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Abstract

We study time-consistency questions for processes of monetary risk measures that
depend on bounded discrete-time processes describing the evolution of financial val-
ues. The time horizon can be finite or infinite. We call a process of monetary risk
measures time-consistent if it assigns to a process of financial values the same risk
irrespective of whether it is calculated directly or in two steps backwards in time, and
we show how this property manifests itself in the corresponding process of acceptance
sets. For processes of coherent and convex monetary risk measures admitting a robust
representation with sigma-additive linear functionals, we give necessary and sufficient
conditions for time-consistency in terms of the representing functionals.

Key words: Monetary risk measure processes, convex monetary risk measure pro-
cesses, coherent risk measure processes, acceptance set processes, time-consistency,
concatenation.

1 Introduction

The notion of coherent risk measure was introduced in Artzner et al. (1997, 1999) and
further developed in Delbaen (2001, 2002). In Follmer and Schied (2002a, b, ¢) and Frittelli
and Rosazza Gianin (2002) the more general concepts of monetary and convex monetary
risk measures were introduced. All these works discuss one-period risk measurement, that
is, the risky objects are real-valued random variables describing future financial values
and the risk of such financial values is only measured at the beginning of the time-period
considered. Some typical examples of financial values in the context of risk measurement
are:
- the market value of a firm’s equity
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- the accounting value of a firm’s equity

- the market value of a portfolio of financial securities

- the surplus of an insurance company
Cvitani¢ and Karatzas study the dynamics of a risk associated with hedging a given
liability in a continuous-time setup. In Artzner et al. (2002) the evolution of financial
values over time is modelled with discrete-time stochastic processes and two special classes
of time-consistent processes of coherent risk measures related to m-stable sets of probability
measures are introduced. A treatment of the same two classes of time-consistent processes
of coherent risk measures in continuous time and more on m-stable sets can be found in
Delbaen (2004). Roorda et al. (2003) is similar to Artzner et al. (2002) but also discusses
the effects of hedging and the applicability of dynamic programming algorithms. Cheridito
et al. (2004a, b) contain representation results for coherent and convex monetary risk
measures that depend on processes of financial values evolving in continuous time. Rosazza
Gianin (2003) studies the relation between risk measures and g-expectations. Frittelli
and Rosazza Gianin (2004) contains a summary of earlier results on convex monetary
risk measures and connections to indifference pricing and g-expectations. Riedel (2004),
Detlefsen (2003), Scandolo (2003) and Weber (2003) study dynamic coherent or convex
monetary risk measures for cash-flow streams in discrete time.

In this paper we follow Artzner et al. and measure the risk of discrete-time processes
of financial values. We simply call them value processes. Of course, in discrete-time, value
processes can be turned into cash-flow streams by passing to increment processes. But this
transformation does not preserve the order of almost sure dominance, and because this
order plays a crucial role in our definition of monetary risk measures, it makes a difference
whether we take the risky objects to be value processes or cash-flow streams. Since in
most practical applications it can be assumed that money can be lent at a risk-free rate,
we find it more natural to order value processes than cash-flow streams by almost sure
dominance.

The structure of the paper is as follows. In Section 2 we introduce the basic setup
and some notation. In Section 3 we introduce monetary risk measures conditional on the
information available at stopping times, study the relation between such risk measures
and their acceptance sets and prove conditional representation results for coherent and
convex monetary risk measures. In Section 4 we define what we mean by time-consistency
for processes of monetary risk measures and show how the time-consistency property of
processes of monetary risk measures translates into a condition on processes of acceptance
sets. For processes of coherent and convex monetary risk measures that can be represented
with sigma-additive linear functionals we give necessary and sufficient conditions for time-
consistency in terms of the representing sigma-additive linear functionals. In order to do
this we define a concatenation operation for adapted increasing processes of integrable
variation. The concept of m-stability for probability measures can be viewed as a special
case of stability under concatenation. In Section 5 we discuss special cases and examples
of time-consistent processes of monetary risk measures for discrete-time value processes.



2 The setup and notation

Throughout the paper (Q, F, (F)ten, P) is a filtered probability space with Fy = {0, Q}.
All equalities and inequalities between random variables or stochastic processes are under-
stood in the P-almost sure sense. For instance, if (X;)ieny and (Y;)ien are two stochastic
processes, we mean by X > Y that for P-almost all w € Q, X;(w) > Yi(w) for all
t € N. Also, equalities and inclusions between sets in F are understood in the P-almost
sure sense. By RY we denote the space of all adapted stochastic processes (X;)ieny on
(Q, F, (Ft)ten, P), where we identify two processes X and Y if X =Y. The two subspaces
R> and A' of R? are given by

R® :={X e R ||| X||gr < o0},

where
[| X||re~ := inf {m €R | sup |Xy| < m}
teN
and
A :={aeR"|||a|| 4 < o0},
where

a_1:=0, Aar:=ar—ar—1, fort e N, and |[la||g =E

Z|Aat|

teN

The set Al is given by
AL ={ae A" | Aaq, >0 for all t € N},
and the bilinear form (.,.) on R* x A! by

(X,a) :=E [Z XiAay

teN

o(R>, A!) denotes the coarsest topology on R> such that for all @ € A, X — (X, a) is
a continuous linear functional on R*. o(A!,R>®) denotes the coarsest topology on A
such that for all X € R>®, a + (X, a) is a continuous linear functional on A*.

For two (F;)-stopping times 7 and € such that 0 < 7 < co and 7 < 0 < oo, we define
the projection 7, : R? — RY by

Trg(X)t i= 1{T§t}XtA97 t e N.

For all X € R™ and a € A', we define

Ko = essint { € 25(7) | sup rraCOM < £}
te



where ess inf denotes the essential infimum of a family of random variables (see for instance,
Proposition VI.1.1 of Neveu, 1972), and

(X,a),g=B| > XiAa|F:
te[r,0]NN

The risky objects considered in this paper are elements of vector spaces of the form
Ry =7 gR™.

A process X € RY% is meant to describe the evolution of a financial value on the time
interval [r,0] N N. We assume that there exists a cash account where money can be lent
to and borrowed from at the same risk-free rate and use it as numéraire, that is, all prices
are expressed in multiples of one dollar put into the cash account at time 0. A monetary
risk measure on R7p is a mapping

PR — L¥(F,),

assigning to a value process X € R7 a real number that can depend on the information
available at the stopping time 7 and specifies the minimal amount of money that has to be
held in the cash account to make X acceptable at time 7. By our choice of the numéraire,
the infusion of an amount of money m at time 7 transforms a value process X € R} into
X + m and reduces the risk of X to p(X) —m. We find it more convenient to work with
the negatives of monetary risk measures. If p is a monetary risk measure on R, we call
¢ = —p the monetary utility functional corresponding to p. ¢(X) can then be viewed as
a risk adjusted value of a process X € R7% at time 7.

For the representation of conditional convex monetary and coherent risk measures we
will need the following subsets of A':

ALy i=mg Al (ALg)y = mpAL and Dy = {a € (Alg)s | (La), 4= 1} .

3 Conditional monetary utility functionals

In all of Section 3, 7 and € are two fixed (F;)-stopping times such that 0 < 7 < oo and
7 <60 <o0.

3.1 Basic definitions and easy properties

Definition 3.1 We call a mapping ¢ : Ry — L>®°(F;) a monetary utility functional on
~p Uf it has the following three properties:

(0) ¢(1aX) = 14¢(X) for all X € R, and A € F;
(1) ¢(X) < ¢(Y) for all X,Y € RY, such that X <Y



(2) ¢(X +mlp o)) = d(X) +m for all X € R, and m € L>®(F;)

We call a monetary utility functional ¢ on Ry a concave monetary utility functional if
(3) PAX + (1 = N)Y) > Ap(X) + (1 = N)g(Y) for all X, Y € RYy and A € L*(F7)

We call a concave monetary utility functional ¢ on Ry a coherent utility functional if
(4) ¢(AX) = Ap(X) for all X € Ry and A € L>(F;) such that A > 0.

For a monetary utility functional ¢ on Ry and X € R, we define H(X) == pomp(X).

A monetary risk measure on R, is a mapping p 1 RSy — L>®(F;) such that —p is
a monetary utility functional on Rioo p 1S a convex movnetm"y risk measure if —p is a
concave monetary utility functional and a coherent risk measure if —p is a coherent utility
functional.

Remarks 3.2

1. It follows from condition (0) of Definition 3.1 that ¢(0) = 0 for every monetary

utility functional ¢ on R2%. This normalization is convenient for the purposes of this

paper. Differently normalized monetary utility functionals on ng can be obtained by the

addition of an F,-measurable random variable.

2. Tt follows from (1) and (2) of Definition 3.1 that a monetary utility functional ¢ on
o0 satisfies the following continuity condition:

(c) [9(X) = o(Y)| < [|X = Y||rp, for all X,V € RY.

3. We call the property (3) of Definition 3.1 F,-concavity.
4. A mapping ¢ : R>, — L>°(F;) is a coherent utility functional on R if and only if it

)

satisfies (1), (2) and (4) of Definition 3.1 and
(37) (X +Y) > ¢(X) + ¢(Y) for all X,Y € RY.

Definition 3.3 The acceptance set Cy of a monetary utility functional ¢ on Ry is given

by
Cypi={X € R | $(X) >0} .

Proposition 3.4 The acceptance set Cy of a monetary utility functional ¢ on RYY satis-
fies the following properties:

(i) essinf {f € L®(F7) | fljr00) € Cs} = 0.

(ii) 14X +14cY € Cy for all X,Y € Cy and A € F;.

(1) X€Cs, YERY,, X <Y =Y €y

(C) (X™nen C Cypy X € RS, ||X™ = X||rp 5 0 = X € Cy.

If ¢ is a concave monetary utility functional, then

(ID) AX + (1 =AY €Cy for all X,Y € Cy and X € L*=(F;) such that 0 < X < 1.

If ¢ is a coherent utility functional, then



(II') X +Y €Cy for all X,Y € Cy and
(IIT) AX for all X € Cy and X\ € LY (F7).

Proof. (i): It follows from the definition of C4 and (0) and (2) of Definition 3.1 that

essinf {f € L®(F7) | fliroo) € Co} = essinf {f € L®(F;) | ¢(f1ir,00)) > 0}
= essinf{f € L(F;) | ¢(0)+ f >0} =essinf {f € L>(F;) | f >0} =0.
(ii) follows directly from (0) of Definition 3.1.
(I) follows from (1) of Definition 3.1.
(C): Let (X™)nen be a sequence in Cy and X € R such that || X" — X||; ¢ 80, It
follows from (c) that
P(X) = o(X") = [[ X" = X]lrp,
for all n € N. Hence, ¢(X) > 0. The remaining statements of the proposition are
obvious. O

Remarks 3.5

1. We call a subset of RY that satisfies condition (IT) of Proposition 3.4 F,-convex.
2. Let Cy4 be the acceptance set of a monetary utility functional ¢ on R7%y- It can be
deduced from (0) of Definition 3.1 or, alternatively, from (ii) and (C) of Prop031t10n 3.4
that > n14,X™ € Cy for every sequence (X™),en in Cy and each sequence (A;)nen of
disjoint events in F.

Definition 3.6 If C is a subset of R, we define for all X € R,

de(X) = esssup{f € L¥(F) | X — flr) € C} ,

with the convention
esssup ) := —oo.

Remark 3.7 Note that if C satisfies (ii) of Proposition 3.4 and, for a given X € R, the
set

{f S LOO(fT) | X — fl[T,oo) € C}
is non-empty, then it is directed upwards, and hence, contains an increasing sequence
(f™)nen such that lim,, o f™ = ¢c(X) almost surely.
Proposition 3.8 Let ¢ be a monetary utility functional on RY,. Then ¢c, = ¢.

Proof. For all X € R

ge,(X) = esssup{f € LO(F;) | X — flj;00) €Co}
= esssup {f € L®(F;) | ¢(X — fljr0)) = 0}
= esssup{f € L®(F;) | ¢(X) > f} = o(X).



Proposition 3.9 IfC is a subset of R that satisfies (1), (ii) and (I) of Proposition 3.4,
then ¢c is a monetary utility functional on R>, and Cy. is the smallest subset of R2 that
contains C and satisfies condition (C) of Propbsition 3.4. 7

If C satisfies (i), (I) and (II) of Proposition 3.4, then ¢¢ is a concave monetary utility
functional on R -

If C satisfies (i), (I), (I) and (III) or (i), (I), (II') and (III) of Proposition 3.4, then ¢¢ is

a coherent utility functional on R2S,.

Proof. Let X, Y € R such that X =Y on A for some A € . Assume that X —f1}; ) €
C for some f € L*(F;). If C satisfies (i) and (ii) of Proposition 3.4, there exists an
m € L*°(F;) such that m1; ) € C, and

1A(Y - fl[T,oo)) + 1Acm1[77oo) = 1A(X — fl[ﬂoo)) + 1Acm1[7_7oo) eC.
If C also satisfies (I) of Proposition 3.4, then
Y — 1Af1[.,.700) + 1Ac(m + HYHT,Q)I[T,OO) eC.

Hence, 14¢¢(Y) > 1agc(X), and by symmetry, 14¢c(Y) = 1a¢c(X). It follows that
¢dc(1aX) = 1age(X) for all X € R, and A € F;. (1) of Definition 3.1 follows from (I)
of Proposition 3.4. (2) of Definition 3.1 follows directly from the construction of ¢¢. By
Proposition 3.4, Cy, satisfies condition (C) of Proposition 3.4, and it obviously contains
C. On the other hand, if X € Cy,, then there exists an increasing sequence (f")pen in
L>(F;) such that X — "1}, ) € C and f" a5 ¢c(X) > 0. Set g" := f"A0. Then, by (I)
of Proposition 3.4, X — ¢"1(; ) € C, and g™ — 0 almost surely. Hence, Cy, is the smallest
subset of R> that satisfies condition (C) of Proposition 3.4 and contains C. The rest of
the statements are obvious. (]

3.2 Representations for conditional concave monetary and coherent util-
ity functionals

Definition 3.10 We say a concave monetary utility functional ¢ on R2S is continuous
for bounded decreasing sequences if

lim ¢(X") = ¢(X) almost surely

n—od
for every decreasing sequence (X™)nen in Rif’e and X € R:f’e such that

X2 X, forallteN.
Lemma 3.11 Let ¢ be a concave monetary utility functional on R, that is continuous

for bounded decreasing sequences. Then the corresponding acceptance set Cy is o(R>, Ab)-
closed.



Proof. Let (X*)xea be a net in Cy and X € R such that X - X in 0(R>®, A!), and
assume that
#(X)<0 ond (3.1)

for some A € F, with P[A] > 0. Then the map ¢ : R® — R given by
~ 1
X)=——E][1 X X &
¢( ) P[A] [ A¢O7TT,9( )] ) €R™,

is a concave monetary utility functional on R*° that is continuous for bounded decreasing
sequences. Denote by G the sigma-algebra on 2 x N generated by all the sets A x {t},
t € N, A € F;, and by v the measure on (€2, G) given by

V(Ax {t})=2"VP[A], teN, Ae F.

Then R* = L*(Q x N,G,v) and A' can be identified with L'(Q x N,G,v). Hence, it
can be deduced from the Krein-Smulian theorem that C 5isac(R™, Al)-closed subset of
R (see the proof of Theorem 3.2 in Delbaen (2002) or Remark 4.3 in Cheridito et al.
(2004)). Since (X*)yen C Cy it follows that

1
PlA

which contradicts (3.1). O

lag(X)] >0,

Definition 3.12 For a concave monetary utility functional ¢ on Ry and a € Aig, we
define

¢*(a) := ess ianeRgf’B {(X, a), g — ¢(X)}
and
o7 (a) := ess infxec, (X,a), 4 -

Remarks 3.13
Let ¢ be a concave monetary utility functional ¢ on RZ%.

1. Obviously, for all a € Alﬁ, #*(a) and ¢7(a) are measurable functions from (€2, F,) to
[—00,0] and
¢*(a) < ¢7(a) forallae ALy.

Moreover,
¢*(a) = ¢7(a) for all a € D,y (3.2)

because
<X7 a’>7—70 - QS(X) = <X - ¢(X)1[T,oo)a a>7.,9 , and X — ¢(X)1[T,OO) € C¢ )

for each X € RYy and a € Dry.
2. It can easily be checked that

¢*(Aa+ (1= M\)b) > A¢™(a) + (1 — N)o™(b),



for all a,b € -Ai,e and A € L*®(F;) such that 0 < A <1, and
o7 (A\a) = A¢¥(a) foralla € ALy and X € L2(F;). (3.3)
Note that it follows from (3.3) that
¢* (1aa + 1acb) = 1467 (a) + 14c¢¥ (D)

for all a,b € Ai,e and A € F,.
3. For every measurable function m : (2, F;) — [—00, 0], the set

{ac Ay 6#(a) = m}

is o (A, R>)-closed. Indeed, let (a"),enm be a net in {a € .A;e | o7 (a) > m} and a € A!

such that a# — a in o(A!, R>). Then, for all X € Cy, u € M and A € F, such that
A C {m > —o0},
(14X,a") = E [1 A(X, Mw] > E[lam] .

Hence,
E [1,4 (X, a>779} = (14X, a) > E[1am] ,

which shows that
(X, a>T’9 >m, forall X €Cy,

and therefore ¢ (a) > m.

Definition 3.14 A penalty function v on D;g is a mapping from D;g to the space of
measurable functions f : (Q, F;) — [—00,0] with the following property:

ess Supgep, ,v(a) = 0.
We call a penalty function v on Drg special if
Y(1aa + 1acb) = 1ay(a) + Lacy(b),
forall a,b € Dry and A € F.

Theorem 3.15 The following are equivalent:

(1) ¢ is a mapping defined on Ry that can be represented as

6(X) = essinfuep, , { (X a)y —7(a)} , X € R, (3.4)
for a penalty function v on Dy 4.

(2) @ is a concave monetary utility functional on Ry whose acceptance set Cy is o(R>, Al)-
closed.



(3) @ is a concave monetary utility functional on R?f’g that is continuous for bounded
decreasing sequences.

Moreover, if (1)-(3) are satisfied, then ¢* is a special penalty function on Dy, ¢7(a) >
v(a) for all a € Dy, and the representation (3.4) also holds with 7 instead of .

Proof.

(1) = (3): If ¢ has a representation of the form (3.4), then it is obviously a concave
monetary utility functional on Rif’g. To show that it is continuous for bounded decreasing
sequences, let (X™),cn be a decreasing sequence in R> and X € R such that

lim X;" = X; almost surely, for all ¢t € N.

n—oo

Note that this implies that

lim (X", a), 4 =(X,a), , almost surely, for alla € D;p.

n—oo

By property (1) of Definition 3.1, ¢,¢(X") is decreasing in n. Hence, almost surely,
limy, 0o #(X™) exists and lim, o #(X™) > ¢(X). On the other hand, there exists a
sequence (a”)pey in D, g such that

#(X) = inf {<X,ak> —fy(ak)} .

keN

Since
(X7,a") —5(a") = o(X™)
for all k,n € N, we have that

<X, ak> —y(a®) = lim {<X”,ak> - ’y(ak)} > lim ¢(X™)
for all k € N, and therefore also,
¢(X) = lim ¢(X").

n—oo

(3) = (2): follows from Lemma 3.11.
(2) = (1): By (3.2) and the definition of ¢*,

6% (a) = ¢*(a) < (X, a), 5 — H(X)

for all X € 7'\’,2?9 and a € D;y. Hence,
$(X) < essinfoen, , {(X, a), - ¢#(a)} for all X € R . (3.5)
To show the reverse inequality, let m € L>°(F;) with

m < essinfeep_, {(X, a)rg — gb#(a)} ) (3.6)

10



and assume that ¥ = X —ml, .y ¢ Cy. Since Cy is a convex, o(R>°, A!)-closed subset
of R>, there exists an a € (AL )4 such that

E [(Y, a}Tﬁ} =(Y,a)q o < Zlélg (Z,a)g o = E |essinfzec, (Z,a), 4
s

Therefore, there exists a B € F, with P[B] > 0 such that

(Y,a), y <essinfzec, (Z,a),y on B. (3.7)

Note that for A = {(1,a>779 = 0},

]'A ’<Z7 a’>7’,9

<1a(lZ],a), 9 <1allZ]|7p(1,a), =0 forall ZeRZ,.
Hence, B C {(1, a)Tﬁ > ()}. Define the process b € D, g as follows:

b:=1p +1BC1[7—,oo)'

_*
<]" a>7'76
It follows from (3.7) that

(X,b), 4 —m=(Y,b) o <essinfzec, (Z,b),9=¢*(b) on B.

This contradicts (3.6). Hence, X — mlj; ) € Cy, and therefore, ¢(X) > m for all m
satisfying (3.6), which shows that

#(X) > essinfuep,, {(X, a), o — ¢#(a)} .

This together with (3.5) proves that (2) implies (1) and also that ¢ is a penalty function
on D;g. By Remark 3.13.2, ¢ is special. If ¢ is a concave monetary utility functional on
o9 With a representation of the form (3.4), then

(X,a), 9 — &(X) = 7(a)
for all X € 7'\’,2?9 and a € D; g, which implies that ¢" = ¢* >~ on D;yp. O
Corollary 3.16 The following are equivalent:
(1) ¢ is a mapping defined on Ri?e that can be represented as
¢(X) = essinfoeo (X, a), 9, X €RTY, (3.8)
for a non-empty subset Q of D;g.

(2) & is a coherent utility functional on RYy whose acceptance set Cy is o(R>, Al)-
closed.

11



(3) & is a coherent utility functional on Ry that is continuous for bounded decreasing
sequences.

Moreover, if (1)—(3) are satisfied, then the set
QY = {a € Dry | ¢%(a) = 0}

is equal to the smallest o(A', R*®)-closed, F,-conver subset of D,y that contains Q, and
the representation (3.4) also holds with Qg instead of Q.

Proof. 1If (1) holds, then it follows from Theorem 3.15 that ¢ is a concave monetary utility
functional on RY5 that is continuous for bounded decreasing sequences, and it is clear
that ¢ is coherent. This shows that (1) implies (3). The implication (3) = (2) follows
directly from Theorem 3.15. If (2) holds, then Theorem 3.15 implies that ¢# is a special
penalty function on D, g, and

$(X) = inf {<X, a), o~ QS#(a)} for all X € RS

aeDT,G

Since ¢ is special, the set {qb# (a) | a € Dng} is directed upwards. Therefore, there exists
a sequence (a*)gey in D, such that almost surely,

" (a¥) esssupaepfwb#(a) =0, ask—o0.

It can easily be deduced from the fact that ¢ is coherent, that
{qb#(a) = 0} U {gf)#(a) = —oo} =Q forallaeDy.
Hence, the sets A := {¢*(a*) = 0} are increasing in k, and J,cy Ar = €. Therefore,

0 k
a* :=1y,a +21Ak\Ak—1a €D;p,
k>1

and it follows from Remark 3.13.2 that ¢* (a*) = 0. Note that for all a € D,,
* 0
Ho#@=010 T H{p#()=—o0}®” € Ls-
This shows that

d(X) = ess infaegg (X,a), 4, forall X e R7. (3.9)

It remains to show that Qg is equal to the o(A!, R>)-closed, F,-convex hull (Q)_ of Q.

It follows from Theorem 3.15 that ¢ is the largest among all penalty functions on Dry
that induce ¢. This implies Q C Qg. By Remarks 3.13.2 and 3.13.3, Qg is Fr-convex and

o (A, R>®)-closed. Hence, (Q)_ C Qg. Now, assume that there exists a b € Qg \ (Q)

T

12



Then, it follows from the separating hyperplane theorem that there exists an X € R
such that

(X,b) < inf (X,a) =F |essinfeio) (X, a>779] =B [ess infoeo (X, a)Tﬂ] = B[(X)] .

a€(Q), "
(3.10)
But, by (3.9),

(X,b) = B[9(X)] = B [{X,b),4 — 6(X)| 20
for all b € QY, which contradicts (3.10). Hence, Qg \ (Q), is empty, that is, Qg c(Q),..0

Remark 3.17 Detlefsen (2003) and Scandolo (2003) give representation results for con-
ditional concave monetary utility functionals that depend on random variables. Since
monetary utility functionals that depend on random variables can be seen as special cases
of monetary utility functionals for stochastic processes, Theorem 3.15 generalizes the rep-
resentation results in Detlefsen (2003) and Scandolo (2003).

3.3 Relevance

Definition 3.18 Let ¢ be a monetary utility functional on R>S,. We call ¢ 0-relevant if

AC {¢(—€1A1[t/\9,oo)) <0}
foralle >0,t€e N and A € Fipg.

Definition 3.19

o = a€D g | P ZAaj>O =1 forallteN

F>tAO

Remarks 3.20

1. If ¢ is a f-relevant monetary utility functional on R>} and £ is an (F;)-stopping time
such that 7 < £ < 0, then, obviously, the restriction of <Z>7 to ng is &-relevant.

2. Assume that 6 is finite. Then it can easily be checked that a monetary utility functional
¢ on R is -relevant if and only if

AC {¢(_51A1[6,oo)) < 0}
for all e > 0 and A € Fy. Also, in this case,
ro=1a€Drg| P[Aag > 0] =1} .

Definition 3.21 For a concave monetary utility functional ¢ on R2 and a constant
K >0, we define

oK = {a € Dy | ¢ (a) > —K} .

13



By the Remarks 3.13.2 and 3.13.3, Qﬁf is F,-convex and o(A!, R>)-closed for every
concave monetary utility functional ¢ on R> and each constant K > 0.

Proposition 3.22 Let ¢ be a concave monetary utility functional on Ry that is contin-
uous for bounded decreasing sequences and @-relevant. Then

Q¢ NDsyg#0 forall K>O0.

Proof. Fix K > 0 and t € N. For a € D;y, we denote
= 2 Agj,
F>tA0
and we define
ot := sup Plei(a) > 0] . (3.11)

ac Qg

Let (a"™),en be a sequence in Qg with

lim P [e;(a"") > 0] = o .

n—oo
Since Qg is convex and (A, R*)-closed,
= 2" e gy,
n>1

and, obviously,
P lei(a") > 0] = ay.

In the next step we show that az = 1. Assume to the contrary that a; < 1 and denote
Ay := {es(a") = 0}. Since ¢ is f-relevant,

At C {¢(_K1At1[tA€7oo)) < 0} ;

and therefore also,

A= () B c {é(—Klalppe,e) <0} .
BeF,,A:CB

By Theorem 3.15,
(—K14,1[170,00)) = essinfeep, {<_K1At1[t/\9,oo)7 a) o= ¢#(G)} :

Hence, there must exist an a € D,y with P[A; N {ei(a) > 0}] > 0 and ¢#(a) > —K on
A. Then,

1 1
t._ t K t._ Lyt t K
bVi=1za+1;a SHOH c.f§b+§a €9y,
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and P [e(c') > 0] > P [e4(a’) > 0] = . This contradicts (3.11). Therefore, we must have
oy = 1 for all t € N. Finally, set
a* = Z 27t

t>1

and note that a* € Qg NDE,. O

Corollary 3.23 Let ¢ be a concave monetary utility functional on RS, that is continuous
for bounded decreasing sequences and 0-relevant. Then

$(X) = essinfoepe {(X, a), 5 — ¢#(a)} . Jorall X € RS,
Proof. By Theorem 3.15,

$(X) = essinfoen, , {(X, a), 5 — ¢#(a)} . forall X € RS,
which immediately shows that

$(X) < essinfoepe {(X, a), 5 — gb#(a)} . forall X € RS

To show the reverse inequality, we choose a b € D, 4. It follows from Proposition 3.22 that
there exists a process ¢ € Qé NDe,. Then, for all n > 1,

1 1
" i =(1— )b+ —ce D¢
( n) +nCE 7,0

1 1
lim (X,b") , = lim {(1 — =) (X,b),_ o+ — (X, C>79} = (X,b)_, almost surely,
k) ) n 9’ )

n—oo n—oo n
and
#(H") = inf X0, > (1 1 inf X.b 1 inf X
o7 (") = essin XeC, (X, >T,9 > (1- E)essm XeCy (X, >T,9 + EGSS mlxec, ( aC>T,9

1 1
= (1- E)qb#(b) + E(b#(c) —  ¢*(b) almost surely.
This shows that
(X,8),.5 — 67 (6) > essinfoep: , {(X,a),4 — 6F(a)} |

and therefore,
6(X) > essinfuepe, { (X,a), — 0¥ (a) } |

which completes the proof. [l
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Corollary 3.24 Let ¢ be a coherent utility functional on RYy that is continuous for
bounded decreasing sequences and 0-relevant. Then

H(X) = ess infae e (X,a),9, XeERY,

where QF = {a €Dsy | " (a) = 0}.

Proof. This corollary can either be deduced from Corollary 3.16 and Proposition 3.22 like
Corollary 3.23 from Theorem 3.15 and Proposition 3.22 or from Corollary 3.23 with the
arguments used in the proof of the implication (2) = (1) of Corollary 3.16. O

4 Processes of monetary utility functionals and acceptance
sets

Definition 4.1 Let S € N and T € NU {oo} such that S < T. Assume that for all t €
[S,TINN, ¢ is a monetary utility functional on Ry with acceptance set Cyp. Then we
call (¢¢,1)ies,rinn @ monetary utility functional process and (Cy.r)ie[s,rjnn an acceptance
set process. We call (¢1,1)icis,mjnn @ Televant monetary wutility functional process if all
o¢ 1 are T-relevant. We call (¢t,T)te[S,T}mN a concave monetary utility process if ¢y 1s a
concave monetary utility functional on Ri7 for all't € (S, TINN. If every ¢ 1 is coherent,
we call (¢r,1)ie[s,rjnn @ coherent utility functional process.

Definition 4.2 Let S € N and T € NU{oo} such that S < T'. Let (¢11):e|s,1)nn be a mon-
etary utility functional process with corresponding acceptance set process (Ct,T)te[S,T]mN-
Let T and 6 be two (F;)-stopping times such that T is finite (i.e. T < 00) and S < 7 <
0 <T. Then we define the mapping ¢ : R3%y — L>(F;) by

¢T,9(X) = Z d)t,T(]‘{T:t}X) ) (412)
te[S,TINN
and the set Cr g C Rif)@ by
C7—79 = {X S R?—?Q ‘ 1{T:t}X S Ct,T for allt [S, T] N N} . (4.13)

It can easily be checked that ¢, g defined by (4.12) is a monetary utility functional on R
and that the set C; g given in (4.13) is the acceptance set of ¢, . Moreover, if (¢17):e[s,7)nN
is a concave monetary utility functional process, then ¢, 4 is a concave monetary utility
functional on RY%. If (¢1,1)te(s,m)nn s coherent, then so is ¢ .

4.1 Time-consistency

Definition 4.3 Let S € N and T' € NU{oo} such that S <T. We call a monetary utility
functional process (¢, 1)ic(s,r)n time-consistent if

¢r,7(X) = b7 (X1 gy + d0,7(X)1jp,00))
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for each t € [S,T] NN, every finite (F;)-stopping time 6 such that t < 0 < T and all
processes X € R{7.

Remarks 4.4
1. Let S € Nand T € NU{oo} such that § <T'. It is easy to see that a monetary utility
functional process (¢r,1)ic[s, )N is time-consistent, if and only if
br7(X) < g 7(Y),
for each ¢t € [S,T] NN and all processes X,Y € Ry such that

Xlpg) < Yg and ¢pr(X) < gpr(Y),
for some finite (F;)-stopping time 0 with ¢t <6 < T.
2. Let S € Nand T € NU {oc} such that S < T and (¢¢,7)e[s,1)nn @ time-consistent
monetary utility functional process. Then it can easily be seen from Definition 4.2 that
¢r1(X) = br1(X1i79) + Do,7(X)1g,00))
for every pair of finite (F;)-stopping times 7 and € such that S < 7 < 0 < T and all
processes X € Rgf’T.

Proposition 4.5 Let S,T € N such that S < T and (¢r1)_g a monetary utility func-
tional process that satisfies

G10(X) = 1.0 (X 1y + G0, 7(X) 41,00 (4.14)
forallt=25,....,T —1 and X € Ry%. Then (¢r,1)1_g is time-consistent.
Proof. For t € [S,T] NN, an (F;)-stopping time 6 such that ¢t < § < T and a process
X € Ry, we denote Y = X1y, 9) + $9,7(X)1{g,00) and show
dur(X) = o7 (V) (4.15)
by induction. For ¢t = T, (4.15) is obvious. If t <T — 1, we assume that

br11,7(Z) = dr1,7(Z1pp1,6) + e 7(Z) g o)) 5
for every (F¢)-stopping time & such that ¢t +1 < ¢ <T and all Z € Ry}, 7. Then

1{02t+1}¢t+1(X) = ¢t+1(1{92t+1}X) = ¢t+1(1{92t+1}y) = 1{92t+1}¢t+1(Y)-
Hence, it follows from the assumption (4.14) that

oY) = drr (Lipmiybe,0(X) o0y + Liose413Y)
= ly—pyder(X) + Loz 0e7(Y)
= lyg—pyber(X) + Loz 0e.0(Y gy + 01 (Y ) 1 j41,00))
Lig=tyde,7(X) + Ligt11y e, 0 (X Ly + e1(X) 11 41,00))
Lio—y e, 7(X) + Lip> 1411017 (X)
= ¢u7(X).
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Proposition 4.6 Let S € N, T € NU {co} and 7,0 finite (F;)-stopping times such that
S <7 <0< T. For a monetary utility functional process (¢1,1)e(s,rjnn with correspond-
ing acceptance set process (Ct,T)te[S,T]mN the following two conditions are equivalent:

(1) ¢rr(X) = ¢r 1 (X1 9) + ¢0,7(X)1jg,00)) for all X € R
(2) Crr=Cro+Cor

Proof.

(1) = (2):
Assume YV € Crp and Z € Cpr. Then X =Y + 7Z € Ry, X9 = Yrp) and
do.7(X) =Yg+ g 1(Z) > Yy. Therefore,

Gr1(X) = drr (X1 9y + d0,7(X)1jp,00)) = ¢r7(Y) > 0.

This shows that C.g + Cor C Cr7. To show Cr7 C Crg + Cor, let X € Crr and set
Z = (X = ¢g7(X)po0y and Y := X — Z = X1, g) + ¢0,7(X)1[g,0c). It follows directly
from the translation invariance of ¢ r that Z € Cy . Moreover, ¢, 7(Y) = ¢, 7(X) > 0,
which shows that Y € C; .
(2) = (1):
Let X € R2% and f € L>°(F7) such that X — f1;; ) € C; 7. Since
Po,r(X) =esssup {g € L™(Fp) | (X — 9 jp,00) € Cor}

and
CT,T C CT,@ + C@,T )

the process
X = [l 00) = (X = ¢9,0(X))1jg,00) = X1[r,0) + 09,0(X)Ljg,00) = [L{r,00)
has to be in C;g. This shows that
Gr1(X170) + G0,7(X)1[5,00)) = Prr(X).
On the other hand, if X € R and f € L*°(F;) such that
X1jr9) + 0.7(X)1g,00) = [lir,00) € Cr1s

then also X — f1[; ) € Cr 1 because (X — QZSQ,T(X))l[g’oo) € Co,r and Cr9 + Cor C Cr .
It follows that
Gr1(X) 2 ¢r7(X 11 9) + 00,7 (X)1[g,00)) -

18



Proposition 4.7 Let S € N and T € N U {oo} such that S < T. Let (¢17)ie[s1)nN
be a time-consistent monetary utility functional process with corresponding acceptance set
process (C.1)ie(s,mnn, and let T and 0 be two finite (F)-stopping times such that S < 7 <
0 <T. Then

1. 14X €Crp for all X € Cor and A € Fp.

2. If ¢r¢ is O-relevant, and X is a process in Ry%, such that 14X € Crr for all A € Fy,
then X € Co 7.

3. If & is an (Fy)-stopping time such that 6 < & < T and ¢r¢ is &-relevant, then ¢g ¢
is §-relevant too. In particular, the monetary utility functional process (¢v1)icpo, )N 78
relevant if and only if ¢s 1 is T-relevant.

Proof.

1. If X € Cor and A € Fy, then also 14X € Cypr. Obviously, 0 € C, 5. Hence, it follows
from Proposition 4.6 that 14X =0+ 14X € C, 7.

2. Assume 14X € C,r for all A € Fy but X ¢ Cyr. Then there exists an ¢ > 0 such
that P[A] > 0, where A = {¢p7(X) < —c}. By Proposition 4.6, there exist Y € C;p
and Z € Cpr such that 14X =Y + Z. Since ¢pr(1aX) < —ela, Zg > 14(Xp +€) and
therefore, Yy < —el4. But then, since ¢, g is f-relevant, Y ¢ C; g, which is a contradiction.
3. Let e >0,t € Nand A € Fype. Set

B:=AnN {¢9,§(—€1A1[t/\§,oo)) = 0}

and note that
gﬁg’g(—ElBl[t/\&oo)) =0 on B.
Therefore, also
¢9,5(_51B1[t/\§,oo)) =0 on B = ﬂ C.
CeFy; BCC
Since
Lae $0.6(—€1B1[ne 00)) = Po.e(—€l 1B tAe ) = 0,
it follows that ¢ge(—clplyae,oc)) = 0. Hence, —elplypg o) € Coe, and therefore, by
statement 1, —e1plyng o) € Cre. If ¢r¢ is &-relevant, then P[B] = 0, which shows that
¢g.¢ is -relevant. ]

Corollary 4.8 Let S € N and T € NU{oo} such that S <T'. Let ¢ be a T-relevant mon-
etary utility functional on R3r- Then there exists at most one time-consistent monetary

utility process (qbt,T)te[S,T]mN with ¢sT = @.

Proof. Let (¢17)ie[s,rjnn be a time-consistent monetary utility process with ¢sr = ¢
and (Ct,T)te[S,T]mN the corresponding acceptance set process. By Proposition 4.7.3, ¢ 7 is
T-relevant for all ¢ € [S,T]NN. Therefore it follows from 1. and 2. of Proposition 4.7 that
for all t € [S,T]NN, a process X € Rff’T is in Cy 7 if and only if 14X € Cgr for all A € F;.
This shows that C; 7 is uniquely determined by the acceptance set Csr of ¢. Hence, ¢; 7
is uniquely determined by ¢. O
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4.2 Consistent extension of the time horizon.

Proposition 4.9 Let S € N and T € NU {oo} such that S < T. Let (¢1,5)iefo,5)nN
and (¢t,T)te[S,T]mN be two time-consistent monetary utility functional processes with cor-

responding acceptance set processes (Ci.s)iejo,s)nn and (Ce.1)ie[s,r)nn, Tespectively. For
t €10,5), define

rr(X) = ¢rs (X1pgy + 050(X)s0) », X € R, (4.16)

and
Cir =Cs+Csr. (4.17)

Then (¢t,T)te[0,T]mN 18 a time-consistent monetary utility functional process with corre-
sponding acceptance set process (Cer)iciorinn-  If (Pr,8)c0,51nn and (dr,1)ie(sirn are
concave monetary utility functional processes, then so is (¢t 1)icorinn- If (61,9)1eo,s) "N
and (¢4,1)te(s,rinn are coherent, then (év1)icio )N @5 coherent too.

Proof. It can easily be checked that for all ¢ € [0,.5), the mapping ¢; v defined in (4.16)
is a monetary utility functional on Ry%. with acceptance set Cy r given by (4.17). Also, it
is obvious that ¢;r is a concave monetary utility functional on R?% if ¢; ¢ and ¢ 7 are
concave monetary utility functionals, and ¢; 7 is coherent if ¢; g and ¢s are coherent.
To prove that (th,T)te[o,T}mN is time-consistent, it is by Proposition 4.6 enough to show
that

Cir =Cio+Cor,

for all t € [0,.5) NN and every finite (F;)-stopping time 6 such that ¢t < 0 < T.

We first show Ci g + Cor C Cip. Let Y € Crp and Z € Cor. By definition of C;r, ¥V
can be decomposed into Y =Y’ +Y”, where Y/ € C; g and Y € Cgp. It is easy to see
that Y” can be chosen such that Y =0 on {# < S}. Then

Y' e Ct,@/\S and Y € Csﬁvg.
Similarly, Z = Z' + Z", where Z' € C; g and Z" € Cgr can be chosen such that
A= Cg/\&g and Z" € CG\/S,T .

Hence,
Y'+7 € Cis and YY"+ 7" € Csr,

and therefore,
Y+Z=Y'+Z2'+Y"+Z2"€Cr.

To show Cy 1 C Cpg + Cor, we let X € Cy . By definition of C 1, X = X'+ X", where
X' € C 5 and X" € Cgr. Since (¢r,5)ic(0,5)nn and (¢¢,1)ie[s,r)nn are time-consistent, we
get from Proposition 4.6 that

X/ — Y/ _|_ Z/ and X// — Y// + Z”,
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where Y’/ € Ct,g/\s, 7' e CG/\S,S, Y" e Cs,g\/s and Z" ¢ CGVS,T- Note that 1{9>S}Z/ € 6575.
Hence,

1{9>S}Z, = f1{9>5}1[5',oo) for some f S Li_o(fs) .
It follows that
Lig>s1Y" 4+ 1y9>51Z" € Csovs N R,

and therefore,
Y+ Loy V" + 1p5512" € Crp .-

On the other hand,
Lip<syY" €Cs.s,

and therefore,
Lip<s1Y" = glip<silisee) for some g € LT (Fs).

Hence,
1{0§S}Y// + 1{9§S}ZI € Cons,s N RS?T ,

and
Lo<syY" + o<y 2"+ 2" € Corr

O

Remark 4.10 Let T € N. Note that for all t =0, ...,T, there exists only one monetary
utility functional ¢;; on Rf5. It is given by

bri(mly o)) =m, form e L>(F),
and its acceptance set is
Ct,t = {ml[uoo) | m € Lio(Q,ft,P)} .

Now, for every t = 0,...T — 1, let ¢;;41 be an arbitrary monetary utility functional on

f‘i 11 with acceptance set Cy;y1. It can easily be checked that for all ¢ = 0,...7 — 1,

the monetary utility functional process (¢57t+1)';§ is time-consistent. Therefore, it follows
from Proposition 4.9 that an acceptance set process (Ct,T)te[O,T]mN corresponding to a time-
consistent monetary utility functional process (¢,1)e[o, ) can be obtained by defining

Ct,T = Ct,t+1 + Ct+1,t+2 + -+ CT—LT , forallt=0,1,...,T—1.

4.3 Concatenation of elements in A%

Definition 4.11 Let a,b € AL, 0 a finite (F;)-stopping time and A € Fp. Then the
concatenation a @?4 b is defined by

a on {t<e}uAcu{<1,b>9m:o}

(a @2‘ b)t = <1ra>9 [es)
ap1+ T (b= bpa) o {t=01nAn{(1,8), >0},
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where we set a_1 = b_1 = 0.

We say a subset Q of A}F 1s stable under concatenation if a @?4 be Q for all a,b € Q,
every finite (F)-stopping time 6 and all A € Fy.

Remarks 4.12
1. Let Q be a subset of .,4_1‘_ such that

a®3beQ foralla,be Q,seNand A€ Fs. (4.18)
Then
a 69?4 be Q foralla,be Q, each bounded (F;)-stopping time 6, and A € Fy,

and
a @’ b isin the ||.|| s1-closure of Q

for all a,b € Q, each finite (F;)-stopping time 6 and A € Fy.
Indeed, if Q has the property (4.18), set for each (F;)-stopping time 6§ and A € Fy,
Ay = AN{0 =n}, n € N. Then all the following processes are in Q:

a’ ::a@%ob, a" = qa"! ®%, b, n>1.

If 4 is bounded, then a™ = a @?4 b for all n such that n > 6. If 4 is finite, then a™ — a @g b
in ||.||4 as n — oo.
2. Let 0 be a finite (F;)-stopping time and A € Fy. It can easily be checked that the

concatenation @?4 has the following properties:
(i) Let a',a® b € AL and A € (0,1). Then

(Aa' + (1= N)a?) &% b= Aa' &% b) + (1 = N)(a®> a9 b).
(ii) Let a,b € A} and (a")uenm a net in AL with
a* —a in (A, R™).

Then
at @%b —aa’b ino(AL,R®).

1) Let a,b € , b= , > an M anet n wit
(iii) Let a,b € AL, B = {(1,0); > 0} and (b*),c in A} with
W —b ino(ALR).

Then
a@®p " —ad%b ino(A,R®).

Proposition 4.13 Let Q be a non-empty subset of .A}F and denote by (Q) the smallest
o (A, R>®)-closed, convex subset of AL that contains Q. Assume that

a®ibe(Q),

foralla,be Q, s € N and A € Fs. Then (Q) is stable under concatenation.
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Proof. Tt follows from the properties (i) and (ii) of Remark 4.12.2 that
a®%be (Q)

foralla € (Q),be Q,s € Nand A € F;. Then, it can be shown as in Remark 4.12.1 that
ad’be (Q)

for all a € (Q), b € Q, every finite (F;)-stopping time 6 and A € Fyp. Now, let a €
(Q),b',b?> € Q and A € (0,1). Set

By = {(1,b"), >0} and By:={(1,6%), >0} .

Let C1,...,Cn be finitely many disjoint sets in Fy such that U1]’LV:1 C, = B;1 N By and
AL, ..., Ay numbers in [0, 1]. Then the following processes are all in (Q):

= A(adl, )+ (1 - ) (el v?),

=Xt @, b)) + (1= Xo)(ct @, b?), ...
N =N (T el b + (1= An) (VT el b7).

Note that

N a on {t <0} UBSUBS
C; = 1,a 1,a

t Q01+ An i (0F = B3_) + (1= M) {rht (0 — 03 ,)  on {t >0} C,

Hence, since (Q) is (A!, R*)-closed, it also contains the process ¢ given by

at on {t < 0}UBfUBS
Ct = l,a
t ag_1 + w A =By )+ (1= N2 —b2)] on {t>6}nB'nB
Next, notice that the processes

dl = 6@031\32 bl and d2 = dl @032\31 b2

are in (Q), and
dy = a @ (A + (1= \)b?).

Together with property (iii) of Remark 4.12.2, this implies that
a®’be(Q)

for all a,b € (Q), every finite (F;)-stopping time § and A € Fy. O
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4.4 Time-consistent coherent utility functional processes

Theorem 4.14 Let T € NU {oo} and (¢t,1)icjo,r)nn @ relevant time-consistent coherent
utility process such that ¢o can be represented as

¢0,T(X) = <X7 a>0,T , XE€E ,R’S?Ta

inf
a€Q

for some a(R>, A')-closed, convex subset Q of Do . Then,
1. For every finite (F;)-stopping time 7 < T,

(X,a), p (X,a),
¢r7(X) = essinfeg———— =essinfocge———, X € Ry,
T “ <1,a>T,T “ <1,a>T7T :

where

<X7 a)T,T .

———— 1is understood to be 0o on §(l,a)_ »=0¢,

<17a>7'T T
and

QE = Qﬂ'D&T

2. 9 and Q° are stable under concatenation.

Proof.

L. Let (Ci1)tejo,rjnn be the acceptance set process corresponding to (¢¢.1)ie(o,7)nN-
Parts 1 and 2 of Proposition 4.7 imply that for every finite (F;)-stopping time 7 < T" and
X e R,

XeCrr & 14X €Cyr forall Ac Fr.

It follows from Corollary 3.16 that
_ # _
Q= {aeDor | ofrla) =0},
and from Corollary 3.24 that

X) = inf (X
$o,r(X) alen@( Ao

where Q¢ = 9N DS’T. Hence, for all X € R:?T,

XeCr & (laX,a)gp>0 forall A€ F;andae€ Q°
& <X,a)T7T >0 forallaec Q°.

This shows that ¢, 7 and the coherent utility functional

<X7 a>7'7T

essinf aGQeW ,
T

X e Ry
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have the same acceptance set. Hence, they must be equal. It is clear that
<X’ a>T7T . <X7 a>T7T
———— <essinfgege———
<17a’>7'7T <17a’>7'7T
On the other hand, since X — ¢, 7(X)1}; ) € Cr 1, it follows that

<1A (X — gZ)T,T(X)l[T’OO)) ,a>07T >0, foralAe Franda€ Q,

essinf,co , forall X € RX%

and therefore,

(X = 6t ()1 py) )y

>0, forallac Q,
<1?G‘>T,T

which shows that

(X, CL)T,T

<17Q>T,T
2. To show that Q is stable under concatenation, we assume by way of contradiction

that there exist a,b € Q, a finite (F;)-stopping time # < T and A € Fy such that

ci=a®% b¢ Q. Since Q is 0(R>®, Al)-closed and convex, it follows from the separating
hyperplane theorem that there exists an X € Rg?T such that

X, < inf (X,d = X).
( C>O,T ;gg< >0,T po,r(X)

essinf,eo > ¢rr(X), foral X € RX%p

Note that
E Z XjACj
| j€[0,T]NN
= E|1 X;Aa; +1 L @)or X;Ab
= {Acu{(1b)y 7=0}} > @ T an{1b)y +>01} 77 10 b)or Y. XA
i J€[0,T)NN T jelp,T)NN
= FE (X CL>9 T 1
= {Acu{ (1,b)g p=0}} 1, a> {(L,a)g >0}
(X, 0)g.r
tloanfa), T>0}}<15>) > Ag
€9, T)NN
> E |¢gr(X Z Aa;
]6[9 T)NN
Hence,

tor(X) > (X.)r=E| Y XAq|>E| > XjAai+ > ¢pr(X)Aa,
J€[0,T]NN j€[0,0) JEO,TINN

> o (X1pg) + ¢0.0(X)1jpe0)) 5
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and therefore, (¢>t,T)te[0,T}mN is not time-consistent. But this contradicts the assumptions,
and therefore, @ has to be stable under concatenation. It follows immediately that Q¢ is
stable under concatenation. O

Remark 4.15 Let T € N U {oo} and Q° a non-empty subset of Df . Define for all
te [0, T]NN,

<X ’ a>t,T
<1’ a’>t,T 7
Then, obviously, (¢17)tc[o,r]nn is a relevant coherent utility functional process, and it is
easy to see that for every finite (F¢)-stopping time 7 < T and all X € R%,

<X? G‘>T,T
<17 a’>7'7T

Theorem 4.16 Let T € NU{oco} and Q° a non-empty subset of Df 1 that is stable under
concatenation. Define for allt € [0,T] NN,

¢r,7(X) := essinfyecge X e Ry

¢ 1(X) = essinf,coe

<X7 a)t,T
<1> a)uT ’

Then (d)t,T)te[o,T}mN s a relevant time-consistent coherent utility functional process.

¢e7(X) := essinfyege X e RYT-

Proof. By Remark 4.15, (¢¢7)icjo,1)nn is a relevant coherent utility functional process
such that for every finite (F;)-stopping time 7 < 7T and all X € R,

<X7 G‘>T,T

<]" a’>7'7T

To show time-consistency, we denote by (Ct,T)te[o,T]mN the acceptance set process corre-
sponding to (¢1,1)e[o,rjnn and prove that

¢ 7(X) = essinf,coe

Cir=Cip+Cor,

for all t € [0,7] NN and every finite (F;)-stopping time € such that ¢ < 6 < T. If
Y € Ct,e C Ct,T and Z € C@j, then

(Z, a)e,T >0 forallac Q°,

which implies
(Z,a)yr >0 forallae Q°.

Therefore, Z € C; 7 and Y + Z € Cy 7. This shows that C; 9 +Co 1 C Cy7. To prove Cyp C
Cto + Cor, we choose a process X € Cyp. Obviously, Z := (X — ¢g7(X))1jg) € Cor,
and it remains to show that

Yi=X-2=Xl9 + (ZSQ’T(X)].[g’OO) €Crr. (4.19)
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Since QF° is stable under concatenation, the set

<X7 a>0,T a e
{ <17a>9,T ‘ = }

is directed downwards. Therefore, there exists a sequence (b"),cn in Q° such that

(X007

< ||X < ||X
<17b0>97T — H ||9,00 — || ||OO

and

(X, 0") g
o N\ Per(X) almost surely.
(1,b >0,T

Moreover, a @% b € QF for all a € Q¢ and n € N. Hence,

0< <X7 a @) b”> . N\ (Y,a), p almost surely,
t k)

)

and therefore,
(Y,a),7 >0 forallae Q°,

which completes the proof. ([

4.5 Time-consistent concave monetary utility functional processes

Definition 4.17 Let f € L°(F) and 7 a finite (F;)-stopping time. If there emists a
g € LY (F) such that f > g, we define

Elf|F]:= lim E[fAn|F].
If there exists a g € L'(F) such that f < g, we define

E[f|F]:= nE@mE[an|fT] .

If X is an adapted process on (U, F, (Fi)ien, P) taking values in the interval [m,oo] for
some m € R, we define for all a € A,

(X,a), 9= lim (X An,a) g .

n—oo

If X takes values in [—oo,m], we define for all a € AL,

(X,a), 9= lim (XVn,a)_,4.

n——oo

27



Remark 4.18 Let T' € NU{oo} and (¢:,1)sc[0,7jnn @ concave monetary utility functional
process such that for each ¢t € [0,T] NN, ¢, 7 is given by

br.17(X) = essinfaep, ;. { (X, 0)r —wr(0)} . X € R,

for a a special penalty function ;7 on D;7. Then it can easily be checked that for all
finite (F;)-stopping times 7 < T,

(bT,T(X) = 688 infaEDT,T {<X7 a>‘r,T - '.)/T,T(a)} , Xe€ R?—?T )

where 7, 7 is the special penalty function on D, given by

PYT,T(CL) = Z 1{T:t}7t(1{'r:t}a =+ 1{77ét}1[t,oo)) , act DT,T . (420)
te[0,T]NN

Theorem 4.19 Let T' € NU {oo} and (¢1,1)icjo,r)nn @ time-consistent concave monetary
utility process such that for all t € [0,T] NN,

dr,r(X) = essinfuen, ; { (X,0) 0 — ofp(@)} . X € R,

Then
¢77,%T(a) = ess SUPbeDg,T@fT (a o? b) +E [(ﬁjfT(a) ] fT} , (4.21)

for every pair of finite (Fy)-stopping times 7,6 such that 0 <7 <60 <T and all a € D, 7.

Proof. Let 7 and 6 be two finite (F;)-stopping times such that 0 < 7 < § < T, and
(Ct.7)tefo,mnn the acceptance set process corresponding to (¢¢,1)icfo,7jnn- 1t follows from
Remark 4.4.2 and Proposition 4.6 that for all a € D, 7,

67 r(a) = essinfxec,, (X,a), 7
= essinfyec, ,a),p+essinfxec, , (X, a)TVT

(X, a)
(X, a)
(X, a)

[4

6 T

= ess ianeQ T+ E [ess ianecg,T (X, a>9,T | Fr

= essinfxec,, (X,a), 7 +E [gbng(a) | ,7:7] . (4.22)

and for all @ € Dy and b € Dy 7,

¢ﬁT(a 69% b) = ess ianeCTﬁT <X, a @?2 b>

7T

= essinfxec,, <X, a 6959) b>TT +essinfxec, , <X, a @% b>TT

= essinfxec,,

X,a), 7 +E [ess infxecy r (X, 0o (1L,agr | fT]

(
(X,a), 0+ B | 0f7(0) (1adyr | 7| -

= essinfxec, ,
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By Remark 4.18,

b0,1(X) = essinfocn, , { (X,a)r — 6fp(a)} . X € R,

which implies
esssupyepy , Or(h) = 0.
and therefore,
E|¢77(b) (La)gr | Fr| =0
ess SUPyep, 0T sa)gr | Fr ,
Hence,

# 0 _ :
€8S SUPpep, O (a @9 b) =essinfxec, , (X,a), 7,

which together with (4.22), proves (4.21). O

Corollary 4.20 Let T € NU {oo} and (¢1,1)eo,rjnv @ relevant time-consistent concave

monetary utility process such that ¢or is continuous for bounded decreasing sequences.
Then

¢r7(X) = essinfeep, {(X, a),r— ¢f§T(a)} = essinfeepe {(X, a),r— qbffT(a)} ,
for every finite (Fy)-stopping time T < T, and
gbﬁT(a) = ess suprDQ,TgbﬁT (a @Y, b) +E [gsz(a) | .7:7}
= ess supbepg’ngSﬁT (a oY b) +E [gzﬁjfT(a) | .7-}} ,
for every pair of finite (F;)-stopping times 7,6 such that 0 <7 <60 < T and all a € Dy 4.

Proof. By Theorem 3.15, Cor is 0(R>, A')-closed. Let 7 < T be a finite (F;)-stopping
time and (X*),enm a net in Crr such that X* — X in o(R>, A!) for some X € R
Then, for each A € F,, 14X* — 14X in 0(R>, A'), and by Proposition 4.7.1, (1aXH)pem
is a net in Cp,r. Hence, 14X € Co 7, which by Proposition 4.7.2, implies that X € C, 7.
This shows that C, 7 is o(R>, A')-closed. Hence, it follows from Theorem 3.15 that

br1(X) = essinfoep, {<X, a),r— ¢j?fT(a)} : (4.23)

By Proposition 4.7.3, ¢, 1 is T-relevant, which by Corollary 3.23, implies that

Grr(X) = essinfuepe | {<X, a), p — ¢>jfT(a)} . (4.24)

By Theorem 4.19, it follows from (4.23) that

(;SﬁT(a) = ess supbeD&Td)ﬁT (a @), b) +E [QSZT(a) | ]-"T} ,
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for every pair of finite (F;)-stopping times 7,6 such that 0 <7 < < T and all a € D, 4.
In the proof of Theorem 4.19 we showed that for all a € D, 7 and b € Dy,

6% 1(a @ b) = essintxec, , (X,a),r +E |6f0) (Ladr | 7| |
and it follows from (4.23) and (4.24) that

ess supbeDG’ngSZfT(b) = ess supbeD§7T¢z%T(b) =0.

Hence,

esssuppep, , B (6 1(b) (1, )y | Fr| = esssuppen; B [670) (1adgr | 7] =0,

and therefore,

ess SUPbeD&T‘bﬁT (a EB?) b) = €8S SUPpepys TqﬁffT (a EB?Z b) .

Definition 4.21 Let T € NUoo and 0 < T a finite (F;)-stopping time.

—0
For every a € Do, we define the process a € Dgr as follows:

719.: ml[gm) on {(1,a>9’T > O}
119,00) on {(1, a>9’T = 0}

If vo. 7 is a special penalty function on Dy 1, we extend it to Do by setting

<1,a>9’T Yo.r (_629) on {(1,a>97T > 0}

0 on {<l,a)97T:O

ext

’Ye,T(a) = ,a€Dyr.

Theorem 4.22 Let T € NU {oo} and (¢11):ejo,r)nn @ concave monetary utility process
such that for every t € [0,T]NN and X € R{%,

br,7(X) = essinfuep, ; { (X, 0y — (@)}

for a special penalty function vi 7 on Dyr. Assume that at least one of the following two
conditions is satisfied:

(1) For each t € [0,T] NN and every finite (F;)-stopping time 6 such thatt <6 < T,

Ve,r(a) = esssupyep, Ve, (a e%b)+E (V67 (a) | Fi] . foralla € Dyp.
€ and for eacht =10,...,1T —
(2) T €N, and for eacht =0,...,T — 1,
Yer(a) = esssupyep, | (@ o5 D) +E (V¥ rla) | ] . foralla € Dyp.

Then (¢1,1)iejo,r)nn 18 time-consistent.
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Proof. Let t € [0,7] "N and 6 a finite (F;)-stopping time such that 0 < ¢ < 6 < T. First,
note that

Ye,r(a) = esssupyep, Vi, r(a e%b)+E (V6% (a) | 7], forallaeDyr, (4.25)

implies that for all @ € Dy r and b € Dy T,

(e @) > (@) + B 15 0h b) | 7 |

and therefore,

X + [ (X, b)gr — 79,T(b)} 1[9,00),a>tT —v,1(a)

< |

= (X.ae > — (30 (0) g 01, @), - — er(a)
<
<

Xaehb) —BgHaehd) | F] -
> (X, a®} > —yer(a@db),
for all X € Ry This shows that
br7(X) < e (X1 g) + o7 (X)ljg o)), forall X € RYT.
On the other hand, it follows from
Ye,r(a) < esssupyep, Vi, r(a e%b)+E (V6 (a) | Fi] , foralla € Dyr
that

<X7a> 'YtT( )
[o'r(a)

> (X,a)r ) | Fi] — esssupyep, ,yi.r(a & b)
—0
= essinfpep, ;- <X1[t 9) X a > — Y0,T < a )] 1(9,00), @ EB?Z b> —n1(a EB?Z b)
0.7 T
> essinfyep, . {<X1[t,9) + 6,7 (X)1jg 00, @ B b>t o Yr(a & b)}

> drr (X1 )+ d0,0(X) 1))
for all X € R;"T and a € D; 7, which shows that
¢t,T(X) > qﬁt’T(Xl[t,g) + qf)g,T(X)l[gpo)) , forall X € R;OT .

This shows that it follows directly from condition (1) that (¢¢,1):c(o, ) s time-consistent.
If condition (2) is satisfied, then (¢¢7)ejo,r)nw is time consistent because it fulfills the
assumption (4.14) of Proposition 4.5. O

Exactly the same arguments as in the proof of Theorem 4.22 yield the following
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Corollary 4.23 Let T € NU {oo} and (¢1,1)icjo,1)nn @ concave monetary utility process
such that for allt € [0,T] NN and X € Ry,

¢r7(X) = essinfaepe {<X7 a)yr — ’Yt,T(a)} ;

for a special penalty function vi 7 on Dyr. Assume that at least one of the following two
conditions is satisfied:

(1) For each t € [0,T] NN and every finite (F;)-stopping time 6 such thatt <0 <T,
(@) = esssupyeps  Yer(a @H0) +E [y (a) | 7], foralla € Dfp.
(2) T €N, and for eacht=0,...,T —1,
Yer(a) = ess SuPbeD;rl,T’Vt,T(a EB’;)H b)+E ['ytejftlj(a) | J”-"t] , forallae€e Df}T.

Then (¢1,1)iejo,r)nN @8 time-consistent.

5 Special cases and examples

In much of this section the concept of m-stability plays an important role. It can be viewed
as a special case of the concept of stability under concatenation and appears under various
names in Artzner et al. (2002), Roorda et al. (2003), Epstein and Schneider (2003), Wang
(2003), Riedel (2004) and Delbaen (2004).

If T = oo, we denote by F, the sigma-algebra generated by |J,cn Ft-

Definition 5.1 For T € NU{oo}, f,g € {h€ L'(Fr) | h >0, E[h] =1}, a finite (F;)-
stopping time 0 <T and A € Fy, we define

f on A°U{E[g | Fy] = 0}

0  ._
f®Ag'_{E[f!fe]E[ff9] on AN {Elg| Fo] >0} (5.26)

and we call a subset P of {h € L*(Fr) | h >0, E[h] =1} m-stable if it contains f @% g
for all f,g € P, every finite (F)-stopping time 0 <T and A € Fy.

Let T € NU {oo} and P a non-empty subset of
{he L (Fr)|h>0,E[h] =1} .

If for all s € [0,T]NN, A € F; and f,g € P, f ®% g is in the o(L!, L>)-closed, convex hull
(P) of P, then it can be shown as in the proof of Proposition 4.13 that (P) is m-stable.
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5.1 Processes of coherent utility functionals that depend on the final
value

Let T € N and P a non-empty subset of the set
{he L"(Fr)|h>0,E[n] =1} .

Then
QP) :={flire) | f € P}

is a non-empty subset of Dy, and the concatenation of two elements
a=flire) and b= gl
in Q(P) at an (F;)-stopping time 6§ < T for a set A € Fy is equal to

<f ®% 9) L7, 00) -

This shows that Q(P) is stable under concatenation if and only if P is m-stable.
If P¢ is a non-empty subset of

{he L Fr)|h>0,E[h] =1},
then Q(P°) is a non-empty subset of Df 1, and
(X, a>t,

. T
¢r7(X) := ess 1nfa€Q(Pe)7<l @), 7
» /g,

E[fXr | Fi
E[f|F]

= essinfrepe ,t=0,....,T, X € R{p,
defines a relevant coherent utility functional process.

If P is m-stable, it follows from Theorem 4.16 that (¢ 1)L, is time-consistent. On the
other hand, if (¢;7)L, is time consistent, then by Theorem 4.14, the o (A, R*)-closed
convex hull of Q(P¢) is stable under concatenation, which implies that the o(L!, L>°)-
closed, convex hull of P¢ is m-stable.

This class of time-consistent coherent utility functional processes appears in Artzner et
al. (2002), Roorda et al. (2003) and in a continuous-time setup in Delbaen (2004). Rosazza
Gianin (2003) studies the relation between time-consistent monetary utility functionals
that depend on real-valued random variables and g-expectations.

5.2 Processes of coherent utility functionals defined by m-stable sets
and worst stopping

Let T'€ NU {oco} and P¢ a non-empty m-stable subset of
{he LY Fr)|h>0,E[h] =1} .
For all t € [0,T] NN, define

E[fY|F]

E[f‘ft] ) YELOO(fT)v

P (Y) := essinf pepe
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and for all X € R{7,
¢e,7(X) := essinf {1);(X¢) |  a finite (F;)-stopping time such that t <§ < T} . (5.27)

Then (¢t,T)te[0,T]mN is a time-consistent relevant coherent utility functional process.
To see this, note that ¢o,r is a T-relevant coherent utility functional on R§7. that can
be represented as

X)= inf (X, ., X eRgr,
$o,r(X) aelgn@e)< a)o,r 0,7

where Q(P¢) is the non-empty subset of Dy 7 given by
Q(P®) :={E[f | Felligoo) | f € P°, £ < T a finite (F;)-stopping time} .
It follows from the Corollaries 3.16 and 3.24 that

$o,r(X) = ;gg (X,a)p = aienge (X,a)or, X ERGT,
where Q is the o(A!, R>)-closed, convex hull of Q(P¢) and Q¢ = QN D&T.

Let 8 < T be a finite (F;)-stopping time, A € Fyp and a,b two processes in Q(P€) of
the form

@ = faljg,00) and b= folig o),
where &, < T and & < T are finite (F;)-stopping times, f, = E [fa | fga] and f, =
E [fb | fgb} for fa, fo € P¢. Then

E[fa‘fa]
@%by = lpgefal +1p—we =% g
(a ®4 b Be f {t>&a} B E[f | Fo fo {t>&}

= lpe falgysey + 1B Wﬁa Lig,)
E [fb 7:9}

= E [f | 7:5] Litseys
where
B=An{t=0}Nn{& =0} N{& > 0} € Forcune, »
f=la®hfy and €=1p&+1p8.
It follows from the m-stability of P¢ that Q(P¢) is stable under concatenation. Proposition

4.13 implies that Q, and therefore also Q¢ are stable under concatenation. Hence, it follows
from Theorem 4.16 that the sequence of functions (¢t 7)eo0, 7N given by

<X ’ a>t,T
<17 a>t,T ’
is a time-consistent relevant coherent utility functional process, and it can easily be checked
that ¢p 7 = ¢ for all t € [0,T] NN.

For finite time horizon T, this class of time-consistent coherent utility functional pro-

cesses is also discussed in Artzner et al. (2002) and in a continuous-time setup in Delbaen
(2004).

Qgt,T(X) = essinf,ecge te[0,T]NN, X € R{S,
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5.3 Processes of coherent utility functionals that depend on the infimum
over time

Let T € NU {oo} and P¢ a non-empty subset of the set
{he L"(Fr)|h>0,E[h] =1} .
For all t € [0,T] NN, define

E[fY | Fi]

BIAEIR

Yy(Y') := essinf pepe

and

X) = nf X.), XeRrR%.
br7(X) ==ty (Se[ng]mN > 0T

Then (¢t,T)te[o,T]mN is a relevant coherent utility functional process. But even if P¢ is
m-stable, (¢¢7)e[o,r)ny 18 in general not time-consistent.

For an easy counter-example, consider a probability space of the form Q = {w1, w2, w3, w4}
with Plw;] = 7 for all j = 1,...,4. Let T = 2 and assume that the filtration (7;)7 is
given as follows: Fy = {0, Q}, F; is generated by the set {w1,w2} and F; is generated by
the sets {w;}, j =1,...,4. If P* = {1}. Then, for t € {0,1,2} and X € R{S,

(ﬁt?g(X) = E |:tSHSI£2XS ’ ft:| .
If XU = 2, Xl(wl) = Xl(WQ) = 4, Xl(w;g) = Xl(CU4) = 1, Xg(wl) = 5, Xg(wg) = 1,
Xo(ws) = 2 and Xo(wyg) = —1, then ¢p2(X) = On the other hand, ¢12(X) = 5 on
{w1, w2} and ¢12(X) =0 on {w3,ws}. Hence, gbo’g(Xl{O} + ¢1,2(X)1[172]) =1.

=~
[\el[e38

5.4 Processes of monetary risk measures that depend on an average over
time

Let T € NU {co} and P¢ a non-empty subset of the set
{he LY (Fr)|h>0,E[h] =1} .
For all t € [0,7] NN, define

: E[fY | 7]
Y) :=essinf fepe ———-——, Y € L°(Fr),
and
s prs X
¢t,T(X) —_— Z €[t,TINN Hs<*s L Xe RZOT7
ZsE[t,T]ﬁN Hs

where (us)sen is a sequence of non-negative numbers such that

Z :U’Szla

s€[0,T]NN
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and
> we>0 forallte[0,7]NN.
s€[t, T]INN

Then (¢t,T)te[0,T}mN is obviously a relevant coherent utility functional process, and if P¢
is m-stable, then (¢ 1)ic(0,r)n is time-consistent.
To see this we denote for f € P¢ by J(f) the process a € Dg ¢ given by

Aap = wE[f|F] forallteN.

Clearly,

<X’ a>t7T
<17 a>t,T

and it can easily be checked that for all f,g € P€, every finite (F;)-stopping time 6 < T
and A € Fy,

b1, 7(X) = essinf,e ypey forallt € [0,7]NN and X € R{7,

J(f) &% J(g) = J(f &% g).

Hence, J(P€) is stable under concatenation, and it follows from Theorem 4.16 that
(é1,7)tejo,r)nn is time-consistent.

5.5 Processes of robust entropic utility functionals
Let T € N and P¢ a non-empty subset of
{he L (Fr)|h>0,E[h] =1} .

Fort=0,...,T and X € Ry, define

: E[f exp(—X7) | ft]}
7(X) :=ess inf e{lo , X eERS.
¢ 1(X) fep g E[f | 7] 0,7
Then, for allt = 0,...,T, ¢; 1 is a T-relevant concave monetary utility functional on Ry

that is continuous for bounded decreasing sequences, and (¢t7T)tT:O is time-consistent if P¢
is m-stable. Indeed, it is obvious that for all t = 0,...,T, ¢y is a T-relevant monetary
utility functional on Ry%.. To show the other assertions, we introduce for all f € P and
t=20,...,7, the mappings

Elfexp(=Y) | Fi]

W/ (V) = —log . Y eL®(Fr
T B/ T7) )
and
(V) i= essinfpepetp! (YV), Y € L®(Fr).
To see that for allt = 0,...,T, ¢; 1 is continuous for bounded decreasing sequences we let

(Y™)nen be a decreasing sequence in L>(Fr) and Y € L*°(Fr) such that lim, ..o Y" =Y
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almost surely. Then lim,, o 1+ (Y™) exists almost surely and lim,, o ¥:(Y™) > ¢4 (Y). On

the other hand, there exists a sequence (f¥)pen in P€ such that 1 (Y) = infren @Z){k(Y)
almost surely, and for all k£ € N,

¢l (V) = Jim ! (") > Tim g (v,

Hence, 9(Y") > limy, o 1(Y™), which shows that ¢; 7 is continuous for bounded decreas-
ing sequences.

To see that ¢ 7 satisfies condition (3) of Definition 3.1, fix an f € P° and a Z €
L>®(Fr). Then, define fz € L*(Fr) by

ty = dep(=2)
- Elfexp(=2) | R’

and note that it follows from Jensen’s inequality that for all Y € L*°(Fr),

B|fz4 exp(-Y) | 7]

f = —1lo
T FS

= —logE|[fzexp(Z-Y) | F] _logE[feXP(—Z) | Fi

E[f] ]
< EBlfz(Y - 2) | A+ (2).
This shows that for all Y € L*°(Fr),
(V) = essinfyeroe ) {E[f2Y | Al -Blf2Z | R+ vl (D)), (5.28)

and therefore,

th(Y) = eSSinffE’Pe,ZEL‘X’(]-—T) {E [fZY ‘ ft] —E [fZZ | .E] + wZ(Z)} y

from which it can be seen that ¢, r satisfies condition (3) of Definition 3.1.
Now, assume that P¢ is m-stable. Then, for allt =0,...,7 and Y € L>®(Fr), the set

{vlo) 1 eP)
is directed downwards because for all f, g € P¢,
Wl (V) A (V) = 9 (Y),

where

h=falg for A={uf(v)<y{(M)}.

Hence, there exists a sequence ( fk) keN in P¢ such that almost surely,
k
Gl (V)N (T),  as k — oo.
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Next, note that for all t =0,..., T —1, f,g € P¢ and Y € L>(Fr),

Wl (WL (V) = 4(Y),
where
h=fxbg.
It follows that
Vi(Pi11(Y)) = (V)
forallt=0,...,7—1and Y € L*°(Fr), and therefore,

b7 ( X1y + G117 (X)L pg1,00)) = Gr.10(X),

forallt =0,...,7 —1and X € Ry, which by Proposition 4.5, implies that (qﬁtj)g;o is
time-consistent.
The utility functional ¢g 7 is a robust version of the mapping

C:L*Fr)—R, Y~ —logE[exp(—Y)],

which assigns a random variable Y € L (Fy) its certainty equivalent under the exponen-
tial utility function
x — —exp(—x).

It is well known that C' admits the representation

C(¥) = inf {EglY] + H(Q| P)} (5.29)

where the infimum is taken over all probability measures @ on (2, Fr) and H(Q | P) is the
relative entropy of ) with respect to P. In fact, it can easily be checked that the penalty
function in the representation (5.28) is the conditional relative entropy of fz with respect
to f. For more details and relations to pricing in incomplete markets we refer to Frittelli
(2000), Rouge et al. (2000) and Delbaen et al. (2002). More on the entropic risk measure
—C can be found in Follmer and Schied (2002a) and Weber (2003). A conditional version
of the entropic risk measure is studied in Detlefsen (2003). In Frittelli and Rosazza Gianin
(2004) it is shown that the dynamic entropic risk measure is time-consistent in continuous
time.

5.6 Time-consistent monetary utility functional processes and worst
stopping
For finite time horizon the coherent utility functional processes of Subsection 5.2 can be

generalized as follows:
Let T' € N and (¢ 7){_, a time-consistent monetary utility functional process on R3S

such that for all £ = 0,...,T and X € Ry, éLT(X) depends only on the final value X
of X, that is, forallt=0,...,T,

Grr(X) = (X)),
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where v, is a mapping from L (Fr) to L (F;) that satisfies the following conditions:
(0) Y (14Y) =149(Y) for all Y € L>°(Fr) and A € Fy

(1) (V) <Yp(Z) for all Y, Z € L*°(Fr) such that Y < Z

(2) (Y +m) =(Y) +m for all Y € L>(Fr) and m € L>(F;)

(tc) Ye(Pr1(Y)) = (Y), forall t =0,..., T —1 and Y € L>®(Fr).

Denote by ©; 1 the set of all (F;)-stopping times & such that t < ¢ < T, and define a new

monetary utility functional process by

¢t,T(X) = €SS infgeet‘T”L/Jt(Xg) .

For a given X € R5%, define the process (S;(X))L, recursively by
ST(X) = XT

and
St(X) = Xt/\wt(st—i-l(X)); fort <T-—1.

For all t = 0,...,T, denote by £! the stopping time given by
gi=inf{j=t....,T|S;(X)=X;}.
It can easily be checked that

¢t,T(X) = ¢t(X§f) = St(X) .

Forat € [0,T—1]NN, set Y 1= X1y + ¢ 7(X)1j141,00)- It is easy to see that Sp1(Y) =
Si+1(X). Therefore,

Se7(Y) = S (Y) = Yy Apy(Se41(Y)) = Xi Aby(Sp41(X)) = Si(X) = ¢, 7 (X)),

which shows that (¢, 1)l is time-consistent.
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