ON OPTIMAL ESTIMATES FOR THE LAPLACE-LERAY
COMMUTATOR IN PLANAR DOMAINS WITH CORNERS
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ABSTRACT. For smooth domains, Liu et al. (Comm. Pure Appl. Math. 60: 1443-
1487, 2007) used optimal estimates for the commutator of the Laplacian and the
Leray projection operator to establish well-posedness of an extended Navier-Stokes
dynamics. In their work, the pressure is not determined by incompressibility,
but rather by a certain formula involving the Laplace-Leray commutator. A key
estimate of Liu et al. controls the commutator strictly by the Laplacian in L2
norm at leading order. In this paper we show that this strict control fails in a
large family of bounded planar domains with corners. However, when the domain
is an infinite cone, we find that strict control may be recovered in certain power-law
weighted norms.

1. INTRODUCTION

In this paper, we study estimates for [A, P] = AP — PA, the commutator of the
Laplacian and the Leray projection operator, in planar domains with corners. In
a bounded domain € C R¥, the Leray projection operator P is defined as follows:
Given any a € L?(Q,RY), there exists a unique ¢ € H'(Q) with [, ¢ = 0 and such
that Pa := a + Vq satisfies

(1.1) 0= (Pa,V¢) = {a+Vq, Vo)

for all ¢ € H(Q2). In [3], Liu et al. proved the following L*-estimate for the com-
mutator of the Leray projection operator and the Laplacian.

Theorem 1.1. Let Q be a connected, bounded domain in RN, N > 2, with C®
boundary. For any (5 > %, there exists C' > 0 such that for all vector fields u €
H? N H{(Q,RY),

(1.2) /Q][A,P]u|2 gﬁ/ﬂ\Au|2+C/Q\Vu|2.

Theorem 1.1 has significant applications to the Navier-Stokes equations. We recall
that on a bounded domain  in RY for N > 2, the Navier-Stokes equations modeling
incompressible viscous fluid flow with no-slip boundary conditions are given by

ou+u-Vu+Vp=vAu—+ f
(NS) V-u=0
u|F:0>
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where I' = 092, u denotes the velocity of the fluid, p denotes the pressure, and v
represents the viscosity. In [3], the authors consider strong solutions to (NS) with
constant ¥ > 0, and show that the pressure satisfies

(1.3) Vp=(I—-P)(f—u-Vu)+v[A, Plu.

For such solutions they prove the unconditional stability and convergence of a simple
time discretization scheme which decouples the updates of velocity and pressure.
The decoupling of these variables is significant in that it eliminates the need for
an inf-sup condition which is often necessary to prove the stability in finite-element
schemes. A critical ingredient in the proof of stability in [3] is that by invoking
Theorem 1.1 with 3 < 1, one can strictly control the pressure gradient by the
viscosity term plus lower-order terms. As a result, Liu et al. establish the well-
posedness of an extended Navier-Stokes dynamics in which the pressure p is always
determined by the formula (1.3) and the zero-divergence condition is dropped in
general. We refer the reader to [3] for further details and discussion.

Theorem 1.1 assumes that the boundary I' of € is C®. One would like to weaken
this assumption to allow, for example, sharp corners on I'. In this paper, we show
that such an improvement is not possible. We let I, denote an infinite cone centered
at the origin, taking the form

(1.4) Ko ={(z1,75) €ER?*:0<r<00,0<8<0},

where 7 and 6 denote the polar coordinates of (x1,z5) and o € (0,27). We consider
bounded domains 2 C R? satisfying the following property: there is a neighborhood
U of 0 such that U N Q = U N K, for some rotated translate Q = R(Q — ;) of Q
and for some o # 7. In this case we call 2 a bounded domain with a straight corner.
We claim that Theorem 1.1 fails on any such domain.

Theorem 1.2. Let Q in R? be a bounded domain with a straight corner. Then
for every B < 1 and for every C € R, there is a vector field u € H* N H (0, R?)
satisfying

(1.5) /Q\[A,P]u|2 >ﬁ/ﬂ]Au\2+C/Q|Vu\2.

One may suspect that the reason 3 < 1 is not possible in general has something
to do with the lack of H? regularity for the Stokes operator in domains with reen-
trant corners. One known way of dealing with this situation involves using weighted
Sobolev spaces. In a recent paper of Rostamian and Soane [4], the authors refor-
mulate the time discretization scheme of [3] in non-convex polygonal domains using
such weighted spaces. While the authors do not prove convergence of their scheme,
they do give numerical evidence suggesting that this scheme converges to the correct
solution.

We are motivated by [4] and elliptic regularity theory with weights [2] to allow for
corners on I and look to prove an optimal estimate similar to (1.2) in a weighted
L?-space. For the most part, we study conical domains of the form in (1.4). The
weighted spaces considered in [2] are defined as follows.
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Definition 1.3. For an integer [ > 0 and a real number «, we define the space
V3 ,(K5) to be the closure of C¢°(K,\{0}) with respect to the (scale-invariant) norm

2

(1.6) 1l = / Zrz(a_l+|p|)]D£f\2rdrd9 < 00.
Lo K

7 |pl<l

We refer the reader to [2] for a more thorough discussion of weighted Sobolev spaces
in an infinite cone.

Before we state the main theorem, we must define the Leray projection operator
on unbounded domains. This definition differs from that given in (1.1), because if
Q is unbounded, then VH!(2) is not closed in L*(Q2). To remedy this, we fix a
bounded domain B C Q C RY, and we define the space
(1.7) Y = {q € L;.(Q): Vg e L*(Q,R"Y) and / q= 0} :

B
Then Y is a Hilbert space with norm |[|q||3 = [, |V¢|?, and the space VY is closed
in L2(Q, RY). We define the Leray projection operator P as in (1.1), except that we
assume ¢ is in Y(2) instead of H'(€). Further discussion of the Leray projection
operator on unbounded domains can be found in [5].

We remark that if Q is Lipschitz, C°(€2) is dense in Y. The proof of this fact is
similar to the proof for 2 = RY indicated in [3], based on the case 2 = R treated
in [5, Lemma 2.5.4].

We are now prepared to state the main theorem.

Theorem 1.4. Suppose o € (0,2m) and let K, be an infinite planar cone as in
(1.4). Let a # 1. Then the following estimate holds for all u € C(K,\{0},R?):

(1.8) / r2*|[A, Plu|?r dr df < ﬁma/ 2| Aul?r dr db,
o ICU
where ) )
ﬁa,a = sup max {B—i—,k)ﬁ—,k} 5
k>0
with

. k% + o (1 — o+ ik)(1 4 e~ (kHia=20)0)
1. = 7 (1 e 2k : __ .
( 9) 5i7k 2k2(1 _ CK)( € )8% { (1 + ef(kfza)a)(l _ 672(k+1a71)0) }

Moreover, [3y.4 is the smallest constant satisfying (1.8) for everyu € C=(K,\{0},R?).

We will prove Theorem 1.4 in Sections 2 and 3. In Section 5, we show that
Theorem 1.4 implies Theorem 1.2.

The expressions in (1.9) are sufficiently complicated that it is difficult to charac-
terize exactly when (., < 1 holds. We will make a few observations, however, and
provide numerical evidence which suggests that for all o € (0,27) except for one
value 0 = o, ~ 1.4303m, we have (3,, < 1 for a in some interval just to the left or
right of a = 0.

First, note that as k — oo we have ﬁAiJg — % For @ = 0 we compute that

N 1 cosh? ko — cos? o F cosh ko sin® o F k sin o cos o sinh ko
(1.10) Bek =5 3 > :
2 cosh® ko — cos? o
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from which we see that if 0 = 7, then [ﬁ,k = %, hence (3¢ = % This half-space
estimate (1.8) with constant weight was already proved in [3], and explains why the
condition g > % is essentially optimal in Theorem 1.1. Note that due to the dilation
invariance of the domain, no lower-order term such as that in (1.2) should appear
in the half-space case, since it would scale differently under dilation.

Whenever 7 # o € (0,27) however, we have B_,O =1, BJF,O = 0. Thus, whenever
the weight is constant (o = 0) and the cone has a corner (¢ # 7) we conclude that
the optimal constant 3,¢ > 1. Our proof of Theorem 1.2 relies on this fact.

It is easy to approximate [3,, numerically. For a number of values of the cone
angle o, in Figure 1 we plot logy, B« Vvs. a for a € [—1,1]. Spikes appear in many
of these graphs, providing evidence of singularities where presumably 3,, = +oc.
After closer examination, these graphs suggest that:

® 354 =1 whenever o« = 0 and o # 7.
® 350 <1forsmall >0 when0 <o <7oro, <o <2r.
® (3,0 <1 forsmall « <0 when 7 <o <o,.

The number o, ~ 1.43037 satisfying o.cot 0. — 1 = 0 appears to be a critical value
of o where the minimum of 3, , occurs at & = 0, and the minimum value is 1. To
see this, we observe that numerical evidence indicates that for ¢ near the critical
value and for a near 0, 3, , is achieved at k = 0. We therefore take the limit as k
approaches 0 of ﬁ:r , and (G &, which yields the formulas for BJF o and B_ 0 given in
(4.2) and (4.3). Numerical evidence again shows that for ¢ in a neighborhood of the
critical value and for a near 0, ﬁ+ 0> ﬁ 0. Using Maple to differentiate ﬁ+ o with
respect to «, and evaluating the derivative at a = 0, we find that

(1.11) Oafs0lao = o cOto — 1.

These numerical results also suggest that 3,, < 1 for convex cones, uniformly
in o for positive o in a fixed interval. So we may conjecture that for a bounded
polygonal domain 2 that is convex, say, an estimate of the form

(1.12) /Qr2ay[A,P]u|2 < /Qﬁa (81 Auf? + CVul?)

will hold for some 8 < 1 and C' independent of u in a suitable space of functions
vanishing on 0f2, provided « is small and positive. Here r = r(x) would be the
distance from = € ) to the nearest corner on I'. The lower order term on the right
hand side of (1.12) comes from the definition of the Vi?, norm on a bounded domain
(see [2]), given by

N[

lullz. o = | [ 3 12 da

[p|<2

We do not include the term [|r®ul|3, on the right hand side of (1.12), because it
can be controlled by first order partial derivatives using a Hardy inequality (see [2],
Chapter 7 for details).

However, we have no proof of (1.12) at this time.
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FIGURE 1. log,((8s.«) vs. a for various o. From left to right, top to
bottom, o/7 = 0.2,0.4,0.5,0.65,0.85,0.95,1,1.05,1.2, 1.4, 1.6, 1.8.

2. PRELIMINARY TRANSFORM IN RADIUS

From the pressure formula (1.3) we see that the commutator [A, Plu represents
the contribution of the viscosity term to the Navier-Stokes pressure gradient. Specif-
ically, [A, PJu represents the pressure gradient for the linear Stokes equations with
no-slip boundary and without forcing. For this reason, as in [3], we refer to the cor-
responding pressure as the Stokes pressure, denoted ps = ps(u). From (1.1), when
a =u € H*(Q) with Q unbounded, we have VAq = AVq = VV - a and it follows
easily (as in [3]) that

A, Plu= (I — P)(Au— VV -u) = Vps.

We recall from [3, Sec. 2.1] that the Stokes pressure pg is determined (up to constant)
as the solution to the boundary value problem

(2.1) Aps =0 in Q, n-Vps=n-(A—-VV-)u onl.

(The boundary condition holds in H~/2(T") due to a standard trace theorem, since
the vector fields Au — VV -« and Vpg are in L*(Q, RY) with zero divergence.)



6 ELAINE COZZI AND ROBERT L. PEGO

Letting

L = [IVpsllyy. =/ r2|Vps |*r dr df),
o S

I, = ||Au||%/20a :/ 2| Aul?r dr db,

we see that in order to prove Theorem 1.4, we must determine the smallest constant
Bra satisfying the inequality I, < [, 1., subject to (2.1). In this section, we
perform the first steps in our attempt to find 3,,. These steps amount to taking a
Mellin transform of the problem. We first rewrite I,, I, and (2.1) in terms of the
polar coordinates (7, 8), then change variables using r = e®, which transforms K, to
an infinite strip S. Taking a Fourier transform will reduce the problem to a family
of maximization problems parametrized by a Fourier variable k € R.

2.1. We begin by letting
(0 -1 Jo [ cost —sinf
J_(l 0)’ ¢ _<sin0 COSQ>'
A straightforward calculation shows that
_ 1.6 (TOD
Vps =r""e ( 89p) ,

allowing us to rewrite I, as

I, = / (|7"8Tp\2 + |89p]2) r2=Ydr do.
Ko

We change variables by letting » = €°, resulting in a transformation of the domain
Ko to an infinite strip S = {(s,0) € R? : —0o < s < 00, 0 < § < o}. We then let
q = e*’pg and express [, in terms of g. We conclude that

(2.2) I, = / (10sq — aq|® + |0pq|*) ds db = /
s

(e 9]

I, dk,
where k is the Fourier variable corresponding to s, and
(2.3) L, :/ (|(k + i) q]* + |0pg|?) db.
0

2.2. To rewrite I, we first calculate

Au=V-Vu= (rd, +2)(r '0u) + 9p(r20pu) = r*((rd,)* + 9; u.

70, we can show that

(2.4) Au=r"e" ((ro, + 1)%0 + (9 + J)*v) .

We again change variables to express I, as an integral over S. We let w = e**v, and
we find that

If we let uw=re

I, = / e**(0s + 1)*v + (9p + J)?v|* ds df
(2.5) 5

oo

:/|(85+1—a)2w+(69—|—J)2w|2dsd9:/ L,y dk,
S

— 00
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where

(2.6) Lok = / (% + 1 — )2 + (8 + J)%i | db.
0

2.3. As with I, and I,, we wish to rewrite (2.1) in terms of k, 6, ¢, and w. We
perform a change of variables and rewrite the first condition of (2.1) as e™25(9? +
92)p = 0. Recalling that ¢ = e**p, we find that Ag — e 2*(2ad; — a?)q = 0,
so (03 + 0% — 220, + a?)q = 0. To rewrite the boundary condition of (2.1), we
observe that the left hand side can be rewritten using the equalities (eg, Vps) =
(€9, 771 (rd,ps, Ogps)) = 1~ 10yps. For the right hand side, we use (2.4), combined
with the equality

— plpd6 0, ((rd, + 2)v1 + Jpv2)
Op((r0y + 2)v1 + Ogu2)

and the property v = 0 when # = 0 and 6§ = o, to conclude that
(eg, Au— V'V -u) =171 ((rd,)* + 2r0,)vy — 0g0,v1 = —1 vy — 0yOvy = —0p0,v1
for 6 = 0 and 6 = 0. We can therefore rewrite the boundary condition in (2.1) as

(27) aeps = _85891)1-

. o —1 J@ raTV'u
VV . -u=r""e (89V~u)

Using the equality w = e**v, we see after a calculation that we can recast (2.1) as
the following boundary value problem on S:

(0F +0? —2a0, +a*)g=0 in S,

2.8
(28) Opq = —0p(0s — a)w;  when 6 =0, 0.

Finally, taking the Fourier transform of (2.8) in s, we have that for each k € R, ¢

must solve the boundary value problem
(2.9) 074 = (k+ia)’¢ for0< <o,
' Opq = —0y(ik — a)w;  when 0 =0, 0.

3. OPTIMIZATION IN ANGLE

In this section, we determine f3, , = sup % subject to (2.9) and the no-slip bound-
ary condition. First, for k £ 0 we suppress the a and ¢ variables and define

I
(3.1) B = sup {Ip—k : (2.9) holds, and w = 0 for § = 0, 0} .
u,k

Note that since w is real, we have w(—k, 8) = w(k,8), hence I, _ = I, from (2.6),
and similarly I, , = I, from (2.3). We conclude that f is even in k. We define
Bs.a = SUPy~o Bk, and we observe that

(3.2) I = / Iwdk < / BiLi dk < flyal,

We will prove Theorem 3 by computing that 3 = max{ﬁ:nk, B—k} as given by (1.9),
and by showing that 3, , < 5. Since evidently 3, o > B5.q, the result will follow.
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3.1. We first rewrite the quantity I, ; from (2.6) to diagonalize the matrix involved.

We define
11 ~-1 0
V:(i —i)’ A:(o 1)'

Then letting —iw = Vy with y = (y1,v2), and using JV = V(iA), we rewrite I, ; in
the following way:

Ly — / (i +1— )% + (82 + 270 — 1)) (V)2 do
0
| ((ik + 1 — a)® + (9 + 2iA0p — 1)) y|* db

(IL1a ] + | Layo|?) d6,

L = (ik+1—a)>+0; —2i0p — 1,
Ly = (ik+1—a)®>+0; +2i0y — 1.
3.2. We next express the quantity I,; from (2.3) in terms of the boundary data
from (2.9). From (2.9) it is clear that explicitly
i(k,0) = a eli)O-0) | o o~(k+ia)
D9k, 0) = (k + ia)a e T 0O _ (L 4 ja)aq_e~ ki)
for some complex constants o, and a_. If we define

(35) w = 6—(k+io¢)a’

(3.4)

for convenience, we see from (3.4) that

. Joayr+aw, =0,
(3. i) = {0 F e Goh
and
. J(k+ia)(ay —a-w), 0=o0,
(3.7) Ok, 0) = {(k‘ +ia)(arw —a_), 6=0.

Combining (3.7) with the equality —iw; = (Vy);, we can rewrite the boundary
conditions in (2.9) as

ay —a_w=0(y1 +y2), 0=o0,

3.8
(3.8) ayw—a_ =0(y1 +1y2), 0=0.

These equations will be used later to determine o, and a_ from y (note w? # 1).
To rewrite I, , we apply (2.9) and integrate by parts. This gives

/ 1(0s — a)q|* ds df = / (k +ia)q(k —ia)qdk df
S s

_ / (99(0)d(0) — DpG(0)3(0)) dk — / 090G dl O — / 2(ika — a2)4q dk df,
S S

—00
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which, in light of (2.2), allows us to write
3.9) by = 00i(0)i(0) — (0)3(0) — [ 20ka — a?)qi db.
0

In order to write [ 2(ika—a?)qq df in terms of oy and a_, we use (3.4) to evaluate
the dot product and integrate. We conclude that

(3.10)
7 2
/ 2(ika — a2>@§d9 = (tka — a2) (|a]_£| + |a}; ) (1 - 6—2ka)
0
+ (ik — @) (ia_ay +iaga_) e koo (1 — o)

o [? | Ja?

= (ika — o?) ( p + : ) (1—|wl?) + (k + ia)(a—a; + asa ) (@ — w).

~

Similarly, to compute 9pG(c)G(c) — 9pG(0)G(0), we use the formulas for ¢ and dsg on
the boundary given in (3.6) and (3.7) to write

0o(0)q(0) — 0p4(0)4(0) = (k + i) {(Jas [* + o) (1 — |w]?)

(311) + (Oé_‘_o_é_ —|—Oé_O_é+>(<D _w>}‘

Plugging (3.10) and (3.11) into (3.9), we discover that

/{22—1— 2
= () (e P o) (1= o).

3.3. By the results of the previous subsection, (3, is the supremum of the ratio
I, /1,1 subject to (3.8) and the no-slip boundary conditions y = 0 for § = 0,0. In
order to compute [, we will argue that the supremum in (3.1) is a maximum and
use a variational argument.

The existence of a maximizer is proved by a standard argument in the calculus of
variations: It is clear that 0 < B, < oo, and that the ratio I, /1, is a homogeneous
function of y. Thus we may choose a maximizing sequence of vector functions y
with fixed H? Sobolev norm on [0, ¢|. Evidently, the quantities L1y, Loy> remain
bounded in L?, and the complex scalar quantities Opy1, Opyo at € = 0,0 remain
bounded. We may choose a subsequence converging weakly in H? such that the
quantities Ogyy, Jpy2 at € = 0,0 converge. Then the weak limit is a maximizer by
weak lower semicontinuity of the L? norm.

Next, consider any smooth curve 7 + y = y(7) into H? with the property that
(3.8) and the no-slip conditions hold for all 7, and /I, achieves its maximum
at 7 = 0. Then at 7 = 0 we have

(3.12) 0= 1y — Brlu
We now determine fp,k and [.%k and solve for ;. Differentiating I, ;, we find

. k2 +OC2 - . - :
Ipr = ( k ) (Gyoy +ayéy +daa +aa )(1—|wf).
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From (3.8) we infer that

ay (1 —w?) = 0p(y1 + yo)e*F =7,

(3.13) |
a_(1—w?) = Op(y1 + ya)e FT|.

By differentiating in 7, we can solve for ¢ and d_, allowing us to eliminate & and
&_ from the formula for I, ;. Indeed, if we let v;(6) = Opy; for ¢ = 1, 2, we have

(-

2
_ =\ (ki) (0—0) |0 = (1—w?)
Oy = |1_w2|2(71+72)e ’0

LT T e T

(71 + Fo)e

Similarly, we differentiate I, ;. Letting L] and L3 denote the formal adjoints of L,
and Lo, respectively, and recalling from the no-slip boundary conditions that y = 0
at § = 0, 0, we integrate by parts to conclude that

Ip=4 (/00 R(p) do + §R(¢)> :
where

p = U1(LiL1)yr + G2(LyLa)ya, ¥ = 991 (L1y1) + Opia(Layo)|.-
We observe that
LlL’{yl =0 and LQL;yQ = O,

so that ju,k reduces to fu,k = 4AR(¢Y).
Using this information, we can rewrite (3.12) as

(3.14)
E2+a?\ (1 — |w|? ‘ ,
0= 2R {’71 <25kL1y1 _ ( J/;a ) ( : |Cf|2 )(Oure(kfza)(Ofo‘) i ae(kla)9)> 8}
— W
k4 a?\ (1 — |w]? . ,
+ 2R {’72 (25kL2y2 _ ( 41;04 ) ( : _|g|2 )(a+e(k7m)(970) 4 ae(km)&)) |8} .

Since 7, (0) and v,(f) are arbitrary at # = 0 and 6 = o, (3.14) yields four (natural)
boundary conditions:

k2 +a?\ (1 —|w|?) _
20k Ly = ( ? > o2 (ay + a_w) and
2 2\ (1 — |wl?
QﬁkLng = ( ‘]:Oé ) ( 1 _|g|2 >(Ol+ + CY_(;J), when 6 = ag,
(3.15)
k2 +a?\ (1 —|w?) ~
26k Ly = ( 2 > 1— o2 (ayw+a_) and
1.2 2\ (1 — |wl?
20k Loys = + a7 |u_)| )(a+@ + a_), when 6 = 0.
k 1—a2

In addition, we have the four no-slip boundary conditions

(3.16) yi(0) = ya(o) = 41(0) = y2(0) = 0.
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3.4. Using (3.16), (3.15), (3.8), and the property LjLiy; = LiLoys = 0 on (0,0),
we can explicitly solve for the maximizer of (. To simplify the calculations in what
follows, we first use reflection symmetry to show that either

(ap,a)=(1,1) or (ay,a )=(1,-1).

Letting = o—6, we see from our construction of § in (3.4) that oy and a_ exchange
roles after reflection; thus, it is natural to set &, = a_, and &_ = «a,. In addition,
we let §2(0) = y1(0) and §,(0) = 12(0). A straightforward calculation shows that
(U1, Yo, Gy, () solves the set of linear equations consisting of (3.16), (3.15), (3.8),

and LiL1y; = L5Loys = 0. We deduce that

(1 + 91,92 + 92,00 +a_,a_+ay) and (Y1 — U1, Y2 — Y2, 04 — Q0 — ay)

also solve these equations. We conclude that every pair (a, a_) will yield the same
value for 3 as either (ay,a_) = (1,1) or (ay,a_) = (1,—1). Therefore it suffices
to consider only these cases.

3.5. We can eliminate y, by observing that if (o, o) = (1
yi1(o —0), and if (ay, ) = (1,—1), then yo(f) = —92(0)
infer from boundary conditions in (3.8) that

1), then yy(6) = 45(0) =

1 —w=0p(0) — Fy1(0), when (ay,a_) = (1,1), and

(3.17) 1+w = dyy1(c) + Bpur (0), when (avy, ) = (1,—1).

We are now in a position to solve for y; and ultimately ;. We first recall that
Ly = (ik+1— «)? + 05 — 2i0p — 1 , while, formally, the adjoint of this operator is
given by L} = (ik — 1+ «)*+ 05 —2i0p — 1 . The characteristic polynomials of these
two operators are

pr(p) = (1 — (20 — k — i) (s — (b + ia)),
pi(p) = (= (20 + k —ia))(p = (=k + icv)).
Since LiLyy; = 0 on (0,0), we can conclude that y; () takes the form

(3.18) 1 (0) = ageFHie0-0) | o o—(k=2i+ia)0 4 a3e—(k—m)9 + qgeth+2izia)(©=0o)

for some constants a;, 1 < i < 4. The boundary conditions y;(c) = y;(0) = 0,
combined with (3.18), yield the two equalities

0 = a; + aswe®™ + asw + ay,
(3.19) I
0 =a1w + as + az + agwe” .
We will use the boundary conditions for y; in (3.15) combined with the equalities
in (3.19) to write the four unknowns a;, 1 < j <4, in terms of a; and a_.

Using the equality L; = L} +4(1 — )ik for j =1, 2, and (3.18), we conclude that

Lyys = 4(1 — a)ik (age” #1004 g elb+2imia)0=o))
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Plugging this information into the two boundary conditions in (3.15) yields the two
equalities

(O{+ + Oé_(;)),

&%u—aﬁu%w+mg:(k”+“>(1—WP)

(3.20) " Lo
: ' E2 4+ a2\ (1 — lwl?
83(1 — )ik(as + aywe %) = ( —;;a > ( N _|g|2 )(04, + a,w).

3.6. The value of (B is determined by the equations in (3.20) and (3.19) together
with (3.17). Evidently 8y = max{f;, f_} where 8, and [_j are the values
determined from these equations in each of the two cases (ai,a_) = (1,1) and
(ay, ) = (1, —1) respectively.

With (a4, a-) = (1,1), using the four equations given in (3.20) and (3.19), we
solve for the unknowns a;, 1 < j < 4, finding that

1411 — w?e*?) = =1 (1 — we™?),

2 2zcr — _ o
(3.21) azfBy (1 —w 2) ¢1(1 Ed)’g'
asfy k(1 —@%e727) = ¢1(1 — we™ ),
asfBi k(1 — %) = ¢ (1 — w),
where

¢_(W+QWJ—WWG+@)
P8k (1 —a)(1 — @?)
Using (3.17) with (3.18), we see that

1—w=ak(l —w)+ as(2i — k)(we* — 1)
Fag(k) (1 — @) + aa(2i + k)(1 — @e ),

(3.22)

where k = k+ia. Plugging the formulas for a; into (3.22) and solving for 3, x yields
o 1-—w)(1—we¥) .~ (1—&)(l—we?) =
= : 21 — 2k . 20+ 2k) p .
bre =T Gowerny G2 ey (204 20)

To find f_x, we let (ay,a-) = (1,—1), and we again use (3.20) and (3.19) to
solve for a;, 1 < j < 4. To simplify notation, we define

(k% + o) (1 — |w*)(1 - @)
8ik2(1 — a)(1 — @?)

We compute the a; and conclude that

a1 B k(1 — w?e®) = —py(1 + we*?),

azf- (1 — w* 2“’) P2(1 +w),

azf_x(1 — 0% 7)) = —o(1 + we ),

asfB_ k(1 — 0% 27) = ¢o(1 + ©).

We solve for _ j using (3.17) with (3.18) like before, and find that

i { B e oy LD 0.

P2 =

(3.23)

B =
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At this point, one can check that 5, = Bi r as given in (1.9).

3.7. To complete the proof of Theorem 1.4, as indicated at the beginning of this
section, we must show that 3,, > @m To prove this, suppose < B[m Then
there exists kg # 0 such that G, > 3. We choose y to be a maximizer of the
ratio I,k /Luk,- In a change of notation, we let I, and I, denote the integrals
corresponding to this fixed y, with ¢ determined by (2.9) for k varying. Since y may
not be a maximizer for k # ko, we only have 8y > I, /I, in general. However, by
continuity it is evident that there exists 6 > 0 such that whenever |k — ko| < 0 we
have I, /1, > B

Next, we define y;s(k) to be a smooth bump function independent of 6 and sup-
ported in a d-neighborhood of ky. Recalling that —iw = Vy, we set ws = ysw
and G5 = xsG, and we observe that (w;s,qs) solves (2.9) and ws; = 0 for § = 0, 0.
Moreover, if I, , and I, are the integrals corresponding to ws and ¢s, then one
sees that I, x = xs2 I, and I, ;. = Xs>Lu k. We can then write

f’ZOJr; X2 Lpk dk k0+6 s Bxo*Lupdk .

I _ 5.

s
T rkoto o
Iua k00—+6 X(SQIu,k dk f OJ:; X(Sz]u,k dk

We conclude that 3, , > B, hence (3, , > 50,04-

(3.24)

4. CAUSES FOR BLOWUP OF THE OPTIMAL CONSTANT

One can rewrite the formulas for ﬁ;yk and B_,k from Theorem 1.4 in the following
way:

(4.1) Biy=

where

U1+ P2
2k2(cosh (ko) F cos(ao))(cosh(2ko) — cos(2(1 — a)o))’

Y1 = (k* + o?) sinh(ko) [sinh(2ko) F 2sinh (ko) cos(a) cos((1 — a)o)]
and
4y B ff? 2nh(ka)

From (4.1) it is clear that for fixed o # 1 and fixed o € (0,27), 314 and 5_; as
functions of k are continuous everywhere except k = 0. If we take the limit of (4.1)
as k approaches 0, we find that

(4.2) ;1355 Bﬂ:,k = Bi,o =

where

[sin(2(1 — a)o) F 2 cosh(ko) sin((1 — a)o) cos(o)].

a’y
2(1 F cos(ao))(1 — cos2(1 — a)o)’

Yy = 202 F 0*(cos(ao) + cos(2 — a)o)
(4.3)

1 i &(Sin@ —2a)0 F (sin(2 — a)o — sin(ao))).

From (4.2) we see that (3, , typically blows up when either ac = nmwor (1—a)o = nw
for some n € Z.

The first set of singularities above is a result of the unboundedness of the Neu-
mann problem for the Laplace operator in weighted spaces on a cone. To see
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this, we observe that in (3.13), a; and a_ become undefined as k& — 0 when
w? = e 2k+i®)e 1 which occurs precisely when ao = nr for n € Z.

The second set of singularities above, which occur when (1 — a)o = nm, result
from failure to bound the boundary data n - (A — VV:)u in terms of Au. For these
combinations of o and o, the L? norm of r*Au in K, is not sufficient to control
n-(A—VV-)u appropriately. This is fundamentally due to the existence of harmonic
fields u = er'=*sin((1 — a)f) where ¢ is a constant vector. Corresponding to these
fields, there are nontrivial modes (y;,y2) for k = 0 satisfying Liy; = 0 = Loy, and
the no-slip boundary conditions (3.16), while (a4, ) is non-zero. One finds then
that the maximum of 1, /I, — 0o as k — 0.

To see just how this can occur in terms of the computations of section 3 for certain
combinations of o and a (# 1 or 0), we observe that in section 3.5, Lyy; = 0 iff
y1(0) takes the form given in (3.18) with a3 = a4 = 0. One can then satisfy the
no-slip boundary conditions through (3.19) for some nonzero a;, as if and only if
w?e?? =1, meaning k = 0 and (1 — a)o = nx for some n € Z. We may simply take
yo = 0, and it follows by (3.3) that 1, = 0.

But then, a; = —asw # 0, and we compute that dpy; = 2i(a— 1)a; # 0 at 0 = o,
yielding nonzero boundary values for dy¢ in (3.7) and causing I, to be positive in
(2.3). If we vary k while holding (yi,y2) fixed and use (3.8) to determine (o, )
and thence ¢, we see that I,,;, — 0 as & — 0 while I, — I, o > 0. This results in
B — oo as k — 0, hence (3,, = co when (1 — a)o = nr.

5. PROOF OF THEOREM 1.2

We now use Theorem 1.4 to prove Theorem 1.2 through a localization argument.
Let €2 denote a bounded domain with a straight corner. Replacing €2 by a suitable
rotated translate if necessary, we may assume there is a neighborhood U of 0 such
that UNQ =UNK,, where o # . R

Fix any 8 < 1 and C € R. We observe from the formula for 3, with o = 0 given
in (1.10) that (3,0 > 1 when o # m. Therefore, there exists a solution (u,p) to (2.8)
with u in C°(K,\{0},R?) which satisfies [. |[Vp[> >3 [ [Aul*. Replacing (u,p)
by suitable dilates if necessary, we may assume that the support of u is contained
in U.

We construct a sequence of solutions (u;, p;) to (2.8) on €2 by setting

uj(r) = i 'u(jr)|q and Vp; = (I — P)(A — VV-)u; in Q.
We see that Ap; = 01in Q and n- Vp; = n - (A — VV:)u; on 0. Moreover, since
u; is supported in Q@ N KC, for all j, we have [|Au;||r2) = ||Au|| 2oy < || Aull 2,
and || Vu;llr2@) = 77| Vull 2oy < 77| Vullrzk,) for every j. This construction

allows us to write the following series of inequalities for sufficiently small € > 0 and
for sufficiently large j:

[ @i+ v < [ 318k + Cival)

o

2 2
g/a<mAu|>+e</KUWp|.
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We claim that

(5.1) / Vpf? gnmmf/ Vps2.
Ko J—00 Q

To see that (5.1) holds, we first use the definition of u;, the equality Vp; = (I —
P)(A — VV:)u;, and orthogonality of the Leray projection to observe that

(5.2) LéW”FSﬂ#A‘VVWFSL'@‘VV”F

for all j. If we define

(5.3) p;(%) =p; (f) - ﬁ /Bpj G)

for x € j§, where B corresponds to the domain B given in (1.7), then we can apply
a generalized Poincare Inequality (see [5, Ch. 2]) to conclude that for each n € N,

(5.4) [ wE<c [ vk <c, [ 1vaP
n n Q

for sufficiently large j. By a standard diagonalization argument, we can construct
a subsequence of {Vp;}, which we henceforth denote as {Vp;}, converging weakly
in L?(nf2) for every n € N. This implies by (5.4) and by another diagonalization
argument that, up to subsequences, {pj} converges weakly to some p* in L?(nQ)
for all n € N. By uniqueness of weak limits, we can conclude that {Vp}f} converges
weakly to Vp* in L?(nQ) for every n. Moreover, by properties of weakly convergent
sequences we can write [ o [Vp*|* <liminf; o [ o |Vpj|* for each n. We can then
conclude that for sufficiently large j,

/ IVp*|> < lim / |Vp*|? < liminf/ IVpi|? = nmmf/ V|2
Ko =0 JnQ I Jia J—ee Ja
It remains to show that [ [Vp*|* = [ [Vp[*. This will imply (5.1).

To show that [, |[Vp*|* = [ |Vp[?, we first show Ap* = 0 in K;. We fix a com-
pact subset K of I, and we apply the mean value property and weak convergence of
{p;} to conclude that for any y € K, |p;(y)| < C|pj|lr2(ma) < C, giving equibound-
edness of {p}“} on K. Moreover, by the mean value property and weak convergence
of {Vp;}, {Vp}} is equibounded on K, implying that {p;} is also equicontinuous.
Therefore, up to subsequences, {p;} converges uniformly on K to p*. We again
apply the mean value property and uniform convergence of {p;} on K to conclude
that p* is harmonic.

Since Ap* = 0 on nf, we infer that the sequence {Vp}} converges weakly to Vp*
in H(div,n(), the space of vector fields in L*(nQ2) with divergence in L?*(nf)). By
the boundedness of the trace operator mapping H (div, n{) into H~2(8(n€2)) (see,
for example, [1] Theorem 2.5), we can conclude that n - Vp; converges weakly to
n-Vp*in H-2(9(nS2)). As n - Vp; =n-Vp on 9K, N I(nQ2) for every n, it follows
that n- Vp* =n - Vp on 9K,.

Using the equalities Ap = Ap* = 0 in K, and n - V(p* — p) = 0 on 0K,, we can
now integrate by parts to conclude that [ |V(p* —p)[> = 0. For ¢ € C>®(K,), we
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have that
/ Vo-V(p*—p) = ¢n-V(p*—p)—/ PA(p* —p) = 0.
Ko Ko

Ko

Since p* —p belongs to Y and C>(K,) is dense in Y, it follows that S, V(" =p)|? =
0, and (5.1) holds. This completes the proof of Theorem 1.2.
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