

Proof. We refer the reader to the proof of Lemma 6.2 in [8]. O

This completes the proof of the first part of the theorem.

We now prove properties of h. We show that h(t) € Bg:o(é) (R?), where o/(t) =
o(t)+1—46, and § is the Holder exponent of h(t) (see Lemma 1). The proof of this
part of the theorem is similar to that for w. However, we must deal with the extra
term which shows up in the commutator estimate given in Proposition 7.

We begin by applying Proposition 7 to (28), where, once again, we drop the
dependence of C; on ¢’. This gives

t
1Agh(B)]|e < [|Agh(to)]]Lr +/t C1(Ca + [1Sq-1 Vo ()| )27 97 O [h(7)]| g d7

q+4

+/t { D Uh@ller-sl1Ag o)l C(5)27°) +[|Ago(7)| Lo }dr.

'=q—4
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We now multiply both sides of the inequality by 24'(1) and take the supremum
over q to get

t
A gorr < [[R(t0)]] 5o o +Sup{/ CL(Ca + |Sg=1Vo(7)|| =) 27 O~ I |A(7)|| vy d}
p,o0 P, q tO p,00

¢
]/ {COIRD -l gr+r + [[o(T)]| ggr b
0
Here we used the fact that o’(t) = o(t) + 1 — 0, with § > 0. The constant C(§) now
depends on o(7), but it is uniformly bounded for all o(7) € (0,2).
We replace o'(t) — o/(7) with o(t) — o(7) in the first time integral, and we get

1O o or < [1at0)l] gor o) + J1 + T2,

where
t
Jy = sup{ / C1(Ca + (1541 Vo (7)) 27O~ 7 O [h(r)][ v dr),
q to Lt

and .
Jo = / {CONRM e[l geer + [[0(T)]| gg+1 YT
to , )

The argument for dealing with J; is identical to the argument we used to handle
I and I when proving the first part of Theorem 2. Following this approach, we
conclude that
sup |[1(7)]| gor iy < |[B(t0)l| gorceoy + C* sup |[|A(T)|] gor ) + T2,

T€E[to,1] oo phee TEto,t] paee
where C* is given by (38). Arguing as we did with w, we make C* < 1 on a
sufficiently short time interval and use a bootstrapping argument, as well as the
fact that h(0,2) = 0, to conclude that
(39)

t
sup AT gor ) < C/O {CONRTcr-s v g+ + (Tl go+1 YT
TE s P, p,00 p,o0

We now observe that the right hand side of (39) is finite by Lemma 1 and by the
first part of Theorem 2. This completes the proof of the theorem. ([
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