Dynamics and scaling in models of coarsening and
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Abstract

Clustering phenomena occur in numerous areas of science. This
includes condensation at the nanoscale in condensed matter physics,
smog and cloud formation in aerosol physics, processes of stellar and
galactic clustering in astrophysics, random graph theory, and merging
of lines of descent in ancestral trees. Some basic models of coagulation
and aggregation take the form of rate equations for cluster size distri-
butions, mathematically closely related to kinetic equations. In these
lectures we describe some of the considerable progress made recently in
this area, by workers in probability, PDE, and combinatorics. A topic
of particular interest concerns the trend toward self-similar behavior.
Methods and insights from probability in tandem with dynamical sys-
tems theory have been found very fruitful in developing a systematic
approach to studying this topic and scaling dynamics more generally.

Lectures for the Lisbon Summer School on Kinetic and statistical methods
for complex particle systems, July 2009. Last revised Aug. 19, 2009.

!'Department of Mathematical Sciences and Center for Nonlinear Analysis, Carnegie
Mellon University, Pittsburgh, PA 15213. Email: rpego@cmu.edu



Robert Pego

Plan of the series of lectures:

1. The problem of universal behavior in complex systems. Some funda-
mental models of clustering and coagulation and their interrelations:
Smoluchowski’s coagulation equations, ballistic aggregation, Burgers’
turbulence model (shock-wave clustering). Dynamic self-similarity in
the simplest mean-field models.

2. A hierarchy of coarsening models in 1D. Self-similarity in min-driven
coagulation. A general framework for dynamic scaling analysis. Self-
similar behavior and its lack in coagulation equations. Role of regular
variation.

3. Scaling dynamics in general for solvable coagulation equations. The
scaling attractor and its measure representation. Conjugacy with di-
lational dynamics. Signatures of chaos. Analogy to stable laws of
probability and infinite divisibility.

4. Particle models of coarsening by Ostwald ripening. Gradient-flow
structure and model reduction through constraints. The Kohn-Otto
method for proving coarsening-rate bounds in complex systems.
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1 Lecture 1

1.1 General aims.

In these lectures we will survey some recent results involving dynamic scaling
limits and scaling relations in systems that form patterns that develop by
coarsening over time. The overarching aim is to understand something about
systems that appear to behave predictably, but whose complexity precludes
detailed analysis. One of the challenges in dealing with such systems, in fact,
is to identify good statistics—some properties of the system —about which
something can be said. More about this in Lecture 4. Some of the main
mathematical themes involve dynamic scaling limits and their connections
to dynamical systems concepts and limit theorems in probability theory.
These concepts can be compared to renormalization group methods, for
example, but the fundamental ideas really originated with the pioneers of
probability theory in the 1920s and 1930s, workers such as Lévy, Khintchine
and Doeblin. The power of these ideas has not been fully appreciated in
PDE theory, and I believe there to be considerable scope for extending their
reach to address many problems not related to the ones we shall consider
here.

1.2 A basic model for clustering.

Smoluchowski’s coagulation equation is an oversimplified model for the ag-
gregation or clustering of matter. It describes the evolution of a simple
statistic, the distribution of cluster size x at time ¢. Omne describes this
using a cumulative distribution function (CDF)

vi(z) = (expected) number of clusters of size < x at time ¢

and let n(x,t) denote a density for this distribution (presuming it exists),
so that

o) = [ “ny.) dy.

The mechanism of clustering can be indicated as follows:

!

x + | Y T+y
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Clusters of size z and y join to form a cluster of size x 4+ y at rate
presumed to be

K(z, y)n(z, t)n(y, t),

separately proportional to the populations of ‘incoming’ clusters. We assume
the rate kernel is non-negative and symmetric: K(z,y) = K(y,z) > 0.
Integration over y produces the rate of loss of size-z clusters. Size-z clusters
are produced by joining clusters of size y and x — y. Integrating over y and
avoiding double-counting yields the rate equation

on(z,t) = — /000 K(z,y)n(z, t)n(y,t)dy (loss) (1.1)

+ % /Ooo K(z —y,y)n(z —y,t)n(y,t) dy (gain)

This is Smoluchowski’s coagulation equation. Many forms of it appear
in an extensive physical literature, in a wide range of fields: astrophysics,
chemistry of colloids, polymers, aerosols (fog & smog), lines of descent in
population biology, and also in probability theory (renewal processes), and
random graph theory. About 1917 the great Polish physicist Smoluchowski
derived the discrete form of this model corresponding to

K(z,y) = (@' +y"2) (@™ + 471/,
to model Brownian particles, and he solved an initial-value problem for an
infinite set of ODEs corresponding to K = 2.
1.3 Dynamic behavior.

Claimed in many physical papers and seen in numerics is dynamic scaling
behavior: As time increases, the size distribution approaches a universal
self-similar form,

n(z,t) ~ a(t) f(b(t)r)

with some scaling profile f. This raises compelling mathematical questions:
Is this true? When? And why?

Naturally one can expect such behavior only if the system is (asymptoti-
cally?) scale-free, meaning the kernel K is homogeneous; say

K (az,ay) = a* K (z,y).

First remarks on dynamic scaling;:
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1. Conservation of mass imposes the constraint a = b®> because

/Ooox”(%t)dl’ = /Oooaf(bx)dx = ;—2/()Oof(y)ydy

is a quantity that is constant in time.
2. Explicit self-similar solutions are known for special rate kernels (that
we will consider further later):

K=2: n(xt) = t%exp(—x/t) (t>0) (1.2)

1
K=x+y: n(xt)= \/?xfgme*t exp(—ze 2 /2) (—o0 <t < o0)
T

K=xy: n(zt)= 2752 exp(t?x/2) (o0 <t <0 ="Tg)

1
V2
The existence of self-similar solutions in general was a long-standing open
problem; the first results were achieved in 2004 by Fournier and Laurencot
and Escobedo, Mischler and Rodriguez-Ricard. Some kernels important in
applications are not covered by these results, however.

1.4 Some goals of these lectures

1. Derive Smoluchowski’s equation with K = z + y formally by modeling
random shock clustering in the inviscid Burgers equation

Oy + udzu = 0.

2. Address questions of dynamic scaling, including well-posedness, classifica-
tion of all self-similar solutions, characterization of their domains of attrac-
tion, classification of cluster points (the scaling attractor) and description
of the “ultimate dynamics” on the scaling attractor. This will be done for
the particular case K = x + y, which is ‘solvable’ by using the Laplace
transform and characteristics. Analyses in this solvable case have suggested
results later proved to hold for other kernels and in related models.

Most of the main results are adapted (and improved) from two papers:

[MP1] G.Menon and R. L. Pego, Approach to self-similarity in Smoluchowski’s
coagulation equations, Comm. Pure Appl. Math. 57 (2004) 1197-
1232.

[MP2] G. Menon and R. L. Pego, The scaling attractor and ultimate dynamics
for Smoluchowski’s coagulation equations, J. Nonl. Sci. 18 (2008) 143-
190.
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1.5 Ballistic motion and clustering

In an influential 1989 paper in large-scale cosmology, Shandarin and Zel-
dovich discuss how the distribution of matter in the universe might become
inhomogeneous, starting from a toy model for mass density p(z,t) evolving
by free streaming: Particles follow straight-line paths

Tr = X9 + tvo(xo),

where vy : R? — R3 is smooth, say. This naturally leads to the advection
equations
ov+v-Vuo=0, Ohp+V-(pv)=0.

“Pancake” singularities typcially form, when some eigenvalue of the defor-
mation gradient

ﬁ =1+ tV’UO
8%‘0

first vanishes. (This is a nice thing to discuss in teaching a basic PDE
course!)

The problem arises, how should one continue in time past these singu-
larities? Some options are:

e Continue free streaming, with multiple velocities allowed at each “point”,
via Vlasov-type kinetic equations

e Preserve single-valuedness via ad hoc means such as introducing “vis-
cosity”
0w+ v - Vo = eAv.

(This appears in the literature, but whether it is a faithful model of
physical mechanisms is unclear.)

e Forbid interpenetration of matter by a ballistic aggregation mech-
anism, e.g., forming and transporting singular “mass sheets”, say.
There is work on such ‘sticky particle’ models in 1D: Brenier and
Grenier (~1998), Gangbo and Tudorescu (~2008). The problem is
completely open in higher dimensions.

1.6 Random shock clustering for the inviscid Burgers equa-
tion

Here we give a heuristic description of a surprising connection between the
inviscid Burgers equation and the Smoluchowski coagulation equation with
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K = x 4+ y which actually appeared first as a rigorous result in the theory
of ‘Burgers turbulence’, the study of how nonlinear dynamics propagates
random initial data.

We start considering (entropy) solutions of

ou+ud,u=0, zeR, t>0, (1.3)

consisting of a (random) staircase of shocks (downward jumps):

u(w,t) =Y —spH(z — zp(t)) (1.4)

k

We suppose this looks roughly linear on a large scale.

=

Figure 1.1: Binary clustering of shocks

Each shock at position x;(t) has constant size s; and speed

. 1
Tj= 5(“— +uy)

between collisions.

We formally describe a mean-field statistical model for the shock-size
distribution as follows: Let n(s,t)ds be the expected number of shocks per
unit length I (on the large scale) with size in [s,s + ds|, assuming this
distribution is stationary in space. There are two mechanisms of evolution
of the density n:

1. Net influx of shocks into I: The velocity difference across I is

lup —ur| ~ / sn(s,t)ds =: my(t).
0

The net influx of shocks at size in [s, s + ds] then should be the product
of the rate they are swept into I and the density:

my(t)n(s,t)ds
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2. Shock coalescence in I occurs at relative velocity
. . 1
To — X1 = 5(82 — 51)

(The labels should be taken to indicate any two consecutive shocks.) The
expected number of pairs with sizes in [s1, s1 + ds1], [s2, s2 + dso] is

n(sy,t)n(s2,t)dsy dsa

and the probability that these are near enough to collide in time dt is %(81 +
s2)dt. So the number of such collisions in time dt is expected to be

1
5(51 + s2)n(s1, t)n(se,t) dsy dsa dt.

Considering all cases with s = s1 + s2 fixed and adding up over gain and
loss terms, we obtain the density rate equation

on(s,t) = mi(t)n(s,t) + Q(n,n), (1.5)
Q(n,n) = / n(sg,t)(s + s2) dsa

5 / n(s sl,t)n(sl,t)s dsy. (1'6)

Integration over s yields (since [;°sQ(n,n)ds = 0, see below),

[e.e]
= 8t/ sn(s,t)ds =m?,
0

whence one easily derives

Lat (ﬂ) =Q <i7 ﬂ) (1.7)
mi mi mi mq

Up to a change in time scale (df = mydt) and size distribution (7 = n/m;),
this is exactly Smoluchowski’s coagulation equation with additive kernel
K(Sl, 82) = 81 + S9.

Remark: There is a very nice symmetry of the inviscid Burgers equation
which allows one to add a constant slope to initial data, and express the
solution with initial data @y(x) = up(x) + az in terms of the solution with
initial data ug(x). Can you find it?
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1.7 Weak form of Smoluchowski’s equation

To model cluster size distributions that may either be discrete or have con-
tinuous densities in a unified framework, it is desirable to have a theory of
measure solutions, which satisfy a weak form of the equation. This is based
on a generalized moment identity for Smoluchowski’s coagulation equation.
Multiplying (1.1) by a test function a(x) and integrating we formally get

8, /Oooa(x) / / a(e-+y)—a(z)—a(y)) K (z, y)n(z, On(y, t) dz dy.

This is most easily verified backwards: Using v +y = %, y = ¢,

Integrating in ¢ yields the desired weak form for measure solutions t —
vy (dx):

[ otomtan) = [ atama
/t/ / a(x +y) — alz) = a(y)) K (z,y)vs(dw)vs(dy) ds

for a suitable class of test functions a(z) (that depends on K and we will
not specify here).

Formally, total mass is always conserved: a(x) =z = % Jo~ an(x,t) doe =
0. This can fail however for fast-growing rate kernels K homogenous of de-
gree > 1:

K(bz,by) = K(x,y)b»  with X > 1.

Solutions in this case can start to lose mass in finite time. This phenomenon
is called gelation and has attracted much interest. There are basic math
papers on it by Jeon (1998) and by Escobedo, Mischler and Perthame (2002),
and many physical papers, for example by Leyvraz (2003) and Lushnikov.
Much remains to be understood, however. The term ‘gelation’ suggests the
loss of mass to an ‘infinite cluster,” but the model as presented does not
contain such a cluster.
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1.8 Solutions for K =z +y

For definiteness we restrict attention to this kernel. Consider moments m,, =
Iy~ aPn(x,t)dz. By conservation of mass, my(t) is constant — often we
normalize so m; = 1. For p = 0, using a(z) = 1 in the weak form yields

i = =3 [ [ @+ ) dedy = ~mim,
(0)

mo(t) = mo(0)exp(—tmq).

Then the expected cluster size grows exponentially: m;/mg = Ce™? .
Weak solutions generally for K = x 4+ y can be characterized using a
variant of the Laplace transform: Note

alz)=1—e" = alx+vy)—oalr)—aly) =—a(x)a(y).

Then ~
ot g) = /O (1 - e ®)uy(de)

satisfies 9,0 = [;° e % z1y(dx) and the evolution equation

o = —3 [ [ a-ema-emerynn)dedy
—(mq1 — Ogp

)@

or, normalizing m; =1,
hp — p0yp = —¢.

This is a damped inviscid Burgers equation, of course, and this time, solu-
tions should be analytic. Solutions can be found from a implicit equation
determined by the method of characteristics as follows.

Solution via characteristics. Along a characteristic curve g = ¢(t, o) with
q(0, ) = a we have

dq d

i %w(t,q(t,a)) =0ip — 0404 = —¢,

Hence

_ d
p=-e"po(a), e'v=qpo(a), —a=9) =0,

SO

qg—p(t,q) =a—ypo(a) = /Ooo(eax — 14 ax)w(dz) =: o).
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Now
a=q+ (e —1)p

so to find ¢ from given (¢, q) we can solve the implicit equation
q= ¢ +o(g+ (" = ). (1.8)
Or, to find a = «(t, q) from given (¢, q), note

(e =1)g = (e" = D)g + (" = 1)voo(a)

e'q=a+ (¢ = )o(a) (1.9)
Observe:
Po(a) = /000(1 —e Mz yy(dx) €(0,1) Va >0, (1.10)
a P (a) = /000 e x?yy(dx) (1.11)
) =1+ (- D5 (112

1.9 Well-posedness of the initial-value problem

Here we describe a well-posedness theorem from [MP1], for measure solutions
to Smoluchowski’s equation with K = x + y, which requires the initial
data to have only finite mass. A corresponding result for a general class of
homogeneous kernels was obtained by Fournier and Laurencot (2006), using
a Gronwall inequality for a Wasserstein-type distance. (The required finite
moment corresponds to the degree of homogeneity of the kernel.)

Theorem 1.1. Let vy be any measure on (0,00) such that my = [z vo(dx) <
o0. Then there exists a unique weakly continuous map t — xv(dx) such that
fooo xv(dr) = my for all t > 0 and vy is a weak solution to Smoluchowski’s
coagulation equation.

1.10 Self-similar limits with finite 2nd moment

To study self-similar limits it is convenient to consider the normalized mass
distribution, which corresponds to a probability distribution function:

Fy(x) Z/[O,x}yw(dy)//oooyw(dy)
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The following result is a dynamic version of the central limit theorem for
this system. With finiteness of another moment, there is a universal scaling
behavior.

Theorem 1.2. (Leyvraz (2003), [MP1]) Suppose [)° z*vy(dx) < oo. (We
assume = 1 without loss of generality.) Let \(t) = e*'. Then as t — 0o, in
the weak sense of probability measures

1
F,(\(t) dz) — Fy(dz) = Eaz—l/%—w dz.

Proof. 1. Due to the classical continuity theorem that makes weak con-
vergence of probability measures equivalent to pointwise convergence of the
Laplace transform, to establish the conclusion it is equivalent to show

o) e}
/ e " Fiy(Adx) — LF.(q) == / e 1 F,(dx) Vg > 0.
0 0

We have - 3
| e E ) = 0/ = (ta/y
0 q
2. Recall

Lop () =wola) with a=a(ta/y) =%+~ 1) (1)

NS

As t — oo we have for any fixed g > 0 that
t
a+ (' — ola) = % — 0, hence a (t, %) — 0.
3. Since [ z?vy(dx) = f(0) =1, as a — 0 we have
1
Yola) = a(l+o(1),  do(a) = a(l+o(1)).

Since \ = e2t

now it follows that for any fixed ¢ > 0,
t L o o
q:ea—|—§e a”(1+0(1))

as t — oo. From this we can infer efa — ¢, = @, (q) where

1
q= ¢ +§soi7 e(q) = —1++/1+2¢.
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4. Then, by differentiating the implicit characteristic relation (1.8), we find

2_9;9(15’9:1;—%(04) 1

1
— = .
(e =Digle)  1+¢.(q) VI+2g
But this yields the result, since
o dx 1 & d V2
—(g+1/2)e 22 _ -y Y _ = V2rLF,(
e = e = = V2rLF.(q).
/0 Voo Jq+1/2 Jo VI V2q+1

We remark that if one assumes existence of further moments, rates of

convergence have been obtained by Canizo, Mischler and Mouhot (2009) for
K = 2 and Srinivasan for K = x 4+ y and zy (preprint).
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2 Lecture 2

2.1 A framework for scaling analysis

In the theorem of the last lecture, for convergence to self-similarity we re-
quired finiteness of the 2nd moment. This is analogous to the condition of
finite variance that one sees in the standard central limit theorem in prob-
ability. Without this condition, however, one can achieve a zoo of other
possible limits, involving the Lévy stable laws and infinitely divisible laws.

The question then arises, what kind of scaling limits can arise in co-
agulation without a second finite moment? It turns out that there is an
extensive set of analogies with classical limit theorems in probability. The
pioneers of that subject deeply investigated conditions under which scaling
limits are obtained, and the results are beautifully laid out in W. Feller’s
superb book, Introduction to Probability Theory and its Applications, vol.
2 (2nd ed. 1971).

Using the language of dynamical systems theory, one can list a number
of questions about scaling limits for Smoluchowski’s equation with solvable
kernel, that one can rather completely address using this analogy:

1. What are all the scaling solutions that exist?

2. What are their domains of attraction? (Can one characterize which
initial data converge to self-similar form as t — co?)

3. What other scaling limit points can exist, along subsequences t,, — co?
(We will call the set such points the scaling attractor for the system.)

4. Can one describe precisely the “ultimate dynamics” on the scaling
attractor?

In probability theory one considers scaled sums of iid random variables,
Sp = (X1 + ...+ X,)/cn. The scaling limits as n — oo are the Lévy stable
laws, and there is a complete classification of their domains of attraction in
terms of the ‘tails’ of the distribution of the X;. Limits along subsequences
n; — oo are the infinitely divisible laws, which are represented by the famous
Lévy-Khintchine formula in terms of a class of measures.

In this lecture, for K = x + y we will address the question of domains of
attraction. In the next lecture we discuss the characterization of the scaling
attractor by a Lévy-Khintchine-like representation, and indicate how, in
terms of this representation, the ultimate dynamics becomes conjugate to
pure dilation.
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The results indicate a kind of sensitive dependence of long-time dynamics
on the tails of the initial distribution—a form of ‘chaos.” In probability
theory it was Wolfgang Doeblin who first saw this kind of behavior, among
the many results he achieved before he died at a young age in World War
IT.

2.2 Scaling limits and regular variation

The following basic results on scaling limits and the Laplace transform are
taken from Feller’s book.

Lemma 2.1. Suppose U > 0 is increasing on [0,00) and

Ultz) -
— < 00 A 00).
Ul s, P(x) < for all x € A, dense in [0, 00)

Then 1(x) = xP for some p € [0, o00].

Proof.
U(txlxg) o U(txll‘g) U(txg)
Uty — Ulter) U@R) -
If z; € A, ¥(z;) < oo then
Y(z122) = P(T1)Y(22). (2.1)

1 is increasing and (1) = 1. If 0 < ¢(x) < 1 for some xp < 1 then this
is true for all xyp € AN (0,1). Extend 1 as right continuous to R™. Then
(2.1) holds for all z > 0; Hence 9 (e") = 1(e)" for all r (at first in N, then
in Q, then in R). Now with z = e", 7 = logz so 1(x) = (eP)1°8% = 2P with
p =logi(e).

Corollary 2.2. Let L(t) = U(t)/tP if p < co. Then for all x > 0,

L(tx)
L(t) oo

(2.2)

Definition 2.1. A function L : (0,00) — (0,00) is slowly varying at oo if
(2.2) holds for all x > 0. Any function of the form U(t) = tPL(t) is regularly
varying at oo with exponent p.

Lemma 2.3. (Rigidity of scaling limits) Suppose U > 0 is increasing on
(0,00) and

anU(bpz) — g(x) < oo for all x € A, dense in [0,00),

n—oo
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where b, — 00, any1/an, — 1 and 0 < g(x) < oo in some interval.
Then necessarily U(z) = xPL(x) where L is slowly varying at oo, and
g(x) = cxP for some ¢ >0, p € (0,00).

Proof. Without loss (rescale otherwise) we assume 1 € A. For large t > 0
we map t — n = min{m : by,4+; > t}. Then

nt1_an  Ulbpz) _ U(tz)
ap  Ap41 U(bn+1) - U(t)

Taking ¢t — oo we infer that

U(bps1x) any1 ap
U (bn) ap  Gpi1

<

for all z € A. Apply the previous Lemma to conclude.

2.3 Karamata’s Tauberian theorem

Let U be a measure on [0,00) with U(0) = 0, and

w(q) = /OOO e U (dx)

We use the notation U(z) = f[o 2] U(dx), U(0) =0. For t > 0 let
1 i N
=1 then w(7q) = / e U (tdz).
0

Suppose that for some p € [0, c0),

({](Zg) . P Yz > 0. (2.3)

Then (with ¢ = 1)

w(r) _ [ pUlde) % _
U(t)_/o U(t) Hoo/o d(a?) = pI'(p) = I(1 + p).

This means
w(t) ~U@)(1+p) (2.4)

Hhen () Ut))) 1
WTq q
o) T U g (2:5)
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So (1) = (3). We claim (3) = (1). Note [;° e %d(aP) = ¢ *I'(1+p).

implies, by the usual (2nd) continuity theorem for Laplace transforms, that

U(tdzx) aP
w(T) - I'(l1+p) v > 0.
Taking = = 1 gives (2.4), then
U(tr) w(r/z) P

U) ~ win)
This gives the following classic theorem.

Theorem 2.4. If L is slowly varying at co and 0 < p < oo, then the
following are equivalent:

(i) U(t) ~ tPL(t) as t — oo.

(ii) w(T) ~ 77 PL(1/7)T(1 +p) as T — 0.

2.4 Necessary & sufficient for self-similarity with K =z + y

We shall see that necessary and sufficient conditions for convergence to self-
similar form involve regular variation. Here we emphasize necessity:

Theorem 2.5. Let Fy(dr) = xvy(dz) be a probability measure on (0,00)
and let Fi(dx) = x v (dx) (0 <t < o0) correspond to the weak solution of
Smoluchowski’s equation with K = x + y.

Suppose (1):

F,(A(t)z) — Fy(x) ast— oo for a.e. x>0,
where A(t) — oo and Fi(dz) is a (proper) probability measure on (0,00).
Then (2):

o v’ vo(dy) = 2 L(x),
0,z

where 0 < p < 1 and L s slowly varying at co.

(The converse (2) = (1) is also true, with F, depending on p, and A
depending on p and L.)
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Proof. 1. Assume (1). Then
(e e}
/ e WF(A(t)dx) = LF(q/X) = 040(t,q/\) — LF.(q) Vg > 0.
0
The limit is decreasing in ¢ and lies in (0, 1), and we infer
q ! q\ .- ! R
Ap (t, X) = /0 Oqtp <t7 X) dg — ¢i(q) = /0 LF.(q)dq.
2. Recall

1 _o(t5)=vo(@, a=alta/N) =1+ -1 (1)

>

0= 2¢ (14) = Mola) = 4 - pula).

Hence a — 0 and hence e! < X (since e'p(t, g/N\) = (€' /X)(px(q)+0(1)) — 0.
It follows

a~ B(t)p.(q)  where [(t) =e'/X— 0.
3. Recall

G 1-wjle)
8¢ 1T (@ - U@ T+ pn)

— LF.(q) Vg > 0.

With a little work (using comparisons o — e < [(t)ps«(q) < a + €), not
shown) we can infer that there is a limit g(¢) depending on ¢ such that

o (B()pa(a)) ~ e'dp(@) — gla) = §lps) (0 < s <1).
4. By the scaling rigidiy argument (inverted) we have that necessarily
Po(a) =aPL(1/a) asa—0,
where L is slowly varying at co. Since
o0
dhla) = [ (=) (do)
0

one can show (it’s not trivial but not hard) that

0 () = / ez yy(dx) ~ pa?'L(1/a) as a — 0.
0
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By the Tauberian theorem it follows

_, L(x)

2 1-p

y vo(dy) ~pr P———— asx — oo.
/[O,z} 0( ) F(Q _p)

This finishes the proof of the Theorem.

Let us go a little further to describe the limit F'*. By the scaling rigidity
argument, we also infer

g(1s) = c? for some ¢ > 0, p € R.

Then

B 1

T 1cpP

This is decreasing in p so p > 0, and we can scale so that ¢ = p+ 1, whence
we find

LF.(q) = 044(q)

q:SD*‘i‘SDEJrl-

Also p < 1 follows by computing —(LF,)'(¢) and observing that this must
be positive and decreasing in ¢, so ©% * can’t vanish at ¢ = 0.

We remark that by use of the Lagrange inversion formula, one can derive
an explicit series representation for Fy(z), and it turns out quite remarkably
that

F,(dz) = zvy(dz) = n(a®)2x’da

where n(z) is the density of one of the Lévy stable laws of probability theory!
See [MP1] for details.
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3 Lecture 3

In this lecture our aim is to describe the scaling attractor, its measure
representation (based on a result of Bertoin 2002) analogous to the Lévy-
Khintchine formula for infinitely divisible laws, and how the dynamics on the
attractor is made purely dilational in terms of this representation. Although
the proofs now certainly rely on the Laplace transform, it seems plausible
that only the scaling properties of Smoluchowski’s equation should be im-
portant. Exactly how this should work for a general class of kernels is a
mystery at present.

Scaling symmetries. Let v, be a measure solution of Smoluchowski’s
equation with K =z +y (for £ > 0, m; = 1). Then for all T € R and A > 0
the quantity

¢(dr) = Mg (de)

is a measure solution also (for t > —T', m; = 1). Correspondingly,

B(t,q) = /Ooo<1—e-w>z>t<dx> —Mp(t+T.q/N),  Eidr) = Fyr(Ada).

3.1 The scaling attractor, and eternal solutions

Consider any sequence of solutions Vt(n)(d.l‘) (defined for ¢t > 0, with m; = 1)
and suppose sequences T;,, A, — oo such that

F{M (Apdx) — Fy(da) (3.1)
n n— oo

where Fy(dz) is a probability distribution on [0,00]. Note that one can
always pass to a subsequence to ensure that such a Fo exists—with the usual
weak topology, the space of probability distributions on [0, 00| is compact.
Of course, defective limits in (0, 00) are possible; probability can concentrate
at 0 or leak off to co.

The set of 13'0 that arise in this way comprise all the cluster points of the
set of solutions up to an arbitrary rescaling of cluster size.

Definition 3.1. The set of probability measures Fy on [0,00] such that
sequences exist yielding (3.1) is the scaling attractor A.
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We aim to characterize elements of this scaling attractor and their dy-
namics. In terms of corresponding ‘Laplace exponents,’

~(n n Fl—e
2(0,q) = Aap™ <Tn7/\i> = /0 " (\nda)
X1 —e 1 . R
— ——Fo(dz) =: o(q)-

n—00 0 €T

Since ¢ (t,q) is defined for t > —T},, it is not difficult to see that if we
allow a finite advance or delay in time, convergence still holds. This means
that for each fized t € (—o0,00) and all ¢ > 0,

@(n)

(t,q) — &(tq),

n—o00
and it is not hard to deduce that the corresponding probability measures
converge weakly:

Fy (Andz) — Fy(dz),  —oco <t < oo (3.2)

where F} is a probability measure on [0, 00], with

. 1—e 9% .
Bt q) = / 1= fda),  q>0.
[0,00] z

(This has to be interpreted properly to account for possible atoms at 0 and
00.)

Naturally, by forward-backward continuity of the solution along charac-
teristics for the PDE, the limit ¢(¢, ¢) satisfies the

Orp — pOgp = =, ©(0,q) = ¢olq), q>0. (3.3)

It is striking that rescaled limits of solutions that concentrate probability
at 0 or oo have Laplace exponents ¢ that solve the same damped Burgers
equation. We take this to mean that F}; corresponds to a solution of Smolu-
chowski’s equation in an extended sense that allows for the presence of ‘dust’
and ‘gel’ — here, a positive probability that mass distribution includes clus-
ters of size 0 or co. (Practically, this means sizes that are either negligible
or too huge to account for precisely.)
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It turns out that ‘dust’ and ‘gel’ cannot appear or disappear in finite
time: For all ¢,

e Fy(0) >0 & LF(0)=3d,¢(t,00) >0 (dust)

e FylooT) <1 & FiooT)<1l < dup(t,0t) <1 (gel)
Definition 3.2. The proper scaling attractor

Ap = {13'0 € A: Fy is a proper probability distribution on (0,00)}.

Theorem 3.1. Fy € A, & Fy = Ft\tzo, where Fy is a (proper) eternal
solution, defined for —oo <t < 0.

We remark that the (proper) scaling attractor is invariant: Fy e A, if
and only if F; € A, for all ¢.
3.2 Characterizing eternal solutions via t — —oc0

The main result here is due to Bertoin (2002). To glimpse how one might
guess it, we first scale to simplify the dynamics of the damped inviscid
Burgers equation:

1. Let v4(dx) be a (proper) eternal solution (for K = x + y as usual)
with [;¥ 2 v4(dz) = 1. Recall

[ee]
o(t,q) = / (1—e )y (dx), Opp—pgp = —¢ (¢ >0, —00 <t < 00).
0

‘o(a),

Along characteristics ¢(t, q(a,t)) = e~
q—¢(t,q) = a— po(a) = to(a),

a=q+ (" —Np=cq— (" —1)(q—¢)

2. We rescale via x = s(t)2 with s(t) = e!. (An important point is that it
is not well-understood why this choice of rescaling works!) Then

Awu—eﬂﬂw@¢@=¢(a§y

and replacing g by ¢/s yields

v(s.0) =1 - (69) = wo(e)
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with q q

_ 9 qa (e

a=cd_(-1)(I-p) =g (-1
Thus
¢(57Q) = 1/}0(q - (5 - 1)1/})7 Vs = et > 07 q > 0. (34)

This is just the implicit formula for the usual inviscid Burgers equation:

Osth + 0 = 0, ¥(1,q) =vo(q). (3.5)

S

a, q

Figure 3.1: Geometry of characteristics

3. Asusual, v is constant along straight-line characteristics, whose speed
increases with increasing ¢:
dq
% :¢:¢0(a)a q(l,a) = Q, q:a"i'(s_l)w'
At this point it seems natural to wonder what happens as s | 0. It is not
hard to see there is a limit:

Proposition 3.2. For each ¢ > 0, ¥(q) := lim, o+ 9(s,q) exists and
determines (s, q) via 1 = V(q+ s) for all s,q > 0.

Proof. For all s,q > 0 we have ¢ > 0, 949 > 0 hence 0,9 = —90,¢ < 0.
Thus we only need to prove the bound

U(q) =sup(s,q) < oo Vg > 0. (3.6)
s>0

Along characteristics: ¢ = ¢(s,a) = a+ (s — 1)1hg(«), so

407, a) = a — Yp(a) = po(a) = /00(1 —e y(de) >0 (a>0).
0
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1. For s > 0, 0 < ¢ < ¢« := ¢p(1), say, by monotonicity in g we have the
bound

¢(S7Q) < ¢(57S00(1) + 5¢0(1)) = 1/}0(1)
2. The map q — (s, q)/q* is decreasing, since

Yo _ /0°° (M)ﬁw(sdm) (3.7)

q q2$2

_ /0 - ( /0 o y)emdy> 220,(s dx)

and the inner integral is decreasing in ¢q. Hence Vs > 0 and Vq > q., by
monotonicity again,

Y(s,q) < qw(zi’zq*) < Cq.

This proves the Proposition.

Once one sees this, there arises the question:
What does this proposition mean in terms of the measure solution vy(dx)?
An answer is suggested by the formula in (3.7). Define the measure
Gy(dx) = 22 (el da). (3.8)
Then the convergence (s, q) — ¥(q) suggests (and it is true) that
Gi(dx) — H(dz) weakly as t — —o0,
where H is some measure. (One should note [~z 1Gy(dz) =1/s =e™! —
00, and possibly [;¥ Gi(dz) = c0.)
Now one can ask:

What measures H are possible limits?

The answer formulated in [MP2] goes as follows. We write a Ab = min(a, b).

Definition 3.3. A measure G on [0,00) is a g-measure if

/ (1 Ay HG(dy) < oo.
[0,00)



Dynamics and scaling in models of coarsening 25

We say a sequence G - G as n — oo if 2(G™) — 2(G) for ae. z >0,
where

e}

o s _1 . -1
2@ = [ e et = 6w+ [y e

T
We say G is a divergent g-measure if (G) — oo as x — 07.

Theorem 3.3. (Bertoin 2002, [MP2]) 1. If t — v, is a (proper) eternal
solution for K = x + y, then as t — —oo we have Gy 2. H for some
divergent g-measure H.

2. For each divergent g-measure H, there is a unique proper eternal
solution vy such that G Y5 H ast — —oo0.

3. The correspondence

Fy(dz) — H(dz),

from probability measures on (0,00) to divergent g-measures, is a bicontin-
uous bijection.

This result is the analog of the Lévy-Khintchine representation formula
for infinitely divisible laws in probability theory. The proof in [MP2] re-
lies on a (rather easy) extended continuity theorem for ‘2nd order Laplace

exponents’ of g-measures. Roughly, a sequence G -5 G if and only if
Y™ (q) — 1¥(q) for all ¢ > 0, where

—qz _
™ (q) :/ ﬂ(;(n)(d@_
[0,00)

22

See [MP2] for details.

3.3 Scaling dynamics on the scaling attractor

The limit theorem above gives a remarkable simple representation of non-
linear clustering dynamics on the scaling attractor, as follows.
Let T € R, A > 0. Then we map eternal solutions to eternal solutions
by the scaling
v(de) —  D(dx) = Avger(Ade).

This is the time-T" map, scaling size by A. Correspondingly,

Fy(dzx) = zvy(de) —  Fr(Adz),
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B o7
Gi(dz) = 2?u(etdr) —  Gy(dz) = %GHT(M%) (3.9)
because
2T
22, (eld) = 2 v (et hdx) = Vt+T(et+T)\e_de)()\e_Ta:)QT.

Now, just using the previous theorem to take the limit ¢ — —oo in the
scaling relation (3.9) yields the following result!!

Theorem 3.4. To the map v, — U on the scaling attractor A, corresponds
the map H — H = Hr ) of divergent g-measures given by

€2T T
Hrpa(dx) = TH(/\e_ dx).

To summarize: In the Lévy-Khintchine representation of an eternal solu-
tion v; by divergent g-measure H, the time-T" map corresponding to nonlin-
ear coagulation dynamics is represented by a pure dilational scaling as in the
theorem. This is analogous to Bernoulli shift dynamics on sequences (after
a log change of variables), and suggests a form of sensitive dependence on
initial conditions, the shape of the tail in the distribution of large clusters
in particular. For further developments of this idea see [MP2].

So, we have seen on the one hand an analog of the central limit theorem,
for well-localized initial data, and on the other hand, how for heavy-tailed
data one can classify domains of attraction and cluster points mod scaling
on the other hand. These results are strongly analogous to the treatment
of the stable laws and infinite divisibility in probability, as in Feller’s book
for example. A few results (asymptotic shadowing of solutions with initially
similar tails, for example) seem to go a little farther, however.



