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Generating Functions
September 21, 2017

Useful Identities

For |z| < 1, the following identities hold:

= 190)

1. (Taylor series) f(z) = o

k=0
need f to be analytic at 0

2. ujgj)ﬂ;i(mﬂ(i;l))xk and ﬁ (ngk) :ﬁ

k=0 k=0
need |z < 1
3. Z (e BJQLJ <Za T > Z ﬁjxj
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need absolute convergence

Warmup

1. How to multiply: Expand (1+ 22 + 27 + 22°)(z + 23 + 2%). Expand (1 + 32% + 27 + 42%°)(z

Things you can do to a GF
1. (ag,a1,az2,...),(bo,b1,ba,...) — (ag + bo,a1 + b1,a2 +ba,...): G1,G2 — G1 + G>
2. (ap,a1,as,...)— (aag,aar,aas,...): G— aG
3. (ag,ay,as,...)— (0,a0,a1,...): G(x) — zG(x)

4. (ag,a1,az2,...) > (a1,az,as,...): G(z) — w

5. (ag,a1,az,...) — (ao,ap + ai,ap + a1 + ag,...): G(x) — =

6. (ag,a1,as,...)— (a1,2a2,3as,...): G— G’

“,2..)

—log(1 —x)
11—z

7. (ao,al,ag,...) — (C,ao,

8. Prove that the GF of H,, is

Recurrences
1. Solve the recurrence ag = 1, a1 = 2, a,, = 3an_1 — 2y, _s.
2. Find the value of 12 +22 4 ... 4+ n?2,
3. The Catalan numbers are defined by Cy = 1 and

Cpn=0Cn1Co+ Cp2Ci + -+ CoCp_q

for n > 1. Find the generating function for C),, and use it to find an explicit formula for C,,.

—a® 4+ at).
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Summing

o0 o0 2
1. Find the value of Z 2% What about Z Z—n?
n=0 n=0

2. Given f(x) = ag + a1z + agx® + ..., find ag + agz* + agax® + .. ..

= 1
3. Flnd the Value Of Z W
n=0
Counting
1. How many solutions are there to x1 + x2 + - -+ + x,, = n such that 0 < x1, 22, ..., 2, < n? Such that

0<z <2<+ <2y, <7

2. Determine the number of k-element subsets of [n] such that the ith largest element of the subset is
congruent to ¢ mod 2.

Two fairly hard problems

1. Let (an)nen be the sequence defined by

Find the limit

2. Evaluate

Problems

1. Prove that Y, (}) = 2"

2. Find the value of }_;'_ (7)(—1)*. Deduce that the number of subsets of {1,2,...,n} with odd size is
equal to the number with even size.

3. By comparing the coefficient of 2" in (z + 1)*T® and (z + 1)*(x 4 1), prove that

a+b\ i: a b
n N k) \n—k
k=0
4. Let {1,1,2,3,5,8,...} be the Fibonacci sequence. Prove that the number
G 12
103 ° 108 109 1012

is a rational number. What is it in reduced form?

-+ ---=0.001001002003 . ..

5. Find an explicit formula for the nth Fibonacci number. Hint: this formula will likely involve the

1+2‘/5, a root of 22 — x — 1.

number

6. How many n-digit numbers, whose digits are in the set {2,3,7,9} are divisible by 37



