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Deduce a 2D model from the 3D 
Elasticity Equations by letting the 
height of the domain go to 0

ω × {0}
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−−−−→ ε→ 0+

ε

Ωε

infimizing sequence 

What is the limiting problem?
How to characterize it?

uε

ε→0
+

−−−−→ u0

3D Elasticity

Q:

inf
u∈H1

∫

Ωε

W
(
∇u(x)

)
dx

{uε}

idea
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ε
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Iγ
ε (u) :=

1
ε

(
1
εγ

∫

Ωε

W (∇u) dx + εγ

∫

Ωε

∣∣∇2u
∣∣2 dx

)

W

A B
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rank-one connectedA−B = a⊗ ν Γ -limitA′ != B′



Results:

γ > 1
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+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

BA

εγ

ε

Ωε

Results

A′ != B′

A′ = B′, A3 != B3

γ = 1 Γ -limit

γ < 1 Γ -limit

γ > p,A′ = B′ Γtrivial     -limit

rank-one connectedA−B = a⊗ ν Γ -limitA′ != B′



Rigidity

Ball, James ‘87
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⇒ A−B = a⊗ ν rank-one connected

u ∈ W 1,∞(
Ω; R3

)

∇u ∈ {A,B}



Ball, James ‘87
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⇒

Rigidity

u ∈ W 1,∞(
Ω; R3

)

∇u ∈ {A,B}

A−B = a⊗ ν rank-one connected

∇h(x) = χ{∇u=B}(x)ν

u(x) = γ0 + Ax + h(x)a



Ball, James ‘87

PHASE TRANSITIONS FOR THIN FILMS

ν

A

B

A

A

B

∇u

⇒

Rigidity

u ∈ W 1,∞(
Ω; R3

)

∇u ∈ {A,B}

A−B = a⊗ ν rank-one connected

∇h(x) = χ{∇u=B}(x)ν

u(x) = γ0 + Ax + h(x)a



Critical Caseγ = 1

PHASE TRANSITIONS FOR THIN FILMS
Rigidity

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

uε → u
1
ε∂3uε → b



Critical Caseγ = 1

PHASE TRANSITIONS FOR THIN FILMS
Rigidity

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

⇒ u ∈ W 1,∞(
Ω; R3

)

∇u ∈
{
(A′|0), (B′|0)

}

uε → u
1
ε∂3uε → b



A′ A3

Critical Caseγ = 1
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Rigidity

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

⇒ u ∈ W 1,∞(
Ω; R3

)

∇u ∈
{
(A′|0), (B′|0)

}

A =




a11 a12 a13

a21 a22 a23

a31 a32 a33





uε → u
1
ε∂3uε → b



Critical Caseγ = 1
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Rigidity

⇒  rank-one connectedA′ −B′ = a⊗ ν

Ball, James ‘87

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

⇒ u ∈ W 1,∞(
Ω; R3

)

∇u ∈
{
(A′|0), (B′|0)

}

uε → u
1
ε∂3uε → b
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Rigidity

⇒  rank-one connectedA′ −B′ = a⊗ ν

ν

A

B

A

A

B

(∇′u, b)

Ball, James ‘87

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

⇒ u ∈ W 1,∞(
Ω; R3

)

∇u ∈
{
(A′|0), (B′|0)

}

uε → u
1
ε∂3uε → b



I1
ε (u) :=

1
ε

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

+ ε

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

1

Ω

Critical Caseγ = 1
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I1
ε (u) :=

1
ε

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

+ ε

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

1

Ω
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V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}



uε → u
1
ε∂3uε → b

I1
ε (u) :=

1
ε

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

+ ε

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

1

Ω
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V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}



uε → u
1
ε∂3uε → b

Γ− lim
ε→0+

I1
ε (u, b) =

{
K"

ν Perω

(
{(∇′u|b) = A}

)
if (u, b) ∈ V,

+∞ otherwise,

I1
ε (u) :=

1
ε

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

+ ε

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

1

Ω
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V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}



uε → u
1
ε∂3uε → b

Γ− lim
ε→0+

I1
ε (u, b) =

{
K"

ν Perω

(
{(∇′u|b) = A}

)
if (u, b) ∈ V,

+∞ otherwise,

I1
ε (u) :=

1
ε

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

+ ε

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

1

Ω

Critical Caseγ = 1
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V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

K!
ν

Γ− lim inf
ε→0+

I1
ε

( )
ABx1

x2

x3

K!
ν :=



1

Ω

Subcritical Case
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γ < 1

+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
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+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+
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Ω

Subcritical Case
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γ < 1

+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}
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Ω

Subcritical Case
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γ < 1

+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

Γ− lim
ε→0+

Iγ
ε (u, b) =

{
K2D Perω

(
{(∇′u|b) = A

)
if (u, b) ∈ V,

+∞ otherwise,

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}
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Ω

Subcritical Case
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γ < 1

+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

Γ− lim
ε→0+

Iγ
ε (u, b) =

{
K2D Perω

(
{(∇′u|b) = A

)
if (u, b) ∈ V,

+∞ otherwise,

( )x2

x1

A BK2D := Γ− lim inf
ε→0+

Iγ
ε

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

K2DK2DK2D
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Ω
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+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
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∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

Supercritical Caseγ > 1 rank-1 connected,A−B = a⊗ ν A′ != B′
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+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

Supercritical Caseγ > 1 rank-1 connected,A−B = a⊗ ν

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

A′ != B′
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+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
ε
∇′(∂3u)

∣∣∣∣
2

+
1
ε2

∣∣∣∣
1
ε
∂2
3u

∣∣∣∣
2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

Supercritical Caseγ > 1 rank-1 connected,A−B = a⊗ ν

Γ− lim
ε→0+

Iγ
ε (u, b) =

{
Kγ Perω

(
{(∇′u|b) = A

)
if (u, b) ∈ V,

+∞ otherwise,

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

A′ != B′
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+εγ

∫

Ω

(
|(∇′)2u|2 +
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1
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∣∣∣∣
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+
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2)
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Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+

Supercritical Caseγ > 1 rank-1 connected,A−B = a⊗ ν

( )
x1

x2

x3

AB

Kγ :=Γ− lim inf
ε→0+

Iγ
ε

Γ− lim
ε→0+

Iγ
ε (u, b) =

{
Kγ Perω

(
{(∇′u|b) = A

)
if (u, b) ∈ V,

+∞ otherwise,

V :=
{

(u, b) ∈ W 1,∞(Ω; R3)× L∞(Ω; R3) : ∂3u = ∂3b = 0,

(∇′u|b) ∈ BV (Ω; {A,B})
}

KγKγKγ

A′ != B′
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γ > 1 γ > p,A′ = B′

+εγ
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Iγ
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1
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∫
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W
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∇′u| 1ε∂3u

)
dx+
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Ω

Supercritical Case
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γ > 1 γ > p,A′ = B′

V :=
{
(u, b) : ∇u = (A′, 0), b ∈ {A3, B3}

}

+εγ
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ε (u) :=

1
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∫
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(
∇′u| 1ε∂3u

)
dx+
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Supercritical Case
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γ > 1

Γ− lim
ε→0+

Iγ
ε (u, b) =

{
0 if (u, b) ∈ V,

+∞ otherwise,

γ > p,A′ = B′

V :=
{
(u, b) : ∇u = (A′, 0), b ∈ {A3, B3}

}

+εγ

∫

Ω

(
|(∇′)2u|2 +

∣∣∣∣
1
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+
1
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2)

dx

Iγ
ε (u) :=

1
εγ

∫

Ω
W

(
∇′u| 1ε∂3u

)
dx+



Critical Caseγ = 1 Idea of Proof

Step 1.    - lim infΓ

PHASE TRANSITIONS FOR THIN FILMS



Critical Caseγ = 1 Idea of Proof

Step 1.    - lim infΓ

Scaling Properties

ααα

Γ− lim inf
ε→0+

I1
ε

( )
x1

x2

x3

AB

111

= ααα Γ− lim inf
ε→0+

I1
ε

( )
x1

x2

x3

AB

PHASE TRANSITIONS FOR THIN FILMS



Critical Caseγ = 1 Idea of Proof

PHASE TRANSITIONS FOR THIN FILMS

Step 1.    - lim infΓ



Critical Caseγ = 1

Energy Concentrates on Discontinuity Surface

Γ− lim inf
ε→0+

I1
ε

( )

111

= Γ− lim inf
ε→0+

I1
ε

( )
x1

x2

x3

AB

x1

x2

x3

AB

δδδ

Idea of Proof

PHASE TRANSITIONS FOR THIN FILMS

Step 1.    - lim infΓ



Critical Caseγ = 1 Idea of Proof

K!
ν H1

(
S(∇′u, b)

)
Γ− lim inf

ε→0+
I1
ε

( )
1

Ω

(u, b); !

PHASE TRANSITIONS FOR THIN FILMS

Step 1.    - lim infΓ

Γ− lim inf
ε→0+

I1
ε

( )
ABx1

x2

x3

K!
ν :=
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Step 2.    - lim supΓ
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Critical Caseγ = 1 Idea of Proof

Step 2.    - lim supΓ

A′ != B′Case 2a.    

PHASE TRANSITIONS FOR THIN FILMS

A =




a11 a12 a13

a21 a22 a23

a31 a32 a33





A′ A3



Critical Caseγ = 1 Idea of Proof

Step 2.    - lim supΓ

A′ != B′Case 2a.    

PHASE TRANSITIONS FOR THIN FILMS

Ω

ABA

(∇′u, b)

ν



Critical Caseγ = 1 Idea of Proof

Step 2.    - lim supΓ

A′ != B′Case 2a.    

PHASE TRANSITIONS FOR THIN FILMS

Ω

ABA

(∇′u, b)

ν



Critical Caseγ = 1 Idea of Proof

Step 2.    - lim supΓ

A′ != B′Case 2a.    

PHASE TRANSITIONS FOR THIN FILMS

Ω

ABA

(∇′u, b)

best path from      to      does not depend on (H4) A′ B′ ν⊥

ν



Critical Caseγ = 1 Idea of Proof

PHASE TRANSITIONS FOR THIN FILMS

Construct
Recovery Sequence (∇′un, bn)

Step 2.    - lim supΓ

A′ != B′Case 2a.    

Ω

ABA

best path from      to      does not depend on (H4) A′ B′ ν⊥

ν



Critical Caseγ = 1 Idea of Proof

PHASE TRANSITIONS FOR THIN FILMS

(∇′un, bn)

Step 2.    - lim supΓ

A′ != B′Case 2a.    

Ω

ABA



Critical Caseγ = 1 Idea of Proof
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(∇′un, bn)

Step 2.    - lim supΓ

A′ != B′Case 2a.    

Ω

ABA

l1l1l1

( )
l1l1l1

x3

ν
A B

I1
ε
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(∇′un, bn)

Step 2.    - lim supΓ

A′ != B′Case 2a.    

Ω

ABA

l1l1l1
l2l2l2

( )
l1l1l1

x3

ν
A B

I1
ε

( )
l2l2l2 I1

ε
AB

x3

ν
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PHASE TRANSITIONS FOR THIN FILMS

Step 2.    - lim supΓ

A′ != B′Case 2a.    

H1
(
S(∇′u, b)

)
( )

1

Ω

!I1
ε uε;

( )
I1
ε

AB

x3

ν
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PHASE TRANSITIONS FOR THIN FILMS

Step 2.    - lim supΓ

A′ != B′Case 2a.    

Γ− lim inf
ε→0+

I1
ε

( )
ABK!

ν :=

x3

ν

H1
(
S(∇′u, b)

)
( )

1

Ω

!I1
ε uε;

( )
I1
ε

AB

x3

ν
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Step 2.    - lim supΓ

A′ != B′Case 2a.    

Γ− lim inf
ε→0+

I1
ε

( )
ABK!

ν :=

x3

ν

H1
(
S(∇′u, b)

)
( )

1

Ω

!I1
ε uε; K!

ν
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Case 2b.    A′ = B′, A3 != B3

Step 2.    - lim supΓ
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Case 2b.    A′ = B′, A3 != B3

Step 2.    - lim supΓ

A =




a11 a12 a13

a21 a22 a23

a31 a32 a33





A′ A3



Critical Caseγ = 1 Idea of Proof
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Case 2b.    A′ = B′, A3 != B3

(∇′u, b)

Ω

BA

Step 2.    - lim supΓ
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Case 2b.    A′ = B′, A3 != B3

(∇′u, b)

Ω

BA

Step 2.    - lim supΓ

(H4) W = W (|ξ′|, ξ3)



ν

ν⊥

Critical Caseγ = 1 Idea of Proof
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Ω

A B

(∇′un, bn)

Case 2b.    A′ = B′, A3 != B3

Step 2.    - lim supΓ



ν

ν⊥
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Ω
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(∇′un, bn)

Use Scaling Properties of Energy

Case 2b.    A′ = B′, A3 != B3

Step 2.    - lim supΓ

Need to “glue” the cubes periodically on ν⊥
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Case 2b.    A′ = B′, A3 != B3

Step 2.    - lim supΓ

H1
(
S(∇′u, b)

)
( )

1

Ω

(u, b);I1
ε ! ABx1

x2

x3( )
I1
ε



Critical Caseγ = 1 Idea of Proof

PHASE TRANSITIONS FOR THIN FILMS

Case 2b.    A′ = B′, A3 != B3

Step 2.    - lim supΓ

H1
(
S(∇′u, b)

)
( )

1

Ω

(u, b);I1
ε ! ABx1

x2

x3( )
I1
ε

Γ− lim inf
ε→0+

I1
ε

( )
ABx1

x2

x3

K!
ν :=
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Case 2b.    A′ = B′, A3 != B3

Step 2.    - lim supΓ

Γ− lim inf
ε→0+

I1
ε

( )
ABx1

x2

x3

K!
ν :=

H1
(
S(∇′u, b)

)
( )

1

Ω

(u, b);I1
ε ! K!

ν
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Thank You
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Phase Transitions in Thin Films

Different Regimes

Critical Case

  - lim infΓ

A′ != B′Case    
  - lim supΓ

Case    A′ = B′, A3 != B3

Subcritical Case
Supercritical Case

Outline of the Talk

  - limitΓ

Rigidity

Hypotheses on W


