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Tuε

L
1
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u = a

u = b Ω

v
=

β

v
=
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v =
β
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u = a

u = b Ω

v
=

β

v
=

α

v =
β

v = α

critical case
+

∑

z=a,b

∑

ξ=α,β

σ(z, ξ)HN−1
(

{Tu = z} ∩{ v = ξ}
)

lower bound

lim inf
ε→0+

Fε(uε) ! mPerΩ
(

{u = a}
)

+cLPer∂Ω

(
{v = α}

)

transition between interior wellsmmm

transition between interior well    and boundary well σ(z, ξ)σ(z, ξ)σ(z, ξ) zzz ξξξ

lower bound estimate on the transition between boundary wellsccc
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)

lower bound

lim inf
ε→0+

Fε(uε) ! mPerΩ
(

{u = a}
)

+cLPer∂Ω

(
{v = α}

)



historic context
problem
identify regimes
subcritical case
supercritical case
critical case
remarks

critical case  (                )ελ
2

3
ε → L ∈ (0,∞)ελ
2

3
ε → L ∈ (0,∞)ελ
2

3
ε → L ∈ (0,∞)

+
∑

z=a,b

∑

ξ=α,β

σ(z, ξ)HN−1
(

{Tu = z} ∩{ v = ξ}
)

lower bound

lim inf
ε→0+

Fε(uε) ! mPerΩ
(

{u = a}
)

uε

L
1

−−→ u ∈ BV
(

Ω; {a, b}
)

Tuε

L
1

−−→ v ∈ BV
(

∂Ω; {α,β}
)

u = a

u = b Ω

v
=

β

v
=

α

v =
β

v = α

critical case

+
∑

z=a,b

∑

ξ=α,β

σ(z, ξ)HN−1
(

{Tu = z} ∩{ v = ξ}
)

upper bound

lim sup
ε→0+

Fε(uε) ! mPerΩ
(

{u = a}
)

+cLPer∂Ω

(
{v = α}

)

+cLPer∂Ω

(
{v = α}

)



historic context
problem
identify regimes
subcritical case
supercritical case
critical case
remarks

critical case  (                )ελ
2

3
ε → L ∈ (0,∞)ελ
2

3
ε → L ∈ (0,∞)ελ
2

3
ε → L ∈ (0,∞)

+
∑

z=a,b

∑

ξ=α,β

σ(z, ξ)HN−1
(

{Tu = z} ∩{ v = ξ}
)

lower bound

lim inf
ε→0+

Fε(uε) ! mPerΩ
(

{u = a}
)

uε

L
1

−−→ u ∈ BV
(

Ω; {a, b}
)

Tuε

L
1

−−→ v ∈ BV
(

∂Ω; {α,β}
)

u = a

u = b Ω

v
=

β

v
=

α

v =
β

v = α

critical case

+
∑

z=a,b

∑

ξ=α,β

σ(z, ξ)HN−1
(

{Tu = z} ∩{ v = ξ}
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(
{v = α}

)

+cLPer∂Ω

(
{v = α}

)

sup
ε
‖∇(Tuε)‖L∞(∂Ω) <∞
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critical case

+
2
7
cLPer∂Ω

(
{v = α}

)

+
∑

z=a,b

∑

ξ=α,β

σ(z, ξ)HN−1
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remarks on the critical case

remarks

g ∈ H
3

2

loc
(R)

α

β
lower bound = upper bound?

-limitΓ ?
transition between boundary wells

c := inf






1
8

∫ R

−R

∫ R

−R

∣∣g′(x)− g′(y)
∣∣2

|x− y|2 dx dy +
∫ R

−R
V

(
g(x)

)
dx :

g ∈ H
3
2
loc(R), g′ ∈ H

1
2 (R), g(−t) = α, g(t) = β, ∀t ! R, R > 0
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g ∈ H
3
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loc
(R)
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lower bound = upper bound?
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Tw(·,0)=g
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fundamental theorem of calculus
+ fubini-like inequality

transition between boundary wells
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particular lifting

1
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fundamental theorem of calculus
+ fubini-like inequality
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c := inf






1
8

∫ R

−R

∫ R

−R

∣∣g′(x)− g′(y)
∣∣2

|x− y|2 dx dy +
1
4

∫ R

−R

∣∣g′(x)
∣∣2

R− x
dx +

1
4

∫ R

−R

∣∣g′(x)
∣∣2

R + x
dx

+
∫ R

−R
V

(
g(x)

)
dx : g ∈ H

3
2
loc(R), g(−t) = α, g(t) = β, ∀t ! R, R > 0
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back

σ(z, ξ) := inf







∫ R

−R

W
(

f(t)
)

+
∣

∣f ′′(t)
∣

∣

2
dt

f∈H2

loc
(0,∞), f(0)=ξ, f(t)=z, ∀t!R, R>0







m := inf







∫ R

−R

W
(

f(t)
)

+
∣

∣f ′′(t)
∣

∣

2
dt

f∈H2

loc
(R), f(−t)=a, f(t)=b, ∀t!R, R>0








